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In this paper we study evolutionary problems which fall into a class of
nonautonomous parabolic equations with critical exponents in a scale of Ba-
nach spaces E5, o € [0,1+ u). We consider a suitable notion of Ej4.-solution
and describe continuation properties of the solution. This concerns both a
situation when the solution can be continued as E14.-solution and a situation
when E14.-norm of the solution ‘blows-up’, in which case a piecewise-E7.-
solution is constructed. This extends the existing results to essentially larger
class of parabolic problems.  May, 2016 ICMC-USP

1. INTRODUCTION

In this paper, given a family of unbounded linear operators in the Banach space Ej,
A(t) : Dg, C Ey — Ey, t € R, we focus on well posedness of a Cauchy problem of the
form

u(t) + A u(t) = F(t,u(t), t >7, ()= ur, (1.1)
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28 A. N. CARVALHO, J. W. CHOLEWA AND M. J. D. NASCIMENTO

where the linear operator appearing on the left hand side in (1.1) essentially depends on
the time variable.

Following the pioneering work [26] such problem has been considered by many authors
in wide generality and many related results have been obtained (see e.g. the monographs
[3, 20, 22, 23, 27, 30] and references therein). Here our main concern will be critically
growing nonlinearities, that is roughly speaking we will allow F'(¢,u(t)) to exhibit the
same order of magnitude as the linear main part operator A(t) (see [9, 13, 15, 29]).

For nonlinearities that behave in a subcritical manner continuation of solutions is satis-
factorily described both for autonomous and nonautonomous problems (see e.g. [6]). As
observed in [29] this is no longer the case for nonlinearities satisfying a critical growth
condition (see also [13, (1.5)-(1.6)]). On the other hand, some previous results concerning
continuation properties of solutions of autonomous problems, see [13], cannot be directly
applied to (1.1) and require essential modifications. This will be our main goal in the
present paper.

To describe our results we start from the following two general assumptions. Conditions
sufficient for them in terms of the operators A(t) will be discussed in detail in Section 3.

AssumMpTION 1.1.  Given a family of Banach spaces {Eq,a € [0,1 4 p)} there exists
a continuous process {U(t,7) : t > 7 € R} C L(Eyp) in Ey such that given T € R and
ur € Ep, the map [1,00) 5t — u(t) = U(t,T)ur € Ey is a classical solution of the linear
problem

w(t) + A@)u(t) =0, t > 7, u(r)=u,.
Furthermore, given any point tg € R there is a time interval I C R centered at ty such that

foranyl+pu>0>(¢ >0 aconstant M > 0 exists for which

HU(tyT)HL(EC,E,) < M(t— 7)4_07 t,rel, t>T. (1.2)

ASSUMPTION 1.2. Given tg € R there is also a time interval I C R centered at ty such
that whenever 1 +pu>(¢>0>20, 1 2 (—0 >0 a constant M > 0 exists for which

WU (t,7) = Id|| L 5y S M(t=7)"7, t,7 €I, t >T. (1.3)

Concerning the right hand side in (1.1), we will assume that F' belongs to a class of maps
L(e, p,(e),n, Cy) satisfying a suitable Lipschitz condition relative to {Eq,a € [0,1+ p)}.
Note that any such F' falls in particular into the class of e-regular maps considered in [9].

DEFINITION 1.1.  We say that a continuous function F': R x Eyy. — FE, () is of the
class L(e,p,v(e),n,Cy) of Lipschitz maps relative to {Eq,a € [0,1 + p)} with constants
p>1,0<e< min{%,u}, v(e) € [pe,1), n > 0 and C,, > 0 if and only if for any bounded
time interval I C R there exists ¢ > 0 such that for each v,w € F14., t € I we have

-1 -1
[1F(t,v) = F(t, ), ., <clv—wle,. Olvlz.. +nllwlg, +C) (1.4)

Eiy. Eiy.
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and

IF(t0)lle,., < cOlvlf,,, +Cn). (1.5)

v(e) Eite

We single out for special attention the case when in (1.4)-(1.5) one has y(e) = pe and
not y(g) € (pe, 1) as it exhibits criticality of F relative to (E1, Ey) (see [9]).

DEeFINITION 1.2.  In the case when for a certain n > 0 (1.4)-(1.5) hold with v(g) € (pe, 1)
we say that F is subcritical. When for a certain n > 0 (1.4)-(1.5) hold with v(¢) = pe but
not with y(e) € (pe, 1), F is called critical and p is called a critical exponent. In the case
when F is critical and (1.4)-(1.5) hold with any n > 0 we say that F is an almost critical
map.

We will consider the following notion of solution (see [15]; also [9, 13]).

DEFINITION 1.3.  Given F of the class L(e, p,v(¢),n, Cy) relative to {Ey, a0 € [0, 14 1)},
7 > 0 and u, € Ey we say that u : [1,T7] - EoU E14. is a mild Fj.-solution (Eq4.-
solution for short) of (1.1) on the interval [r, T if and only if u € LS. ((7,T], E1+e), there
exists the limit lim;_, .+ (t — 7)%||u(t)|| g, .. =0, u(7) = u, and for t € (7,T] we have

t

u(t) =U(t, 7)ur —|—/ U(t, s)F(s,u(s))ds. (1.6)

T

If, given a € (1,00], u is an Ey4.-solution of (1.1) on [r,T] for any T € (7, a), then we
say that w is an Fj.-solution on the interval [, a).

With these assumptions Ej . .-solution will be unique and Hoélder continuous away from
T.

THEOREM 1.3. Suppose that Assumptions 1.1, 1.2 hold, F is of the class L(e, p,v(g),n, Cy)
relative to {Eq,a € [0,1+ p)}, 7 € R and u, € Ep.

Then there exists at most one Eq4c-solution u = u(-,7,u,) of (1.1) on [1,T] and u €
Cy.((1,T), E149) for any 0 < 6 < min{y(e),u}, 0 <v < v* =min{y(e), u} — 6.

To describe a set of initial data for which (1.1) has the unique F;.-solution we will
consider a linear subspace &7 of Ej

¢l ={p € Ep : there exists lim+(t —7)FUE, )¢l ey, =0} (1.7)
t—T
We also define, for some § > 0,

er .
lellse = sup (¢ =7)°NUE T)¢lle,., ¢ € € (1.8)
te(r,7+9]
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and
B‘S@g(wom) ={pe€l:|p— w0||§5 <r}, wy € €. (1.9)

With the above set-up we first state the local well posedness result, which complements
earlier consideration of [9, Theorem 1], [13, Theorem 2.1] and [15, Theorem 3.1]. In what
follows B(a,b) = fol s~ 1(1 — s)*~1ds, a,b > 0, denotes Euler’s Beta function and

B, , :=max{B(l — pe,v(¢) —¢€),B(v(e) —e,1 —¢)}. (1.10)

THEOREM 1.4. Suppose that Assumptions 1.1, 1.2 are satisfied and that F' is of the class
L(e,p,~(€),n,Cy) relative to {Eq,a € [0,1+ p)}.

Then,
g) gwen tyg € R, wg € €7 and given T in a certain interval J C R centered at ty there exist
6 € (0,1] and 7o = —————, where M = M(1+¢,7(¢),J), Be, are as in (1.2),

4(8ecnM B ,)r—1
(1.10), such that for any initial condition u, satisfying

Ur € Bg@(wo,r) (1.11)
with
do € (O,go] and 1 € (O,Fo} (112)

there exists the unique Eyyc-solution u = u(-,7,u.) of (1.1) on [1,7 + do].
Furthermore,
ii) when F is subcritical or F is almost critical, the time of existence 0y can be chosen
uniformly with respect to initial condition u, € Ber (wo,r) for arbitrarily large r,
iii) for any 0 < 6 < min{v(e), u} we have

lim (¢ — 7')9||u(t,r, Uur)|| By =0, ur € Bg“T (wg,r) N &g, (1.13)

t—7t

and

sup (t - T)GHu(ta T, ’LL,}_) - ’U,(t,’T, UE)HE1+8
te[r,7+80] (114)

¢ ¢T
< CO(lut — a2 + b — a2[$7), ul,u? € B (wy,r) N €,

T T
iv) also, whenever 0 < 6 < min{vy(e), u} and u, € Bgog (wo, ), we have

(=) N0t )ty =y, = O implies lim (¢ =7 [[u(t,7,ur) = r 5, = 0.

(1.15)

lim
t—Tt

Although we have not used so far embedding properties it is typical for applications that
Eg is densely embedded in E, whenever 0 < a < <1+ p. (1.16)
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Remark 1. 1. i) Under Assumption 1.1 and (1.16), By C €7, || - Hfg is the norm in &7

and B, (wo,r) contains a ball in E centered at wq of radius i
ii) If (1.16) holds, then Theorem 1.4 can be applied with wy € E; and the time of existence

do can be then chosen uniformly with respect to 7 € J.

Remark 1. 2. With (1.16) and assumptions of Theorem 1.3, if v = u(-, 7,u;) is E14e-
solution of (1.1) as in this theorem then
i) u e C(r, 7+ b0, Ea) N CL((1,7 + &), E149) whenever u, € E,, a € [0,1], 0 < 0 <
min{~y(e), u}, 0 < v < min{vy(e), u} — 0,
ii) u e C([r, 7+ do), E14e) N CL (7,7 + d0], E149) whenever u, € E14.,
iii) u(t, 7, u,) is continuous in Ey with respect to (t,u,) € [7,7 + do] X Ej.

Given 7 € R and u, € €] we next define
I(us) :={T € (7,00) : there exists the unique Ej.-solution of (1.1) on [r,T]}.
Under the assumptions of Theorem 1.4 I(u,) is nonempty, in which case we denote
Ty, :=supI(u;) (1.17)

and call [r,T,.) the mazimal interval of existence of Ej.-solution.

Since in applications E; often plays a role of a space in which (1.1) is expected to define
a continuous process we now state the theorem which involves characterization of the
maximal time of existence of Fj.-solution in terms of Ej-norm even in a certain critical
case. This is significant for applications as any ‘better’ estimate may be often impossible
to find.

THEOREM 1.5. Suppose that Assumption 1.1, 1.2 hold, F is of the class L(e, p,v(¢),n, Cy)
relative to {Ey, a0 € [0,14+ p)}, 7 € R, u, € €L and u = u(-,7,u,) is E1ye-solution of
(1.1) on a mazimal interval of existence [1,Ty,_). Assume also (1.16).

i) If F is subcritical or F is almost critical, then

Ty, <oo implies limsup ||u(t, 7, u,)|g, = oc. (1.18)
t—T3,

i1) In either case when F' is subcritical, almost critical, or F is critical, T, < oo implies
that there does not exist even one sequence t, — T,,_, for which {u(t,, T, ur)} converges in
Eq; in particular the map [1,T,,) >t — u(t) € E1 cannot be uniformly continuous.

Note that in Theorem 1.5 for F' subcritical, almost critical, or critical, we have that

T., < oo implies limsup |ju(t)|g,,. = co. (1.19)
t—Ty,
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However, the E;,.-estimate may not be easy to find in applications.
It is next reasonable to generalize the notion of F7.-solution and investigate a possibility
of continuing F1.-solution even though its F;,.-norm may blow up.

