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PREFACE

This series of lecture notes includes various parts of the theory

of mixed type partial differential equations with boundary conditions

such as: the classical dynamical equation of mixed type due to S.A.
Chaplygin (1904), regularity of solutions in the sense of the first
pioneer in the field F.G. Tricomi (1923) and in brief his fundamental
idea leading to one-dimensional singular integral equatioms, the charac
teristic problem due to S. Gellerstedt (1935) , the non-characteristic
problem due to F. I. Frankl (1945), the mixed type equation due to A.V.

Bitsadze and M.A. Lavrentjev (1950), the classical a,b,c, energy inte

gral method for mixed type boundary value problems and quasi-regularity

of solutions in the sense of M.H. Protter (1953), weak (or strong) solu

tions in the classical sense, well-posedness in the sense that there

is at most one quasi-regular solution and a weak solution exists, a se

lection of new results, and open problems.

| The present book is a revised and augmented version of a lecture
course delivered by me at the I.C.M.S.C.-U.S.P., Brasil from August 11,
1988 to September 9, 1988,

Deep gratitude is due to all those who have contributed to this
work and have generously helped me carry out this project. My very
special thanks to Aldo Ventura for his great help and kindness while
staying at the beautiful environment of the Instituto de Ciéncias Mate

maticas de Sao Carlos - U.S.P., Sao Paulo, Brasil.
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(Director of 1.C.M.S.C.), to Hildebrando Munhoz Rodrigues (Head of the
Mathematics Department of I.C.M.C.5.) and to the Foundations: Coordena
cao de Aperfeigoamento do Pessoal de Ensino Superior (C.A.P.E.S.) and
Financiadora de Estudos e Projetos (FIN.E.P.), and to the Instituto de
Ciencias Matematicas de S3ao Carlos (I.C.M.S.C.), Universidade de Sao
Paulo/Brasil for their support. |

Finally my appreciation to the typist, Luiz Carlos Franco, for

his excellent job on my present work.

Sao Carlos, 1988

John Michael Rassias




A GAS DYNAMICAL EQUATION OF MIXED TYPE

See : S.A. Chaplygin (ON GAS JETS, Scientific Annals of the Imperial
University of Moscow, Publication n® 21, 1904 . Translation: Brown Uni
versity, Providence, R.I., 1944) , M.,H., Protter (J. Rat. Mech. Anal.,
2, 1953, 721-732), and J.M. Rassias (MATHEMATICS & SPACE TECHNOLOGY,
Athens, 1981).

Consider a two-dimensional adiabatic potentional flow of a perfect

gas. The stream function V¥ = ¢(x,y) satisfies the equation

: 2 2 2 2 2 2
M Ly = (p".a -wy).wxx + z'wx'¢y'¢xy + (p°.a -wx).wyy =0,

where

a:

the local velocity of sound,

the density of the gas.

p:

Equation (1) is transformed to a linear equation of mixed type by ap

plying the hodograph transformation:

(2 u=p W, Vv=-p W,

where

u,v: the rectangular velocity components

as new independent variables.

The corresponding components in polar coordinates are:

, 0 = tan—1(v/u)

(3) r = (2?12

To normalize r introduce




(%) t = ri/r

which is dimensionless quantity, as new independent variable,
where

r,: the speed corresponding to zero density.
Therefore equation (1) becomes

— Y . =0 ,
(1-t)B t 2.(1-t)8+1 oo

where
B = cv/ (cP-cv) ,

c¢_: the specific heat at constant pressure ,

P

¢, the specific heat at constant volume .
Note
(6) ro=k.y.o !/ (=1)

o ‘T Vo

where

Y = Cp/CV ’

Pyt the density of gas at zero speed,

k : satisfies the weel-known relation (: = const.)
(7) p=k.p' .

Introduce new independent variables

t B
(8) E=6, n= -5 Qw7 4
1/28+1) 2




Then equation (5) takes the form

1 - (2:84‘1) . t

(1) 2-B+1 Veg Y ¥y = 0

(9

Set by K = K(n) the coefficient of wEE .

Note
B: is a positive constant ( % 2.5 for air),
Y: is a positive constant ( % 1.4 for air).
Besides
(10) K(0) =0 , because

n=0 for t =1/(2.B+1) .

This case corresponds to points where the velocity is equal to the local

velocity of sound, and therefore (9) is parabolic. Moreover

(11) K(n) >0 , because

n>0 for t< 1/(2.B8+1)
corresponding to subsonic velocities, and (9) is elliptic. Finally

K(n) <0 because

n<0 for t>1/(2.8+1)

corresponding to supersonic velocities,and (9) is hyperbolic. Therefore

equation (9) is of mixed type.




REMARKS ¢

(12)

ii.

(13)

(14)

iii.

iv.

The velocity potential ¢ = ¢(x,y) and the stream function

Y = ¥(x,y) satisfy the Cauchy-Riemann equations

o = ! .‘Py , ¢y . v
The discriminant of equation (1) is given by the formula
R R CE  R R L
Then
0= (.. (1)
where

" M: Mach number := r/a ,

2)1/2 /e

2
r = (‘bx+¢y

A flow is called subsonic, sonic, or supersonic at a point as the

flow speed r 1is: <a,=a,or>a , respectively. These three

cases correspond to: 0 >0, =0, ‘or <0 .

Transonic flows involve a transition from the subsonic to the su

personic region through the sonic. Therefore transonic flows are

the most interesting.

Transition from subsonic to supersonic flow becomes possible: Two

sections of cones or similarly shaped tubes with the samec axis




vi.

(15)

vii.

(16)

are placed opposite each other and connected, thus forming a de

Laval nozzle with 'entry section', "throat', and "exhaust section".

Then

a subsonic expanding flow in the entry scction, o passing via the

throat, can change into a supersonic expanding flow in the exhaust

section.

Equation (1) is quasi-linear and is converted to the linear equa

tion of mixed type (9) . The corresponding equation to (1) is the

quasi-linear equation

2 .2 2 .2
L = (a -¢x) by 2-¢x-¢y.¢xy + (a ~¢y) .¢yy =0 .

where ¢ = ¢(x,y) is the velocity potential.

Equation (15) comes from the Euler continuity equation

LY = (r>.<i5x)x + (o-tby)y =0

THE TRICOMI PROBLEM

In 1923 F.G. Tricomi (Atti Accad. Naz. Lincei, 14, 1923, 133-247)

initiated the work on boundary value problems for partial differential

equations of mixed type and related equations of variable type.

The Tricomi Problem or Problem T : Consists in finding a function




u = u(x,y) which satisfies equation

(%) YU, vy

+u =0 (the Tricomi equation)

in a mixed domain D which is simply connected and bounded by a Jordan

(non-selfintersecting) "elliptic" arc 8 (for y>0)

with endpoints

0 = (0,0) and A = (1,0) and by the 'real” characteristics

gyt x+i.(p¥Mian
, 2 . .32
g3. X—g.(-) =0

of (%) satisfying the characteristic equation

\17) y.(dy)2 + (dx)2 =0

such that these characteristics meet at a point P (for

assumes prescribed continuous boundary values

¢(s) on gy
(%%)

A
[~ c
" ]

v(x) on g,

y<0),

])

and




Denote

1

region and OA := D n {y=0}: parabolic line of degeneracy .

the normal curve of Tricomi with equation

o, (x_12
81 ¢ 2

3

)

+ 2
57
or equivalently

o | 1 1
SRR RS

where

f

z=x+1 .%-y3/2 , i=7/

such that g contains g? in its interior.

REGULARITY OF SOLUTIONS

D, =Dn {y>0}: elliptic region, D, =D 0 {y<0}: hyperbolic

Definition 1. A function u = u(x,y) is a regular solution of Problem

T in the sense of Tricomi if :

1) u is continuous in D : closure of D (:=Duv 3D) ,
8D=g1ug2ug3,

2) ug s U, are continuous in D

(except possibly points O, A, where they may have poles of order:




<2/3 , i.e. may go to infinity of order: <2/3 as x + 0 and

r-2/3+e) r—2/3+e

x+ 1, i.e. u = o( , uy = 0( ), where

r := distance from O or A) ,

3) W ,uyy are continuous in D (except possibly points on OA

where they may not exist) ,

4) u satisfies equation (%) at all points of D\OA ( i.e. D

except O0A ) ,

5) u satisfies boundary conditions (%) .

FUNDAMENTAL IDEA OF TRICOMI

The fundamental idea of Tricomi of finding regular solutions for

Problem T it was

FIRST: to solve Problem N (in D1) : To find a regular solution of e

quation (%) satisfying the boundary conditions

u=4¢ on g4
(N) <
u =v on OA
y
where v = v(x) 1is continuous for x : 0 < x < 1 and may go to

infinity of order: <2/3 as x>0 and x > 1




SECOND: to solve the Cauchy-Goursat Problem (in D2) treating
v(x) = uy(x,O)

as a known function,

i.e. First to solve the Cauchy Problem (in DZ) of equation

(%) (in D2) satisfying the boundary conditions

us=s-rt on 0A

(c) <

u =v on 0A

where 1 = 1(x) 1is continuous for x : 0 < x < 1 and may go
to infinity of order: <2/3 as x -+ 0 and x+> 1, and
Second to take into account the boundary condition

us=y on g3 3

therefore we have the Goursat Problem (in DZ) of equation

(*) (in Dz) satisfying the boundary conditions

us=-r1 on 0A
(G) <
u =y on 83
Denote
2 3/2
=X"—¢(")
¢ 3 y (characteristic)
coordinates
n=x+ %. (--y)3/2

Then
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gy ¢ n=1
33 : E = 0
Let
(18) gy : x= x(8) , y =y(s) , (parametric equations of g )
where

s : arc length reckoned from A .

Assume the following conditions on gy !

i) The functions x = x(s) and y = y(s) have continuous de
rivatives x'(s) and y'(s) which do not vanish simulta
neously on [0,£], £ := length of gy » and the second
derivatives x''(s) and y''(s) satisfy a Holder condition

on [09£] s

ii) 1In neighborhoods of the points O and A on 8y »

dx

(19) 3s

s c?.y%(s)

where

C : = constant .

REDUCTION OF CAUCHY PROBLEM (in characteristic coordinates) :

The Cauchy problem (%) and (C) 1is equivalent to the following
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problem in characteristic coordinates:

[ %] Eu = ey * A(E,n) Sug 4 B(g,n) cu = 0
(Euler-Darboux equation)
and
lim u(g,n) = 1(¢)
n-£-+0
[C] <
lim (%a‘/3 (n-p) '3 lugu) = ()
n-g£+0 n
where
1 1
A= A(Epn) = g'.ﬁ:g ’
1 1
B= e - e—
B(Esn) 6 " N-E

SOLUTION OF CAUCHY PROBLEM [*] and [C]

n
J g(E,mst) . 1(t) . dt - J h(E,n) . v(t) . dt
& 3

( K.1I. Babenko: Doctoral Dissertation,
Steklov Inst. Math., Moscow, 1952 ) ,

n
(20) u(g,n)

where

16 (not)=1/6

h(g,nst) =y, . (t-¢)~

rQ/ (n-g)2/3
r2(1/6)  (t-£)3/6 . (n-t)>/6

g(gvﬂ;t)

T

where
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v, = £Q/3)
" r2(476)
1 ,4.1/3  1(2/3)
Yo = =. (=) . i
2 2773 r2(5/6)

IMPORTANT CONDITION:

Consider triangle OAP bounded by
i) the segment OP of the characteristic gy & = 0,
ii) the segment PA of the characteristic gy n=1,
iii) an arc of the parabolic curve OA: n = £

i.e. AOAP := { £,n € [0,1] , n > £}

REDUCTION OF GOURSAT PROBLEM (in characteristic coordinates):

The Goursat problem (%) and (G) 1is equivalent to the following

problem in characteristic coordinates: Equation (%) and

uln=€ (&)

[G] <

il

U|£=o ¢ (n)




-13-~

SOLUTION OF GOURSAT PROBLEM [*] and [G] (Special case: ¢ =0):

To solve the Goursat problem in this case we assume:

u = u(f,n) to be a twice differentiable function of equation [*]
in the triangle AOAP satisfying the boundary conditions [G]

Then

/3

(21) u(g,n) = .ot(t) . dt

£
r(5/6) . J (n-£)?
r(1/6) . T(2/3) Y (n-t)3/6 . (g-r)3/6

satisfying equation {%*] and boundary conditions [G] (¢ =0)

IN GENERAL (and combining Cauchy & Goursat Problem):

It is known G.H. Hardy and J.E. Littlewood (Math. Z. 27 (1927/28),
565-606) that:
1f f(x) satisfies a Holder condition on (0,1) with exponent

a , it may be expressed as

x
(22) f(x) = £(0) + J (x-0)81 . g(t) .dt ,
o

where

g = g(t) satisfies a Holder condition with exponent a-8 > O .

IMPORTANT CONDITIONS:

1) 1

1(t) satisfies a Holder condition with exponent a, > % for

A

0st<1 ,
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2) v = v(t) satisfies a Holder condition with exponent a, > % for
0t <1
Therefore

1 =1(t) and v = v(t) may be expressed as

t
T t(t) = 1(0) + J (t-s)" 16+ (o) . as
o
(23) < ¢
v(t) = v(0) + J (t-s)"s/6+E .y(s) .ds
(o]
where

€ >0 1is sufficiently small, and ¢ = ¢(s),y(s) : are continuous
functions for 0 £ s < 1,
Substituting (23) into (20), changing the order of integration and

using the integral representation of the hypergeometric function F we

get
: /6 1 £
u(E,n) = J 08) . (=) VO R e, Lt s
(o]
n /6
‘) 0y(0) . (=) VO =) LR (L, 2, e 222 L as
(24) ;
-1/6 € 1 1 L E-s
+J ¢3(S).(H—S) . (E-s) .F(€+C’—6_’1+E,F:§).ds
o]
2/3
s - 7L @0 o),

where
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r(%) .I‘(-;-+c)
b,(s) = ¢(s) -73. 5 S PRI OO R
F''(=+¢)
6
1 5 5 1
I'<) .T(=+¢) I .I'(<+¢)
by(s) = =By g - e,
T(1+¢) T(t +¢)
r(%) Tl e)
¢3(s) = /3. 6 C Yy s W(s)
(1t +¢)

THE CAUCHY-GOURSAT PROBLEM

The Cauchy-Goursat Problem: consists in finding a solution of e

quation (x) in Bé (= D, v BDZ) and satisfying boundary conditions

e
u
L yly:O

$(n)

(cG) <
v(x)

THE TRICOMI PROBLEM

The Tricomi Problem: consists in finding a solution of equation

(¥x) in D assuming prescribed values on g4 and on the characteristic

By ¢

(T) <
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where
$(s) : satisfies a Holder consition with exponent o , and

v(n) : has a bounded first derivative satisfying a Holder condij

tion wjth exponent B8

THE HYPERGEOMETRIC FUNCTION

The integral representation of the hypergeometric function F is
r(c) 1 1 1 b
(25) F(a,b,cjp) = ——2 | J e L -0 0™ L de
r(a) . r(c-a) o

0 < Re(a) < Re(c)

INTEGRALS OF FRACTIONAL ORDER

The expression

nA
kg
A
—_

-

X
. J =% E(t) Lde . 0

(26) f (x) =
¢ r(a)

f = f(t) : integrable on (0,1) ,

is called an integral of fractional order o (compare (26) with (22)).

We often use expressions of type (26) .
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SOLUTION OF CAUCHY PROBLEM (%) AND (C)

1
ux,y) = v, J x[x+§. (=y)
o]

3/2 5/6

C@e-1)] L[ (-8 . dt

(27)

1
F(5/3) .y .J v[x-+§ -'y)3/2 (2 t-—1)].[t.(1—t)]—1/6 . dt
r (5/6) o

Equating expression (27) on characteristic gy to function ¢(x)

(i.e. combining with Goursat Problem) and applying the well-known

inversion formula

X
(28) F(x) = $in0 o) ij IO N
" dx o (x-t) ™
to the Abel integral equation
X
(29) J —Eﬁﬁla».dt =¢(x) , 0 <a <
o (x-t)

We get the First Fundamental Functional Relation for Problem T :

' X
(30) 1) = ¥, () +y.J U8 e,
o (x-t)
where
1 5/6 4 [* w(t/2)
V() = — | x .—J Cde o,
! 2.m Yy dx o t2/3 .(x—t)”6
323 13¢1/3)
Y =
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SOLUTION OF PROBLEM N

By direct checking we see that

|—1/3

lc-—x ¢ 1is a solution of (%)} ,

where

n (C*X,n<0)

win

r =E + 1.
Denote

G =G(x;£,n) : the Green's function

i.e. the function of the form

(31 G(x3;£,n) = lc-xl'”3 + G (x38,m)

where

G, = Go(x ;€,n) ¢ 1s a solution of («)

regular with respect to & , and n in D1 , and satisfying the con

ditions
~ -1/3
Go=“|C—X| ’ 4 eg1
(32) <
SGO
=L = 0
on n=o

In the special case when 2 coincides with the normal curve
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or equivalently
o, l 1| 1
g+ le-gl =7

the function

(33) Go(x;g,n) = - |z;+x-2z; .x|—1/3
and therefore from (31) the function
(34) Gxse,m = lo-x|""3 < rax-2g . x|7 13

Isolating the point (x,0) by the curve gi of the normal contour

ﬁ =|C-X|=e

from domain D, and applying Green's formula (to the remaining part of

D, )
3G du 3G Ju
(2 -Gc.—=).dn-(u.~~<~-G.—).dg =0
J n- 12 3t " an an ) - de
we get (as € » 0) from (32) that
*-e ' 3G & 3G M
lim ( + ) .G .v(g) . dE - u.(n.22. %, 22 Sy | gs
3t  oN oan ~ oN
E>0 ‘o X+€ g1
(35) .
- 1lim J u.(n .39-.35 + EE-.EB») .ds = 0
€20 € 85 aN ar\ BN
g4
where
N: is the inner normal of the boundary 2D ,
gg t= N .g%».gé + g%-.g% ¢+ 1s the co-normal derivative assoclated

with Tricomi operator.
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But

G

A

m
: .ds = [2_1/3.3_2/3.J (sin 6)1/3. ds] . 1(x)

E>0 o

(36) lim J u.
£
&4

Therefore from condition (N) we have the Second Fundamental

Functional Relation for Problem T :

1

(37 T(x) + v .J G(x3&,0).v() .dE = F*(x) ,
(o]
where
m 2/3 .3
-2 13 3-2/3.{ (sin 0)1/3 g0 o 3.7 51/3) ,
(o) 4 .on”

F* = v .J ¢ . 3t N + 35 3N ) .ds .

