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RESUMO

Neste relatorio nés apresentamos uma andlise Bayesiana de modelos de regressao
logistica para dados bindrios correlacionados com efeitos aleatorios assumindo uma
mistura de distribui¢oes normais. Este modelo da uma grande flexibilidade para ser
ajustado a dados binarios correlacionados em muitas aplicagoes. Considerando os algo-
ritmos Gibbs sampling e Metropolis-Hastings, n6s obtemos estimativas de Monte Carlo

para as quantidades & posteriori de interesse.
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Abstract

In this paper we present a Bayesian analysis of logistic regression models for
correlated binary data with random effects assuming a mixture of normal distri-
butions. This model gives a great flexibility to be fitted by correlated binary data
in many applications. Considering Gibbs sampling with Metropolis-Hastings al-

gorithms, we obtain Monte Carlo estimates for the posterior quantities of interest.

1 Introduction

Consider two or more measurements taken at one time for the same subjects or when
repeated measurements are taken over time, where we observe a binary (0-1) response
y;; on the ith observation and jth variable, ¢ =1,... ,nand j =1,...,J. Associated
to each response y;; let z,; = (zij1,- .-, Tijp;)' be the corresponding p;-dimensional row
regression vector. Let y. = (Wi, -+, yis) and y = (gl, . ,gn)’ be the observed data,

where y;1, ... ,y;s are dependent and Yooy, are independent.



Different models are proposed in the literature for modelling correlated binary data
in the presence of covariates (see for example, Dey and Chen, 1996; Prentice, 1988; or
Ochi and Prentice, 1984).

Prentice (1988), consider the random effect binary logistic regression model for y;;

given z;;,
P{Y;; = yz’j|ai,ﬁj,£i]‘} = p?;j(l —pij)l_y” (1)
exp{a;+p z;;} . . .
where p;; = Wﬁjﬁ;@]i]—}’ ﬁ; = (Bij,---»Bp;5), J =1,...,J are p;-dimensional vector

of regression coefficients. Observe that «; denotes a random effect on the ith observa-
tion, which captures the correlation among 1, ... ,¥J.

Dey and Chen (1996) assume,
a; ~ N(0,02) (2)

where the random effects «; are independent.

Other models are considered in the literature to analyse correlated binary data.
Chib and Greenberg (1998) consider a multivariate probit model; a generalization of
multivariate probit models is given by multivariate t-link models (see for example, Dey
and Chen, 1996).

The use of classical methods based on the usual asymptotical approximations could
involve very intensive computation and the accuracy of the obtained inferences could
be not appropriate.

Albert and Jais (1998), introduce a Bayesian analysis for the logistic regression
model (1) considering the use of the Gibbs sampler (see for example, Gelfand and
Smith, 1990) to obtain the posterior quantities of interest. Day and Chen (1995)
consider a hierarchical Bayesian analysis of model (1). They also introduce some model
diagnostics using simulation based approach for model adequacy.

In this paper, we consider a random effect logistic regression model for correlated
binary data assuming a mixture of normal distributions for the random effects «;, given
by,

K

m(o) = pr®i(oil g, oF) (3)

k=1



where 31 | pp = 1 and @, denotes a normal density N (i, 7).
For a Bayesian analysis of this model, we consider the use of Markov Chain Monte
Carlo (MCMC) methods to simulate samples of the joint posterior distribution for the

parameters.

2 A Bayesian Analysis Assuming a Mixture of Nor-
mal Distributions for «;

Let us assume that the random effects «;, i = 1,... ,n are independent with a mixture
of K =2 normal distributions (3), with p; + p, = 1.