DEFINITION 1.4. Suppose that F' is of the class L(e, p,v(¢),n, Cy) relative to {E,,a €
0,1+ )}, 7>0,v9 € €7 and I, C R is an interval of the form [, a) or [, 00).

We say that U : I, — EgU Eq4¢ is a piecewise-E1 1 .-solution of (1.1) on I, if and only
if U(T) = u, and, for each T' € I, \ {7}, there exist a number Ny € N and a partition
T=7<7 < ..<Tny <T =7np41 0of [7,T] such that

t—7,_ i

U@t —U(ric)lg, —' 0, i=2,..,Np+1, (1.20)
limsup |[U(t)||g,,. =00, i=2,..,Nr+1, (1.21)

t—=T,_4
Ue L?sc((Ti—hTi);El-&-a); i=1,....,Np+1, (1.22)

t~>'r::1 .

(t—m ) U)Ey,. — 0, i=1,...,Nr+1, (1.23)
U(Tifl) =Ur ., t=1,.,Np+1, (1.24)

t
Ut) = Ut 7o), +/ U(t, s)F(s,U(s))ds, t € (1i1,75), i = 1, ., Np + 1. (1.25)
Ti—1
If the interval I, = [r,a) is finite, U : [1,a) — Ey U By, is a piecewise-F1 4 .-solution of
(1.1) on I, = [r,a) and a is a limit of a strictly increasing sequence {7;,7 € N} of times
such that limsup, , - [|[U(t)| .. = oo, then a is called an accumulation time of singular
times. '

Below we describe when FE;.-solution can be continued as a piecewise-E . -solution.

THEOREM 1.6. Suppose that Assumptions 1.1, 1.2 are satisfied and F is of the class
L(e, p,y(e),n, Cy) relative to {Eqy,a € [0,1+ p)}. Suppose additionally that (1.16) holds,
E; is reflexzive and, given any 7 € R, u, € €7,

sup |lu(®)||g, < o (1.26)
te[r,T)

whenever T € (1,00) and Eyy.-solution u = u(-,7,u,) of (4.19) exists for allt € [7,T).
Finally suppose that

when 7 € R, u, € Ey and T, < oo, the map [1,Ty,,) >t — u(t) € Ep, (1.27)
where u = u(-, T,u;) is Ey1e-solution of (1.1), is uniformly continuous. '
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Under these assumptions, given 7 € R, u; € E; and having the unique E1..-solution
u = u(,7,T,,) of (1.1) for which T, < oo, there exist a € (T,,,o0] and the unique
extension U : [1,a) — E1 of u such that U is a piecewise-E14.-solution of (1.1) on [r,a)
and either a = oo or a is an accumulation time of singular times.

The proofs of the above results will be given in Section 2. In Section 3 we discuss
sufficient conditions for Assumptions 1.1, 1.2 in terms of A(¢). In Section 4 we show how
the abstract results work in applications.

Acknowledgement. This work has been carried out while the second author visited
Departamento de Matemadtica, Instituto de Ciéncias Matematicas e de Computagao, Uni-
versidade de Sao Paulo-Campus de Sao Carlos, Brazil. He would like to acknowledge the
great hospitality of the people from this Institute.

2. PROOFS OF ABSTRACT RESULTS

2.1. Uniqueness and Holder continuity of E;4.-solution: proof of
Theorem 1.3
Given —oo < 7 < T < oo we define

ML = { € L5 ((r, ], Erye) : =7 llv®)lle.. =0} (2.1)

lim
t—Tt
Theorem 1.3 will be a consequence of the following two lemmas.

LEMMA 2.1. Suppose that Assumptions 1.1, 1.2 hold, F' is of the class L(e, p,v(g),n,Cy)
relative to {Eq,a € [0,14 1)}, u € ML and (1.6) is valid for t € (1, T] with some u, € Ey

Then u € C¥([6,T], E14e) for any 6 € (1,T), v € (0,v.) and v, = min{v(g), u} — 6 > 0.

Proof: Due to Assumptions 1.1, 1.2, given a bounded time interval [-T,T] C R and any
0 < ¢ <0 <1+ pu,one can choose a positive constant M for which we have

Ut pepy S ME—7)"C"9, T >t>7r>-T, (2.2)
and,if1>0—-(>0,
Ut 7) = 1d|| g, p) S Mt—71)7"C, T>2t>7>-T. (2.3)
On the other hand, since u € ML, for any § > 7 close enough to T we have
Ju®llg,,. < (=75, tE (7,0), (2.4)
in which case letting é = ¢(n + C,)) we deduce from (1.5) that

I1E(s,u(s)||g.,., <¢((s—7)"P+1), te(r,9). (2.5)

v(e)
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Not loosing generality we will assume that § > 7 is close enough to 7 and (2.5) holds.
Since u € ML and § > 7 then ||ul| L ((5,7),5,,.) < ¢s and by (1.5) we conclude that

ms = ||F'(t, ut)) | L= (6.7).8,.)) < 0 (2.6)
For 7 <6 <t <t+ h <T from the variation of constants formula we infer that

lut +h) = uw(®)llEye <NUE+ A7) =UET))tr B

t+h t
+/ |wa+MQme@mmHM&y/nwu+m@—vus»ﬂ&w@m&%w
)

t
s
+ (Ut + h,s) = Ul(t,s)F(s,u(s))||g.eds =: J1 + Jo + J3 + Ja.
Choosing arbitrary
g€ (0,n)N(0,7(e) (2.7)

and applying (2.2)-(2.3) we get for J; = [|[(U(t + h,t) = Id)U(t,T)ur| B, .,

J1 < ”U(t + h’a t) - Id||L(E1+é,E1+9) ”U(tv T)”L(EQ,EH—@) ”uTHEo (2 8)
<Mt — 1) g, < MPRETO6 — 1) s '
Using (2.2), (2.6), (2.7) we also obtain
t+h
Jo= [N B a1 (5wl [
¢ (2.9)

t+h
< Mms / (t4+h -5 ds < Mmgs(y(e) — 0) 1T — 7)) =Eps=0,
¢
On the other hand, by (2.3), (2.6) and (2.7) we have

t
J3</5 U@+ h,t) = 1dl| LBy o m0o) U 8 Lie, o) By o 1 (s, u(s)| 2, o ds

i
< M2m; / B0t — )79 12ds < M2(y(e) — &) st — oy©@=¢ (210)
8

< M2(y(e) — &)~ mgh®=(T — 7)),
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whereas due to (2.5) we get

4
Ja </ (Ut + ht) = Id|| gy o 21 o) IU (s ) (e, ) o) | (55 u(s)) |2 ds
§
< 6M2/ he0(t — )7 712((5s — 7) 7% + 1)ds

t t
< eMPhe? (/ (t— )18 (s — 1) 7°Pds + / (t— 3)7(5)_1_éd8>

(T, = 1)

<eM?he? (B(w(f) —&l=a)

As a consequence of the above estimates for any § > 7 close enough to 7 there exists
¢ > 0 such that for each 7 < § < ¢t < t+h < T we have [[u(t + h) — u(t)| g, < ch*°.
Recalling that € could be any number satisfying (2.7) we get the result. ||

LEMMA 2.2. If ¢, € ML, u, € Ey and (1.6) is valid in (7,7T] both for u = ¢ and
u= @, then @, @ are identical on (7,T).

Proof: By assumption we have

t
() = o)lle,. < CCnM/ (t =)D No(s) = @(s)ll . ds
t
—1- 5 -1 < -1
+ch/ (t = 5) O lo(s) = G by (le(8) |,y + 16(8)I1%,, )ds, t € (7,T].
Since o, ¢ € ML given £ € (0,1), there is a certain h € (0,&) such that

=) lle@le . + (=1 1eOllE . <& tE(T,T+h).

Using this and restricting ¢ to the interval (7,7 + h) where h € (0,) we obtain

(= 7)lle() = &()lle, .

< cCyMB(y(e) —&,1 - )&= sup h)(s = 7)°lle(s) — &)l e
se(r, 7+

+ PO 72N MB(1 — ep,7(e) — €) Sup h)(s —7)°lle(s) = &(s)l o
se(r, 7+

We remark that the inequality above will hold true if we replace its left hand side by
SUPse(r,r+n) (5 — T)°ll¢(s) — &()[| £y, .. On the other hand recalling that p > 1, y(e) > pe
and choosing ¢ > 0 small enough we can ensure that the right hand side above is less
than £ sup,crr- (s — 7)° N (5) = B(5) .. Consequently sup,e(r.rpny(s — 7)°[lp(s) —
@(8)||py,. = 0 and thus ¢ = @ in [7, 7 + h] for some h > 0.
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Now, if 7* € (7, 7+h] is such that ¢(7*) = @(7*) then applying the variation of constants
formula with the initial time 7* and with the initial value p(7%) = ¢(7*) we get

()= [ Us)(Fs.0() ~ Fls.5(s))ds in [7.7).

Hence, letting ¢* = supqepe- 71 (lo(s) 5, . + 18(s)l|%, ),

le(t) = (Ol ery < eM(Cy + 776*)/ (t =) O lo(s) = () pyyods i [T,

and by singular Gronwall’s inequality we conclude that ¢ and ¢ coincide. |

2.2. Proof of Theorem 1.4.

Let us fix an interval I = (¢t — &, to + &) around to such that (1.2) holds with ¢ = (&)
and 0 = 1+ e&. Let us also choose an interval J centered at ¢y such that I'\ 7 is the union
of two intervals of length [ > 0.

We first note that if 6* € (0,1), 7 € J, 6 € (0,1] N (0,0%), v € C((7,7 + J], E14¢),
Aw,t) = supgeryi(s = T)[lv(s)lEi )y B >0, € (1,7 + 0] and A(v,t) < R then, by
Assumption 1.1 and (1.5), we have

1U(t,8)F (s, 0(s)| e S NUE9) (e o) renlF (s, 0(s) 5, (2.12)
B .

M(t = s)"H O e(nllo(s) . + Cn)

and consequently

t

(t—7)6||/ U(t,s)F(s,v(s))ds||p,,. < cc,,M(t—T)f/ (t—s) 15y

T
t

+enM(t —7)° / (t = 8) 7O (s — 1) (s = 7)°[|o(s) | . ) ds

< eMB(1 - pe,(e) — €)[Cy(t — 7)Y + 9\ (v,1)] < eM B ,[Cy(t — 7)) + nRP].
(2.13)

Also, if v,0 € C((1,7 + 9], E14¢), t € (1,7 + 6] and A(v,t) < R, A\(D,t) < R then, with a

similar usage of Assumption 1.1 and (1.4), we get

(t—1) ||/Uts (5,0(s)) — F(s,5(s))lds]l ..

< cCyM(t —7)° / (t — 8) 7O~ (s — 1)=5(5 — 1) [[u(s) — 5()|| . d

p
t

+enM(t —7)° / (t—5) "7 (s =)= (((s = 7)°llo(s) |,y )P
+((s = )N 1)) (5 = 7)%[lv(s) — 0(5) ] . s
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Hence, letting
T.(t) := cMB. ,[Cy(t — 7)7©) =5 £ 2pRP1], (2.14)

we conclude that

T)EH/ U(t, s)[F(s,v(s)) = F(s,0(s))]ds]| . ..