SPECIAL CASE (when 8 coincides with g? )

The expression (37) becomes simpler:

1

1 1
(38) w(x) + v .[ [ - ].v(t).dt = F¥(x),
o |t~x|1/3 (t:+x—2t.x)1/3

where
F* = F*(x) is analytic function of x for 0 < x < 1

Eliminating 1 =1(x) from functional relations (30) and (38) we get

X 1
(39) J __Xifl__. dt + J [ ! - 1 J.v(t).dt = ¢*(x) ,
o (x—t)”3 o lx—t|1/3 (t+x-2¢.x) 1/3 !
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where
¢T = 1 . [ E*(:[) -‘p1(]() ] .
Y

Applying the inversion formula (28) to the Abel integral equation

(29) we write (39), as follows:

3 d 1 X de
vix) + — . — J v(t) .dt . | J
2om " dx ) b [e-c1173 . (xg)2/3
(40) x
dg 3
- ] = =.F(x) |,
{; (£+t-2t.£)1/3 .(x-:‘;)z/3 2
where
X ¥(t)
d 1
F(x) = . — J —_ . dt
n. /3 94X (xor)2/3

When x lies strictly inside the interval (0,1) the second inte

gral term on the left side of (40) can be written in the form

1

/3 dJ fx dg
- — v(t) . dt . >
2. X o (g+t-2t.8)1/3 | (x-g)2/3
. (xe(1-2.0) ,1/3
L N T dz_
2.m Tdx ) (1-2.0)1/3 o 1423
1) [x.(2t—1)]1/3
1 t dz
. J v gr .J -——;; }
1/2 (1-2¢) /3 i
3 1 (Y op 2 (t)
-2 . (HTT . 22 g,
2 4./3 J X t+x-~-2t.x
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where
z3 x~£ z3 x-£
Vot 2 _t ¢
2t-1 2.t-1
Denote
1 X dr
I(x) = J v(t) . dt .J 2
o o IC‘t|1/3 . (x-£)2/3
X—€ t X
dg dg
I(x)=J v(t).dt.[j +J ]
) o o (=013 0323 (@) 1/3 (x-e) /3
| J’ X dg
+ v(t) . dt .J 2 .
X+€ o (e-g)1/3 .(x—E)2/3
Then
42) I(x) = lim I (%)
g+o °©

Using the substitution

(43) £ =t+(x-t) .z ,
we get
X 1
J de 573 © J .13 . (1-2)7 213 4,
e €03 x-p) o
(44)
2
== , x>t
/3
Using the substitution
z3 _ x-¢
= TF

we get
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t oo
dg J dz
= -3. s, X >t
L (t-6) 13 | (x-£)%/3 (g 1-2°
&'/
t
or
t
J de = —fn(g=1) + £n/ 14’
L (-0 113 | (x-g)2/3
(45)
+ /3. tan_1(£4£il) L , X >t
/3 2/3
where
x . 1/3
r = (-t—)
Besides
x ° 4 / 2
J d¢ = -3 .J 23 = - fn(1-r) + £n v 1+z+L
o (e-e)1/3 . (x-£)2/3 ¢ 1-z
(46)

-1,2.2+1 n
+ V3., tan ( ) - — ,
V3 /3

X < t

Then substituting (44) - (46) into the integral expression of

IE(x) above we get

‘1

X-€
I (x) = —— . J v(t).dt—J v(t) . dt
e 2/3 [ o X+€ :
(47) X-€ 1
+ (J + J ) .[-—£n|1—§|-+£n¢1+c+c24-/§}tan—1(24£il)].v(t).dt
() X+E 3

Differentiating IE(x) of (47) with respect to x we get
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Ié(X) = —L/_[ vix-e) + vix+e) ] + ( J + ) . (5)2/3 (_ti . dt
2/3 o X+€
(48) + v(x-c) . [ = fn(g=1) + tn/1+0+22 + V3. tan-I(gLEil)]
/3 x . 1/3
C=(;(_:E)
+ vix+e) . [ £n(1-7) - Lo/l+g+z? - /3. tan"(g—'ﬂ) ]
/3 x (1/3
C=(m)
Letting € » 0 we get from (42) and (48) that
I'(x) = 1lim I'(x)
€>0 €
(49) ! 2/3
L t v(t)
=—-—.v(x)+J (=) . . dt
/3 o X t-x
Therefore we find
1 X
/3 d J J dg
— . v(t) . dt.
7n ' dx b Teee| 173 . (x)2/3
(50)
1
1 3 1 t,2/3 v()
-E.V(X)-O'—Z—.-n—.-/_—; J (-;) .t-x,dt
From (40) , (41) and (50) we get
1 1 1 1
(51) v(x) + 5 J ( el ey ) v(t) . dt = F(x)

which is a one-dimensional singular integral equation with respect to

v for Problem T .

the case when g, coincides with the normal curve g?

curve gives a simple Green's function ) .

( the

This equation (51) is equivalent to Problem T in

latter
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GENERAL CASE (When g, does not coincide with g? )t

Eliminating the function Tt = t(x) from expressions (30) and (37)

as above we get

the general one-dimensional singular integral

equation with respect to v for Problem T

which is:
1
v(x) + n.1/§ : J (5)2/3. (5 = ooy - V(D) L dt
(52)
J K(x,t) .v(t) .dt = F(x) ,
)
where

K = K(x,t) : is expressed through Go(x; t, 0)

TRICOMI'S THEOREM :

If F(x) satisfies a Holder condition for 0 <x <1 and

F(x) € LPo,1), p>1 , then the solution of the equation (51)

in the class v(x) such that x2/3 .vi(x) € LP(0, 1) is given by

1
3 t(1-t) /3 4 1
v(x) = 7 { F(x)-—TT /_ L) [x. T | '(t—x - t+x—2t.x) LF(t) . de }
(53)
+ A. x_l‘/3 .(1-)()—1/3 ,

where A is an arbitrary constant.
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REMARKS:

1) Since v = v(x) may have a pole of order less than %— as x>0

we get A=0 in (53).

2) With the help of the above Tricomi's theorem thc singular equation

(52) is regularized. Therefore we have Regularization of the

Singular Equation (52).

LEMMA 1.

If ¢ = ¢(s) satisfies a Holder condition with exponent « , and

$(s)

(54) <
$(s)

$(0) + ¢,(s)

$(0) + ¢,(s)
where € : length of g
o, s)] < c.e-)*/3

(55) < _
l¢2(s)l <C'.s

and ¢'(n) satisfies a Holder condition with exponent 8 ,

then

YN

F(x) satisfies a Holder condition with exponent

for 0 £ x <1
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PROOF OF TRICOMI'S THEOREM

(56)

(57

(58)

(59)

(60)

Set

x2/3 v,

9 (x)

2/3

f(x) X . F(x)

L}

Then singular integral equation (51) is reduced to

1
1 1 1 _
b v n./§ | L) (t—x - x+t—2.t.x) ALUEE U

Let 2z be an arbitrary point of the complex plane.

Following Carleman (Ark. Mat. Astr. Fys. 16, N9 26,

®(z) = 1, . J ( LI ! ) . d(t) . dt
2n.1 t-z t+z-2t.z

It is clear that

$ = ¢(z) : 1is holomorphic in both upper

and lower half-planes, and for O<x<1

ot (x) - o7 (x)

$(x)

<

f(x)

1922), we set

1
et 0T () = — . J - ) . #(t) . dt

t-x X+t-2t.x

El
e

(o}

Therefore (57) is reduced via (59) to the equation

Pay Lotk - (1-) Lo (x) = S0 <
(1+ /5) (x) - ( /§) (x) = f(x) , 0 <x

<1
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Then from (58) we get

(61) ¢(2:11) = (2.2-1) . ¢(2)

Note: that the Mobius transformation:

2.z-1

maps the upper half-plane onto the lower, and conversely ; the interval

(0,1) 1is mapped onto the two rays (0,®) and (-« ,1).

Replacing x by in (60) and using (61), we get

x-1
i - i 1 x
(63) (142) .07 (x) - (1= . o%(x) = . £(
V3 /5) 2x-1 2.x-1
~—0<x <0 , 1 < X < o
Denote
1-;/3> , 0 < x <1
G(x):( /-
1+213 sy —®@<x <0 , 1 <x <= ,
/i.f(x),0<x<1
V3 +1
H(x) = <
V3 1

- . (X)), cm<x<0, 1<x<m®,
I-1 2.x-1 2.x-1

Then combining (60) and (63) we get the equation

(64) ot (x) - G(x) .9 (x) =H(x) , ~»<x<o, xz0, x =1




-29 -

Therefore the solution of the singular integral cquation (57) is

reduced to the following

PROBLEM OF COMPLEX ANALYSIS:

Find a function ¢ = ¢(z) : holomorphic in both upper and lower

half-planes and satisfying the boundary condition (64) .

SOLUTION:

The solution of this problem can be obtained in explicit form.

In fact, the function

T 2.2-1

) . dt
~2 t+z-2t.z ]

(65) X(z) = exp[—%. J (-

is a particular solution of the corresponding homogeneous problem:

(66) T (x) = 6(x) . X (%)

and satisfies the condition

N

(67) X( ) = X(z)

2.z-1

N

From (65) we have
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e-i.n/6. (_5_)1/3

+
X (x) Tx

(68) <

X~ () i.n/6 L X 1/3

—)

1-x

]
[¢]

and, by (67) and (68) ,

ei.n/6 ] (_33_)1/3

xF(x)
1-x

, =2 <x <0, 1 <x<ow

(69) <
e—i.n/6. (_5_01/3

X" (0 1-x

, —®o < x <0, 1 <X < o ,

Replacing G(x) by X'(x) /X (x) in (64) and dividing by
XT(x) , we get:

ot (x) _ 9T(x) _ H(x)

(70)
xtx) x(x) xtw)

One particular solution of this equation is

oo

X(z) J H(t) de

2n.1

71 ¢ = .
(71 (2) R

To find the general solution,we consider the homogeneous equation

o" (x) _ ¢ (%) -
*t(x) X7 (x)

(72) 0

Note: This equation (72) shows that the function

$(z)
X(z)

(73) ¥(z) =
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is holomorphic in the whole plane, with the possible exception of z=0

and z =1, which can only be poles. Besides

¥(z) vanishes at infinity,

Assuming that ¢(z) may have poles of order less than one as z+0 or
z > 1, we see that
1
¥(z) =a.~— ,
z
where a: = arbitrary constant.
Thus the general solution of equation (64) is:
o(z) = X2 J HCE)  dt o X(z)
27,1 o XM t-z z
(74)
o 1 o
g T
2n.1
—co [e) 1
In the integrals
0 oo
J and. J
AP 1
above we replac t b £
ve we e
P Y2
Then from (67) we get:
(z) ! V3 (t)
(75) ¢(z)=xz..J 4 O L ). de +a.X2
2n.1 A Y3+ X*(t) t-z  t+z-2z.t z

Define
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(76) o(x) = 0T (x) - ¢7(x), 0<x <1

Then from (75) - (76) we get

1
3 1 x (1/3 J 1-t . 1/3
==.[ f - . (= . — .
$(x) 4 [ £ 7./3 (1—x) (t

o

a7 oy ) L de )

t-x t+x-2t.x

1/3

-2/3 . (-x)" R

+ A.x
where

A : = arbitrary constant.

Returning to the previous functions we get (53) ; thus completing

the proof of Tricomi's theorem.

REMARKS :
I. The integral

) . v(t) . dt

Ly
x T Tt-x t+x-2t .X
o

is one-dimensional singular integral

i.e, 1t is the principal value of a divergent integral.
Singular integral equations were studied for the first time by T.

Carleman (1922) (Ark. Mat. Astr. Fys. 16, NO 26, 1922) .
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(79)

(80)
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The kernel of the integral equation (51) contains the addend

1
t+x-2t.x

* -
T =

which is neither Cauchy kernel nor Summable.
Therefore equation (51) does not belong to the class of Carleman's
equations.

To solve (51) F.G. Tricomi thought as follows:

Denote the kernel

t 2/3' ( 1 1

L(t,x) := (;) t-x t+x—2t.x)

and kernels L_ _ (t,x) :
n+1

L1(t,x) = L(t,x)

n-1
1
Ln+1(t,x) =— . igo Li+1(t,w) .Ln_i(w,x) .dw , n 21

=

If L(t,x) were an ordinary Fredholm kernel, then all the addenda
in (79) would be equal and we would have the ordinary iterated
kernels.

But these addenda are different in Tricomi's case because:

the ordinary formula of integration order

fails for a repeated singular integral.

Tricomi has shown that

1
Ln+1(t,x) == L(t,x) . [ 2.8n T o)

(t-t).x ]n . n

v

which is valid for the kernel L of (78).
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1

Cauchy-Goursat Problem in D2) obtained are then matched, together

11. The two solutions (one of Problem N in D, and another of the

with their first derivatives on OA .

III. Let the function A(t) : be continuous on [a,b] and have a con
tinuous first derivative on [a,b}, which may have poles of
order: <1 at the endpoints of [a,b], and let c be an

interior point of ([a,b].

Then
b
J ?(..ti . dt = A(b) . n(b-c) - Ala) . In(c-a)
(81) a b
- J A'(t) . fnlt-c] . at
a

Under the same consitions, we have

b c b
JA(t).dt=lim[—J ——A-(—tl—.dt+J -—A(—El—.dt]

t-c €>0 (e-t)1~°

by using (81) and recalling that

(83) lim X
€>o €

LEMMA 2.
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oo

ta—1
J )
o [x+(l—x).t]8. (1-t)

T1(a,6;x)

Tz(a.B;x)=J . de
o [x+(1-x).£18 . (1+t)
where
@a,B: constants: O <aq < B+l , a>B ,
then
T1(u, Bsx) = m.cot(a-B)T + xa_B . T(a) . T(B-0) .
Ir'(8)
(84) <
Tz(a, Bi;x) = (1-x) . =8.T () .I(B-a+1) . Fy
- r(1+8) ,
where
Fo, Fy hypergeometric functions:
Fl = Fla,a-B, a-B+1 3 x) ,
F2 = F(1-a+8 , B, 148 ;—1—_—215)
1-x
LEMMA 3.
1f
! t.(1-t) 173 1 1‘ ) . dt
J(x) =J [———] . ( - ’
x.(1-%x) t-x  x+t-2t.x
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then
J(X) - __T_T_ +_2_ . I'(1/3) .F(-2/3) F(_7_ _2_ 2 x)
/3 3 r(2/3) 3’3’3’
(85) 9
N R B O
5 T1(2/3) 3’73737 1-x
PROOF OF LEMMA 3 :
Replacing t by the new variable
x 1-t
i s
we obtain
w 4/3
Ix) = J 2.5 . dE
o [x+(1-x).£;]5/3 . (1-£2)
J /3 © £4/3
. dE + J . dg
o [x+(1-x). £]5/3 (1-t) o [x+(1—x).£]5/3.(1+g)
Applying Lemma 2 we get
7 5 7 5
(86) J(x) = TI(S"E';X) + T (—-,3‘,x) ;

completing the proof of Lemma 3 .
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THE BITSADZE-LAVRENTJEV PROBLEM

In 1950 A.V. Bitsadze and M.A. Lavrentjev  ( Dokl. Akad. Nauk
$.S.S.R., 70, 1950, 373-376) initiated the work on boundary value
problems for partial differential equations of mixed type with discon

tinuous coefficients.

THE BITSADZE-LAVRENTJEV PROBLEM OR PROBLEM BL :

Consists in finding a function u = u(x,y) which satisfies equa

tion
(BL) s g n(y) Su . H u, = 0 (the Bitsadze-Lavrentjev equation)

in a mixed domain D which is simply connected and bounded by a Jordan
(non-selfintersecting) '"elliptic" arc g (for y>0) with endpoints

0 = (0,0) and A = (1,0) and by the '"real" characteristics

of (BL) satisfying the characteristic equation
—(dy)2 + (dx)2 =0

such that these characteristics meet at a point P (for y~<0 ) , and
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assumes prescribed continuous boundary values of the (#x) form

4y

Consider the normal curve of Bitsadze-Lavrentjev with equation

2

2
g? : (x-—%) +y = % (upper semi-circle)

or equivalently

where

such that g, contains g? in its interior.

Definition 2. A function u = u(x,y) 1is a regular solution of Problem

BL if it satisfies conditions 1) , 3) and 5) of Definition 1 and

besides if it satisfies the foloowing two conditions:
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D! u ,uy are continuous in D

. (except possibly points O, A, where they may have poles of or
der: <1 i.e. may go to infinity of order: <1 as x-» 0 and

x> 1),

4)" u satisfies equation (BL) at all points of D\ OA .

IDEA OF BITSADZE AND LAVRENTJEV

The idea of Bitsadze and Lavrentjev of finding solutions for Prob
lem BL it was almost similar to the Fundamental Idea of Tricomi.