From the logistic regression model (1), the likelihood function for «, Booon BB,

where a = (o, ... ,a,)" is given by,

1 exp{(as + Bz,)vs)

tia ) =TT et fe 2

=1

Assuming prior independence among the parameters, consider the following prior

densities for p, g, 03,05, p1, By, L=1,...,pj;5=1,...,J:

e ~ N(dy,€2); dy, e, known, k=1,2;
op ~ IG(ay,by); ar, by; known, k = 1,2;
p1~ B(f.9); f, g; known;
B ~ N(blj,cfj); bij, cij; known, [ =1,...,p;; Jj=1,...,J,
where N(u,c?) denotes a normal distribution with mean p and variance o?; ZG(a, b)

denotes an inverse gamma distribution with mean b/(a — 1) and variance b*/[(a —

1)%(a — 2)] and B(f, g) denotes a beta distribution with mean f/(f + ¢) and variance

fall(f +9)*(f+ g+ 1]
The joint posterior for § = (a, pu, p12, p1, 07,03, B, .., 3,) is given by,

m(0]y, z) {H Zpk% az|uk,ak)} (6)

i=1 k=1



where

o el o]}

=1 j=1

exp { S+ B'xij)yii }
T 1+ explas + 8z,

To obtain better performance for the Gibbs sampling algorithm, we consider the
introduction of latent variables (see for example, Tanner and Wong, 1987) given by
Z; = (Za, Zi), i=1,...,n, where Zy|0,y,z ~ b(1, ;1) (a Bernoulli distribution)
with h;; given by

hii =

pl@l(ai|ulaaf) (7)
1@y (| p1, 07) + (1 — p1) Po(as| 2, 03)

That is,

m(Z;) o bt (1= hir) %2 (8)

where Z;; = 1 with probability h; (Z; = 0 with probability 1 — h;;). Observe that
Zi+ Zip = 1.

Thus, we have,

W(Zla o 7Zn) Hz 1 Hk l[pkq)k(az|,uka Uk)]Zlk (9)
I I{Zk L Pe®r (il e, 07)

Combining equation (9) with equation (6), we obtain,

n 2
ALy 2,01y, 2) {HH P (aulyae, o)1 } (10)
k=1

=1
where W(0) is given in (6).
To generate samples of the joint posterior distribution (10) we use the Gibbs sam-
pling algorithm. Starting with initial values 6© = (0\”,...,6{"), we follow the fol-

lowing steps:



(i) Generate a sample Z1) = (g?’, e ,g;”) from equation (8).
(ii) Generate a sample of @ from the conditional distributions

(01105, ... 00, ZM 2, y), 7 (0,001,657, 00, 2, 2, y),

(8,107, 0, 2D 2 ).

Then, continue iterations by repeating steps (i) and (ii).

The conditional distributions for the Gibbs algorithm are given by,

(i)

2 2 2 2
Zijjn0oy + Zipjia0y 0103

, U, (o, B),
Zn03 + Zpnoi Zi10§—|—Zi20%} 1@, f)

W(ai|gaﬂag27plagaiaz) ~ N{

where

J

U, (a, B) = exp{az‘yL - Zlog[l + exp(a; + ﬁ;lzg)]}a

j=1
J
. 12
ylzzylja 7’:17"'777’7 ( )
7=1

M= (pa, p2); o= (0%703)

(ii)

v
W(O—I%|Q7Q7H7U?k)aPlaQa@aZ)Nzg<ak+§k;bk—|— 9

where vy =Y 0 | Ziy  k=1,2; O'?k) =02, j#k j k=12,
(iii)

T(pile, B, p, 0%y, 2, Z) ~ B(f + v1, 9 + v2),



(iv)
ﬂ-(ﬁlﬂga é(lj)’ HJ g2ap17 ga Z, Z) ~ N(blja Cl2j)\112(g7 é))
where Wy (a, ) = exp{ﬁljaﬂ — > log[l + exp(a; + Q;gw)]},

ajr = Z?:l Tij1Yij, ﬁ(m = (ﬂlja s 7ﬂl71,j7 ﬁl+1,j7 s 7ﬁp]‘j)7

l=1,...,p;; j=1,...,J,

v)

dpo? + e? > Yoo Z; eior }

9 kO k i=1 YLk k" k

T O[, , , 07, , 7&) _2 ~ N ) ) k 17 2
(e, B, pry, @ p1, Y ) { or+eid  Zy or+erd.r . Zy

where H(k) = Hj, ]%ka jak:172

Observe that the variables o, and 3;; ¢ = 1,... ,n; I =1,...,p;; j=1,...,J
should be generated using the Metropolis-Hastings algorithm (see for example, Smith

and Roberts, 1993).