) (2.15)
<Te(t) Sl(lpt]{(s = 7)%lv(s) = 0(s)l| By }-
se(T,
We now choose Ry > R > 0 and § € (0,1] N (0,0*) such that
p—1 1 (6)76 . R 1
enM B, ,R} = 3 and  ¢C,MB, ,07 = mm{g, Z} (2.16)
Wealsoset r:=2 < flo = L and, since lim;_,,+ ||(t — 7)°U(t, 7)wol|g,,. =0
_ 4(8cnM B ,,) P~ 1
we choose dg € (0,0] such that
€ R Ky

|(t = 7)°U(t, T)wol gy < 2 T<t< T+ dp. (2.17)

For any fixed dy € (0, o], u, € Bé", (wo, r) let us consider the set

K(R,7)={veC((r,7+ &), E1e), o ]{(t — 1)@} < R} (2.18)

and define d(v,?) = sup;¢(r r1501(t = 7)°|0(t) — 0(t) ||y, } for v, 0 € K(R, 7). Note that
d is a metric in K(R,7) and that (K ( ,T),d) is a complete metric space.
We will next consider the map

t

(Tv)t) =U(t, T)ur +/ U(t,s)F(s,v(s))ds, ve K(R,T), t € (1,7 + do].

T

Adapting Lemma 2.1 one can see that Tv € C((7,7 + o], E14.) for v € K(R, 7).
It then follows from (1.11), (2.13) and (2.16)-(2.17) that

t

It =) (To)D)l ey < (E=7)NUET)ur +/ U(t, s)F(s,v(s))ds| g,..

-
t

<||(t*T)EU(t,T)uTIIE1+E+cM(t*T)E/ (t =) O (lo(s) 1, + Cn)ds

< ”(t - T)EU(t7 T) (UT - w0)||E1+5 + H(t - T)EU(t7 T)w0||E1+E
+cMnB. ,R°+cMC, B. ,6]"
<r+ |[(t = 1)U, T)wol gy, + cMnB. ,R® + cMCyB: ,60°) %65 < R
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which yields that T takes K (R, 7) into K (R, 7). On the other hand, applying (2.14)-(2.16),
we get d(Tvr, Tva) < 2d(v1,v2).
Consequently, due to the Banach fixed point theorem, we infer that 7 has the unique
fixed point u = u(-, 7, u,) in K(R,7) and we now show that lim;_,,+ || (¢t —7)%u(t)] =0.
Adapting (2.13), we have for each ¢t € (7,7 + §y] and the above fixed point u

‘E1+5

(t = 7))l g1y < (=T NUE Ty, + €M B p[Cy(t — 7)) + R A (u, 1)),

where by assumption, given any £ > 0, we can choose h € (0, &) such that for t € (7,7 +h)
we have (t — 7)%||U(t, T)ur||g,,. <& Hence, we get

(t = 1))y <€+ eMBe,[Cr™ + RPN, 1)), t € (7,7 + h).
Since the right hand side above is a nondecreasing function of ¢, we obtain
Au,t) <€+ eMB. ) [Cre?"® + nR T N(u, t)], t € (1,7 + h),
and, via (2.16), TA(u,t) < &+ cMB. ,C67®), t € (7,7 + h). This yields

Au,t) = sup {(s —7)°||u(s)||p .} =0 as t— T, (2.19)
sE€(T,t]

which ensures that (¢ — 7)u(t) — 0 in F14. ast — 7.

Finally, letting u(7) = u,, we extend the fixed point u = u(-, 7, u,) constructed above
to the interval [, 7 + dp] and obtain Ej4. solution of (1.1). Since the uniqueness follows
from Theorem 2.2, part i) of Theorem 1.4 is proved.

Part ii) now follows from Corollary 2.1 below (see also Remark 2.1).

COROLLARY 2.1.  Suppose that Assumptions 1.1, 1.2 hold, F : R X E1 . — E () is
continuous and there exist constants p > 1, 0 < e < min{%, w}, v(€) € [pe, 1) such that for
each n > 0 there is a certain Cy, > 0 and, moreover, for any bounded time interval I C R
there exists some ¢ > 0 for which we have
|E(t,v) = F(t,w)| e

<o = wlp,. (ol +allwl,, +Cy), vyw € By, tel,

v(2) Eiye

and
| F(t,0)| e

Then, given any tg € R, 7 in a certain interval J C R centered at ty and given any
ro > 0, there exists dg > 0 such that for any initial condition u, € B‘é‘i (0,70) there exists

<clnllolly,, +Cy), vw € Brye, el

v(e)

the unique Eq4c-solution w = u(-,7,u,) of (1.1) on [1,7 + do].

Proof: Letting wg = 0 and coming back to the proof of Theorem 1.4 observe that given
any ro > 0 one can now choose > 0 such that r in (1.12) satisfies r > rg. Proceeding as in
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the proof of Theorem 1.4 we obtain for any u, € B‘;@OT (0,7) the existence of Ej.-solution
u=wu(-,7,u;) of (1.1) on [r,7+ do]. 1

Remark 2. 1. If F is subcritical then not loosing generality one can assume that n > 0

n (1.4)-(1.5) can be chosen arbitrarily small. Indeed, given p > 1, ¢ € (0, %), e < W,

~v(e) € (pe,1) we can choose p > p close enough to p and we will have ¢ € (0, %) and
7(e) € (7. 1). Then nfjw|f; |

+e
(1.5) with parameters ¢,v(¢) as before, p replaced by p > p suitably close to p and 7
replaced by 7, which we can fix as small as we wish. Parameters ¢, () and ¢ in (1.4)-(1.5)
will remain the same and the only difference will come from the replacement of C; by

Cy, + ¢i,n, which will not influence the heart of our consideration.

can be estimated by ﬁ||w||%:ii + ¢;,, which yields (1.4)-

We now prove conditions (1.13)-(1.15). Using a similar argument as in (2.13), for 6 €
(0,7(2)) N (0, ) and for the unique Ej.-solution v = u(-, 7, u,) of (1.1) we get

(t - T)QHU(t)HEH-e < (t - T)QHU(tv T)uT||E1+6 + (t - T)9 / ||U(t7 S)F(S7 u(s))HEH-edS

< (t=1)NUEtT)ur || Byyy + cMCy(y(e) — 0) 71t — 7))
+neMB(1 —ep,y(e) = 0)( sup {(s —7)%[uls)l|e,,. 1)’

Ts<t

Recalling that u, € B3 (wo,)N€j and using (2.19) we conclude that (t—7)°|u(t)|| ,,, —
0 as t — 7, which proves (1.13).
For 6 € (0,~v(¢)) N (0, 1) analogously as in (2.15) we next have

(t - T)0||u(t7 T, uql—) - u(t’ T, u‘lz')HEl«i»S < (t - T)9||U(t7 T)(ui - u?—)”Epre
+ (t - T)e / ”U(t? 5)[F(Sa U(S, T, u}-)) - F(Sv U(S, Ty ui))]”Epreds

< (E=n)NUET)(ut — u2)| By,

+F9(t) sup {(S _T)s”u(SvTv u'lr) _U(S’T’ u72—)||E1+5}7
T<s<T+0d0

(2.20)

where
Ty(t) = eM (140, 5(e), T) max{ B(y(e)—, 1—¢), B(1—pe, y(e)—0) }Cy (t—7) "0 2y R 1),
Taking 0 = € we get

(t = 1) Nt 7yun) = ult, 7,u3) |y < (6= T)UET)(ur = ud)| By

+F5(t) sup {(8 —T)€||u(s,7', ui) - U(S,T, u72—)||E1+5}'
T<s<T+80
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Since, by (2.16), I'. (7 + do) < 5 and I'.(¢) is increasing with respect to ¢t we conclude that

1
2

sup  {(s—7)"[Juls, 7 uz) —uls, 7 u2) gy} <2 sup (s=7)°(U (s, 7)(uz —u?)| .-
T<s<T+60 T<s<T+60

Consequently, using the above inequality and (2.20) we get (1.14).

Assuming that 0 < 6 < min{y(g), u} and lim;_,+(t — 7)?|U (¢, T)ur — ur| gy, = 0 we
now show that lim; .+ (t—7)%||u(t, 7, ur)—ur || g, ,, = 0, for which we first use the variation
of constants formula and (1.2), (1.5) to get for each t € (7,7 + Jo]

(t =) llu(t) = ur e,
<t =D)NUE T)ur = urllpyy, + (E— 7)9/ 1U(t,5)F (s, u(s)) ]| By, ds

< (=N T)ur = urllg,
t
+eM(t—7)° / (t =) =0Cy (s = 1) (s = 7)7u(s) |, )ds

T

(2.21)

< (=) MUt T)ur = vz, + cCpMB(1 = pe,y(e) = 0)(t — 7))
+eMnB(1 = pe,(e) = 0)A" (u, t).

Thus (1.15) is a consequence of (2.21) and (2.19). The proof of Theorem 1.4 is complete. |

2.3. Proof of Remark 1.1
Note first that Eiy. C €I as, whenever ¢ € Fj,. by Assumption 1.1 we have
(t — 1)Ut T)ellp,. < Mt —1)°elle,. — 0ast — 77. Now, if ¢y € F; and
Eiie 2 pp 5 1) then using again Assumption 1.1 we obtain

(=) NUE Dy < MY = @nlle, + & =T)NUET)enll 22y

and for each ¢ > 0 we can choose n € N and h¢ > 0 such that the right hand side of
the above inequality becomes less than ¢ uniformly for ¢ € (7,7 + h¢). This proves that
FE, C @Z

By assumption Hcp||§; = 0 implies 0 = [|[U(t,7)¢llE, — |l@llg, as ¢ — 7+ and we get
¢ = 0. It then follows easily || - ||6€; is the norm in €7.

Finally, if ¢ € {¢ € Ey : [[¢ — wo|lg, < 7} then supse(ﬂﬂr&}(s — 1)U (s, 7) (0 —
wo)|| . < M||Yp —wollg, < r and, evidently, ¢ € Bg; (wo, ), which completes the proof
of part 1).

We can now apply Theorem 1.4 with wg € F; and ensure that the time of existence dg
can be then chosen uniformly in a certain neighborhood of a given point tg € R. Actually,
following the proof of existential part of Theorem 1.4 it suffices to ensure that the number
S0(R) in (2.17) can be chosen uniformly with respect to 7 € J.
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Choose wg € E; and recall that E1,. is dense in E;. Using (1.2) for any ¢ € E1,. we
have

sup |[(t = 7)°U(E Twollgye < sup |8 = 1)U 7)(wo — 9)l[ e

T<t<T+80 T<t<T+00 (2 22)
+ sup |t =7)°U@E7)9lEr . < Mllwo — s, + 06M |||y, TE T
T<t<T+d0

Evidently ¢ can be chosen such that M|jwo—¢| g, < £ and &y can be chosen (independently
of 7) such that 6§M||¢[|g,,. < £ in which case sup, .15, [|(t — 7)SU(t, Twollpyy. < &
forany € J. |

Proof of Remark 1.2. We first prove that

tlim+ (U, 7) = Dllp, =0 for ¢ € Ey, a€[0,1+ p). (2.23)
—T

For this observe that [|(U(t,7) — I)@||g, < M(t —7)°~||¢||lg, — 0 as t — 7 whenever
¢ € Ep, 0< o< B <1+ u On the other hand, if B 3 ¢, 25 ) € E, then

Ut 7) = DYlle, < M+ DY = ¢nlle, + 1(UET) = Dén| 5,

For ¢ > 0 one can thus choose n € N and h¢ > 0 such that the right hand side of the above
inequality will be less than ¢ uniformly for ¢t € (7,7 + h¢), which proves (2.23).
We next infer that

lim [u(t) — U(t, ")ur||g, =0 for a€[0,1), uy € Ba. (2.24)

t—7+

Indeed, since u is Fjic-solution, for 6 > 7 close enough to 7 and t € (7,0) we have

[u(®)|lE,. < (t—7)7%. Via (1.5) also ||F(s,u(s)|g,., < (s —7)7" +1) for t € (7,9).