We are going to go through the main‘steps:

Assume in both cases (i.e. Tricomi's or T-case, and Bitzadze-

Lavrentjev's or BL-case) :

(87) u(0) = u(aA) =0
The general solution of Problem BL in 52 (i.e.: =u__+u__=0)
XX yy
is given by the familiar formula of D'Alembert:
(88) u(x,y) ='f1(x+y) + fz(x-y)
where
£, = f1(t) , £y = f2(t) : are arbitrary continuous functions

on 0 <t <1 twice continuously differentiable on 0 < t < 1
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The general solution of equation (BL) satisfying condition:
on gy is in D, :
(89) ulx,y) = £,0esy) = £,00) + $(D)

Therefore

du du X
(90 — i — = W=

or equivalently

'(x) - v(x) = w'(g) , 0<x <1

or equivalently

THE FIRST FUNDAMENTAL FUNCTIONAL RELATION FOR PROBLEM BL :

(91) T'(x) - v(x) = w'(%) , 0 <x <1

THE SECOND FUNDAMENTAL FUNCTIONAL RELATION FOR PROBLEM BL :

Consider the fundamental solution:

(92) ﬁn'g-—z' , T=¢+in, z=x+iy, n>0, y>0

of equation (BL) in D, (i.e.: u _+u_=0)
1 XX yy
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Denote
G =G(x;&,n): the solution of equation (BL) in D,
with logarithmic singularity at point
z=x, 0<xc<1:
(93) G’: -Zn'C-Xl +Go(x;£,n) )
where
r-Go = Go(x sE£,Nn): a regular harmonic function of £ ,n
in D, satisfying the conditions:
(94) < Go(x sEsm) —(nl;-xl =0, te€ 8y >
BCO
0 =0
i lnh=o

L

Note: The function G 1is the harmonic Green's function with singularity

at ¢ =x in D’1*=D1UD’;U0A ,
where

D¥: is a domain which is the image of D, in 0A .

LIAPUNOV CONDITION:

Assume that curve g, satisfies the Liapunov condition:

i.e. the tangent of the angle formed by the tangent line of £
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and a constant direction (for example: the positive direc

tion of the Ox- axis) satisfies Holder's condition.

Isolate point (x,0) from domain D, by the curve g? of the

1

semi-circle:

gi + lex| =¢, nzo
and apply in domain D, Creen's formula
. du 9G
5 G.—-u.—) .ds =0
(95) j( By 8 gs-0

where

s : arc length of curve is measured from A in the positive
(counter-clockwise) direction,

9 _3G 3¢, 3G an

N: inner normal of the boundary 93D, , and . . .
2 3N 3fE 3N an N

Taking into account the boundary condition
(96) u=¢ on g

we shall have from (94) and (96)

X=€ 1
(97) J (G.-———u.%%).ds+(J +J ).G,\),dgzj o .
g1 o X+e 81

Hence, in the limit, ¢ »> 0 , we get
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THE SECOND FUNDAMENTAL FUNCTIONAL RELATION FOR PROBLEM BL :

1
(98) () +%j [ 6,(x5E,0) - &nle—x| ].v(&) .de = ¢, (x)
[o}

where

1 3G
(99) 0,00 =1 ] 0.2 g
&1

SPECIAL CASE (when g coincides with g? )

The expression (98) becomes simpler, as follows:

1
(100)  t(x) + %. j [ fn(t+x-2t.x) - £n|t~xl }ov(e) cde = ¢ (x)
: o

Eliminating 1t = t(x) from fundamental relations (91) and (100)

we get:
d 1 |
(101) v(x) + %—.E; J [ Kn(t+x—2t.x)-£n|t—x| }].v(t) .dt = F(x) ,
o
where
F(x) = ¢'(x) - 2 L4 P(Z)
* dx 2

Assume that x lies strictly inside the interval (0,1)

It is easy to see that

1 1
(102) dix J In(t+x-2t.x) . v(t) .dt = I A-2.t .ov(t) . dt
8]

t+x-2t.x
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" But

X~€ 1
(103) 1lim Ie(X) lim [ J Ln(x-t).v(t).dt + J Ln(t-x).v(t).dt ]

£+0 €*+0 o

X+€

1
I(x) =J gnlt—x|.v(t).dt ,

(o]

where the limit exists uniformly in x .

It is obvious that the uniform limit

lim I'(x) = 1lim [ v(x-g) -v(x+4e) ] .Lfne -
£E>0 € €90
X-€ 1
(104) - lim ( J v(t) . dt + J v(t) .dt)
es0 o X x+e ETX
1
= - J v ge
t-x
[o]
exists,

where the integral is (in the sense of Cauchy): the principal value.

A WELL-KNOWN FORMULA

1 1
(105) 4 J gn|t-x| . v(t) . dt = - J v(t) .dt .
dx

o o

From expressions (102) and (105) equation (101) takes the form
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1 1-2.t
+

.v(t) . dt = F(x)
-X t+x-2t.x

1
(106) v(x) + -+, J (
b o t

which is a one-dimensional singular integral equation with respect to

v for Problem T.

This equation (106) is equivalent to Problem BL in the case when
g4 coincides with the normal curve g? (the latter curve gives a sim

ple Green's function).

Note:
1o, 12t e o1 1
t-x = t+x-2t.x X~ t-x t+x-2t.x
( compare (51) with (106) ) .
Similarly as in the Tricomi's case: expression (53) ( Tricomi's

Theorem) we get here explicitly also that

L Fx) -+,
n

(107) v(x) = ) .F(t).dt}.

1
(x-(1=t) 1/2 1,12t
t.(1-x) TVt-x o tex-2t.x

[N

GENERAL CASE (when g, does not coincide with g? ).

Eliminating the function 1T = T(x) from expressions (91) and (98)

as above we get

the general one-dimensional singular integral

equation with respect to v for Problem BL
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which is:
: .
1 1 1-2.t
v(x) + ;-.J (t—x + t+x-2t.x) . v(t) . dt

(108)

1

+ J K(x,t) . v(t) .dt = F(x) ,

[}
where
(109) K(x,t) := %3%;[ G (x3t,0) - £altex-2t.x) ]
Note:

For O <x, t <1

K(x,t) : continuously differentiable but at the endpoints of these

intervals it may become infinite.

In particular, however, whenever 8 terminates in short portions

00' and AA' of the semi-circle g? , function K(x,t) will

have no singularities at the endpoints of the said intervals.

In this case the same can be said about the behavior of the func

tion F(x) as about the right side of equation (106) .

REMARK :

With respect to the kernel K(x,t) (in Tricomi's) in equation

(52) the same may be said as above.
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THE GELLERSTEDT PROBLEM

In 1935 S. Gellerstedt (Doctoral Thesis, 1935; Jbuch Fortschritte
Math. 61, 1259) generalized Problem T by replacing coefficient y of

u in equation (%) (Tricomi's equation) by

sgn(y) . |y/", m>0

THE GELLERSTEDT PROBLEM or PROBLEM G :

Consists in finding a function u = u(x,y) which satisfies equa
tion
|m

) s g n(y) .'y u _+u_ =0 (The Gellerstedt equation)

XX yy

in a mixed domain D which is simply connected and bounded by a Jordan
(non-selfintersecting) "elliptic" arc 8 (for y>0) with endpoints

0 = (0,0) and A = (1,0) and by the 'real" characteristics

m+2
. 2 I _
By 1 X+ = (-y) =1
m+2
g x - . (-y) =0
3 m+2

of (%) satysfying the characteristic equation

(110) ™. @2+ @0 = 0
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such that these characteristics meet at a point P ( for y<0 ) and
assuming prescribed continuous boundary values (%) ,

Consider the normal curve of Gellerstedt with equation

o, 1,2 4 m+2
gy ¢ (x-9)" +——.y =

1
2 (m+2)2 4

or equivalently

_ where
z=x+i.— .y .
such that g, contains g? in its interior.

Note:

The definition for regularity of solutions of Problem G is iden

tical to that one for Problem T .

THE FRANKL PROBLEM

In 1945 F.I. Frankl (Izv. Akad. Nauk SSSR ser. 9,2, 1945, 121-
- -143) established a generalization of Problem T and Problem G for the

Chaplygin equation
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(CH) K(y) cu + Uy = o ,

K(y) 30 whenever y 30

THE FRANKL PROBLEM or PROBLEM F:

Consists in finding a function u = u(x,y) which satisfies equa
tion (CH) above in a mixed domain D which 1is simply connected and
bounded by a Jordan (non-selfintersecting) '"elliptic" arc g4 ( for
y>0 ) with endpoints O = (0,0) and A = (1,0) , by the "real" char

acteristic

y
gy ¢ X% = J y-K(t).dt +1 , y<0

(o}

of equation (CH) satisfying the characteristic equation
302 cgen? 2
(111) -(V-K(y)) .(dy)” + dx)° =0

and by the non-characteristic curve gé emanating from point O lying
inside the characteristic tringle OAP and intersecting the character
istic g, at most once ( gé may coincide with the characteristic g3
of (CH) near point 0 ) :
y
g3 X =- J /-K(t) . dt
o

and assuming prescribed continuous boundary values
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u = ¢(s) on By

(F) <
u = y(x) on gé .
Y x
Note:
On gé we must have
TR 2 2
~(/-K(y)) . @ + (@) =z 0
or
' v _dy
: - « =2 <0 (dx > 0 d < 0)
33 X dx g:; ’ yg:;
or
g:;: dx + Y-K.dy > 0
or
X ) y -
gé : J dx + J Y-K(t) .dt > 0 (as g, emanates
o

o from O = (o,0) )
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oY

y
Sé : X + J Y-K(t) .dt> O

(o]

or equivalently

y
(112) gé P x> - J Y-K(t) . dt
o

REMARKS :

I. The Frankl Problem may be called also the Generalized Tricomi

Problem or Problem GT .

II. F.I. Frankl (Izv. Akad. Nauk SSSR ser. 9, 2, 1945, 121 - 143 )
initiated a new stage in the theory of equations of mixed type.

He showed that the problem of a supersonic flow out of a plane-

~walled vessel (the velocity inside the vessel 1is subsonic) can
be reduced to the Tricomi Problem for the Chaplygin equation
(CH) : K(0) =0, K'(y)>0 . Besides Frankl studying transonic
flows established the uniqueness of the solution of Problem F (or

Problem GT ) in the case where

(113) F(y) =1 + 2, (g‘) >0, y<0O

(Frankl's condition) .
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Note:

The positiveness of F 1is equivalent to the convexity of (—K)-1/%

MORE APPLICATIONS

1. In 1959 1I.N. Vekua (Fizmatgiz, Moscow, 1959 ; English tranmsl. ,
Pergamon Press, Oxford; Addison-Wesley, Reading, Mass. , 1962 )
pointed out the importance of equations of mixed type for the the
ory of infinitesimal deformations of surfaces and the zero-moment

free theory of shells with curvature of variable sign.

2. In 1961 M.N. Kogan (Prikl. Mat. Mech. 25, 1961, 132-137; J. Appl.
Math. Mech. 25, 1961, 180-188) observed that the equations of
/magnetohydrodynamic flows in the region of sonic and Alfve'n ve

J

locities are equations of mixed type.
3. 1In 1953 F.I. Frankl (Kirgiz. Gos. Univ. Trudy Fiz. - Mat. Fak.
1953, n? 2, 33-45) noticed that the equations of the flow of

water in an open channel at a velocity exceeding the propagation

velocity of surface waves are also of mixed type.

4. In 1951 F.I. Frankl (Leningrad Univ. Ser. Mat. Meh. Astronom. 6,
1951, n? 11, 3-7) pointed out two gas-dynamical applications of

the Bitsadze-Lavrentjev Problem.
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5. In 1959 F.I1. Frankl (Izv. Vyss. Ucebn. Zaved. Matematika, 1959,
n® 6, 13, 192-201) reduced the problem of flow inside a plane-
-parallel Laval nozzle of given shape (the direct problem of the
theory of the Laval nozzle) to a new boundary value problem for

the mixed type equation

(114) Uy * s g n(y) .|ylm SN 0

. 1

with m = 7 -

Besides he showed that it is no longer sufficient to specify u =
= u(x,y) on g4 and on one of the charactgristics in order to
ensure the existence and uniqueness of solutions of equations

(114) with 0 <m < 1 ., Finally instead of the usual continuity

condition on the parabolic curve OA :
(115) uy(x , +0) = uy(x , =0)

one requires the Frankl's discontinuity condition:

(FD) uy(x , +0) = -uy(x, -0)

FUNDAMENTAL EXTREMUM PRINCIPLES

1. In 1950 A.V. Bitsadze (Dokl. Akad. Nauk SSSR 70, 1950, 561-564)

stated the following extremum principle:
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A solution of the Problem BL vanishing on the characteristic g4

achieves neither a positive maximum nor a negative minimum on an

open arc OA of the type degeneracy curve.

2. In 1951 P. Germain and R. Bader (C.R. Acad. Sci. Paris, 232, 1951,

463-465) established the above principle for the Problem T .

3. In 1952 K.I. Babenko (Doctoral dissertation, Steklov Inst. Math.,
Moscow, 1952) proved the said principle for the Tricomi Problem
when the equation (%) (the Tricomi equation) is replaced by equa
tion

(116) y.u__ +u__ + a(x,y).ux + B(x,y).uy + r(x,yJ.u=0 ,

XX yy

if: a(x,0) = B(x,0) =0

Note:

The above extremum principle is of great importance

FIRST: because it immediately implies uniqueness of the solu
tion, and

SECOND: because it enables us to apply the alternating method
of Schwarz to solution of the Tricomi Problem under

quite general assumptions on g4

4., 1In 1953 S. Agmon, L. Nirenberg and M.H. Protter (Comm. Pure and

Appl. Math. 6, 1953, 455-470) established an interesting maximum



(117)

(118)

(119)
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principle for the equation

K(y).uxx tugt a(x,y).ux + B(x,y).uy +r(x,y).u=0 |,

AV
(e

if: K(y) 30 whenever y

Besides they assumed that a twice continuously differentiable so
lution u = u(x,y) of equation (117), nondecreasing as a function
of y along one of the characteristics, is defined in the charac
teristic triangle OAP . Finally they supposed that the following

conditions held in OAP :

§(/K) +a +B./- K0, rso0 ,
U= NPT = S
=3 /K
+_2_1[Z°[ §(/K) +a+B./K ].[6(/K) +a-B./-K ] 5 0 ,
where
9 /X
§ 1= — + V=K . —

Then they proved that: If the maximum of u = u(x,y) is positive,

it is attained on the interval OA of the parabolic curve.

Note:

The uniqueness theorem for the Tricomi Problem for equation
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(117) follows easily from this maximum principle.
In particular, if a=B=r=20 the uniqueness for

Problem T holds if condition

(120) +2.(=) >0 for y <0

1
2 K'
(the Agmon-Nirenberg-Protter's condition)

This condition is more restrictive (i.e. stronger) than
Frankl's condition (i.e.: F(y) >0 for y < 0)
Finally the positiveness in (120) 1is equivalent to the

convexity of (—K)~1/4

FUNDAMENTAL BITSADZE'S RESULT

In 1956 A.V. Bitsadze (Dokl. Akad. Nauk S.S.S.R. 109, 1956, 1091-

-1094) studied the Frankl Problem in the case that: both characteris

tics are replaced by two non-characteristics lying inside the character

istic triangle OAP .

FUNDAMENTAL SM1RNOV'S RESULTS

1. In 1963 M.M. Smyrnov (Sibirsk Mat. 2. 4, 1963, 1150-1161)




(s)
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investigated the boundary-value problem for Gellerstedt equation

(G) with the quantity

m dy du_dx du
“ds "3x ds 3y

prescribed on g, and the values of the unknown function on a

characteristic.

In 1951, 1957, and 1959 M.M. Smyrnov (Belorusk. Gos. Univ. Ucen
Zap. 12, 1951, 3-9; Vestnik Leningrad Univ. 12, 1957, n? 1, 80-
-96, 209-210; Vestnik Leningrad Univ. 14, 1959, nQ 1, 130-133 )

investigated the fourth-order equation

4 4 2 2

——24-2.sgn(y). g u 5+ 9 z =0 ( or: (il§~+sgn(y).ili)2u =0)
3X 3x 3y 3y ox ay

BAU

in a domain D bounded by a smooth curve g, in the upper half-
-plane with endpoints O = (0,0) and A = (1,0) , and by the

characteristics

1]
b
!

g8, ¢ Y

g3 1 ¥y = =X

of equation (S) . Then he proved the existence and uniqueness

of solutions of (8) satisfying the boundary conditions




[S]
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du

u|g1 = ¢1(s) 9 a_n g1 t ¢2(S) ’
J 2 = w1(x) , 0sxs 1 R

on 2

g3

Ju 1

?r';l = 'J’z(x) ’ 3 £x s
L By

He also proved uniqueness theorems for boundary-value problems in

the case that, besides: uI = ¢ ,(s) , du = ¢2(s) , the un
81 1 on g1 -

known function u = u(x,y) 1is prescribed on both characteristics,
or the case that the unknown function is prescribed on one of the

.. . . u .
characteristics and the normal derivative 3—- on the other.
n

MORE RESULTS

1.

In 1957 L.I. Chibrikova (Gos. Univ. Ucen. Zap. 117, 1957, n? 9,
44-47) obtained a solution of the Tricomi problem for equation

(BL) 1in explicit form by using the properties of simple auto

morphic functions, doing this without use of conformal mappings

when g4 is half the boundary of one of the fundamental domains

of an elementary or Fuchsian group of Mobius transformationms.

In 1945 F.I. Frankl (Izv. Akad. Nauk S.S.S.R. Ser. Mat. 9, 1945,

121-143; English transl. techn. memos Nat. Adv. Comm. - Aeronaut.




- (121)

(122)
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n® 1155, 1947) considered the problem of sufficiently wide
supersonic jet flow impinging on a wedge, when a zone of subsonic
velocities is formed ahead of the wedge; he reduced this to the
boundary-value problem for the Chaplygin equation (CH) , with :

u =0 on part of g, near 0 and on the characteristic 83

and on the other part of g, a homogeneous equation
P(x,y) Lu o+ Q(x,y) fuy = o ,

where P = P(x,y) , Q = Q(x,y) are given functions.

This problem is homogeneous and therefore determines the solution

up to a constant factor.
Frankl proved a uniqueness theorem for this problem, assuming con

dition: Fy) =1 +2.(=) >0, y<0.