3 A Bayesian Analysis Assuming a Normal Distri-
bution for «;

If we assume that the random effects «;, ¢ = 1,...,n have a normal distribution
N(0,02) with prior distributions,
02 ~IG(a,b); a, b known;
(13)
ﬁlj ~ N(blj, C?j); blj, Cl2j kIlOWIl; [l = 1, -5 Py ] = 1, Cee J,
and prior independence, the conditional distributions for the Gibbs sampling algorithm

are given by,
(i)
m(ailod, By, x) ~ N(0,02)Us(a, ) (14)

where

Us(a, f) = exp{ai Z‘j]:l Yij — Z‘j]:l log[1 + exp(a; + Q;LJ)]},

6



(ii)
n 2
(ool B,y z) ~ IG <g +a,b+ Q)

(iii)
(B ]a, Ui,ﬁ(lj),g, z) ~ N(by, ¢i;)V4(a, B)
where
Vy(a, B) = eXP{ﬁljajl — > iy log[1 + exp(a; + ﬁ;iz])]};
@i = Y im1 TijiYiss
l=1,...,p;; Jj=1,...,J.

Observe that we need to use the Metropolis-Hastings algorithm to generate the
variables a; and ;.

It is interesting to observe that if we consider « fixed with prior distributions,

2\. 2 .
o~ N(:“’O) 0.0)7 Ho, Oy kIlOWIl,

(15)
ﬁlj ~ N(blj, Cl2j); blj; Cl2j kIlOWIl;
the conditional distributions for the Gibbs sampling algorithm are given by,
(i)
7T(Oé|ﬁ,g,£) NN(/"LOJO-[%)\II5(QJQ)7 (16)

where
s(a9) = exp{ . — T, Xy logl1 + exple+ S )]
Yo = Y D Vi
(i)
W(ﬁzjlﬁw), , Y, T) ~ N(bljacfj)qjﬁ(a7éj)a

where

‘I’G(a;ﬁj) = eXP{%ﬁu — > log[l +exp(a+ 37, ﬁljxijl)]}

where a;; and ﬁ(lj) are defined in (12).



4 An Example

In table 1, we have the captures (y;; = 1 for captured; y;; = 0 for not captured) of
peromyscus maniculatus collected by V. Reid at East Stuart Gulch, Colorado (data
set introduced by Huggins, 1991). The columns represent the sex (m or f), the ages
(y: young, sa: semi-adult, a: adult), the weights in grams, and the capture histories of
36 individuals over 6 trapping occasions.

For the data set of table 1, we assume the logistic regression model (1), that is,
P{Yy; = yijlow, B, B, By v} = pif (1 —pig) ™" (17)

where

_— exp{ay + 2451015 + TijoBoj + T35}
Y 14 exp{ay + ij1 51 + TijpPoj + Tij3055 )

1=1,...,36; j=1,...,6; ﬁlz(ﬁu,---,ﬁw); ﬁ2:(521;---;526);

By, = (Bsrs--- s B36);  wijn = 1(0) for m(f);  wije = 1(y), 2(sa) or 3(a); ijz =
weight — 14.

Table 1: Huggins Data

Captures of peromyscus maniculatus

m y 12 1 1 1 1 1 1}f y 10 1 .0 0 1 0 O
f y 1510 0 1 1 1|f a 23 0 1 0 0 1 0
m y 15 1 10 0 1 1|f y 7 01 1 0 0 1
m y 15 1 1 01 1 I1{m y 8 0 1 0 0 0 1
m y 13 1 1 1 1 1 1{m a 19 0 1 0 1 0 1
m y 13 01 1 0 1 0]f a 22 0 0 1 1 1 1
ft vy 501 010 1|f y 10 00 1 0 1 1
m a 20 01 000 1|f y 1400 1 1 11
m y 12 0 1 0 0 1 1|f a 19 0 0 1 0 0 O
f vy 6 001 00O f a 200 0 0 1 0 0
m a 21 1 1 01 1 1|{m sa 16 0 0 0 1 1 1
m y 1 1 1 1 1 1 0}f y 11 0 0 0 1 1 O
m sa 15 1 1 1 0 0 1lm y 14 0 0 0 0 1 O
m y 1411111 1]f y 11 00 0 0 1 O
m y 13 1 1 0 1 1 1m a 24 0 0 0 0 1 0
f a 2 1 1 101 1fm y 9 0000 01
m y 14 1 1 1 1 1 1|{m sa 16 0 0 0 0 0 1
m y 1 1 0 1 1 1 0|f a 19 0 0 0 0 0 1