Whenever v(e) < o < 1 and t € (7,9) we can thus estimate |u(t) — U(¢, 7)u-||g, by
¢

LU )L, o) m |1 F (s, u(s))l (. ds and get

lu(t) = Ut m)ur | &, </ M(t—s)" (s — )75 4 1)ds
<M ((t = 1) PB4 A (e) — a1 = ep) + (14 5(e) — @) T (t = 7)),

where the right hand side tends to 0 as t — 7. Connecting (2.23) and (2.24) we get that
lim; .+ ||u(t) — ur||g, = 0 whenever u, € E, and a € [0,1). By (1.15) and (2.23) the
latter is also true for & = 1 and using Theorem 1.3 we obtain i).

For the proof of ii) note that given u, € Ej4. one can actually find a fixed point of

(To)(t) =U(t, T)ur + f: Ul(t,s)F(s,v(s))ds in a complete metric space
Ke(R,7) ={v e C([r,7 +£], Brye) « [[lv—urll] < R}
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with some R > 0, £ > 0 and [|[v|[| = sup,e(r 1 l0(t)[| By, .. Indeed, given v € Ke(R, 7),
we have by (2.23), (1.2) and (1.5) that for a suitably small £ > 0

t
(Tv)(#) = urll gy < NUETUr —urlmy e +/ 1T )L, ) r i) |1 F (8, 0() | 2, ds

t
< Uty = urls,,. + M / (t = YO c(lu(s)[4,,. + Cy)ds
<NUETYr — el + R+ C)M(y(e) — OO < R, t € [r,7+ €.

Hence T takes K¢ (R, ) into itself. On the other hand, (1.2), (1.4) imply for v,0 € K¢(R, T)

[(Tv)(#) = (TO)()]| 1. </ U )| LB,y Brsa) |1 F (5, 0(8)) = F(s,0(5)) | 2, ., ds

< 2R+ Cy) Sup [v(t) = 5(O)l| 5. M(Y(e) — €717, t € [r 7+ €],
te|r, 7+

so that for & > 0 small enough T : IC¢(R,7) — K¢(R,7) is a contraction. By uniqueness

this ensures that F.-solution of (1.1) can be viewed as a fixed point of T in K¢(R, T)

and hence it is right-continuous in Fy1. at 7. Combining this with Theorem 1.3 we get ii).
Finally, applying ii) and (1.14) with 8 = 0 we obtain iii). |

2.4. Proofs of continuation results
In what follows we prove Theorems 1.5, 1.6.
Proof of part i) in Theorem 1.5 Recalling Remark 1.1 we assume that T, < oo,
limsup, ,p— |lu(t, 7,us)||E, <r* for some r* > 0 and for any n € N large enough we define

Tn =Ty — =, ur, =u(T,. — %, 7,u,). We then consider the Cauchy problem

u(t) + At u(t) = F(t,u(t)), t > T, u(th) = ur,, (2.25)

where initial conditions u,, belong both to F;. and to a ball Bg, (0,r*) in E; of radius
r*. Also, the initial times 7,, converge to Ty, .

We then have sup,c (s, -, 4+5)(s — 70)°[|U (s, Tn)ur, | By, . < M|us, |[|r, < Mr* and hence
Urs, € Bgm (0, Mr*).

Due to Theorem 1.4 i)-ii) there is the unique FEjic-solution of (2.25) on [7,, Ty + dol,
where dg does not depend on n (see Remark 1.1 ii)). By uniqueness, the latter solution
coincides with w(-, 7,u,) on [7,, Ty | for each n sufficiently large. From this we infer that,
by concatenation, u = (-, T,u,) can be continued as an Ej4.-solution of (1.1) onto the
interval [7, Ty, + dp), which contradicts the definition of T,,_. |

Proof of part ii) in Theorem 1.5 Assume that T,,, < oo and let 7, — T, be such that
u(Tn, T, ur) — wo in By as n — 0o. Then supe(,, - 461(8—70)°IU (8, Tn) (s, —wo)|| . <
M]||ur, —wo|| g, Hence, if r is chosen as in Theorem 1.4 relative to wy and N € N is such
that ||ur, —wol|lp, < 57 for n > N then u,, € B‘é;n (wo,r) for n > N and § > 0 close to
Z€ro.
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Due to Theorem 1.4 (see Remark 1.1 ii)) there is the unique Ej.-solution of (2.25) on
[Tn, T + 00, where §y does not depend on n. Again, by uniqueness, this solution coincides
with u(-, 7,u,) on [r,, Ty, ] for each n sufficiently large and thus « = u(-, 7, u,) can be con-
tinued as an F14c-solution of (1.1) onto [r,T,,_+dp), which contradicts definition of T;,_. |

Proof of (1.19) Assume that T, < oo and let limsup, ,,¢ [lu(t, 7, ur)|E,,. < r* for
some r* > 0. For any n € N large enough define 7, := T, — %, Ur, = u(Ty, — %,T, Ur)
and consider the Cauchy problem (2.25).

Since ur, belongs to a ball Bg,_(0,7*) in E. of radius 7* > 0 around zero, then for any
6 > 0 small enough we have sup,¢c(y, . +6)(s = ) |U(8, Tn)tr, |51y < M |us, [|By, . <
d°Mr*. Hence, if r > 0 is chosen relatively to wo = 0 as in Theorem 1.4 and 6° € (0, =57),
we observe that u,, belongs to ngn (0,7).

As a consequence of Theorem 1.4 (see Remark 1.1 ii)) the problem (2.25) has the unique
Ey.-solution on [7,, T, + dy], where §p does not depend on n. By uniqueness the latter
solution coincides with u(-, 7, u,) on [1,,, Ty, ] for each n large enough and v = u(-, 7, u,) can
be continued as an Ej.-solution of (1.1) onto [, Ty, +0¢), which leads to contradiction. |

Proof of Theorem 1.6 By assumption, given 7 € R and u, € €, we obtain from
Theorem 1.4 that there exists the unique F1.-solution u of (1.1) on the maximal interval
of existence [, T, ) and we denote ug := ur, Ty, := T .

If T\, < oo then, using (1.26)-(1.27) and reflexivity of E4, we conclude that there exists a

t—T;
certain uy € Ey such that lim, ,,— |Ju(t, 7,u;) —u1||g, = 0 and u(t,7,u,;) —"" u; weakly
o
in Fy. Thus u(t, 7,u,) can be extended to a function Uy defined on [r,T,,] and satisfying
Uy € LY ((1yTuy )y Ere), Uo(T) = ur = ug, Up(t) By Up(Tyy) = ug € ef““ ast — T, and

loc

t

Uo(t) = U(t, )ug + / U, s)F(s,Uo(s))ds for t € (r,T,).

T

By Theorem 1.4 there exists the unique E4-solution u(-, T, u1) of the Cauchy problem
w(t) + A@t)u(t) = F(t,u(t)), t > Ty, w(Tu,) = u1,

which can be continued on the maximal interval of existence [T, Ty, ). Now, if T, < oo,

repeating the above argument we find us € F; such that hmt_ﬂ,;1 lew(t, Tug, u1) —ug||m, =0

=T
and u(t, Ty, u1) i ug weakly in Eq. Thus u(t, Ty,,u1) can be extended to a function
U, defined on [Ty, Ty, | and satisfying Uy € LS. ((Tug: Tuy ), Er4e), Ui (Tuy) = ur, Ui (1) 2

U(Ty,) =us € ¢l ast — T and

Ul

t
Ui (t) =U(t, Ty, )ur +/ U(t,s)F(s,Us(s))ds for t € (Tyy,Tu,)-
Tug
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If there is k € N such that, proceeding as above, we obtain in a (k + 1)-th step that
Ty, = 00, then function U defined on |7, 00) by concatenations of U, j =0,...,k+11is an
extension of u to a piecewise-Ej4.-solution on [7,00).

Otherwise, proceeding inductively we will obtain a sequence of maps U; on [r,T,],
j = 0,1,..., and by concatenations we again define a piecewise-E.-solution on [7,a),
with a := Z;io T,,. In this latter case it is evident that either a = oo or, if a < o0, a is

accumulation time of singular times T} := Zg:() Tu,Jj€eN
The above construction ensures that the extension of Ej.-solution to a piecewise-Ej ;.-
solution is uniquely defined and hence the proof is complete. |

3. LINEAR NONAUTONOMOUS PARABOLIC PROBLEMS

In what follows X denotes a Banach space. We will discuss sufficient conditions for
Assumptions 1.1, 1.2 in terms of A(t).

DEFINITION 3.1.

The family {A(t) : ¢t € R} of closed operators A(t) : Dx C X — X, which are defined
on the same dense subset Dx of the Banach space X, is locally uniformly sectorial (of
the class LUS(Dx,X) for short) if and only if for each ¢ € R the complex half plane
{A € C: ReX < 0} is contained in the resolvent set p(A(t)) of A(t) and for any bounded
time interval I C R there exists a certain M > 0 such that

1AL = AE) e <

M
< ——— ReA<0, tel. 3.1
1+ (3.1)

If {A(t) : t € R} is of the class LUS(Dx, X) then, for each s € R, —A(s) generates
asymptotically decaying C° analytic semigroup {e=4®)* : ¢t > 0} in X. Actually, for a
family {A(¢) : ¢t € R} of the class LUS(Dx, X) we have that Reo(A(s)) > a > 0 and

C
le™ @2 Ly < Ce™, s 20, AW e P Lx) < ?167“, s >0,

where a, C,Cy > 0 are independent of s > 0 and ¢ in bounded time intervals (see [26, §1.1].
Consequently, fractional powers A%(t) can be defined as the inverse of A~*(t) : X — R(X),

1 o0
A — a—1_—A(t)s ] 9
(t) o) /0 s e ds, a>0 (3.2)

Also, one can consider the associated fractional power spaces X*(t), o > 0,
X(t) := D(A*(t)) with the norm |[[¢|xaq) = [[A%(t)¢|x for ¢ € X¥, a >0, (3.3)
where for a = 0 we set A%(¢) := Id, X°(t) := X. As in [26, §1.9, (1.56)] we then have
HA“(t)e_A(t)SHL(X) <epe  Ps7% 5> 0, (3.4)
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where ¢, neither depends on s > 0 nor on ¢ varying on bounded time intervals.
Since A(t) coincides with the inverse of A=1(t), then X!(¢) coincides as a set with Dx
for every t € R. Concerning topologies we have the following result.

ProprosiTION 3.1. If {A(t) : t € R} is of the class LUS(Dx,X) and I C R is such that

sup [|A(H) A~ (8)l|x) < 0, (3.5)

t,sel

then X(t) are independent of t, except for norms, which are uniformly equivalent on I.