In 1962 B.V. Melentev (Dokl. Akad. Nauk S.S.S.R., 143, 1962, 38-
-41; Soviet Math. Dokl., 3, 1962, 338-342) proved the uniqueness
of the solution to the Frankl problem for equations (%) and (BL),

and also for a more general problem, in which (121) is replaced by

P(x,y) cu 4 Qx,y) Sug R(x,y) .u =0 ,

where P = P(x,y) , Q = Q(x,y) , R = R(x,y) are given functions,

and on the assumption that

[ P.cos(n.x) + Q.cos(n.y)].R <0
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Melentev proved an existence theorem for the Frankl Problem for e

quation (BL) in D , wheen the curve g, has a special form.

In 1964 B.V. Melentev (Dokl. Akad. Nauk S.S.S.R. 154, 1964, 1262-

-1265 ; Soviet Math. Dokl. 5, 1964, 270-273) also studied the

Hilbert-Poincar¢ Problem for the Tricomi cquation.

In 1954, 1958 V.G. Karmanov (Dokl. Akad. Nauk S.S.S.R. 95, 1954,
439-442; Izv. Akad. Nauk S.S.S.R. Ser. Mat. 22, 1958, 117-134 )

used finite differences to prove the existence of a solution to

the Tricomi Problem for equation (BL) under very weak restrictions

on g, .

In 1965 L.I. Kovalenko (Dokl. Akad. Nauk S.S.S.R. 162, 1965, 751-

-754 = Soviet Math. Dokl. 6, 1965, 747-751 ; Dokl. Akad. Nauk

S.S.S.R. 162, 1965, 988-991 = Soviet Math. Dokl. 6, 1965, 789-

-793) used finite differences to prove the uniqueness of solution

of the Tricomi Problem for the equation

m )
sgn(y).|y| .h(y).uxx +uyy+a(x,y).ux+8(x,y).uy+r(x,y).u = f(x,y),
m>20 N h(y) >0 >

under additional restrictions on g4 in the neighborhoods of 0

and A and on the coefficients a,B,r and K :

K(y) = sgn(y) .Iylm . h(y)
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REDUCTION FORMULAS

Consider the Chaplygin equation

0, K(0) =0, K'(y) »0

(cH) K(y? cu .+ uyy

and characteristics

y
J V-K(t) .dt + 1

(o]

o
[ &)

"

[}

Yy
-J RGO . de
(o)

o]
w

b

]

Introduce new variables

y
E-x n3/2=%.J /R(O) . dt

(o]

Then equation (CH) becomes

neug +unn+6(n).un=0 ,

where
2
2
B(n) := i% /(5
dy y
Set ‘
. n
u =z .exp(—i-. J B(t) .dt)
o}
Then
Nezgp + 2., + r(n).z=0
where
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QUASI-REGULARITY OF SOLUTIONS

Definition 2. A function u = u(x,y) is a quasi-regular solution of

Problem T for Chaplygin equation (in the sense of Protter) if
1 uecZo nc® ,

2) the integrals

1
J u(x,0) .uy(x,O) .dx , JJ (K.ui-+u§) . dx dy

(o]
D,

exist,
3) Green's theorem is applicable to the integrals
JJ u.,Lu.dx.dy , JJ u .Lu.dxdy , JJ uy . Lu . dxdy
D D D

4) the boundary integrals which arise exist in the sense that : the
limits taken over corresponding interior curves exist as these in

terior curves approach the boundary,
5) u satisfies Chaplygin equation (CH) in D ,

6) u satisfies boundary conditions

[=
1l

$(s) on g
(p) <

[=
]

y(x) on gy

( Protter's condition or Adjoint Tricomi's conditions)
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THE a , b, ¢ ENERGY INTEGRAL METHOD AND NEW UNIQUENESS RESULTS FOR

QUASI-REGULAR SOLUTIONS OF MIXED TYPE BOUNDARY VALUE PROBLEMS

In 1955 M.H. Protter (J. Rat. Mech. & Anal., 2, n? 1, 1953, 107~
-114) used the so;called a,b, c-method,based on an idea of Friedrichs
in order to establish uniqueness results for quasi-regular solutions of
Chaplygin equation (CH) in a domain D with boundary conditions (P)

The idea is the following:

Consider u = u(x,y) be a quasi-regular solution of (CH) defined
in D . Besides consider the integral

JJ (a.u-+b.ux-+c.uy) .(K..uxx-+uyy). dx dy
D

where a,b,c : sufficiently smooth functions of (x,y) .

By virtue of (CH) this integral vanishes. The functions a,b,c:
are chosen in such a way that, after a transformation of the integral
by Green's formula, one obtains a positive (or non-ncgative) definite

expression which vanishes only if u = 0 in D .

APPLICATION:
Take

(124) Lu = K(y) L r(x,y) .u = f(x,y)
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and boundary conditions (P) ,

where

(125)

where

(126)

Kecl(.), recl(), fec°.)
Take
J = 2.<Mu,lu>p
D
Mu := a(x,y) .u + b(x,y) cu o+ c(x,y) Luy in D

Consider identities

2.a.r.u2 = 2.a.r.u2

2 2
2.b.r.u.ux = (b.r.u )x - (b.r)x . u ,

2 2
2.c.r.u. .T. ~ . .
c.r.u.ug (c.r.u )y (c r)y u o,

2.a.K.u.u = (2.a.K.u.u ) - 2.a.K.u2 - (a_.K.u") + a
XX X'x X X X

:=2.JJ Mu.Lu.dxdy |,

2

2 2

2.a.u.u_ = (2.a.u.u) - 2.a‘u2 - (a .u7) +a .u° ,
yy yy y y

2.b.K.u_.u__ = (b.K.uz) - b .K.u2 s
X" xx X x X x

2.b.u_.u_ = (2.b.u_.u) = 2.b .u_.u - (b.u2) + b .u’
X yy X Yy y x 'y y x X Yy
2 2
2.C.K.uyuxx-(2.c.K.uxuy)x- (c.K.ux)y + (c.K)y.ux--Z.cx
2.c.u_.u = (c.uz) -c .u2 .
v yy Yy vy

Besides employ Green's theorem:

y yy

.K.uz.
XX

K.u u

X
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(127) ” P(x,y).dx + Q(x,y).dy = é (22 _ 2%y 4x.dy

9x  dy
D oD
or
-
JJ—S.dx.dy: é Q.dy := é Q.v,.ds ,
D 3D 3D
(128) <
Jj—a—f-’-.dxdy=—éP.dx i= é P.v,.ds ,
dy 2
D 3D )
where
v o= (v1 ,vz) : the outer unit normal vector on aD ,

s : arc length

v, = %% y Vy = - %f- ( |v| =V v% +v§ =1)

REMEMBER THE RULE:

( ), — dy — v

(129) <

() — —dx — v

Then employing above identities and applying Green's theorem into

relation (125) we get:
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(131)
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J = JJ[ 2.a.r.u2-(b.r) .u2-(c.r) .u2-2.a.K.u2-+a .K.uz--2.a.u2
X y X XX y
D
+ a .u2-b .K.u2-2.b .u_.u_+b .u24+(c.K) .uz -2.c_.K.u_.u
yy X x yxTy x'y yox x x"y
2
- Cc_.u . dx.d
y y] y
+ [bru2v+cru2v+2akuu v—aKu2v+2a u_.v
r.u.v, +r.u".vy +2.a.Ru.u oV —a K.y +2.3.u. yV2
aD
- a .uz.v + b.K.uz.v + 2.b.u_.u_.v, - b.u2.v
y 2 x 1 x'y" 2 y o1
+ 2.¢c.K v c.K u2 v, + ¢C 2 v, ] .ds
.c. .ux.uy. . Kou v, .uy. 5 1
Therefore
J = {2.a.r-(b.x)_-(c.x)_+K.a__+a__] u2 dx.d
.a. Ty ¥y - yy . .dy
D
+ JJ [(-2a.K-b_.K+(c.K) ).u2-2.(b +c .K).u_.u +(-2a+b -c ).u2] .dx.dy
X y X y X X Yy X Yy y
D
2
+ ﬁ [ (b.\)1 +—c.v1).r ].u".ds
aD
2
+ é [2.a.u.(K.ux.v1‘+uy.v2) - (K.ax.v1-+ay.v2). u' ] .ds
oD

2
+c.v2).uy].ds

2
+ ﬁ [ (b.v1—c.\)2).K.ux+2.(b.v2+c.l(.\)1).ux.uy+(—b.v1

aD

I1 + 12 + J1 + Jz + J3
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CASE 1: UNIQUENESS (The Adjoint Tricomi Case) :

Assume u two solutions of Adjoint Problem T for equation

1> Y2
(124) and adjoint boundary conditions (P) . Then take

(132) u=u -u,
Clain that
(133) u=0 in D
In fact
(134) Lu = K(y) . Ugx * Ugy * r(x,y) .u=0 |,
and
u=20 on 8
[P] : <
u=20 on 89
Therefore it is enough to show that
(135) u=0 on g3
Then by a standard maximum principle we'll get (133) .
From (125) and (134) we get
(136) J=0

From (131) and (136) to prove (135) it is enough to show that all
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integrals I1 8 SR N Jy,Jy are non-negative.

FIRST: The integrals I1 » 1, are non-negative (20) if the following

two conditions hold in D :

(c1) (2.a—bx-cy).r - (b.rx+c.ry) +K.a + Ay 20 ,

A=-2aKXK~-b K+ (cK) 20 ,
X y

(c2) < B

-2a+b_-¢c_ 20
X y

C=AB-(b +c.K0%20
y X

SECOND: The integrals J1 »Jy,Jg are non-negative (20) if the fol

lowing four conditions hold on 3D := 8y U By, U g3 ¢

(c3) (b+c./=K).r £ 0 on g3
>
(cl‘) b.v, + c.v, 2 0 on By
where: v = (v, , v2) the outer unit normal vector on g3
(cp) b-c./Kz20 on Ba s
5 3
(equivalently: b.\)l - c.v, £0 on g4 )
K'
(c.) a_./K - a_ + -2 =0 on
6 X Y 4.(K) 83
JUSTIFICATION:

Condition (c1) and (c2) hold obviously.
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and the fact that

dx = —/——K_.dy or —vz.ds‘ = -VK.v,.ds
|g3' 83 1
(137) vzlg =V, . /=K
3
we get
J1 =J [ (b+c./XK).r ].vi.uz.ds
g3
lly
X
5\)1 >0
IR
But
v, <0 on 84
Therefore condition (c3) holds.
Conditions (cl.) and (c5
(@
(138) Jy = Q.ds + J Q.ds : = J3 + J3 R
g1U gz 83

or
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where

2
Q := Q(ux,uy) 1= (b.\)1—c.\)2).K.ux+2.(b.v2+c.K.\)1).ux.uy+(--b.v1

+cv)u2
+vg) uy

is a quadratic form with respect to u, uy .

From [P] wc get

or
0= ux.dx+uy.dy = (uy.\)1 —ux.\)z).ds on g, Y g,y
or
u .V, = uy vy on gy U g,
or
(139) u, = N.v, u, = N.v, on g, V8
where

N := normalizing factor.

Therefore from (138) : J§1) and (139) we get:
Q|81ng2:= [(b.v1—c.v2LK.v%+2.(B.v2+c.K.v1).v1.v2+(—b.v1+c.v2).v§] .N2
or
(140) Q|g1 ve, 1= (b.v‘ +c.v2) .(K.v? +v§) .N2

But
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2 2 2 2
(141) K.vi+vy > 0 on 8y » and K.v1 +v, = 0 on g,

because K > 0 on g, and g, is characteristic.

Therefore from (140)-(141) we obtain

2 2 2
Q[g1u ) ! = ng1 t = (b.v1-+c.v2).(K.v1 +v2) .N" 20 ,
if (c4) holds. Therefore J§1) 20 if (CA) holds.
(2) .
Also from (138) we have J3 20 if
(142) z 0
0183
But on gq !
(b.\)1 —c.vz).K b.v, +c.K.v,
b.v2 + c.K.v1 —bfv1 + c.v,
L St S I U SVE Yo S
because
2 2 . .
K.vi+v, = 0 on g, (as characteristic)
Therefore (142) holds if
(b.vl-c.vz).K 20 , and -—b.\)1 +c.v, 20 on g3

or if

N
)

b.\)1 -c.ov, 2 on gy (as K < 0 on g3) ,
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or if

(b--c./:i).\)1 £ 0 on 83 (as vy = v1./:§. on g3) R

or if condition (CS) holds (as v, <0 on 84 )

Condition (c6) : From |[P] we get

2 1
g 24
(143) 3 3
(1) (2)
= J2 + J2
But
du]83 = ux.dx-+uy.dy = ux.(—vz.ds)-+uy.(v1.ds)
= (-ux./:f+uy).v1.ds (as vy = v1./I on gq )
or
(K.u_+u ./7K).v,.ds (K.u. .v, +u _.v,).ds
du _ X 'y 1 _ x 1 2
Ig3 V=K /=K
Therefore

3(1) = J 2.a./-K.u.du = J a./:f.d(uz)
83 83

By integration by parts we get

() 2
J2 = a.,¥-K ., u
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But
u =0 on the upper and lower limits of g3
(as u(0) =0 , and ul =0 from [P])
g

Therefore

(144) Jg” - - J w? . d(a. V)
g3
Besides
da = ax.dx+a .dy = a_ . (-v,.ds) + a . .ds)
les y YT V2 y WM
= (-ax./I+ay).v1.ds (as v2=\,1./ii on gy)
or
(K.ax-+ay./—K).v1.ds (K.ax.\)l +a .vz).ds
dal = = Yy
&3 /K /K
Therefore
(K.ax.\)l +ay.v2) .ds!83 = y=K .da .

Thus

(145) J§2)=J (/K . da) .u>
&3

From expressions (143)~(145) we get
Jy = - J [ d(a./-K) + /=K.da ] .u2 .
&3

Then J if

174
(e
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A
o

(146) d(a.v=K) + /=K . da on g,
But
d(a./I)|g3 = (a.f-_}()x.dx + (a.n/-K)y . dy
= (a_./=K).dx + (a ./:f+a.—K' ) .dy
x Y 2/°K
= /=K. | ax.dx+ (ay +32..K1(') .dy ]
a.K'
= /=K. | ax.(—/-—_i) + (ay+ 2.!() ].dy
(as dxl = -/XK.dy) , or
&3
_ T ~F a.K' _
(147) d(a.f——K)|g3 = /K. (ax./—K a + —ZK)'( dy)
Besides
/'-_K.dal = /=K. (a_.dx + a_.dy)
83 X y
= /-_K.[ax.(—\/_—-lf)-ray].dy or
(148) f—?.dalg3 = /—K[vax./I—ay].(-dy)
From (147)-(148) we get

(149) d(a./<K) + /—_K.dal = /K. (2.a ./ K-2.a +
g5 x y

But

(150) (—'dy)lg =
3

-v, .ds >

a.K'
X ). (-dy)

0 (as v
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Expressions (146) and (149)-(150) yield condition (06).
Therefore all the integrals: Il » I ,J1 » Jy ,J3 :2 0 if condi
tions (Ci) , 1=1,2,...,6 hold.

Finally we must choose: "nice functions"
a=a(x,y) , b=0bx,y), ¢c=clx,y) in D

so that all these conditions hold. 1f this occurs then uniqueness fol

lows immediately.

REMARK :

Choose a := const.

Then (146) is equivalent to

a.d(/-K) £ 0 on By »

or
a.(/K)'.dys0 on gy ,
or
a. K’ .dy £ 0 on B3
2/-X
or to:

A
o

a := const : on g3
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WELL-KNOWN CHOICES:

1. (Frankl's choice) :

in D , b=c¢=0 for y=

N —

and b=c/K , ¢ 4a.K for y =0,
K'

]

Assume Frankl's condition:

)
F(y) = 142, (i%—) >0 , y<0

2. (Protter's choice) :

a=-e*.cosy.y), b=0, c=0, for

a= -ef¥ , b=cv/-K , c= 4.a.K , for

Assume Generalized Frankl's Condition:

K.v/-K
F(y) 22.——.8 ,
Kl
Y n
B=——T——— 5 y=——,
/K(ym) 2.ym
y := max. of the ordinates

n

of points on B

Note: Both choices (i.e. Frankl's and Protter's) work with

0

[\

KA




-77 -

CASE 2 : UNLQUENESS (The Ordinary Tricomi Case) :

Assume Uy, Uyt two solutions of Problem T for equation (124)

and Tricomi boundary conditions

[
L}

¢(s) on g,
(T) <

c
]

P (x) on g4
Then based on above (Case 1) discussion

(151) [T] u=0 on g, u g,
Therefore it is enough to show that

(152) u=0 on g,

FIRST: (c1) and (CZ) are same as those in Case 1 . Therefore inte

v

grals I,, 1, 0 in D .

1 9

SECOND: The integrals Jysdys 3y are : 20 if the following con

ditions hold on 3D : = g, U By U 83

(c3) (b~c./K).rz0 on 8
(CA) the same as in the Case 1 ,
(CS) b+c./K £ 0 on 8y »
(cg) a, /K + ag + aA.‘I\;(' 20 on g,
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JUSTIFICATION:

Condition (c3) : From [T] and the fact that

dx = /:E>.dy or -V, .ds = V-K.v,.ds
Igz 2 I

(153) Vol = -V YK
we get
Jg o= J [ (b-c./=K).r ] . vy .u2 . ds

g2
But

v, >0 on g,y -

Therefore condition (E3) holds.

Conditions (ca) and (cs):

(154) 3, = J f Q.ds + J Q.ds : = J§1) +
Bq/U B3 82

where Q: the same aé in (138).

From [T] we get%as above (in (139)) :

|
|
(155) u_ =§N.\)1 , uy = N.v, on gy U 8,
|
where

N : = normalizing factor.