Assuming « fixed, maximum likelihood estimators for «, B,. 5, and §, are given by
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a = 1.629,

B, = (1.3060,0.9334, —0.6831,0.0606, 1.3575,0.4252),

B, = (~1.9722, ~1.2288, ~1.0135, ~1.0931, —1.3414, —0.7094),

B, = (0.3256,0.1863, 0.0876,0.1560, 0.3142, 0.1114).

Also assuming « fixed for a Bayesian analysis of model (17) with prior densities (15)
and gy = 1.6, op = 0.2, byy = 1.3, big = 0.9, by3 = —0.6, byy = 0.06, b5 = 1.3,
big = 0.4, byy = —1.9, bay = —1.2, bys = —1.0, byy = —1.0, bys = —1.3, byg = —0.7,
by = 0.3, bsy = 0.1, bsz = 0.08, b3y = 0.1, bzs = 0.3, bys = 0.1 and ¢;; = 0.2,
[ =1,2,3; 7 = 1,2,...,6, we generate 5 separate Gibbs chains, each of which ran
for 2000 iterations. We monitored the convergence of the Gibbs samples using the
Gelman and Rubin (1992) method, which utilizes the analysis of variance technique to
determine if further iterations are needed. For each parameter, we discarded the 500
first iterations (”burn-in-samples”) and we considered the 10th, 20th, ... iterations.
Monte Carlo estimates for the posterior means for a,§1,§2, and QB aproximated

from the generated Gibbs samples (see (16)) are given by,
d = 1.6255,

B, = (1.3177,0.9018, —0.5956, 0.0629,1.3072, 0.3999),

B3, = (~1.9060, —1.2081, —0.9963, —1.0933, —1.3101, —0.7078), and

53, = (0.3057,0.1807, 0.0766, 0.1471, 0.3076, 0.1057).

For a Bayesian analysis of the logistic regression model (17) assuming random effects
a;, i = 1,2,...,36 with a normal distribution N(0,02) and prior distributions (13)
with @ = 4, b = 1/3 and the same values for the prior distributions (15) with «
fixed, we also generated 5 separate Gibbs chains, each of which ran for 6000 iterations.
Monte Carlo estimates for the posterior means of o2, B, B, and §3 approximated from
the generated Gibbs Samples (see (14)) are given by,
o2 = 0.3267,
fﬁ: = (1.3715,0.9660, —0.5516, 0.1321, 1.3635, 0.4574),

9



B, = (~1.2067, —0.4186, —0.2174, —0.3053, —0.4614,0.1390, and

g = (0.2272,0.0785, —0.0480, 0.0550, 0.2052, 0.0056).

Assuming a mixture of K = 2 normal distributions (3) for the random effects «;, i =
1,2,...,36 and prior distribution (5) with d; = —04, dy = 0.4, €2 = €3 = 0.2,
ap =ay =4,b =by=1/3, f = g =1 and the same values for b;; and c?j, l=1,2,3;
j=1,2,...,6 considered for the prior distributions (13) and (15), we also generated
5 separated Gibbs chains, each of which ran for 6000 iterations.

In table 2, we have the posterior summaries obtained for the parameters.

Table 2: Posterior Summaries (mixture of two normal

distributions for «;)