Proof: Evidently, for the graph norms we have

ellxi) = 1A®) el x = A AT (s)Als)ollx < el Als)llx = cllgllxi(s), tos €L 1

If A(t) belongs to a class of operators having locally uniformly bounded purely imaginary
powers, that is if A(¢) is a positive operator satisfying

Jeso sup  [JA® ()| L(x) < o0, (3.6)

SE[—e€,€]
then fractional power spaces can be characterized as (see [28], also [5])

X008 — [ x(1) XP(t)]p, 0< 0 <1, 0<a<f<oc. (3.7)

Remark 3. 1. Tt is known that (3.6) holds in many applications (see [8, 11, 19, 24, 25,
28]).

DEFINITION 3.2. We will say that the family of positive operators {A(t) : t € R} is of
the class BZP(X) if and only if, given any t € R, A(¢) has the property (3.6).

CorOLLARY 3.1. If{A(¢): t € R} is of the class LUS(Dx,X)NBIP(X) and I C R
is such that (3.5) holds then X%(t), 6 € [0,1], are independent of t € I, except for norms,
which are uniformly equivalent on I.

Following [3], given {A(t) : ¢ € R} of the class LUS(Dx,X), we consider the extrapo-
lated space X ~!(t) generated by (X, A(t)), where
X~(t) is the completion of (X, ||A7(t) - || x)-

We then extend A(t) to a closed operator in X ~!(¢) (with the same notation).

Whenever t,s € R are such that A=!(s)A(t), A= (t)A(s) : Dx C X — X are bounded
operators, which happens in particular when the domains of the adjoint operators A’(¢)
and A’(s) are the same, then X ~1() coincides with X ~!(s) as for some ¢y, co > 0 we have

allA™ (s)zllx < ATH(Bz]lx < collATH(9)z]x, 7 € X,
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(see [4]). This leads to the following counterpart of Proposition 3.1 for extrapolated spaces.

ProposITION 3.2. If {A(t) : t € R} is of the class LUS(Dx,X) and A~ (t)A(s) :
Dx € X — X are uniformly bounded for t,s € I; i.e. for the closure A=1(t)A(s) we have

SUPI ||WHL(X) < 00, (3.8)
s€

)

then X ~1(t) are independent of t € I except for norms which are uniformly equivalent on
1.

Due to [3, Proposition V.1.31], if {A(¢) : t € R} is of the class LUS(Dx, X) then (closed
extension of) A(t) belongs to a class Lis(X, X 1(¢)) of linear isomorphisms from X into
X~1(t). Furthermore, {\ € C: ReX < 0} C p(A(t)) and given any bounded time interval
I

M
L+ [A]
for some M > 0. Letting Y (t) = X~1(t) and applying (3.2) one can associate with
(Y(t), A(t)) the fractional power scale {Y*(¢) : & > 0} and consider, as in [3, p. 266],

||(/\I — A(t))71‘|L(X,1(t)) < ReA <0, tel. (39)

X(t) :=YoT(t), a € [~1,00), (3.10)

which is the extrapolated fractional power scale of order 1 generated by (X, A(t)).

COROLLARY 3.2. If {A(t) : t € R} is of the class LUS(Dx,X)NBIP(X) and I C R is
such that (3.5), (3.8) hold, then for each 6 € [—1,1] spaces YOT1(t) = X%(t) are independent
of t € I, except for norms, which are uniformly equivalent on I; that is for every 6 € [—1,1]

H¢||X9(t) < c”d’HX"(s)a ENAS I>

for some ¢ > 0 and every ¢ from the set X°(t) = X?(s).

Given ty) € R, ap € [0, 1) and letting po := 1 — op we next define
Eo =Y (o), |- s, = 1A°T* (o) - [y tg)> @ € 0,1+ pao]- (3.11)

LEMMA 3.1. Suppose that {A(t) : t € R} is of the class LUS(Dx,X) N BIP(X), con-
ditions (3.5), (3.8) hold on each bounded time interval I C R and {Ey,« € [0,1 4 uol} is
defined as in (3.11), where pg is a strictly positive number. Then,

i) {A(t) : t € R} is of the class LUS(Dg,, Eo) with Dg, = Ex,
it) for any bounded time interval I C R and o € [0, 1+ ug] there exist constants ¢,c¢’,¢” > 0
such for each t,s € I we have

I¢lle, < 1A%, < cllA7(s)llm, < N6z, ¢ € Es (3.12)
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Proof: Recall that {Y*(¢) : @ > 0} is the fractional power scale generated by (Y'(¢), A(t)).
Hence (realization of) A(t) can be viewed as a closed densely defined operator in Y0 ()
with the domain Y*°*1(¢). The resolvent set of A(t) in this setting will still contain
{A € C: ReX < 0} and for each bounded time interval I there will be a constant M > 0
such that

IO = A®) " Blly oy < ——l19llyeoy, RASO, tET, 6 €YO(H).  (3.13)

1+|>\|

Part i) is thus a consequence of Corollary 3.2 and (3.9).

Concerning part ii) we first observe that, due to Corollary 3.2, if ¢ € E° then ¢ belongs
to each of the sets Y7120 (t), Y7T0(s) as these sets coincide for ¢, s € R and A7 (t)¢, A7 (s)¢
are the elements of E° = Y% (t). Actually A°(t), A°(s) are one-to-one from E, onto Ej.

Given a bounded time interval I C R we can thus use equivalence of norms stated in
Corollary 3.2 to get, for some constants ¢, ¢, ¢ depending on I but not on ¢,s € I, that

1A7()ll 2o = 147 () llyeo o) < A7) Blly a0 () = EllPllyoran(ey < EllPllyerens)
= | A7(s)Sllyao(s) < A7 (8)Bllv a0 (t0) = EllA7 ()0l &,

whenever ¢,s € I. Similarly, using again the equivalence of norms, we also have

10l 2, = ¢llyoraiy) < Ell@llyrreay = ElA7@)llyeo) < ElATE)Pllyeo ) = ElAT ()] 2,

1A% (s)¢llz, = |47 (5)¢llyeote) < EllAT(s)Bllveo(s) = Elldllyrtan(s) < Ellllyotaoiry) = Ell¢l 5, ,

which proves ii). |

COROLLARY 3.3. Under the assumptions of Lemma 3.1 we have that for any bounded
time interval I C R and o € [0,1 + o] there exists a constant ¢ > 0 such that

|A7(t) A (s)||L(ro) < ¢ for each t,sel. (3.14)

Proof: Tt suffices to note that A?(t), A?(s) are one-to-one from FE, onto Ej and use
(3.12). 1
We will next assume that {A(t) : t € R} is of the class LUS(Dx, X) and, in addition,

Jue0,1] Y150 Io50 Virsel—1.1) I(A) — A(T) AT (s) || Lx) < Clt — 7]*. (3.15)
Following [3, 15, 20, 23, 26], we will consider in X a nonautonomous linear problem

w(t) + A@)u(t) =0, t > 71, u(T) = u,. (3.16)

Recall that a continuous function [7,00) 3 ¢ — u(t) € Ey is a classical solution of (3.16) if

it is continuously differentiable in (7, 00), u(t) € Dx for each ¢ > 7 and w satisfies (3.16).

Recall also that a two parameter family {U(¢,7) : (t,7) € R%, t > 7} of maps U(t,7) :
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Ey — Ey is a continuous process in Ey provided that U(r,7) = Id, U(t,0)U(o,7) = U(t,7)
fort >0 >7€Rand {(t,s) eR?:t > s} x V > (t,7,v) = U(t,7)v € Ey is a continuous
map.

The following result is known (see [15, §2] for the proof).

ProposITION 3.3. If{A(t): t € R} is of the class LUS(Dx, X) and (3.15) holds then,
there exists a continuous process {U(t,7) : t > 7 € R} C L(X) in X such that given 7 € R
and u, € X, the map [1,00) 3t = u(t) = U(t,7)ur € X is a classical solution of (3.16).

To describe smoothing properties of the process we state the following result.

PROPOSITION 3.4. Under the assumptions of Proposition 3.3 for each bounded time
interval I = [T, T)] there is a positive constant N such that with p as in (3.15) we have

HAU(t)U(t,T)AiC(T)”L(X) SNt—7)7,0<¢<o<14+p -T<T<t<T. (3.17)

For the proof of (3.17) we refer the reader to [26] (see also [15, Theorem 2.2]). To obtain
another smoothing property we will need the following additional assumption:

V1+u>£>0 VT>0 3c>0 vt,re[—T,T] HAg(t)Aig(T)”L(X) <ec (3~18)
ProprosITION 3.5. If {A(t): t € R} is of the class LUS(Dx,X) and (3.15) holds then

VT>0 V 1>¢>020 3N>0 V_Tngth ||A0(t)[U(t, T) — Id]A_C(T)HL(X) < N(t — 7')5. (319)

1>(—0>6>0

Actually, if also (3.18) is satisfied then

V10 Vuggfazo Anso Vorr<esr [ATOU(E,7)—Id]A™(T) ||l Lx) < N(t=7)77. (3.20)
Proof: From [26, (1.53)] we infer that

U(t,T)A_C(T) = e(t_T)A(t)A_C(T) + /t e(t=9)A() [A(s) — A(t)}U(s,T)A_C(T)ds.

T

We next rewrite A% (t)[U(t,7) — IdJA=%(7) as a sum J; + Jo, where

Jy= A7) [eAD_1d]AC(7) and Jp = / t A% (1)t AD[A(s) =AU (s, 7) A~ (7)ds.

T

From (3.15) we obtain that (3.5) holds on any bounded time interval I C R. Hence,
under the assumptions that {A(t) : ¢ € R} is of the class LUS(Dx, X) and (3.15) holds,
one obtains as in [26, §1.9, (1.59)] that

Viz¢se30 Y750 Jeso Vere—r) IAS () A (7|l Lx) < e (3.21)
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Ifl1>(¢(>0c>0and 0 < < (—o0 <1 then applying [21, Theorem 1.4.3] we can
estimate [|Jyv||x for every v € X by tei_s5(t — 7)°[|A°F7 (t)A=(7)v|| x, which via (3.21)
can be bounded on [-T,T] by cci—s(t — 7)°[|v]|x-

Ifl4+pu>¢ >0 >0 and (3.18) holds, then choosing 6 = ¢ — o and applying [21,
Theorem 1.4.3] we estimate HJIUHX for each v € X by %cl_g(t—7)8||A‘§+U(t)A_<(7-)v||X =
C —C1— <+g(t — 7)) AS() A=¢(T)v||x, which due to (3.18) can be next estimated on
[T T] by cercaalt = 7)< o]x.

Consequently, not assuming (3.18) we obtain that [|Ji]|1x) < $cci—s(t —7)°, 0 <6 <
¢ — o, whereas assuming (3.18) ||J1[|L(x) < gZ2zcci—cio(t = 7).