(2)
I3

or
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Therefore from (154) : Jgi) and (155) we get:
(156) ‘ QI t = (b.v1+c.v2).(K.v3+v§).N2
8y V83
( similar to that of (140))
But
2 2 2 2
(157) K.v1-+v2 >0 on gy and Kovj+v, = 0 on g3
because K > 0 on g4 and g3 is characteristic.
Therefore
S .
ng vgs 2 0 if (CA) holds.
1°°3
Besides from (154) we have ng) 20 if
158 2 0 .
(158) ngz
But on 8y ¢
(b.v1 —c.vz).K b.\)2+c.K.v1
b.v2 + c.K.\)1 éb.v1 + covy

= --(b2 +c2.K).(K.v3 +v§) =0 ,
because

K.v2-+v =0 on g, (as characteristic)
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Therefore (158) holds if

(b.v1 -c.vz).K 20 , =-bw,+cv, 20 on g,
or if

bv,-cv, €0 on g, (as K< 0 on gy )
or if

(b-+c./:-l€).v1 £0 on g, (as = -v,./-K on &9 )

or if condition (cS) holds (as v, >0 on g, ).

Condition (c6) : From [T] we get

2
J2 = J 2.a.u.(K.ux.v1 +uy.v2).ds - J (K.ax.\)1 +ay.v2).u .ds
&2 8
(159)
= J§1) + J§2)
But
du|82 = ux.dx-+uy.dy = ux.(—vz.ds) +uy.(v1.ds)
= (ux./:K3+uy).v1.ds (as v, = —v1./:i' on g,)
i i (—K.ux-+uy./:f).v1.ds . (K.ux.\)1 +uy.u2).ds
ng V<K V=K
Therefore

J§1) = - J 2.a./-K.u.du = - J a./:f}d(uz) .
&2 g2
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By integration by parts we get

J(1) = - a.¥-K .u2 + J uz.d(a./:ﬁ)
2 |g2 g

Then similar to the Case 1 we get:

(160) J;_') =J u?.d(a.vK)
g2
Besides
dal82 = ax.dx-+ay.dy = ax.(—vz.ds)-+ay. (v1.ds)
= (ax./:§3+ay).v'.ds (as v, = —v1./:f on g, )
or
i i (—K.ax-+ay./:i).v1.ds o (K.ax.\)1 +a .vz).ds
Igz /X /X
Therefore
(K.a_.v,+a .v,).ds = - V-K.da
x' 71 y 2 |g3
Thus
(161) Jéz) = - J (/K.da) . u?
Y]

From expressions (159)-(161) we get

J, = J [ d(a./=K) + /-K.da ] u?
€2
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Then J, 2 0 1if

2
(162) d(a.VK) + /K.da 20 on g,
But
d(a./=K) = (a.Y-K)_.dx + (a.VK) .d
|g2 )x x + (a )y y
t
= (a_./K).dx + (a_.YK + a.——) .dy
X y 2./°K
a.K!
= /:E.[ ax.dx + (ay + K) . dy ]
or
da.VK)| = VK.[a.(0F + (a +2% 1.4
T g, A y 2 Y
(as dxl = /X .dy)
)
Besides
Y-K.da = VK. (a_.dx +a_.dy)
Igz X y
(164)
= ﬁi.[ax.(ﬁuay].dy .
From (163)~(164) we get
(165) d(a.vK) + yK.da| = VK.(2.a ./ K+2.a + 2K 4y
Igz X y 2.K
But
(166) d = v,.ds > 0 (as v > 0)
Vg, = V17%%]g, g,

Expressions (162) and (165)-(166) yield condition (c6).
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SPECIAL CASE:

Choose a : = const.

Then (162) is equivalent to

a.d(Y=K) 20 on By

or
a.(/-K)'.dy 20 on 85
or
X'
a .dy 20 on g
2/K 2
or to:
a:= const.: £0 on gy
REMARK :
In both cases if
a:= constant in D

Then

WELL-KNOWN CHOICES:

1. (Frankl's new choice) :
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a=- %— in D, b=c=0 for y20 |,
and b=-c.VK , c¢-= 4.a.X for y 20

Assume Frankl's condition

F>0 , y<0 .,

2. (Protter's new choice):

a=-e"%.cos(y.y) , b=0, ¢=0, for yz0
a=- e8 X s b=-c.V-K , c = é—ﬁerK for y =0

Assume Generalized Frankl's condition

K. /XK

Fz2. <

.B ,

B, Yy :>0 as above.

Note: Also here both choices work with

r =0

ON THE EXTERIOR TRICOMI AND FRANKL PROBLEM

F.G. Tricomi (1923 -), S. Gellerstedt (1935=~), F.i. Frankl (1945-),
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A.V. Bitsadze and M.A. Lavrentiev (1950-), M.H. Protter (1953 -) and
most of the recent workers in the field of mixed type boundary value
problems have considered only one parabolic line of degeneracy. The

problem with more than onc parabolic line of degencracy becomes more

complicated. The above researchers and many others have restricted
their attention to the Chaplygin equation: K(y) . u .t uyy = f(x,y)
and not considered the '"generalized Chaplygin equation' :

Lu = K(y).uxx + Yoo + r(x,y).u = f(x,y) Dbecause of the difficulties

that arise when r := non-trivial (:=20) . Also it 1s unusual for

anyone to study such problems in a doubly connected region. In this pa

per I consider a case of this type with two parabolic lines of degener
acy, 7r :=non-trivial (:=0) , in a doubly connected region, and
such that boundary conditions are prescribed only on the "exterior bound
ary" of the mixed domain, and I obtain uniqueness results for quasi-regu
lar solutions of the characteristic and non-characteristic Problem by

applying the b,c- energy integral method in the mixed domain.

®

THE EXTERIOR TRICOMI PROBLEM

Consider
(+) | Lu = K(y).u  + ugy * r(x,y).u = f(x,y) ,

Kec’.), rec'() , fec’)
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and such that
K=K(y) >0 for y<0 and y> 1,

b_ for y =0 and y =1, and

L}

<0 for 0<y<1

Consider a mixed domain D which is doubly connected contains the

two parabolic arcs: A1 B1 » Ay B, , with end points: A, = -1, ,

B1 = (1,1) , A, = (-1,0) , B, = (1,0) , and has boundary

9D = Ext(D) u Int(D) ,

. : s = uTrtu urru U A!
Ex(D) : exterior boundary of D FO Fo r,ur; A1 A1 ,  anc

Int(D) : interior boundary of D := T U T U4, U B

with boundary curves:

FO : "elliptic arc'" for y > 1 connecting points: A

' : "elliptic arc" for y < 0 connecting points: Ay, , By,
I, : characteristic for 0 <y <1, 0 < x < 1 emanating from point

0, = (o,1)

X y Yy
J dx = - J VK .dy |, or ', : x=- J Y=K(t) .dt ,
o 1 1

I'' : characteristic for 0 <y <1, 0 <x <1 emanating from point

0, = (o,0)




dx =

X y
: J J /K . dy

o [o}

..

characteristic for

B, = (1,1)

X y
J dx = [ /=K . dy
1 1

characteristic for

B, = (1,0) :

X
: J dx =
1

¢+ characteristic for

y
- j Y-K . dy

(o]

characteristic for

A2 = (-1,0) :

X
J dx =
-1

characteristic for

y
J Y-K . dy
(e}

0, = (0,1) :

/=K . dy

0
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or

<y <

or

<y <

or

<y <

or

Y
F; : x = J V=K(t) . dt

: ()
1, 0 <x <1 emanating

y
Fz X = J -K(t) . dt
1
1, 0 <x <t emanating
1 y A
Ty ¢ x=- J V-K(t)
o
t, -1 <x <0 emanating
y
L X = - J V-K(t)
1
1, -1 <x <0 emanating

y
A; : ox = J /-K(t) . dt
o
1, -1 <x <0 emanating
y —_—
Az ¢ X = J Y-K(t) . dt

from point:

+ 1

from point:

.dt o+ 1,

from point:

Ldt -1,

from point:

from point:
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emanating from point:

’

A2 : characteristic for 0 <y <1, -1 <x <0
02 = (o0,0)
X y . y
J dx = ~ J VoK . dy , or A2 T X - J /-K(t) . dt
0 o o
Besides
- ' '
D-G1UG1UG2UG2U(A1B1)U(A2Bz) .
where
G, : upper elliptic region := { (x,y) € D, lx| 1, y>1]
G; : lower elliptic region := { (x,y) € D, |x| , vy <0}
G, : right-hand side hyperbolic region: = {(x,y) €D, O<x<1, O<y<1}
Gé : left-hand side hyperbolic region:= {(x,y) €D, -1<x<0, O<y< i}
with boundary
M ' [ — "
G, == TV (A‘B1) s 3G, 1= T U (BZAZ) ,
1 ! '
G, := r,ur, vr,uvr, v (B,0,) v (0,B,)

2 ¢ 1 1 2

3G, = b,

The
ryn r; =P, , TI,NnT,=
Ay Ny =Py, Ay 0B, =

1 \
U s, UB,yU B, U (01A1) U (A2

1
Py

0,)
for 0 <y < 1

for 0 <y <1

and

and

0 <x <1

-1<x <0

1

above characteristic curves intersect at the following points:

and
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Besides assume boundary conditions

¢1(s) on I' , u

u = o = ¢2(s) on Fé
(++) 4 u = w1(x)b on Fz , U= wz(x) on ré
u = w3(x)4' on A1 , u = ¢4(X) on A;

(i.e.: u := continuous prescribed values on Ext(D)) .

THE EXTERIOR TRICOMI PROBLEM, or PROBLEM (ET) :

Consists in finding a function u = u(x,y) which satisfies equa

tion (+) and boundary conditions ( ++) .

A NEW UNIQUENESS THEOREM

. . S 2 Lo
Assume the above-mentioned domain D ¢ R~ |, and the conditions

(R1) : rs0 gﬁ Int (D)
x.dy - (y-1).dx 2 0 on Ty
(RZ) : <
N
— (o]

 x.dy -~ y.dx 2 0 on

star-likedness
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2.r + X.r o+ (y-).r_. €0 in G,

y ——
(R3) : qr+=xr, £0 in G, u GI'Z
2.r + Xx.r_ +y.r 50 in G!
- X y —_— 1
(R,) : K'>0 in Gy, and K'< 0 in G}

Then Problem (ET) has at most one quasi-regular solution in the

mixed domain D .

I'I
o
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Proof. We apply the b, c energy integral method (a=0 in D) and
use (++).
First, we assume Uy, Uyt two quasi-regular solutions satisfying

equation (+) and boundary conditions ( +4+) . Then claim that

It is clear now that
[ +] Lu = K(y).uxx + uyy + r{x,y).u =0, and
[ ++] u=20 on Ext (D)

It is enough to show that

-u, = 0] on Int (D)

0=J=2 .JJ (b.ux-+c.uy).Lu.dxdy .

D .
where
b=x , c = y-1 in 01
= — 1
(c) : 4 b=x , ¢=0 in G, U G,
b=x , c¢c=y in G!

Then consider the identities
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_ 2 2 -
2.b.r.u.u = (b.r.u')x - (b.r)x cut,

2 2
(c.r.u )y - (c.r)y Lun o,

]

2.c.r.u.u

2.b.K.u_.u__ = (b.K.uZ) -b .K.u2 ,
x'yy x’ x X X
2 2
2.b.u.u__ = (2.,bu_.u) - (b.u”) +b .u .
X yy X Yy Y x Xy
2.c.K.u_.u__ = (2.c.K.u_.u) - (c.K.uz) + (c.X) u2
y Uxx X"y x x"y Ty T x 2

2.c.u_.u__ = (c.uz) -c .u2 .
y' Yy Yy ¥y

Then employing above identities and applying Green's theorem we

obtain:

o

1

[

It
—_—
Sy

i

~

o

"

~—
»

[

N
|
”~~
0
a]
~
<
[

2
+ & [b.r.u vV, +c.r.utv, 4 b.K.ux v+ 2.b.u_.u v, - b.uy.\)1
]
2
+ 2.c.K.u_.u vy - ¢ K.u WV, o+ c.uy.v2 ].ds ,
dy dx .
where v = (\)1 ,vz) = (a;-,— E_) outer unit normal vector on 9D .

Therefore

0=- JJ [(b.r)x<f(c.r)y].u2.dxdy
5 _ .
+ JJ[ (-b_.K + (c.K) ).uz + (b -c ).u2 ].dx dy
X y'Tx x oy y
D
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+ & [ (b.v1-+c.v2).r ].uz.ds
+ [ (b.v,-c.v,).K u2-+2 (b.v,+c.K.v)).u .u +(-b.v, +c.v,) u2] ds
v, Vo) Keu +2.(b.vysc Kovy)u ug v, V) .u gl

+ J1 + J3 .

Claim that all integrals: 11, 12, Jl’ and J3 are non-negative.

FIRST: The integrals 11, 12 are non-negative if the following two con

ditions hold in D :

A
o

(c,) : (bx-+cy).r + (b.rx-+c.ry)

A= —bx.K + (c.K)y 20

(Cz) <
B:=5b_ -¢c 20
x y
SECOND: The integrals J1, and J3 are non-negative if the following
conditions hold on 3D :

(63) (b.vi).r 20 on Int(D) ,

]
(CQ) b.v, +c.v, 20 or D
(CS) b.v, s 0 on Int{(D)
JUSTIFICATION:

Condition (c3) : From [++] and (c) we get
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[(b.vI).r].uz.ds

{49
[}

Int(D)

Therefore condition (c3) holds.

Conditions (c4) and (cs):

(1), ;@

J, = J Q1.ds + J Qz.ds t = J3 3 ,

3 =
Ext (D) Int(D)

where

"

' 2 2
Q¢ Ql(ux’uy) 1= (b.vl-c.vz).K.ux+2.(b.\)2+c.K.v1).ux.uy+(—b.v1+c.v2).uy R

2 2
Q2 t= Ql(ux’uy) 1= (b.\)1).}(.ux + 2.(b.v2).ux.uy + (—b.vI) .uy

are two quadratic forms with respect to u >y on Ext(D), and Int(D) ,

X

respectively.

From [ ++] we get
on Ext(D) ,
where

N : = normalizing factor.

Therefore

2 2, .2
Q := (b.v1+c.v2).(K.v1+v2).N

But
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2 2 1. . [
> U
K.vi + v, >0 on Fo, ry (as K>0 in G, v G1) s
.2 ' ' '
K.vi + v, =0 on Ext (D) \ rour, (as T,,T,,4 , A, are
charhctcristics)
Therefore
Q, =Q :=.Q z 0
D] PR e oy
o o

if (CA) holds. Therefore J§1) 20 if (ca) holds.

Also J§2) 20 1if

Q, 1= Q 20
2 2IInt(D)
But on Int(D) :
(b‘v1).K b.vz
- -bhk v2+\>2) = 0
E | 2 ’
b.v2 —b.vl

because

2 2 ) ' ' .
K.v1-+v2 =0 on Int(D) (as 1 » Ty, 0,,0, are characteristics )
From (c) therefore

Q2 >0 holds if

(b.v1).K 20 and -b.v, 20 on Int (D)

b
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or if condition (CS) holds (as K <0 in G, U Gé ), and the justifi

cation is complete.

REDUCTION OF CONDITIONS (ci)-—(cs) (by using choices (c) ) :

Conditions (c3) and (CS) are reduced to condition:

(R)1 : rso0 on Int(D) ,
because

X, <0 on Int(D)

Also condition (ca) is reduced to condition:

- x.dy - (y-1).dx 2 0 on r o,
(R)2 : < '
x.dy - y.dx 20 on r’

Besides condition (c1) is reduced to condition:

2.r + x.r o+ (y-1).ry <0 in G

(R) 0 , in G, v G!

A

< r + x.r
X

A
o

2.r + X.r  +y.r in G

Finally condition (CZ) is reduced to condition:
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(R), : K'> 0 in G : <0 in G

because

[ -K+ (K+ (y=1).K"') = (y=1).K' > 0 in

if K'> 0 in
~b K+ (c.K) =< -K> 0 in G2
X y

K + (K+y.K') =y.K'>0 in G

and b_-c =0 in G, U G!, and b_-c =1 in G, .
X 'y 1 1 X 'y 2

SPECIAL CASE:

(S) : K = sgn(y.(y-1)).|y]|® .|y—1|B .h(y) in D

a,8 >0 and

h =h(y) >0 for all y ,

where

r, y> 1
sgn(y.(y-1)) := -t , 0<«y<
., y < 0

and : =0 for y =0 and y =1

G




Therefore

K1(y) ya.(y-i)e.h(y) >0 , y>1

v (yP h(y) <0 , 0<y<1

K(y) = < Ky(y)

Ky = (9. 9P hp) >0, y <o

and : =0 for y=0 and y =1

COROLLARY

If K = K(y) ig_gﬁ the form (S) in D, if conditions (R1)—(R3)

of Theorem hold, and if

R = R(y;a,B) = [a.(y=-1) +B8.y 1 .h(y) + y(y=-1).h'(y)

is such that the following condition

(B) : R>0 imn G, , and R< 0 in G

2 M == = ™

holds, then Problem (ET) has at most one quasi-regular solution in the

2

mixed domain D ¢ R

REMARKS :

1). It is clear than on the parabolic lines of degeneracy :y=1 and

y=0:
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lim R(y;a,B) = B.h(1) >0, and 1lim R(y;a,p) = ~a.h(0) <0 hold,
y+1* y+o~

because a,8 >0, and h(y) >0 for all y in D .

2). If r := constant, then conditions (R1) and (R3)ﬁare replaced by

only condition (R,) .
3). If

in (8) , then

K(y) = sgn(y.(y-l)).|y|.|y—1| = y.(y-1)

and condition (B) in Corollary or condition (RA) in Theorem is not

needed.