~

Parameter Mean s.d. 95 % credible interval R

I -0.6478 0.3881  (-1.4215;0.1078)  1.0287
Lo 1.0367 0.2925 (1 0.5044 ; 1.6452)  1.0366
o? 0.1317 0.1172  ( 0.0380 ; 0.4470)  1.0147
o2 0.1317 0.1172  ( 0.0380 ; 0.4470)  1.0147
P 0.3586 0.1477  ( 0.0890 ; 0.6551)  1.0289
Bt 1.2975 0.1948  (0.9284 ; 1.6791) 1.0014
Bia 0.8999 0.1990  ( 0.5140; 1.2726)  1.0010
B3 -0.6039 0.2042  (-1.0033;-0.2117)  1.0011
B4 0.0577 0.1934  (-0.3100 ; 0.4333)  1.0007
Bis 1.2930 0.1964  (0.9037 ; 1.6887)  0.9999
Bie 0.3962 0.2001  (-0.0247;0.7842)  1.0011
B -1.2995 0.2061  (-1.7026 ; -0.8977)  1.0000
B2 -0.5030 0.2001  (-0.8949 ; -0.1181)  1.0016
B3 -0.3006 0.2015  (-0.7041; 0.0911)  1.0052
B4 -0.3952 0.2032  (-0.7832;-0.0161)  1.0017
Ba2s -0.5020 0.1972  (-0.8984 ; -0.0960)  1.0045
P26 0.0599 0.1961  (-0.3277;0.4368)  1.0045
B31 0.3047 0.2019  (-0.0871;0.7049 )  1.0019
P32 0.1725 0.2024  (-0.2293; 0.5590 )  1.0022
B33 -0.0824 0.2047  (-0.4873;0.3255)  1.0033
B34 0.1416 0.1938  (-0.2369 ; 0.5188 )  1.0018
B35 0.3078 0.1909  (-0.0688; 0.7014 )  1.0024
P36 0.1159 0.2024  (-0.2681;0.5214 )  1.0031

We also have in table 2, the estimated potential scale reductions R (see Gelman and
Rubin, 1992) for all the parameters. In this case, the number of iterations considered
was sufficient for approximate convergence (\/ﬁ < 1.1 for all the parameters).

In table 2, we observe from 95% credible intervals for the regression parameters j3;,

[=1,2,3;5 =1,2,...,6 that the covariates x; (sex) and xo (ages) present significative

10



effects on the probabilities of captures for most times J = 1,2,...,6, but the covariate
r3 (weight) does not present a significative effect (the 95% credible intervals for fs;,

j=1,2,...,6 include zero).

Table 3: Pearson Residuals (mixture of two normal
distributions for «;)

J
1 2 3 4 5 6

0.7292  0.5234 0.7775 0.7326  0.4920 0.4802
1.0291 -1.3546 -1.3195 0.7104 0.6896 0.5731
0.6363 0.5569 -0.8247 -1.2248 0.4274 0.5561
0.5220 0.4568 -1.0054 0.6698 0.3506 0.4562
0.6319 0.4845 0.8176 0.6887 0.4257 0.4572
-1.0433  0.7350 1.2402 -0.9571 0.6457 -1.4417
-0.2121  1.7467 -1.9948 1.4402 -0.3116 1.0218
-0.3549  1.2684 -0.4972 -0.8447 -1.1849 0.6461
-0.9246  0.7763 -0.8671 -0.9203 0.7298  0.7122
-0.1507 -0.3809  0.8559 -0.4549 -0.2218 -0.6329
0.7499 0.4399 -0.5949 0.6354 0.2248  0.2966
0.9131 0.6135 0.8023 0.8455 0.6171 -1.8279
1.0799 0.6346 1.2488 -1.1343 -2.0543 0.4783
0.5442 0.4458 0.8546 0.6436 0.3661 0.4328
0.6951 0.5330 -1.1118 0.7577 0.4683  0.5030
1.2183 0.6259 1.2808 -1.6596 0.3638 0.3374
0.5427 0.4446 0.8522 0.6419 0.3651 0.4316
1.0104 -1.4732 0.8877 0.9356 0.6828 -1.6519
2.8697 -0.6760 -1.2454 1.3177 -0.5160 -1.0031
-0.4908 1.1184 -0.3847 -0.9146 0.6075 -1.6124
-0.2847  1.4847 0.5498 -0.7920 -0.4197 0.9191
-0.4560  1.2084 -0.9275 -0.6289 -0.6716  0.9900
-0.6897  0.7453 -0.4531 1.0436 -2.2939 0.4748
-0.7434  -1.4469 1.4143 0.6653 0.4017 0.3726
-0.4361 -0.8460 0.6416 -0.9498 1.5486 0.7966
-0.8355 -1.2442  0.7264 0.7615 0.8033  0.6066
-0.2595 -0.6159  2.2669 -0.6701 -0.8650 -1.2437
-0.2682 -0.5959 -0.3757 1.5664 -0.8955 -1.1698
-0.8469 -1.3490 -0.6035 1.0459 0.5314 0.5748
-0.4004 -0.7270 -1.1790 1.2443 1.6842 -1.0486
-0.7195 -0.8784 -0.4582 -0.6084 0.9349 -0.9047
-0.2882 -0.5233 -0.8487 -0.5785 2.3399 -0.7548
-0.8582 -1.1996 -0.2142 -0.7930 0.3477 -1.6348
-0.4268 -0.7251 -0.7154 -0.5426 -0.6296 1.1622
-0.5324 -0.8479 -0.3793 -0.6010 -1.1828 0.9144
-0.2380 -0.5648 -0.4045 -0.6145 -0.7933 0.8768