The integral Js is equal to f: A% (1)et=)AD[(A(s) — A(t)) A~ (s))A(s)U (s, 7) A=< ()ds,
where by (3.4), (3.15) we have || A7 (t)e=*)AM[(A(s) — A1) A7 (s)] | (x) < c(t—s) 77 (t—
s)*. Note that if 0 < ¢ < 1 we obtain from (3.17) that [|A(s)U(s, 7)A™(7)||Lx) <
c(s—7)¢71, whereas if 14+ > ¢ > 1, then A(s)U(s, 7)A™¢(7) = A(s)U(s,7) A~ (1) AL =¢(7)
and

IAG)U (5, T) A (T) |y < AU (5, 1) ATHT) oo AT (D) oex) < e

as in this case A'=¢(1) = A=CV(r) = ﬁ Jo© s 2e=Ads is a bounded operator
and

_ C ® 9 —us _
Ao < oy | 5 = Cal <,

Since ¢, 7 vary in a bounded interval we thus infer that for 0 < (<1

t
2]l L(x) < / (t—s)" (s —71)tds <&t — )" Bl + p—0,()
=Bl +p—0,Q)(t—T)({t—7)7 <elt—71)7,

whereas for 14+ pu > (¢ >1
¢
[ J2llp(xe) < 5/ (t—s)ds=é(t — )" = et — )T (t—7) T Le(t —T)¢ O

Combining the above estimates we get the result. |

THEOREM 3.1. Suppose that {A(t) : t € R} is of the class LUS(Dx,X) N BIP(X),
conditions (3.5), (3.8) hold on each bounded time interval I C R and {Eq,« € [0,1+ po]}
is defined as in (3.11). Suppose furthermore that

Fue(0p0) V>0 o0 Virsei—r1) [[(At) — A(T))A7H(8) || Lm0y < Ot — T|*. (3.22)

Under these assumptions:
i) there exists a continuous process {U(t,7) : t > 7 € R} C L(Eyp) defined by (3.16) in
Eq such that given 7 € R and u, € Ey, the map [1,00) >t — u(t) = U(t,7)u, € E® is a
classical solution of (3.16); furthermore,
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i) Ut ) npepy) S ME—=7)77,0< (<o <1+p -T<7<t<T, and

iii) |U(t,7) = Id|| g pyy SM(E—7)7, 14p>¢>020,1>(—0>0, -T <7<

t<T,

where constant M in ii)-1ii) can depend on (,o0,T but does not depend on t, T € [-T,T].
Proof: Due to Lemma 3.1 we obtain that {A(¢) : t € R} is of the class LUS(Dg,, Fo)

with Dg, = F;. From this and (3.22) we obtain i) applying Proposition 3.3 with X = Fj.
From Proposition 3.4 (applied with X = Fj), for each bounded time interval I C R

there is then a positive constant N such that

A7 (U, T)A()|lnx) S N(E—7)7, 0<(<o<1l+p tel (3.23)
Since AS(7) is one-to-one from E, onto Ep, (3.23) can be rewritten equivalently as
147Ut 7)¢ll e < N(t = 1) A(T)¢lI s, @ € E, (3.24)

and by (3.12) also as ||[U(t,7)¢||e, < M(t — 1) ¢lle., ¢ € Ec, which gives ii).
Finally, by Corollary 3.3 we can use Proposition 3.5 with X = Fj and obtain from (3.20)

Y70 vlﬂggfcv)o Inso V—T<T<t<T ||A0(t)[U(t, T) - Id]Aic(T)HL(Eo) < N(t - 7)470-

(3.25)
Inequality in (3.25) can be rewritten equivalently as

1AZ @)U, 7) = Id)g|lz, < N(t 1) A(T) ] gos ¢ € B,

and by (3.12) also as ||[U(t,7) — Id]¢|| g, < M(t—7)""7||¢||e., ¢ € Ec, which gives iii). |
Note that condition (3.22) can be expressed equivalently as in the proposition below.

PROPOSITION 3.6. Suppose {A(t) : t € R} is of the class LUS(Dx, X)NBIP(X), (3.5),
(3.8) hold on each bounded time interval I C R and {Eq,a € [0,1+ po]} is as in (3.11).
Then (3.22) is equivalent to
A()yect

loc

(R, L(E1, Ey)). (3.26)

Proof: For any bounded time interval I C R condition (3.22) implies that
[(A(t) = A(7)¢llz, < Clt = 7|*[|A(s)¢l| 5, and [|A(t)] 5, < cllAls)¢] g,

whenever ¢,7,s € I, ¢ € Dg,. Due to (3.12) we then have ||(A(t) — A(7))d||lg, <
Clt — 7|*||¢||g, for t,7 € I, which proves that A(-) € C*(I,L(E1,Ep)). On the other
hand, if A(-) € C}. (I,L(E1, Ey)) then, given a bounded time interval I, we have that
A(-) € C*(I,L(Ey, Ep)). Combining this with (3.12) we obtain ||(A(t) — A(7))Y]g, <
Clt — 11 Wblle, < Olt — 1| A(s)bllpy, £.7,5 € I 1 € Ey. Letting ¢ = A~ (s)) we get
(3.22). 1
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Under the assumptions of Theorem 3.1 both Theorems 1.3 and 1.4 apply provided that
the required assumption on F' holds. In applications we often have some vy € (0,1) such
that for each bounded time interval I C R and B bounded in F1 . there is ¢ > 0 such that

|F(t,v) — F(s,w)|g, <c(|t —s|"+||v—-wl|g,.), t,s €I, vywe€ B. (3.27)

Then Ej.c-solution will have the properties of a classical solution; see Proposition 3.7.

PROPOSITION 3.7.  Suppose {A(t) : t € R} is of the class LUS(Dx,X) N BIP(X),
(3.5), (3.8) hold on each bounded time interval I C R and {E,,a € [0,1+ pol} is as in
(3.11). Assume also (3.22), (3.27) and that F' is of the class L(e, p,y(¢),n, Cy) relative to
{Ea,a € [0, 14 )}

Then {A(t) : t € R} is of the class LUS(Dg,, Ey) with Dg, = E1 and Theorems 1.3, 1.4
apply. The unique E1yc-solution, u = u(-,7,u,), is of the class C*((1,7 + dol, Eo), u(t) €
Dg, fort e (1,7 + o] and u(t) + A(t)u(t) = F(t,u(t)) for each t € (1,7 + dp].

Proof: By Theorem 3.1 we know that Theorems 1.4 and 1.3 apply. Hence there is
the unique Fj4c-solution of (1.1), u = u(-,7,u,) and w € C},_((0,T,.), E14+c) for some

loc

v € (0,1). The latter property and (3.27) yield that F'(-,u(-)) € C7.((0,Ty,), Ey) for
o = min{vy, v}. The result now follows as in [23, §5.7, Theorem 7.1] and [15, §2.3]). |

Remark 8. 2. Under assumptions of Proposition 3.7, following [30, Theorem 3.10] and
letting F19 (7,7 + 0], Eo) as in [30, p. 5] we have for Ej.-solution u = u(-, 7, u,) of (1.1)

A(u(-) € C((r, 7 + o], Eo), %u() € FYo(r, 1 + o), Eo).

4. APPLICATIONS
In what follows we show how the abstract results apply in sample problems.

4.1. Nonautonomous wave equation with structural damping

In this example, following [16, 11, 13, 12], we consider the initial boundary value problem
of the form:

{utt+n(t)(—A)§ut+Vut—i—(—A)u:f(t,u), t>0, xze€qQ, (1)

w(0,2) =up(x), v € A w(0,2) =vo(x), x €Q, wu(t,x)=0, t >0, z €N,
where (ug,v9) € HE(Q) x L?(2) and —A is the negative Dirichlet Laplacian in L?(RY).

ASSUMPTION 4.1. Suppose Q is a bounded smooth domain in RN, N >3, v >0 and

necCl

loc

(R, (0,00)) for some € (0,1]. (4.2)
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We remark that due to (4.2), given any bounded time interval I C R, there are constants
K1, k2 > 0, such that n(t) € [k1, ko] for each t € I. Letting v = @ we rewrite (4.1) in the
form

d u u u u Ur
LA )= FELD 150, (e =12, (1)
where A(t) and F(t,[%]) can be viewed in matrix form as
0 —I w - 0
A ="y ocmiio ] FGIED = [rGw] (4.4)

and f¢ denotes a Nemitskii operator associated with f.

We set in this example X = H(Q) x L?(Q), Dx = (H*(Q) N H}(2)) x HL(Q) and,
referring to [14, proof of Lemma 1 iii)] and [11, Proposition 1], we conclude that {A(%) :
t € R} is of the class LUS(Dx,X) N BIP(X). Furthermore, for any t,s € R we obtain

-1 [ o -1 A (A Ay 1 0
ADATG) = [y b | [V AT 0T =0 et ]

A7 (s)A(t) = ["<S><*A>’i+y<*ﬁ>’l <*§>’1} { 0 ! | = [(f)(n(S)—n(t;)(—A)_%}.

A () (—A)E 4T |
Consequently, for any bounded time interval I C R, we have

—1 ¢ ]
1 A A = su u < + .
ts,sg () @l ts,se% H[Z:S}Hi ) H [(W(S)—n(t))(—A)%qu. I < (1 4262), - (45)

sup [T AD ooy = sup sup | [+ 0@-mC0 ]y < (14 2m), (46)
t,scl t,scl H[i]llx=1 P

which are counterparts of (3.5) and (3.8).
Let {Z% a > —1} be the extrapolated fractional power scale generated by (L?(92), —A).
As in (3.11), choosing ap = 0, we define the spaces E,, a € [0,2]. Due to [11, Theorem 2J:

By =Yoo (1) = 2% x 2°7, a€0,2). (4.7)

By [3], Z7*(t), a € (0,1), is viewed as completion of (L*(Q), [|[(=A)~* - ||2(q))-
With this set-up we now prove that

A(Hyect

loc

(R, L(Ey, Ey)) with By = H}(Q) x L*(Q) and Ey = L*(Q) x H1(Q), (4.8)

where p is as in (4.2). Indeed, given t, s € [T, T] we immediately have

swp (LA = AG)] [ 4| lse = 5w ||| poymoniea
H{i}l\El:l [w} I[i]llEl—IH[[ ) —n(s)I(—A) w”
=In(t)—n(s)  sup  (=A)Rell g <clt—s|.
1[5 ]1es =1

Ey
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Due to Proposition 3.6, (4.8) is equivalent with (3.22) and we can apply Theorem 3.1.

PROPOSITION 4.1. Suppose that Assumption 4.1 holds and let E, = 7% x z% for
a € (0,14 w), where p is as in (4.2).

Then there exists a continuous process {U(t,7) : (t,7) € R%:t > 7 € R} C L(Ep)
associated in Ey = L*() x Hy *() with

d u 0 I u u Ur
%[u]—’_ _A n(t)(—A)%+VI:| [v] =0,t>0, [v]t:q': [v.,-]a (49)

and {U(t,7) : (t,7) € R%t > 7 € R} enjoys the smoothing properties (1.2), (1.3).

Remark 4. 1. Besides (4.8) we also have that A(-) € CJ. (R, L(E», E)) with Ey =

H2(Q) N H(Q) x HY(Q), E1 = HE(Q) x L?(Q2) as whenever t,s € [-T,T] (4.2) yields

sup (A = AG)] |G| le = s || e
1[5 es=1 M |[$]||E2—1H[[ s w”E
=In(t)=n(s)|  sup  [[(=A)3¢llz0 < clt—s]".
1o 1, =1

Assuming N > 3 we now define a number

._N+2
pc-—N_27

which in this example plays a role of a critical exponent for initial data in Hg (2) x L?().