THE EXTERIOR FRANKL PROBLEM

Replace characteristics FZ ,Fé > B4 ,A; by smooth non-character

istics: g, ,gé » 8 ,6; so that:

|

1]
(NC) H:=K.v| + v, > 0 on By UBy U S U8,

and

i). g9 emanating from point B, lying inside the characteristic

truncated triangle o, P, P, B, and intersecting ry at most

once. This curve g, may coincide with 'y mear point B

1 b4




- 100 -

ii). gé emanating from point B,

truncated triangle 02 B2 P2 P

1

lying inside the

and intersecting

once. This curve gé may coincide with Fé near

iii). 6, emanating from point AA1

1

truncated triangle A, P; Pé 0,

once. This curve 61 may coincide with A

iv). 6; emanating from point A,

3 \J !
truncated triangle A2 O2 P2 P1

lying inside the
and intersecting

near
1

lying inside the

and intersecting

once. This curve 8! may coincide with A! near

1

1

Besides assume boundary conditions

c
]

(F) : <

[
n

[=
]

The new mixe

d

¢1(s) on T ,
w,(x) on g, ,

l113()() on 61 >

u = ¢2(s) on
u = ¢2(x) on
u = wa(x) on

domain D' 1is such that:

Ext(D'")

Nch(D'")

Besides

]

D' = Ext(D")

(o]

] LI
By UBpUS USy:

U Int(D') ,

characteristic
F; at most

point B, ,

characteristic
A2 at most

point A1, and

characteristic

Aé at most

point A2 .

r v rc; U Nch(D'") , 1Int(D') = Int(D) |,

the non-characteristic part of D'.




- 101 -

[

p' =G, UG UG VUG

U
1 1 2 (A1B1) (A2B2) R

N -

where

62 (€6 :={(x,y) €D', O<x<1, O<y<t}

[w}

éé (CG;_):={(x,y)€ s =1<x<0, O0<y<1t}
with boundary

- ' '
3G, : =T, UT, Ug,Ugyu (B1 01) U(O2 B2) ,

[od

]
9 ! =61 v 51 U, U b, (01A1) U(Azoz)

The above non-characteristic curves intersect as follows:

gy N gé =P, , &0 6; =P

-— -

THE EXTERIOR FRANKL PROBLEM, or PROBLEM (EF):

Consists in finding a function u = u(x,y) which satisfies equa
tion (+) and boundary conditions (F) in the mixed domain D'
Then it is clear that a corresponding new uniqueness theorem and

a corollary hold in the new domain ‘D' under the same conditions as

those of the above proved theorem (and the corollary).
The only difference in statement is that we must change G, U G,

. o ~ 9 »
with 02 u G2 in (R3)

(c)' : (b.\)1).H >0 on Nch(d")
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In fact, from (NC): H> 0 on Nch(D'), the fact that b = x

in 62 u éé (analogous to that one of (¢)), and the fact that

X.v, > 0 on N ch(D'")

we obtain the validity of condition (c¢)'. This yields that we don't
need to assume finally an additional condition in our new theorem (and

corollary) in D'

WEAK SOLUTIONS

Let
2
| (x,y) € R s a = (("1)0'2) ’
a oy 02
Ay, 0y >0 , Iul = o +0, , P =X y ,
- 1/2
<p,g> =x.% +y.5 , [|p| = (<p,p>) ,
-~ o~ 2
q = (x,y) € R
Also let
¢ a
(%) (p) : = (D" D% u) (p)
3 3
D = — D -
1 ax 2 ay
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Consider the generalized Chaplygin equation

Lu = K(y).uxx+uyy+r(x,y).u = f(x,y) , K(y) 50 if y

AllV
ANV
o

(EQ)
Kec(.), rec'(), £ec°(), (or £eL12())

Ar}’

g, : may be either characteristic (Tricomi case):

X y
J dx = J vV-K(t) . dt
1 o
y
8y x=J /-K(£) .dt+1 , or
)

a smooth non-characteristic (Frankl case)

The domain G : = 3D : = gy U By U 84 is a piecewise smooth bound

ary of the mixed domain D € IR2 .
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Assume boundary conditions
(B) : u=0 on gy Vg -
Also consider adjoint equation
(AQ) : L*w = K(y).wxx + wyy + r(x,y).w = f(x,y) ,

where L* (:=1L) 1is the formal adjoint operator of the formal opera
tor L .

Assume now adjoint boundary condition

(AT) : w=20 on gy VU 83 (Tricomi case)

if g, ¢ characteristic , and

(AF) : w=20 on G ( Frankl case)

if g, ¢ smooth non-characteristic .
Denote

c"(®@) := {ulp) Ip €D : u=u(p) is m-times

continuously differentiable in D )}
Note: This space is a complete normed space with the following norm:

lfolf _. t= max {l(DQU)(p)| lpeDd: |a| s m)
c"(D)

Also denote
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LZ(D) : {u(p) IpGD) with inner product <u,w> 9 = J u(p) .w(p).dp ,
‘L7(D) D

and norm ||ul| 2 = ( J |u(p)|2.dp)1/2
‘ L™(D) D

SOBOLEV SPACE:

Wy (D) ~w™2@D) := (u(p) | peD, ulp) eLZ(D), p%u(p) eL2(D) , la| s m} :

is the Sobolev space with norm

lull, == Il = 1 p%ll
m W2 (D) la|s m 2y
or equivalently
/2
lull, == llull - Lol%ll?, H 7%,
" W5 (D) la| &m L%(p)
or also equivalently
olly o= Noll , o= Cllall?, o D gl 572
o Wg(D) L2 (p) la} =m L2 (D)
and inner product
1/ 2
<ULW> = <U,W> = ( z <%, D%w> 22 ) 3
m W, (D) |a| £ m L“(D)
or equivalently
u,w> o r= <u,we t = Z <Dau,Daw> ,

rWI;(D) la] < m 12(p)
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or also equivalently

: a Qa
<u,w> = <Uu,w> 1= <U,W> + Z <DU,DW>
m W (D) L2  |af=m 12(p)
REMARKS:
i). In general if
2 2
Lu = z aij(p).Di Dou + Z @, (p).D;u + a(p).u
1,3=1 1=1
then
2 2
Key = -
L*w = . 32-1 D; D, (@; . (p).w) ig 1 D, (e, (p).w) + a(p).w
,j= =

ii) The above space W?(D) is a complete normed space.

iii) WI;(D) c ...c W;(D) c Wg(D) = LZ(D)

[ N N |
m 1 0.

SPECIAL CASE ( : m=2 ) :

Let

D(L) : domain of the formal operador L

= {ué€ Cz(ﬁ) : u=0 on gy Y g, o,




See:

or
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wg(D,bd) : closure of the function space D(L) with respect to
the norm ” ”2

B N

Ju. M. Berezanskii ( Transl. Math. Mon., 17, AMS, Providence,
R.I., 1968, p. 79-80 ) .

or equivalently

Similarly,
D(L*) : domain of the formal adjoint operator L¥*
2 = . .

= {we€C'(D): w=0 on 8,V 8y } (Tricomi case)

= {wé€ CZ(B) : w=0 on G } ( Frankl case)
W%(D,b*d) : = closure of the function space D{(L¥*) with respect

to the norm ““2
: = D(L*)l ,
[RIP
: = {wIwGWé(D), <Lu,w>o=<u,L*w>0 , for all

u € w%(D,bd) }.

Definition 3. A function u € L2(D) is a weak solution of Problem

(EQ) & (B) if

<f,w > = < u,L*y >5 for all w € w%(D,b*d)
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EXISTENCE

CRITERION. A necessary and sufficient condition for the existence of a

weak solution of Problem (EQ) and (B) is that

(AP) : ”w”o s C.”L*w“o ( a-priori-estimate )

holds for all w € wg(D,b*d) , C=const. >0 .

See: Ju. M. Berezanskii (Transl. Math., 17, AMS, Providence, R.I.,1968,
p. 79-80; and J.M. Rassias ( "Mathematics - Space Technology" ,
Athens, Greece, 1981 ; " Partial Differential Equations of Mixed

Type ", manuscript at I.C.M.S.C./S.P., Brasil, 1988, p. 12-27).

Definition 4. A function u € L2(D) is a strong solution of Problem

(EQ) & (B) if there is a sequence {un} :ou € c? (D) such that
”un-u” + 0 and ”Lun-f” +0 , n~+e

in the L2—norm in D .

REMARKS :
i). { strong solution} ¢ { weak solution }

i.e. a strong solution is a weak solution but a weak solution is

not always a strong solution.




ii).

iii).

iv).

v).

vi).
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In 1958 K.O. Friedrichs (Comm. Pure Appl. Math., t1, 1958,
333-418) worked extensively on symmetric positive linear dif

ferential equationms.

In 1960 P.D. Lax and R.S. Phillips ( Comm. Pure Appl. Math. ,
13, 1960, 427 -455) proved that a weak solution is also a
strong solution in the above classical sense or equivalently in
the sense of Friedrichs (1958) by assuming local boundary condi

tions for dissipative symmetric linear differential operators.

In 1965 Ju. M. Berezanskii ( Naukova Dumka, Kiev, 1965; Transl.
Math. Mon., 17, AMS, Providence, R.I., 1968) developed a func
tional-analytic approach to existence proofs for weak solutions

of the Tricomi and Frankl Problems.

In 1966 N.G. Sorokina (Ukrain. Mat. Z., 18, 1966, 65-77) proved
the uniqueness of the weak solution of the Tricomi Problem and

showed that this solution coincided with the strong solution.

In 1980 J.M. Rassias (Bull. Soc. Roy. Sci. Liege, 5-8, 1980,
278-280) established a new existence theorem for weak solutions
of a mixed type boundary value problem with prescribed boundary
values on a piece of the boundary of the hyperbolic region in the
three- dimensional euclidean space. Uniqueness results for quasi-

~-regular solutions of the above problem were established in 1977




- 110 -

via the doctoral dissertation of the same author (Doctoral Dis
sertation, U.C.-Berkeley, 1977 ) . The generalization of these re
sults in IRn+1 (n22) was established by J. M. Rassias in 1988
( Comp. Rend. Acad. Bulg. Sci., 41, 1988, 35-37; Comp. Rend.

Acad. Bulg. Sci., to appear) .

vii). We get an analogous Criterion for the existence of a weak solution

if (AP) 1is replaced by the new a - priori estimate

[AP] : lwll, s c.llL*wll,
because

Wil 2 llwll,

Note: 1In the 2-dimensional case:

llol]? - ” o+ ) ax. dyg”w dax.dy = [lull?
D

D

THE HAHN-BANACH THEOREM AND THE RIESZ REPRESENTATION THEOREM FOR

EXISTENCE OF WEAK SOLUTIONS

Note: The following discussion is not necessary because the above-men
tioned Criterion is enough, but it was chosen as it gives a bet

ter understanding of the subject.
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Prove: If wu € LZ(B) and (AP) , or [AP] a-priori estimate holds,

Proof:

FIRST:

(R)

In fact

Define the

for all w

Then

IF(L*W)I

A

A

then u is a weak solution of Problem (EQ) & (B).

fe€ LZ(D)

s f: D> R

linear functional F in D(L%)

F :

U=1*0W*) » R ,

F(L*w) = <£w>

e D(LY)

|<f,w>o|

”fllo.llwllo (by Cauchy-Schwarz~Buniakowski inequality)

Ilfllo.||w|l1 (by inequality “w“1 2 ||w|lo if [AP]

a -priori estimate appears through,
otherwise we apply (AP) a-priori es
timate and don't consider this step at
all

; go straight to the following

step)

s ”fIIO'C-I'L*Wllo (by (AP) a-priori estimate)




Note:

SECOND:

THIRD:
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or

IF(L*w)l sC. ”f“o. HL*WHO

yielding that F : 1is bounded.

U 1is a linear subspace of L2(D).

Employ the Hahn-Banach theorem to extend F from U onto the

whole space LZ(D) with preservation of the norm.

In fact, exists a linear functional
~ 2
F: U=L"(D) » R

as an extension of F (1i.e. = F ) with preservation of

|u
Il > -

the norm (i.e. llf”ﬁ

Apply the Riesz representation theorem to find u € LZ(D) such

that
F(a) = J u.u
D
and
= el
L“(D)
for all G €U

Therefore




FOURTH:

FINALLY:

..

(R),
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F(Q) = <ﬁ,u>o ( by the definition of

the inner product <e> ).

Use the Hahn-Banach extension (above-mentioned).

Thus
F(3) = F(d) for all  GeU (<U)
Therefore
F(u) = <ﬁ,u>o for all ua€eEv
i = L* for all w € D(LY)
Hence
F(L*w) = <L*w,u >0 for all w € D(L¥)

Therefore relations (R)1 - (R)2 yield
<f,u> = <L*w,u>0 for all w € D(L¥) ,

completing the proof that u 1is a weak solution of

(EQ) & (B)

Problem
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ICATION OF THE DEFINITION OF WEAK SOLUTION

for al

Assume u € CZ(B) and
<f,w> = <u,L*w>
) o

1 we€DL*.

Claim that:

(i).

(ii).

for al

FIRST:

Lu=f in D
u=0 on gy U B8y -
In fact,

<fw> = <u,L*w>o

1 we€D(L* , by assumption.

By applying Green's theorem we get <Lu,w>0==<u,L*w>0-+(u,w)c s

or <f,w> = <u,L*w>0 = <Lu,w>_ - (u,w)G ( we do not know yet
if Lu=f in D)

for all w € D(LY) ,

where

-u. (k S eV W v2) ].ds
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vhere v = (v1,v2) is the outer normal unit vector on G .

SECOND: Consider also the functional spaces:

C'::(T)') (={w|we c™(D) with compact support: supp we D )

supp w = {x |w(x) 20} ) ,

and

@ = n D (:edl¥ e ¢Z2(®) )
meé NN :

which is dense in

L2(D) (> L*(D¥)) )

THIRD: In particular, choose

w e cZ(B) ( < D@L )

such that
w=Vw =0 A on G
and
(u,w)G =0 for all w € CO(B)
Therefore
<f,w> = <Lu,w> for all w € Cw(S)
o o) o

or
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<f-lu,w> =0 for all wec:(ﬁ) :
such that

w=Vw=20 on G

FOURTH: Density of functions w ( € C:(B) ) in LZ(B) implies
. 2
f =Lu in the L"-sense .

Continuity of Lu implies

Lu = f in D ( that is the validity of (i) )

FIFTH: From (i) we get that:

(u,w)G =0 for all w € D(L¥) .
But since
w € D(L¥) (1.e. w=0 on G : Frankl case )
then
0 = (u,w)C = -J u. (K Wy s Vg Wy vz) ds
G .
= - u. (RK.v, + vz) N . ds
) - V) ;) - N.

(as w=0 on v

(]
~<
o
[¢]
[y
joN)
0

= : outer unit normal vector,
[vw]
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or Vw=N.v, N : normalizing factor := IVwI or w_-= N.\)1 s

0 = (u,w)G = - J u. (K .v2 + Vv
81V 82

( as 8y * characteristic : K .v? + vg =0 on g, )

But N 1is an arbitrary function.

Therefore

u=0 on g,V g o

completing the proof of (ii) .

Similarly the definition of weak solution is justified for the

Tricomi Case ( i.e. w=0 on gy Vsgg).

a — PRIORI ESTIMATE

We apply the a*, b*, c* energy integral method:

J*¥ = 2, <MW ,L*w>o = JJ 2 .M* . L*w .dxdy ,
D
where

M*w := a*(x,y) .w + b*(x,y) cw c*(x,y) Ly in D

and a*ec?®@ , b*ec'® , c*ec'®d
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Employing Green's theorem we get

TV o= I+ 15 4 J7 + 35 435,

where
1’;‘=”A’;.w2.dxdy ,
D
I* = ( A¥ w2 -2.B*.w_.w_+ aA* w2 ) . dxdy
2 A . x " Yy 3-¥y, ) s
D
% _ x 2
3= §, 87w ds
x _ * x *
J2_¢G132.ds , J3_¢rGQ .ds
A¥ := (2a*-b*-c*).r - (b*.r_+c*.r ) + K.a* +a%* ,
1 b4 y X y XX Yy
A} 1= -2.a*.K-Db*.K+ (c*.K)_ ,
X y
* .. _ * * _ %
A3 : = 2.a +bx cy ,
B¥ := b* 4+ c*.K ,
y x
* = *
81 = (b* vy + ¢ v2) r ,
* . _ * - *
B := 2.a*.w (K WVt W - Vy) (K ca¥.v, +a - Vy)

and the quadratic form

with respect to W s W
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2
X .o (b*.v - c* * *
Q (b*.v, - ¢ .\)2).1(.wx +2.(® Wy te .K.\)').wx.wy

+ (=b*.v

FRANKL CASE:

2
*
1t .vz) .wy

L«=f , w =0
FIRST: On the boundary G :
J’l‘ =0 , J; =0 , and
2 2 2
x _ * *
J3 = ¢‘G (b*.v  +c®.v,) L (Kovi+v5) . N7 . ds
( as wx=l‘\).\)1 . wy=N v, on G, N normalizing factor )
or
3t - J (*.v, +c*ovy) . (Kov? 42y LN L ds
g1 U82
(‘as g, : characteristic : K.y +\,§ =0 on g5)
or
* >
J3 2 0
if conditions
b*.v +c*.v, 2 0 on g8 U gy and

K.\)$+\J§ > 0 on g

( : non-characteristic )
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hold, as K.v?+v§>0 on g, (as K>0 on 8, ) or
equivalently if conditions:
(RIF) : b*.dy - ¢*.dx 20 on g
" star-likedness "
b*.dy-c*.dx 20 on gy ( : non-characteristic )
(R,F) < 4 1
0<-—y< on g
- dx V=K 2
hold.
SECOND: 1In the domain D :
Dgnote
D1=Dn{y>O}, D2=Dﬂ{y<0}
(0A) : = Da{y=0)}
Then
D = D, D, u (0A)

Note: These D1 » D, are different from the

respectively ) .