In table 3, we have the Pearson residuals d;; for the random effect logistic regression

model with a mixture of two normal distributions for «; to measure the discrepancy

11



between the data and the model, which are given by

Yij — @j

Vit

(18)

where p;; is given in (17) with the Bayes estimates for the parameters and ¢;; = 1 —p;;,

i=1,...,36,7=1,2,...,6.

In figure 1, we have the plots of the Pearson residuals d;; against ¢ for each value

of 7 =1,2,...,6. We observe good fit of the random effect logistic regression model

with a mixture of two normal distributions for «; considering the data set of table 1.

Figure 1. Pearson Residuals (mixture of two normal distributions for «;)
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To check the overall performance for a model, we can consider the total Pearson residual

discrepancy measure which is given by

D Z 3 (%y:fijf (19)

For the random effect logistic regression model with a mixture of two normal dis-
tributions for a;, we have D = 183.3444. Considering a normal distribution N (0, 02)
for the random effects «;, we have D = 185.7211 and considering a fixed «, we have
D = 207.5838. That is, we have better fit of the data set of table 1 for the random
effect model with a mixture of two normal distribution for o, t =1,2,... ,n.

In table 3, we observe that the 19th observation have a large value for the Pearson
residuals d;; (an outlier), especially for J = 1. Taking out the 19th observation, we
have D = 175.0432 if we assume random effects «; with a mixture of two normal
distributions. If we assume random effects «; with a normal distribution, we have
D = 177.0421 and considering a fixed effect a;, we have D = 198.2011.

In table 4, we have a summary of the Monte Carlo estimates for the posterior
means of 3, | =1,2,3; j = 1,2,...,6 based on the Gibbs samples and considering
the different models.

Table 4: Posterior Means for 3; (1 =1,2,3; j=1,2,...,6)

Parameter ~MLE « Fixed «; ~ N(0,02) «; ~ Mixture of Normals

B 1.3060  1.3177 1.3715 1.2975
B2 0.9334  0.9018 0.9660 0.8999
B3 -0.6831 -0.5956 -0.5516 -0.6039
B4 0.0606  0.0629 0.1321 0.0577
Bis 1.3575  1.3072 1.3635 1.2930
Bie 0.4252  0.3999 0.4574 0.3962
Bt -1.9722  -1.9060 -1.2067 -1.2995
B2 -1.2288 -1.2081 -0.4186 -0.5030
B3 -1.0135 -0.9963 -0.2174 -0.3006
B4 -1.0931 -1.0933 -0.3053 -0.3952
Ba2s -1.3414 -1.3101 -0.4614 -0.5020
P26 -0.7094 -0.7078 0.1390 0.0599
B31 0.3256  0.3057 0.2272 0.3047
P32 0.1863  0.1807 0.0785 0.1725
B33 0.0876  0.0766 -0.0480 -0.0824
B34 0.1560  0.1471 0.0550 0.1416
B35 0.3142  0.3076 0.2052 0.3078
B36 0.1114  0.1057 0.0056 0.1159
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Some Conclusions

In many applications of correlated binary data considering logistic regression models,

the usual assumption of normality for the random effects could not be appropriate. The

use of a mixture of normal distributions for the random effects gives a great flexibility

to analyse correlated binary data, as we observed with the data set table 1.

The use of MCMC methods for a Bayesian analysis of this model is a suitable way

to get the posterior summaries of interest.
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