Remark 4. 2. To keep the notation short let us adapt throughout the rest of the paper
the Landau symbols O(y), o(y). Namely we will write that h(t,z,s) = O(p(s)) if, given a
bounded time interval I C R, |h(t,z,s)| < c|¢(s)| for some constant ¢ > 0, which does not
depend on s € R, z € Q and t € I. We will also write that h(t,z,s) = o(p(s)) if, given a

[h(t,z,s)|

bounded time interval I C R, lim|y o EOREE 0 uniformly with respect to x € Q and

tel.

PROPOSITION 4.2. Suppose that N > 3, f € C(R?,R) has partial derivative f! € C(R x
R,R) and E, = Z% x z% for a € [0,1+ p), where p is as in (4.2).
i) If fl(t,s) = O(c, + n|s|P~1) for some n > 0 and p € (1,p.), then the map F(t,[%]) in
(4.4) is of the class L(e, p,v(e),n,Cy) relative to {Eq, € [0,1+ p)} and is subcritical.
i) If fi(t,s) = O(c, + n|s|Pe=t) for some n > 0 and i) does mot apply, then the map
F(t,[%]) in (4.4) is of the class L(e,p,v(),n, Cy) relative to {Eq,a € [0,1+ p)} and is
critical.
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iii) If fL(t,s) = o(|s|P=™1) and i) does not apply, then F(t,[%]) in (4.4) is of the class
L(e, p,v(e),n, Cy) relative to {Eq, a0 € (0,14 p)} and is almost critical.

Proof: Parts i)-ii) follow similarly as [11, Lemma 3 and Corollary 2]. Also iii) can be
proved analogously as in [13, Lemma 3.1 and Corollary 3.1]. We thus omit the details. |

COROLLARY 4.1. Suppose that Assumption 4.1 holds and let E, = Z3 x z% for
a € [0,14 p), where p is as in (4.2). Suppose also that the assumptions of Proposition 4.2
are satisfied; in particular that f.(t,s) = O(c, +n|s|P<=t) for some n > 0.

Then Theorem 1.4 applies and, given any 7 € R, [47] € HY(Q) x L*(Q), the abstract
counterpart (4.3)-(4.4) of (4.1) has the unique Eyic-solution [4] = [u](-,7,[%7]) defined
on the mazimal interval of existence [T, Ty ».).

With additional assumption on f there will be functional £ decreasing along [+] (¢, 7, [ %7 ])

w1y 1 1 3 o wy
£([D) = ghoalbe + 51N vl = [ [ fe)dsde, (1B @0)

LEMMA 4.1. Suppose that f does not depend on t; that is f = f(u).
Then L in (4.10) takes bounded subsets of Ey into bounded subsets of R and, given
Eq4c-solution [3] of (4.3) on the interval I, L([%]) is nonincreasing for t € I..

If

limsupﬁ < A, (4.11)
s

|s]—o0

where \1 is the first positive eigenvalue of the negative Dirichlet Laplacian in L*(Q), then
L is also bounded from below and for some constants dy,ds > 0,

1517 [ Dllg, < dil([27]) + de. (4.12)

Proof: Multiplying the first equation in (4.1) by v = u, we have

d 1

L)) = —n(OII(=2) 072 — VIl 20y <O, (4.13)
which yields that L([%]) < L£([»7]) as long as the solution exists. On the other hand,
using (4.11), we obtain for any 6 > 0 small enough that — [, [;** f(s)dsdz is bounded

from below by — 21

2_‘5 leH%Q(Q) — N;5|9?| for some Ns > 0. Consequently

w (S 1 1 w
LD 2 5y MM wnllia + g lwalia@ - Nol9l, [ € B,

and the result follows easily. This proves (4.12) for smooth solutions, e.g. for solutions
with smooth initial data which can be obtained within [26, Theorem 7] due to Remark 4.1.
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With (1.14)p—¢ (see Remark 1.2 iii)) it then extends to Ejy.-solutions and the proof is
complete. |
Theorem 1.5 now leads to the following conclusion.

COROLLARY 4.2. Suppose that Assumption 4.1 holds and assume that f € C1(R,R) does
not depend on time variable, (4.11) is satisfied and f.(s) = o(|s|P<=1). Then, given T € R
and [y7] € E1 = H}(Q) x L?(Q), there exists the unique global Ey.-solution of (4.1).

-

Suppose finally that we have f/(s) = O(1+|s|[’<=1) but not f/(s) = o(|s|*<~!). Note that
(1.19) is rather uneasy to verify as an Ej.-estimate can hardly be derived. Nonetheless,
since we know (4.12) and, in addition,

(—A)"20 + () + v(~A)"Fo+ (~A)iu = (—A) 72 f(u),

we infer that u € WH1((0, T, o, ), L*(Q)), 0« € WHL((0, T, ), H=Y(Q)) whenever T, ,,. <
oo and the map (0,7}, »,) 2t — ZEEZ:Z:” € Ey = L?(Q) x H~(Q) is uniformly continuous

(see [10, Theorem I1.2.2]). Thus (1.26)-(1.27) hold and Theorem 1.6 applies.

COROLLARY 4.3. Suppose that Assumption 4.1 holds, f € C1(R,R) does not depend on
time variable, f.(s) = O(1+ |s|P=~1) and (4.11) is satisfied.

Whenever T € R, [u7] € Ey are such that T, .. is finite, there exist a € (Ty, v, 0]
and an extension U : [1,a) — E1 of mazimally defined Eyy.-solution of (4.1) such that U
is a piecewise-Eqyc-solution on [T,a) and a = oo or a is an accumulation time of singular
times.

4.2. Nonautonomous parabolic problems
Given

Alt)=(-1)™ Y as(t,x)D°, teR, z € Q, (4.14)

lol<2m

Bj= Y bi(x)D°, where j=1,...,m, m; €{0,1,....2m —1}, €09, (4.15)
lo|<m;
and adapting the notion of a regular parabolic initial boundary value problem we say that
{(A(t),{B;},Q,090), t € R} is of the class RPZBVP of regular parabolic initial boundary
value problems of order 2m if (A(t), { B;}, 2, 022, a) is a strongly a-regular elliptic boundary
value problem of class C° and order 2m for every t € R as in [7, p. 655] and, in addition,

there exists u € (0, 1] such that for each bounded time interval I C R
and for any |o| < 2m map I3t — a,(t,-) € C(Q,R) is of the class (4.16)
CH*(I,C(Q,R)); in addition, whenever || = 2m, modulus of continuity '

of the maps Q >z — a,(t,2) € R can be chosen uniformly for ¢ ¢ I.
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We will next consider spaces H,(f2) as in [28]. For p = 2 they are Hilbert spaces and
will be denoted by H*(Q2). Following [28] we also define

HZj’{BJ}(Q) = {¢ € Hlj(Q) : Vie{j: m_j<s—%} Bi(b‘asz = O}
Assuming that {(A(t), {B,},Q,00), t € R} is of the class RPZBVP we have the estimate

lellmzm @) < ¢ (MB¢lLr@) + Iellr), » € Hyip (), te, (4.17)

where I C R is arbitrarily chosen bounded time interval. We emphasize that c¢* > 0 actually
depends on 2, m, N, p, &, moduli of continuity of the top order coefficients of A(t) with
t € I, coefficients of boundary operators B; and certain constants related to the notion of
a-regular elliptic boundary value problem which are specified in [7, Theorems 12.1] (see
also [1, 2]). Thus the constant ¢* in (4.17) is independent of ¢ in a bounded time interval
ICcR

We remark that, due to (4.14), (4.16) and properties of H2"()-norm we also have

[A@) ¢l e ) < cullellmzm @), ¢ € HX™(Q), tel, (4.18)

where ¢, depends on Q, m and L*°(I,C(Q,R))-norms of coefficients of A(t).
With the above set-up we consider the 2m-th order problem

{Ut + (1) X6 1c1<m D (ag ¢ (t, ) D) = f(t, x,u), t >0, € Q C RV, (4.19)

Byou=...=B,,-1u=0,t>0, 2 €09, u(0,z)=u(z), z €.

Letting

Alt)yu = (-1)™ Z D(ag ¢ (t, x) D u)
1ELI¢I<m

we summarize conditions on (4.19).

AssUMPTION 4.2. N > 2m, Q C RY is a bounded C*™-domain, the coefficients ag ¢(t,-) €
C™(Q,R) (€] < m,|¢| < m) of A(t) are such that the maps I >t — DPag ((t,-) € C(Q,R)
(18] < m) belong to the class CH(I,C(Q,R)) and after rewriting A(t) in the form (4.14)
we have that {(A(t),{B;},Q,00), t € R} is of the class RPZBVP.

ASSUMPTION 4.3. A(t), t € R, are selfadjoint operators in L*(Q) bounded from below
uniformly for t in bounded time intervals I C R; that is,

(A1), 9) r2(0) = s:l10ll72(q) (4.20)

where s, > 0 can depend on I but not ont € I.
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PROPOSITION 4.3. Suppose that Assumptions 4.2, 4.3 hold and

Eo = (H (@), a=0,  Eo=(L(Q),H,(D)ioa), a € (0,1),

, , , (4.21)
E,=L(Q), a=1, Eo = [L*(Q), H{g 1 (W]a—1, a € (1, 1+ p).
Then there exists a continuous process associated in Ey = (Hfgz}(ﬁ))’ with
u+ A u =0, t >0, x € QCRY, (4.2)
Bou=...=Bp_u=0,t>0, €09, u(0,z)=uyc L*), '

and possessing smoothing properties (1.2), (1.3).

Proof: We will ensure that Theorem 3.1 applies with X = L?(Q) and Ey = (Hfg’j}(Q))’.

Note that, proceeding as in [17, Proposition 1.3.3], we get. ||(A — A(£))¢||x = 272 |\ —s.|
whenever ¢ € H{QBj}(Q), t € I, Re(\) < s.. From this we conclude that {A(t) : t € R} is
of the class LUS(Dx, X). On the other hand, since purely imaginary powers are unitary
operators, we also have that {A(t) : t € R} is of the class BIP(X).

We now fix a bounded time interval I C R and concentrate on points ¢ € I. Using (4.20),
Schwartz’s inequality and (4.17) we get with s, as in (4.20)

lellmzm @) < (1 + s DAl 20), » € HEE(Q), te L. (4.23)

Next, to obtain (3.5), we apply (4.18) with p = 2, ¢ = A71(s)1, v € L?(Q2), and use
(4.23) with t = s and ¢ = A71(s)? to conclude that

A AT ()Y n2) < ex|AT ()| mam(a) < exc™ (L + 7)Y 22y, ¥ € L2(Q), t,s € 1.

In the proof of (3.8) we adapt the idea of [4, Remark 6.6 (c)]. Since from above we have
sup; oes [|[A(s) A7 (t) | L(z2()) < N, using this and selfadjointness of the operators we get

{6, A"H (O A(s)0) 2| < NGl 2 191l 20)s ¢ € L2H(Q), ¥ € HiF (), t,s € 1.