From
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we get

2
H.a +

-1-.b2 2 2.|a.b| » >0
u
A

But

2 .M.L*w = 2.(a*.w-+b*.wx-+c*.wy) . L*w

2.(@*.w) . (L*w) + 2.(b*.wx).(L*w) + 2.(c*.wy).(L*w)
Therefore

J* s J 2. |M*w . L*w| . dx dy
D

A

FJ [ 2.]a*%.w|.[L*w] + 2.|b*.wx|.|L*w‘ + 2.|c*.wy|.|L*w| ] . dxdy
D

A

J T @ w2 + w2 ) e e )2 + Lt ? )
N1 2 x U2
D

2 1 2
* 1 *
+ My . (e .wy) + s C(L*W)T ) 3. dxdy
or
X < *2 2 *2 2 *2 2
J* < JJ [ My (@™ ow o+ My . (b™) .(wx) + vy . (c™) .(wy) ].dxdy
D
1 1 1 2
+ (—IJ1 o ). ”L*WHO ’ U1,U2,U3.> 0.
But
* x| 1% * _ 1k _ A >
J* 2 I1 +13 ( as Jy=J;=0, and 5320

from conditions (RIF) - (RZF) )
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Therefore:

. oex w2 2 2 2 o2 2 2 2
IT+15 < JI [ u1.(a )W +u,.(b ) .wx+u3.(c ) .wy] . dxdy+C1.”L*w”0 .
D

where

Thus

2 2
(I? - JJ u1.(a*) RY) .dxdy)d-[I;-—JJ(uz.(b*)z.wi-+u3.(c*)2.w§) .dxdy ]
D D

2 x. 112
s C1. “L w”o .
Therefore:
JJ 81.w2.dxdy + JJ (Bz.w)z(—Z.B*.vwxwy+B3.w§).dx dyéC?.“L*w”g .

D D

where:

2
B1 := A% - by . (%) .
: 2
. = * *
82.— A2—u2.(b) .

83 .= Ag - U3 . (c*)z

LEMMA.

Denote




Assume

where

=
"

. ki(x,y) .

kz = kz(x,y) ’

k3(x,y)

given functions of x,y in

Besides assume

2.k
in D
Then
Q zk.[1-
APPLICATION:
Take:
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k2 := - B¥
k3 : = 63

2
D := By . By - (B*)

Assume conditions in D :

[R,F] : B, 26, >0

[RZF]: Dz26>0

Therefore
[AP] lell, s c. llvmll,

C = ¢y /c1 := const. >0
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REMARKS:
1). 1If
~ R¥ =
Then
D=0 |,

and a-priori estimete [AP] 1is replaced by a-priori estimate

(AP) : “w|lo £C .|‘L*w||o
2). 1If
B* ¢ - 0
62,83 : >0

Then an a-priori estimate of the form [AP] holds immediately

(without employing above Lemma ) .

In fact,

if we choose:

"
1t

b* b*(x) , c*: c*(y)

3). If

r: = const. |, * . a*(y)

]
]
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then

* _ % _phk _ % )"
A1 = (2a bx cy) .r + (a%)

PROOF OF LEMMA:

where

A : eigenvalues of matrix

[M] : =

of the quadratic form QK

Then

AT - (k1 +k3) A +D =0

or

2.k + / 2)2-4.D

1,2 °
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But
min °
But
2 2
Qk 2 Amin .(wx-+wy) ,

completing the proof of Lemma.

REMARK:
If
D=0
then
Amin =0,
and
Qk 2 0

In this case we have an a-priori estimate of the form (AP) :

lIwlly s c . fluxal
o (o]

In fact, in this case

Ay =0, Ay =2k
and
Q : = (/ET' v, o+ /E;‘ w )2 z0 (:= min. eigenvalue)

b
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where

/‘k?./E;=k2
as

2
D = k1 k3 - k2 = 0
TRICOMI CASE:
L*w = £ =0
81V 83

There are two main differences here from Frankl case:

FIRST: g, is a characteristic.

SECOND: w = 0 only on ByUegy -

The existence of a weak solution of Problem (EQ) & (B) can
found if we assume
CONDITIONS ON BOUNDARY G:
(R1T) : b*.dy -~ c*.dx 20 on g

" star-likedness "

be
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’

(RIF) on g, , (RZF) on g4 ( : non-characteristic)
and

[R,F] - [R4F] in D .

Note: Here g, is characteristic.

On the other hand , the adjoint boundary value Problem ( Tricomi

case ) :
(AQ) : the same as above, and
[AT] w=20 on g, Y g

In this case we assume conditions exactly the same as the condi
tions [R,F] - [R3F] in D, but on boundary G we assume here the

following new conditions instead :

[R1T] : b*.dy - ¢*.dx 2 0 on g4 ( this is the same as (R1T) )

" star-likedness "

(b* + c*./K.r £ 0 on 83
* *
[RZT] . <b—c./—T(20 on g4
* 1
a* . /K - a +—a—¢—K—-§0 on g3
L X Y 4. (-K)

Note: Here both 8y 8q : are characteristics.
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APPLICATION OF THE ENERGY INTEGRAL METHOD SEPARATELY IN D, AND D

1 2¢

Denote

D, =Dn {y>0} ,

D, =D n {y<0}
Assume

a* e ?®,) n c*dy
b*ec' @) nc'®dyy ,

c*ec'@)nc'@®)

Applying the energy integral method separately in Dl and D, we
get:
JB1 =2, <M”‘».',L"‘w>0D1 : = JJ 2.M*.L*w.dxdy ,
D1
JS = 2. <M*w, L*w >0D : = JJ 2 .M*w.L*w.dx dy
2 2
D2

Employing Green's theorem in each case and then adding side by

side we get:

J* o+ g% = JJ A% .w®.dx dy
D1 D2 | 1
Dy Dy
2 * 2
* *
+ JJ (Az.wx—Z.B W +A3.wy).dxdy
D, uD
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* % *
. + J1 + J2 + J3

2

+

1
Jo [ (€ (a;+-'ay*_) - (c’:—cf) .T).W

% _ %k x Lk
- 2.(a+-a_) .w.wy - 2.(b+—b__).wx.wy

2
_ (ok _ ok
((:+ c__).wy ].dx

REMARKS:

1
1). Because of the last integral (:J ) we have to assume the fol
)

lowing additional condition ( to all the above cases concerning

uniqueness of quasi-regular solutions or existence of weak solu

tions ) :
(a* -a*)—(cf—c’:).rBO y
+ -
c:—c_go R
(kM) <
at-a_:O .
BY - b* =0

for all x: O0gxs1 ,

where
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(), =1lin (),

+0

() =1im ( )

+0
2). On OA < aDI :
* _ *
B1+ = (c+ \)2).r .
2
* _ * Ak
B2+ 2.a vz.w.wy a . Vy.w .
Q* = 2.b%.v w4y, P
. DIy VoW
v, <0
\)1 =0
K(0) =0
V2.ds = -dx
Therefore G1 = aD1
. * 2 * x 2
(1) : [(c+.r.w ) + (2.a+.w.wy-a W)
OA Y+
2 1
* * . = .
+ (2.b+.wx.wy+c+.wy) ] .\)z.ds : = J ().
o
Similarly On AO < 3D, : ,y
G2 = 8D2
B?_ : = (cf .vz).r , v, = 0
2 ‘2’
* L _ * A%
82— : = 2.a__.\)2.w.wy ay_.vz.w , o ) : .
0 - A X
* o, _ * % 2
Q" := 2.b_.v2.wx.w +c_.v2.wy ’ D,
, 8,
&3
; A




3).

Therefore
cey . % 2 * P
ii) : [ (c*.r.vw") + (2.a*%.w.w_-a* .w°)
AO y -
2 (8]
* * .
+ (Z.b_.wx.wy+c_.v&)].vz.ds : J1
Adding (i) and (ii) replacing 2
[ 2
[ ((a* ~a* ) - (c*-c*).r).w" - 2.(a¥*-a*).w.w
o Y - + - + - y
- 2. (b*~-b™.w_.w - ((‘*—("").wz ]
+ =" "x Ty + -
Choose:
-y if yz O
a* = < = —|y| in D .
Ly if ys0
and
b* , ¢* so that:

Then we see that

but
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.ds

. dx
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-1 if y2z0
8* = <
y
1 if y £0
so that
a* - a* = =-2(: 0)
Y+ y-

and condition (KM) fails to hold.

But a* has to be chosen so that it is a Cz(o) function . In

. . 2
our choice above a* 1is not C“(.).

4). The above additional condition (KM) 1is very important especially

if the considered equation has discontinuous coefficients. In par

ticular, in this case (with discontinuity) the energy integral

method must be applied separately in D, and D

1 2

A UNIQUENESS THEOREM IN A THREE DIMENSIONAL REGION

In 1986 J.M. Rassias (Comp. Rend. Acad. Bulg. Sci., 39, 1986, 29-32)

imposed the Bi-hyperbolic Bitsadze-Lavrentiev-Rassias equation

(*) Lu = sgn(z).(uxx-uyy) tu o+ r(x,y,z).u = f(x,y,z) ,

and estsblished uniqueness results for quasi-regular-solutions. In par

ticular, he considered the domain G in R? , bounded by the surfaces:

y
Sg : y+ 1= (x2+22 1/2 s Lt oy-1 = -(x2+z?')1/2 for z>0 , and
4
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X
s¥: x-1 = —(y2+zz 1/2 s Lt x4+l = (y2+z2 112

4 : for z<0 , such

that the boundary 3G of G 1is given by

Note
y % X
SYn ¥ =(aA'C), SFNn§E = (BB'C')
3 4 3

and all the above surfaces intersect the {x,y}-planc at (ABA'B'). Besides,
the surface S = (ABA'B') := {(x,y) € R : |x| + Iyl s 1} is a para

bolic degenerate surface for equation (x) . Finally,

G, : denotes that part of G above S0 (for z>0) Gn{z>0}, and

1

]

Gn{z<0}

G, : denotes that part of G below S§_ (for z<0)

k<V
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Assume conditions

re c‘(ci) , £ec°@c) ,
r -r 20 in G.
x Ty

i and r s 0

In addition, assume boundary condition

X Yy
(*x%) u=0 on Y v}
3 4
Finally Rassias proved: Assume the above domain G ¢ R>  and con
ditions. Then Problem (*) and (**) has at most one quasi-regular
solution u in G .

Note: That the case:

xx"uyy) +uzz-+r(x,y,z).u = f(x,y,z) |,

K(z) £ 0 whenever 2z

AlV

0, Kecz(-)

*

was investigated through the doctoral dissertation of J.M. Rassias

(U.C. - Berkeley, 1977).

MIXED TYPE EQUATIONS (COLLECTION OF RESULTS)

"

In the same year J.M. Rassias (BSB B.G. Teubner Verlagsgesellschaft,

Teubner-Texte zur Mathematik ", Leipzig, 90, 1986)

collected most of
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the results on mixed type equations with applications in fluid dynamics.
This collection contains significant results by the expert researchers
in the field of partial differential equations of mixed type: E. Ammicht
& R.J. Weinacht (Newark), K.I. Babenko (Moscow), R.G. Barantsev(leningrad),
Chiu-Chun Chang (Taiwan), I.A. Che;nov (Saratov), L.1. Chibrikova & N.
B. Pleshchinskii (Kazan), G.C. Dong Hangchow), M.Y. Chi (Wuhan), T.V.
Gramchev (Sofia), Chaohao Gu & Jiaxing Hong (Shanghai), O. Jokhadze
(Tbilisi), A.I. Kozhanov (Novosibirsk) , M. Kracht (Diisseldorf), E.
Kreyszig (Ottawa), A.G. Kuz'min (Leningrad), S$.G. Mikhlin (Leningrad) ,
A.M. Nakhushev (Nal'chik) , S. Nocilla (Torino) , I.E. Pleshchikskaya
(Kazan), A.G. Podgaev (Novosibirsk), Ji Xinhua & Chen Dequan (Beijing),
V. 1. Zhegalov (Kazan), and the Editor (Athens). The contributions to
this collection of works follow along the lines of the important work
by F.G. Tricomi on boundary value problems of mixed type. Their origi
nality and contact with many problems in fluid mechanics make this col
lection a most uscful source of information about ecuations of wmixed
type. The topics covered include axially symmetric bodies, the Tricomi
equation, the, Bitsadze-Lavrentiev equation,nonlincar problems,Galerkin's
method, maximum principle, geometry, and gas dynamics.

Through the above-mentioned collection of works J.M.Rassias (269-

-279) established uniqueness results for regular solutions.
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THE CHAPLYGIN EQUATION

In 1988 J.M. Rassias (Comp. Rend. Acad. Bulg. Sci., 1989: to appear)

considered

n
(E) : Lu = K(Xn+1) . Z u +u + r(x).u = f(x) ,

1 Xi¥Xg *n+1 Xn41q

X = (x1,x2 boeee s XX )

n+1

~—

ATV
o
Lma]
@]
~
b

K(xn+1

Kec’(:), recl(), f£eco

n+1 2

Take as domain D < R , N 2 a simply connected multi-di

mensional region bounded for X1 > 0 by a smooth hypersurface S

1

intersecting the hyperplane T X =0 at

and for x

sl © 0 by two hypersurfaces S3 > 5, » so that S is a

3

smooth non-characteristic conic hypersurface intersecting the hyperplane

T at So with vertex on the xn+1-axis, and S4 is a characteristic

. . . ) vy . _ +© < .
conlic hypersurface intersecting S3 at So( X tn+1 0) with

vertex at the origin 0 , so that:
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X

noo, /2 n+1
5, -0 = (] x; ) + J v-K(s) .ds = 0 ,
i=1 o
where the " -¢ " 1is used because V& has to be outward on S,

v = (v1,v2 Y ) is an outer normal vector on the boundary

\V
n’ n+1

G=29D :=6_ U

1 S4 v S3 such that on 54 :

It is clear that on SA :

v, = = X5 i=1,2, 0
n+1
2. /X J /XY . ds
o .
1
Yasr T 7 2

Assume boundary conditions

(BC) : u=0  on S, u s




GRAPH FOR 3-DIMENSIONAL CASE

(
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: n=2):
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GRAPH FOR (n+1) - DIMENSIONAL CASE (: n22):

A=(-1,0,...,0,0)[ -}
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MIXED TYPE PROBLEM or PROBLEM (MF) :

Consists in finding a functidn u = u(x) which satisfies equation

(E) and boundary consitions (BC) in D .

UNIQUENESS OF QUASI-REGULAR SOLUTIONS

Consider operator M :

n
Mu = a.u+ )] b.u_ +c.u in D ,
n=1 * X *n+t
where
- n-1 1 K'
a a(xn+1) : —3—»+ Z"TF"C(XU+1) ,
© ) b1 = b1(xi) t= %X, 1= 1,2, , N,
Xn+1
J k()| . de
c( 0
__C Xn+1) /[————————ﬁ
lK(xn+l)|
in D .

Assume conditions:

n
(R1) : E X; vy v CLv 2 0 on S. uS

Note: If S, is characteristic then (R1) is assumed only on S
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n
(R,) a" - (r.c) + 2.r.(a-3) - X,.r 2 0 in D
2 Xn+1 2 121 1°7x4 ’

. r >
(Ry) ¢ a' 20 on S,
n
2 2
(R, = K’i§1"i*"n+1>°’ Vg SO om Sy,
where (') means differentiation with respect to X
Denote in D :
n
A, = a’ + 2.r.a - [ Z (r.bi)x. + (r.c)x 1,
1=1 1 n+1
n
A; = -2a.K - (b)) K+ _Z' (b)) K+ CHN , i=12,...,n ,
i J#1 J n+1
n
A, = -2a+ .Z b, -c', and
1=1 1
on G(:=9D):
o
Bo=r(.Z b1V1+cvn+1) ?
1=1
n
B =K(b v -‘z‘b \)I-CV“+1), J=1:2’ s 0
IZJ
n
Baa1 =€ Vn+1"iz1 bj-vi » BlJ = bj'K'vi +biKuve , 12j:=1,2, a0,

Assume two quasi-regular solutions ug,u, exist for Problem (MT).




Then claim that

u = u1 - u2 = 0 in D
Therefore
)
[E] : Lu © K(x ). u +u +r.u =0 ,
n+1t i=1 X; X3 n+l *n+1
and
[BC] : u=20 on S1US3
It is enough to show that
u=290 on 84
To prove this we apply Green's theorem in
0=J=2.<Mu,Lu >p = J Mu.Lu.dx
D
and get
n
0 =J (Ao u2 + ) Al.ui' + A u2 ) . dx
D i=1 1 n+1
¢ 2
+ J [K. )} 2a.u.u_ .v, + (2a.u.u -a'.u" ).y ] . dS
. n+l
G 1=1 1 n+1
n n
+J(Bou2+ZB u)2(+Bn+1ui +ZBi.ux.u
c j=1 3 % n+t iz MO %
vl
+ 2 2 B™.u )
. X. X
1=1 1 n+l
= J1 + J2 + J3

. dS
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Then it is clear that all integrals 35 i=1,2,3 are non-neg

ative, completing the proof for uniqueness of quasi-regular solutions.

EXISTENCE OF WEAK SOLUTIONS

It remains to show the existence of a weak solution of Problem (MF).

Assume additional conditions

sgn(xn+1) .(K'-Mo) zd
M = x2 ~Cc,.X + K'(0)
o n+1 17 Tn+d ?
do »C, i = const. > o ,
and
+ +
A1 2 d1 s A2 > d2 s A3 > d3 ,
+ +.2 + +42 + 2
Al - Ry (a )" 20, Ay -R_ . (cH™ >0, Ay-Ry . (cpx)” > 0,
i=1,2,...,n ,
dj = const. > 0 , ] =1,2,3,
Ri = const, > 0 , i=1,2,3, N
) = const. > 0 ,

a+=Mo+(n-2)/2.c2, c+=d+K, d : = const. > 0 R
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n
+ + + n
Al = 2-(r.c?) +2r.(a -%.¢,) -¢c,. ) r X
1 Xnet 2 2 2 io1 ¥i i ?
Al = 2.K.(K'-M) + d.K' Al - 2.(c,-M) - k' in D
2 Hh 0 * ’ 3 T2 ()
Assume adjoint boundary condition
w=20 on G .
Besides assume condition
o +
>
cy - 2 X;.vp b v L2 0 on Sl U 83

It is enough then to show that the following a -priori estimate

holds

“w||1 s C .||L+w|| s C : = const. >0 ,
for all weDLY) : = {we CZ(D), w=0 on G}.

notes 10l = -1l 1t -1

To prove it he applied Green's theorem, Hahn-Banach thcorem  and
Riesz representation theorem or a Criterion ( necessary and suffiéient
conditions for existence of weak solutions) . See: Ju.M. Berezanskii
(Transl. Math. Mon., A.M.S., 1968) and the corresponding 2-dimensional
case in this book for further techniques and for the statement of the

said Criterion. Then
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n
+ + ' +
Mw = a .w+c,. ) X..W_ 4+ ¢ .W
2 i=1 Y X Xnet
+ .+
2.<Mw,Lw>D = I1+I2 .
where
2
I, = (+) .dx 2 c, .“w”1 , Cy : = const. >0 ,
D
for all w € D(L*) , and
= . >
I, = J().dS=O

G

Thus the a-priori estimate holds and the proof for the existence

of a weak solution of Problem (GM) 1is compléte.

Therefore Rassias proved: Assume above domain D and conditions.

Then Problem (MF) 1is well-posed in the sense that: there is at most

one quasi-regular solution and a weak solution exists.

Note: That the uniqueness part was carried out at U.C. Berkeley (1977)

through the doctoral dissertation of J.M. Rassias.

THE EXTENDED CHAPLYGIN EQUATION

In the same year J.M. Rassias (Comp. Rend. Acad. Bulg. Sci., 41 ,

1988, 35-37) considered the extended Chaplygin equation
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(%) Lu = iz l(i(xn”).uxixi + uxn”xn” + r(x).u=f(x) ,
where
X = (x1,x2 . ,xn,xn+') , K. = Ki(xn+1) 20 for X e 2o ,
K;(xn+1) >0, 1i=1,2, , N
Then he assumed the simply connected multi -dimensional '"bell -
n+1

shaped" region D € R , bounded for X1 0 by a smooth hyper

surface S1 intersecting the hyperplane: X4l = 0 at Sol , and for

X < 0 by two hypersurfaces S3 . SA , so that S3 is a smooth non

n+1

characteristic conic hypersurface intersecting the hyperplane: x 0

n+1=

at 502 with vertex on the x_ ,-axis, and S4 is a truncated charac

n+1

teristic conic hypersurface intersecting Sy at Sé with vertex at the

positive x ., -axis (only the truncated part of 5, for X4 < 0 1is

considered).

><V
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The outer normal vector v = (v1,v2,...,vn,v ) on the boundary

n+1

G = 3D = S1U 84U S3 is such that

v >0 on S, uUS§, , and v <0 on S .
n+1 4 n+1

Denote

- I3 - = n .
D =Dn{x:x 1 0}, D DN {x PX 20}, D

o n+ =Dn{x P X <0}.

+1°

Take

i 5 (ml,m2 : = const. > 0 :

m, < mz) , and truncated (for x

: < 0) characteristic

n+

34: f‘=f‘(e,¢,x )={P1/p1,P2/p2,...,Pn/p , X

n+1 n n+1 b

where

P1 = cose.cos¢l.cos¢2 ...cos¢n_2 , P2 = 51n0.cos¢l.cos¢2 ce c:osd’n_2

P3 = 51n6.cos¢1 ...cos¢n_2 s eee g Pn = 51n¢n_2 s
¢= (¢1’¢2""’¢n_2)’ ¢j e [O’.n]’ j = 1,2,-.-,“"2, ee{o’zn])

2 1/2
Ki(s).Pi) s

I t~3

M, = Mo(s,e,q)) = (- _
1=1
and

X

n+ 1
p. =1/ [m1 + J Ki(s) /Mo(s,6,¢).ds }, 1=12,...,n,p.,>0.
o
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Assume boundary condition

(%% ) u=20 on S, u S

The Extended Mixed Type Boundary Value Problem, or Problem (EF):

consists in finding a function u = u(x) which satisfies equation ( %)
and boundary condition (*x) ,

Assume conditions

K; € 2y, rec'), and feco@D ,

r 20 on Sl&’ r <0 in D, and
Xn+1
n
2 2
H = i§1 Kl. Vit Vo <0 on 83

Therefore he proved the uniqueness of a quasi-regular solution of

Problem (EM) . In fact, denote Mu =u in D: A = -1 .
Xn+1 ° Xn+1
= ' ] = . - = -
Ai = Ki , i=1,2,...,n , and on G: Bo L P Bj Kj.vn+1 s
. i .
j=1,2,...,n, Bn+1 = Vo o B™ = Ki.vi, i =1,2,...,n . Assume
u, ,u, two quasi-regular solutions, then claim that u = up - uy = 0

in D . To prove this fact he applied the energy integral method in D,

where Mu 1is defined above and Lu = 0 . Therefore , Green's theorem
implies
n n
0 = 2.<Mu,Lu>D = J (AO.u2 + Z Ai.u)z(') .dx o+ J (Bo.u2+ ) B..u2
D i=1 i G j=t 3%
+ B 2 + 2 E Bi ).ds = J J
n+t * Yx : .Y RS
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It is clear that both integrals Ji i = 1,2, are positive. This
completes the proof for the said uniqueness of u in D .

It remains to show the existence of a weak solution of Problem

(EM). Assume additional conditions

+ . .
CI'Ki +cC .K; >0, 1i=1,2,...,n, in D,

ct = CyeX g + Cy (>0), c, : = comst. < 0, ¢, := const.>0,
+ .
Cy.r + Co.r <0 in D, and
n+1
A; = -(r.c+)x 20, AI = (C+'Ki)x >0, i=1,2,...,0 |,
n+1 n+1
c, +R (ct )2 <0 R : = const., > 0 in D
1 n+1° " n+1 ’ n+t ° : ’ ’

Assume adjoint boundary condition

It is enough then to show that: A sufficient condition for the

existence of a weak solution L2(D) of Problem (EM) 1is the a-priori

estimate holds

2 n+t
loly = el o Dlwll? = | @®e7) w2 e, [ull?= fl? - | 2.
T Jp i=1 *i ° Jp
for all w e D(LY) , C : = const. > 0 .
In fact, Mw = ctw s and
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+ o+
2.<Mw,Lw>D=I‘+12 s
where
+ 2 n +
I, = J(Ao wo+ ) Ay.w  -cy.w ).dx
D =1 1 n+1
L + 2 + 2 +1i
I,=| () BT.w +B°  .wS +2. )} B''.w .w. ).ds ,
2 X n+1 X . X X
¢ Jj=1 J n+1 i=1 i n+1
where
+ .
BJ = Kj S A jo=1,2,...,n and
+ +1 +
Bn+1 C VoL B" "=¢ 'Ki‘vi , 1=1,2, ,n
It is clear that
2
ozcg . lly . vl Hlwglly
for all w € p(L") , C1 = : const. > 0 , and
I2 = 0

Thus the above a~-priori estimate holds. Therefore the proof for
the existence of a weak solution of Problem (EF) is complete.

Therefore Rassias proved: Assume above domain D and conditions.

Then Problem (EF) is well-posed in the sense that: there is at most one

quasi-regular solution and a weak solution exists.
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THE NEW EXTENDED CHAPLYGIN EQUATION

In 1988 J.M. Rassias obtained a new result for well-posedness of

a boundary value problem ( in the sense that: there 1is at most one

quasi-regular solution and a weak solution exists ) for the new extended

Chaplygin equation:

n
(%) Lu= Y K.(x_ ,).u + u- + r(x).u = f(x)
i£1 LR T Xn+1 *n+t ’
X = (x1,x2,...,xn,xn+1) ,
2 2
Kl(xn+1) 0 for X o ,

for any x €D (:= given domain) ,

n+1

Kl(m) 2 -1, where m ¢ = inf {x X €D} .

n+1: n+1

Then he considered the simply connected domain D < ]Rn+1 , bounded

for Xt > 0 by a smooth hypersurface 5, intersecting the hyperplanc:

X o1 =0 at 801: y = (xz,x3,...,xn) = -(xg,xg, ...,x:) = -~y
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0 .
’ xj :=const. >0, j=23,...,n, and two charac

(o]

St Y=Y

teristic hypersurfaces

tersecting the negative

in

both

const. > O,

<°
1

ion (107),

of equat

i at

1-ax1s

X
n+

-

>0
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The outer normal vector v = (v1,v2,...,v ) on the boundary

v
n’ n+1

G=23D = S‘ v S3U Sl. u So1 u 502 is determined, as follows

v=VY/ 2.7‘-1(1

(1/2./X], 0,0,...,0, -1/2) on 8

v = 90/2./K, (-1/2/K, , 0,0, ...,0, -1/2) on &

v=(0, —1/2.*‘-1(1 . - 1/2.?‘-1(1 s cov s -1/2.V‘—K1 ,0) on 851
v=1(0, 1/2."-—!(1 . 1/2.*1—-1(1 s seo s 1/2.V—l(1 ,0) on 802 ,
= /_—_ : = = 2 r>
v =VX/2, K1 on S1 : X=X(x) =0 , Vo 2 0, XV, 0
Then he considered
= t oy tu \ U A\
s, syus, us! Vsl
[ - _° v, = +°
SO‘ M Y y ] SOZ . y y ’
v, v _ _ (o] - LT LA O- -
S3 I X =Xy hX o, 34 : =9 Xy +x, =% 6 ,
and S1 intersects the positive x - axis at x = x5
n+i n+1 1

Therefore the outer normal vector on S1 1s:

v=v\y'/2./l_(—1-= (1/2./5, 0,0, ...,0, 1/2./ﬁ) on S'
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(NT)

(%)
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v=V¢'/2./lZT=(—1/2./.!(_1',0,0,...,0, 1/2./K;) on 5, »
ve=o(0,-1/2. ﬁ?;, -1/2. AE;, cee s -1/2.&?;,0) on S!.
v=1(0, 1/2.AZ; , 1/2./E;, e 1/2./E;,0) on S'

o2 °

Assume boundary condition

u=20 on S]U S

Uusg .US
ol

3 02

The New Fxtended Mixed Type Boundary Value Problem, or Problem
consists in finding a function u = u(x) which satisfies equation
and boundary condition ( *x)

Assume conditions

k, e , rec'®m, £ec°m

’

o .
on §, , 2r-+(x1-+x1).rx1-+x .r <0 if

0+l X041 20,
L S n+
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o .
r + (x1 +x1) .rx‘ <0 if X 0

Note: That above conditions can be replaced by conditions

r <0, r, 20, T £0 in D

It is clear now by applying Green's theorem and conditions above

that there exists at most one quasi-regular solution for the Problem (NT) .

To prove the existence of a weak solution of Problem (NT) assume

conditions

r <0 on S, 3r+(x1—)\).rx +(xn+1+u).rx <0 |if X, 2 .
1 n+1
2r + (x, -A).r_, + p.r <0 if x <0 ,
1 X4 Xned n+1
where
yo= x9 4+ , X : = comst. > 0, y : = const. >0 ,
1 o o
Xn+1
SRR T S J V-K;(s) .ds 2 O on S3 .
o
and
'
Ao 2 on S3 R
+ +.2 +y2
AO-R(a),O, A’—R‘(b1) 0 ,
At >0 =2,3 n At - R H% >0
j b J = s ] ? ? n+1 n+1 t
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where

R, : = const. > o, i=0,1,2,...,n,n+1

at = -1/2, b;=x1->\ in D ,

C =X .4t if Xhet 20 ,
ct = if X 0 ,
n+1
+ + + +
A" =2r.a - [ (r.b)) + (r.c)) ]
o 17x, X4t ?

At - -2a".x1-(b*) LK, o+ (et Lk

1 17x, 1 LN S ’
A; - -2a*.xj + (b:)x1 SKj c*. Kj)xn+1 s 3=2,3,
A;:_” = -2a" 4 (b’;)x1 - (c")an in D ,
and adjoint boundary condition
[ *x ] w=20 on 31U SAU SO1U 502

Then it is easy to show the following a-priori estimate
“w“1 sC. ”L+WH » C := const. >0 ,

for all weDL') := {(we CZ(D) , w satisfies [#x] }




- 160 -

Therefore the following result holds: Assume above domain D and

conditions.

" Then Problem (NT) is well-posed in D in the sense that: there

is at most one quasi-regular solution and a weak solution exists.

REMARKS:

i. The Problem (NT) is the Tricomi Problem, or the Characteristic

Problem. To investigate the Frankl Problem, or the Noncharacter
istic Problem is not difficult and in this case someone must as

sume adjoint boundary condition on the whole boundary G .

ii. If someone considers an arbitrary hypersurface 5, such that

(x1+x?).v1 + X_ .V 20, (x1 —A).v1 + (x N

n+1" Vn+1 net FW V20,

n+1

on S1 , in addition, then a new result holds.

THE EXTENDED BITSADZE-LAVRENTJEV EQUATION

In the same year J.M. Rassias obtained ancther new result for

well-posedness of a boundary value problem for the extended Bitsadze-

-Lavrentjev equation
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(%) Lu = sgn(x_.,).

1 u
n+ X] X1

X = (x1,x2 s XX ), sgn(xrl

n+1

: = 0 if xn+1=0, t = -1 if X <0

Then he considered the simply connected domain D © B! , bounded

for X 1> 0 by a smooth hypersurface S1 intersecting the hyperplane:
X =0 at S° and for x < 0 by two characteristic hypersurfaces
n+1 n+1
n+1 n+1
1/2 1/2
S3: ¥ = xl-x? + () x%) =0, §,i=-0-= x1-+x? - () x2)
j=2 1 j=2
of equation () , x? : = const. > 0 , both intersecting the negative
x —axis at x = -x° Denote: = (x,,x )
n+1 n+1 1 - ty = 25X3 s con ,xn .

The outer normal vector v = (v1,v2,...,v ) on G = 3D is:

v
n’ n+1

v = 9¥/2 = (l/2,x2/2.(xc1)-—x1),x3/2.(xc;~x1),...,xn/2.(x?—x1),xn+1/2.(x?—x'))
on S3 .
v =V$/2 = (—1/2,x2/2.Gﬁ+x?),x3/2.0(1+x?),...,xn/2&x1+x?),xn+1/2.(x’+x?))
on S& ,

v = VX/2 on S,: X=X(x) =0 .
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Denote

D, =Dn {x: x >0}, D2 =Dn {x: x <0) ,

n+1

n+1

x
Assume boundary condition

(%) u=20 on s, Vs, ,
and conditions

1 o

rec (o, fec(p |,

o . =

r<0 on S§,, 21'+(x1—x1).rx1 + xm_rrxlu1 <0 in D1(=D1U8D1)

) . =
r+(x1—x1).rx1 <0 in D2( =D, U3D2) .

(or r <0, r, 20, r s0 in D) |,
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o
(x1—x1).v1 XLV 20 on S,

If someone applies Green's theorem in b, , j = 1,2 separately

( : because of the discontinuous coefficient sgn(x_.,) of u
n+1 Xy Xy
and employs boundary condition ( #%) and above additional conditions

he gets the uniqueness of a quasi-regular solution of the characteristic

Extended Bitsadze-Lavrentjev Problem (BL) : (%) and ( *xx) .

To prove the existence of a weak solution of Problem (BL) assume

the adjoint boundary condition

[ %% ] w=20 on SIUS3 .

and additional conditions

w
o
Q
=]
w

o
Geg+x)ovy + X v 1

o —
r <0 on SA , 5r+2.(x1+x1).rX1 + 2.x .r . <0 on D1

) .
3r + 'Z.(x'+>c1).rx| <0 in n,

~
o]
~
o]
A
o
-
=
[\%
(=]
-
lat
A
o
-
3
<
~
-

+
!
-]
~
%)
+

~
[\
o
-

>
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where Ri : = const. >0, i=20,1,2,...,n,n+1

at = -1/4 , b; and

]
»
+
»
[v]
=
(=)

xn+ 1 1

+ + + +
A =12r.a - [ (1'.b1)x + (r.c )x ],
1 n+i

+ + +
1).[-2a --(b1)x + (c )x 1,

= sgn(xIH
1 n+1

gy

A; -2at 4 (b:)x + (c+)x , j=2,3,...,n ,
1 n+1

+ + + + .
An+1 = -2a + (bl)x - (e )x in D
1 n+1

Then it is easy to prove the a-priori estimate

”w”1 sC. “L+w|| , € := const. >0 ,

for all we DY) ={we CZ(D) , w satisfies [#*x]}

Therefore the following result: Assume above domain D and condi

tions, then the characteristic Problem (BL) is well-posed in D .

OPEN PROBLEMS

1. An open question concerns the regularity of solutions for the bound
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ary value problems of mixed type discussed above.

In connection with Problem F of equation (++) the main question
remains of proving the existence and uniqueness of regular solu
tions without restrictions on K = K(y) or the size or shape of

the domain of (++) .

No serious work is known on nonlinear boundary value problems of

mixed type in three and more dimensions.

The problem concerning the solution of elliptic systems in a domain
on the boundary of which the type degenerates has not been investi

gated.

Little is known about the Cauchy problem for hyperbolic equations
of order higher than 2 with boundary conditions on the curve of

parabolic degeneracy.

The difficulty of the correct statement of the problem for equa

tions of mixed type in higher dimensions still remains.

The study of higher order equations and systems of equations of

mixed type requires more attention.

It would be interesting to clear up the question whether there is
an extremal principle for the boundary value problems of mixed

type.
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9. One of the most important problems of mathematical physics is to
study the properties of solutions of partial differential equations

of mixed type with boundary conditionms.

10. To consider regions of mixed type (elliptic-parabolic-hyperbolic):
multi-connected with parabolic lines of degeneracy replaced by ar
bitrary curves (different from straight lines) is a question of

high demand and difficult to handle.

11. The existence problem for regular transonic flow around given gen
eral profiles with given velocity at =« is difficult to be solved
completely.

12. Regarding the work of J.M. Rassias (Bull, Acad. Polonaise Sci. Ser.

Math., 28, 1980, 311-313) there is still open question if

n: any odd > 2 .
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