This ensures that the set {A71(t)A(s)y : t,s € 1,9 € Hfgj}(Q),HQbHLz(RN) < 1} is

bounded in L*(2) and hence [|[A=1(t)A(s)||L(r2(2)) < & where ¢ > 0 does not depend
ont,s el

Letting ag = 0, we define next spaces Eq, o € [0,1 4 po] = [0,2] as in (3.11), which are
characterized here as in (4.21). To ensure that

Ay ect

loc

(R, L(E:, Ep)) with Ey = L*(Q) and Ey = (H{ 1(Q))’ (4.24)
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we observe [[(A(t) = A(5))6l gy = S0P =1 |y SA() ~ AS)) ] for 15 € R
¢ € L?(RN). Hence, for t,s in a bounded time interval I C R, using (4.14), (4.16) we get

sup [[[A(t) — A(s)]¢]|lg, =  sup sup | [ o(A(t) — A(s))¢|
||¢||E1:1 |‘¢”L2(Q):1 HwHH?m (Q):l Q
{B;}
< sup sup > llao(t,) = ao (s, ) @1l @) DTGl L2 o) < clt — sl

=1 =1
H¢HL2(Q) HwHH%gj}(Q) ‘O“SQ’ITL

We can now apply Theorem 3.1 to get the result. |

Remark 4. 3. Besides (4.24) we also have A(-) € C}! (R, L(Es, E1)) with Ey = Hfgli}(Q),

E; = L?(Q) as by (4.16), whenever ¢ € Ey and s, t vary in a bounded time interval I C RV,

I(A®t) = A(s)¢lle, < llag(t,-) = ao(s, Mo D 1D70ls < It —s/*éle..

lo|<2m

We now consider a nonlinear term, where we use the Landau symbols O(p), o(¢) as in
Remark 4.2. For (4.19) with initial data in L?(Q) a role of a critical exponent is played by

 N+4m
Pe = N

PROPOSITION 4.4. Assume f, fi € C(RNT2R), let E,, a € [0,1 + p), be as in (4.21)
and

N > 4m. (4.25)

i) If fl(t,x,s) = O(c, + nls|P~1) for some n >0 and p € (1, p.), then the map F(t,u) in
(4.19) is of the class L(g, p,~(e),n, Cy) relative to {Eq, o0 € [0,1+ p)} and is subcritical.
i) If fi(t,z,s) = O(c, + n|s|P==1) for some n > 0 and i) does not apply, then the map
F(t,u) in (4.19) is of the class L(e, p,(€),n, Cy) relative to {Eq,a € [0,1 4+ p)} and is
critical.
i) If fi(t,x,s) = o(|s|P=™) and i) does not apply, then F(t,u) in (4.19) is of the class
L(e, p,~v(e),n, Cy) relative to {Eq, a0 € (0,14 p)} and is almost critical.

Furthermore,
iv) parts i), ii) and iii) above hold with € > 0 as small as we wish. Actually, whenever t
varies in a bounded time interval I C R, there exists a certain ¢ > 0 such that

17t @)lley < c(X+I¢l%, ), ¢ € Er. (4.26)

Proof: Note that restricting time variable ¢ to a bounded time interval I one needs to

show that there are constants ¢ > 0, Cy > 0 and € € (0, ;), € < i, pe < y(¢) < 1 such that

1F(t,0) = F(t,w)l| e, ., < cllv=wllz,. (Co+allol,,, +allwlls,,.), v,w e Eige. (427)

(e Eiye Eiy.
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We now describe admissible triples (p,e,7(g)) for which (4.27) holds and prove that the
map F' is indeed critical for p = p. whilst it is subcritical for p € (1, p.).
Observe that due to (4.21) we have

N N
Eiy. — L°(Q), e € [0,u), 2me — 5 > - S > 2,

2N
N +4m(1 —~(¢g))

(4.28)

Eye) < L7(9), 7(¢) €[0,1), <0<2 0>1,

where % > 1 provided that v(g) > 4m=X

=:7>0.
1—~(e 4m >
By (4.28) [|F(t,v) — F(t,w)| &,,., is bounded by ¢||F'(t,v) — F(t, w)||LN+4m2(11V7'y(e)) @ and,

whenever f!(t,z,s) = O(c, +n|s|’~!), we have

HF(t,U) - F(t,w)”E < E|||’U — wl(cn + n‘,U|p—1 + 77|w|p_1)||

2N .
V() LNFIm(I-7() (Q)

Applying next Hélder’s inequality with g = N+;1\,m_(i;'g(€)), q = Z:;Ell"i (i(_a ;YJ(FEE))),

embedding H*™¢(Q) — LN i (), and assuming that

recalling the

2me __Np-1)
H?™¢(Q) — Lrnt-079 (1), (4.29)
we obtain
_ ~ _ p—1 p—1
() = F(t, w)llg, ., < Ellv—wl 2x (Q)ch ol 4wl ”LW(Q)
—1 —1
< cllv = wllpy,. (Cp +llvlly, . +allwllp, ), v,w € By,

where (4.29) requires that

5= (dme — N)(p ;Trll) +4m(1l+¢) > (e) > 2m(1 +5)2;1N(p— 1) . (4.30)

We remark that 5 > 4 and that for p € (1,1+ 22] and € > 0 we have ¥ > v and 5 > ep.

. N(p—1
We also have 1 > 7 if ¢ € (0, i;p)).

N(p—l)})

The above ensures that any triple (p, e, y(¢)), where p € (1,1+%2], & € (0, min{, prop

and y(¢) € [pe,7] N [max{0,7},7] N (7,7] =: Z(¢) is admissible.

For any admissible triple (p, &,v(g)) (4.30) implies p < W]G"%ﬁn"?(e), and since () > pe
we have p < W, which holds if and only if p < 2527 = p.. Thus p = p. cannot
be attained for any v(¢) > p.c and therefore p = p. necessitates v(¢) = ep.. Note that
Y,_,. = Epe; that is for p = p. we have Z(e) = {ep.}. This completes the proof of i)-ii).

Note that having |f(t, z, s)| < O(c, + n|s|P<~!) for each n > 0 we obtain (4.27) for any
n > 0, which leads to iii).
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Describing admissible triples we have already ensured that € > 0 can be chosen arbitrarily
close to zero. Actually we also have

~ ~ -1
[t 0) = F(t,0)|[m, < ¢[F(t,v) = F(&0)[], c2x @ S Allfvf(ey +nlvlP | g2 @

which leads to (4.26) as L?(2) < L~+in (Q) for p e (1,p.]. 1

Remark 4. 4. Note that not assuming (4.25) in Proposition 4.4 we may not have 1)-iii)
satisfied for e > 0 arbitrarily small as stated in iv) (see [18, §3.1] for a similar proof).

COROLLARY 4.4. Suppose that Assumptions 4.2, 4.3 hold and spaces E,, o € [0,1+ ),
are as in (4.21). Suppose also that the asssumptions of Proposition 4.4 are satisfied; in
particular that fl(t,x,s) = O(c, + n|s|P<=1) for some n > 0. Then Theorem 1.4 applies
and, hence, given any T € R, u, € L?(Q), the initial boundary value problem (4.19) has the
unique F1ic-solution uw = u(-, 7,u,) defined on the mazimal interval of existence [1,T,,.).

We will now derive an L?({)-estimate of the solutions.

LEMMA 4.2. Suppose that
sf(t,z,s) < CO(t,r)s* + D(t,x), t €R, x € Q, (4.31)

for some C € L (R x RV R) and D € L} (R, LY()).
lo

c loc

Ifr €R, u, € L*(Q), T € (1,00) and E4.-solution u of (4.19) exists fort € [1,T) then
||u(t7T7 UT)||2L2(RN) < 9(7—7 ||uT||L2(Q)7T)7 te [7—7 T>7 (4'32)

where g : R x [0,00) x (0,00) = [0,00) is a certain continuous function.

Proof: We restrict here time variable to [, T), which allows us to choose the constant s.
such that (4.20) holds uniformly for ¢ € [7,T"). We also define C* := sup(; ,)e(r1yx 2|C(¢, 7)|.
From (4.19), (4.20) and (4.31) we obtain for any A € (0, s,) the estimate of the form

1d

5 7 U@z 0) + (se = C)u®)Z2 () < IDE )y, t € [ T).

Solving the above inequality we get
t
lu()I72() < [lurlFa@ye 2 + 2/ 1D (s, )| oye 2790~ ds, t € [, T).

This proves (4.32) for smooth solutions, e.g. for solutions with smooth initial data which
can be obtained within [26, Theorem 7] due to Remark 4.3. With (1.14)p—¢ (see Remark 1.2
iii)) it then extends to E1i-solutions, which completes the proof. |

Theorem 1.5 now implies the following result.
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COROLLARY 4.5. Suppose that the assumptions of Corollary 4.4 and Lemma 4.2 hold.
If f1(t, z,5) = o(|s|P<~1) then, given any T € R and u, € L?(Q), the unique Ey .-solution
of (4.19) exists globally in time.

Proof: 'With maximal time of existence T,. < oo we would have
sup(, 7, ) u(t, 7,ur) || L2@yy < oo (see Lemma 4.2) and Theorem 1.5 i) with By = L*(Q)
would lead to contradiction. |

In the critical case p = p. some better estimate of the solutions can be sometimes
obtained if additional conditions are imposed on (4.19). For example, in the autonomous
case, H!(2)-estimate can be found as in [29]. Also, if m = 1 and maximum principle applies
then L%°(£2)-estimate may be known. However, without any such specific assumption, one
can hardly find for (4.19) the estimate of the solutions in F4.-norm needed to apply (1.19).
On the other hand, Theorem 1.6 will yield the existence of a piecewise-Fj.-solution on
some larger time interval than the maximal interval of existence of Ejc-solution.

LEMMA 4.3. Suppose that the assumptions of Corollary 4.4 and Lemma 4.2 are satisfied.
IfT € R, u, € By = L*(Q) and T, < oo, the map [1,T,,) >t — u(t) € Ey =
(H?g‘j}(ﬂ))’, where u is F14c-solution of (4.19), is uniformly continuous.

Proof: From (4.19) we infer that
Hut(t)H(Hggj}(Q)y < HA(t)u(t)”(Hfgj}(Q))’ + |1 f (2, 'au)H(Hfng}(Q))'v te(r,Ty,).

Since

[A@)ull 2y (@) = sup I/uA(t)wl < lu®llz2 @) max lao(t, )o@ r),

I3
el \W”H%g_}(m:l lol<2m
J

by (4.16), (4.32) we get ||A(t)u||Lw((T,TuT),(Hfgj}(Q))/) < cg(T, ||urllL2(), T, ). From (4.26)

| £(t, 'v“)”(Hfgj}(Q))’ is bounded by a multiple of (1 4+ ||u(t)||22(9)) and hence, by (4.32),

£t w)ll oo (7,1, ).(HEE  ()) < (1 + [g(7, lurll L2 (), T, )]P°)-

LT

Since the above estimates ensure that u(-, 7,u,) € WHi((r,T), (H{QE’J}(Q))’)7 then (1.27)

is satisfied (see [10, Theorem 1.2.2]) and the proof is complete. |

Theorem 1.6 and Lemmas 4.2, 4.3 now lead to the following conclusion.

COROLLARY 4.6. Suppose that the assumptions of Corollary 4.4 and Lemma 4.2 hold.

Whenever T € R, u, € L?(Q) are such that T, < oo, there exist a € (T,,,o] and an
extension U of the maximally defined F14c-solution of (4.19) such that U is a piecewise-
Ey.-solution on [1,a) and either a = 0o or a is an accumulation time of singular times.
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