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Industrial Mathematics: Hest and Mass Transfer

The objective of this course is:

to teach mathematical modelling of real industrial problems in the ares of
heat and mass transfer through a series of cese studies. Emphasis will be
placed on the concept of units, nondimensionalisation and nondimensional
parameters. The case studies will also bring out solution techniques.
Thus separation of variables, Laplace transform techniques, perturbation
methods and some aspects of numerical analysis will be exemplified. This
course will require the active participation of the 'audience' to complete

the solution of thesce problems gencrally using NAG; comput ing support to
help the student in these endeavours is scen as an important part of the
course.

I, The diffusion equation .

|

Diffusion is the process by which matter is transported from one part of a
system to another as a result of random molecular motions.

Consider a tall cylindrical vessel with its lower part filled with iodine
solution. A column of clear water is poured on top, slowly and carefully, so
that no convection currents are set up. After some time a colour gradient
appears with the colour getting fainter towards the top. Eventually the whole
column becomes uniformlyv coloured. This is an example of molecular diffusion.

If in the example above we let c(x,t) be the concentration of the iodine
{usually in moles/c.c., or gram moles/c.c.) then cix,t) satisfies

fc ( i‘c  d%c %
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where D, assumed constant., is the diffusion coefficient (with dimensions LZ'I‘_l
e.g. cmz/sec). The space coordinate is x and t is time. Note: ¢ has dimensions
-3
L ",

If D is dependent on the spatial variables (1.1} becomes
dc o [ de Jd [ de J de
Tl e I Rl I A R (1.2

1.2 Diffusion in a cvlinder or sphere

cxlinder
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sphere
o -2
e 1 d de 1 d dc D i“c
3&—2‘{3‘ e R R T z]
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In the nomenclature of vector analysis
de
ol div(D grad c) = V.(DVc). 5
t
\|
1.3 Heat conduction equation y
Diffusion theory is based on Fick'; two equations
de dc dzc
F:-Dﬁ; and IS =_D;.—2 t1.3a8,b)
X
where F denotes the rate of transfer per unit area. (If c is measured in
moles/c.c. then the dimensions of F are L_2T_l.)
The two corresponding equations in heat flow are
b do (K ) &%
F:_}\& and ﬁ= E;—) d—)\§ (1.4a,b)

wvhere ¢ is the temperature (e.g. oKl, K is the heat conductivity (e.g. W/mK), p

is the density (e.g. Kg/md) and ¢ is the specific heat (e.g. J/KgK), so that pc
is the heat capacity per unit volume.

In (1.4a) F is the amount of heat flowing in the direction x per unit time
through unit area of a section which is normal to x.

In order that the two sets of equations should correspond we may identify
concentration ¢ with temperature #, and take D = K in (1.32) and (1.4a) and
D = K/(cp) in (1.3b) and (1.4b). The two together imply cp = 1. This is a
consequence of our having identified ¢ with #. The 'diffusing substance' in
heat flow is heat not temperature. The factor cp is needed to convert
temperature to the amount of heat per unit volume. Note, it is usual to write

K/ep & K, the lheat diffuBivity (e.g. Wn/J).

1.4 Boundary conditions

Prescribed surface temperature corresponds to prescribed concentration just
within the surface.
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1.4.2 Heat flux
Prescribed heat flux corresponds to flux of the diffusant and we have
a6
-K p = F(t), 1in heat (1.5a)
Ac
-D e = F(t), 1in diffusion (1.5b)

where F is in general a known function of time or a constant.

1.4.3 Insulated surface

A heat-insulated surface corrcgponds to an impermeable surface and is a
special case of (1.5a,b) with F = 0'i.e.

ic A6

ax =ik L

1.4.4 Radiation boundary condition

What is usually referred to as a 'radiation boundary condition' in heat
flow usually means that the heat flux across unit area of the surface is
proportional to the difference between the surface temperature 65 and the

temperature 00 of the outside medium i.e. is given by H(t’s - 00).
06
But the rate of loss of heat from unit area of surface is -K Ta in the
direction of the normal n, measured away from the surface, so that the boundary
condition is

il

Ko+ H_ -6)=0
on -] o
ae
i.e. a+h(9—”)=0
n -] o

where h = H/K, is called the heat transfer coefficient. This corresponds to
surface evaporation in diffusion, and we have

ic
P + a(cS - co) = 0.
dc  dc
If the surface is perpendicular to the x-direction then ol = if n is
de dc
along the direction of increasing x, but e B if along x decreasing. Thus

for a slab between 0 and 1 we have
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1.4.5 A perfect heat conducting 'surface' with finite volume

A perfect conductor of heat is always at a uniform temperature and so is
equivalent in this respect to a well-stirred fluid. Thus, a boundary condition
describing thermal contact with a perfect conductor also describes diffusion of
solute from a well-stirred solution or vapour. Conservation of heat from a
well-stirred fluid of fixed volume V and uniform temperature ﬂs, a function of

time, gives us a boundary condition on the surface x = 0 of a medium, x > 0, in
contact with the fluid

M
cp 5€m =K 3 , x = 0.

Correspondingly, for diffusion we have

ﬁcs S
\Y EE“ =) 3; V X = 10%

1.4.6 Interface

The conservation principle applied at the interface between two media of
different properties leads immediately to boundary conditions

091 dﬂz

by = b Ky g =Ky g5
in heat flow and

ﬁcl ﬁcz

¢, = Pe; D

D) +Q D

1dx T Y2 dx

in diffusion, where the suffices 1 and 2 denote the two media and P and Q are
constant.

1.4.7 Heat source

If heat is produced in a medium, e.g. as a result of an exothermic
reaction, at a rate A per unit volume, then the heat conduction equation takes
the form

a0 3%
cp e K 5;5 + A.



The diffusion equation must be similarly modified if the diffusing substance is
created or removed as diffusion proceeds. We identify A as the rate of creation
per unit volume and put cp = 1, K = D as usual.

2.1 Method of Separation of Variables

We mssume the variables are separable and seek a solution
cix,t) = X(x) T(t). (2.1)

Substitution in (1.36) yields

dT a2x

X — = DT — A (2.2)
dt dx2

which may be written as °

1ar D dx
s (2.3)

so that we have on the left-hand side an expression depending on t only, while
the right-hand side depends on x only. Both sides therefore must be equal to
the same constant which, for the sake of the subsequent algebra, is conveniently

taken as -JZD. We have therefore two ordinary differential equations

1dT 2 2
Tat s -)“D and X éxé = - (2.4a,b)
with solutions
2
T e—A Bt and X = A sin Ax + B cos 4x. (2.5a,b)
Thus
clx,t) = (A sin Ax + B cos Ix) exp(-)th) (2.6)

where A and B are constants of integration.

Since (1.3b) is a linear equation, the most general solution is obtained by
sunming solutions of type (2.6) so that we have

®
cix,t) = m§1(Am sin me + B cos )mx) exp(-)th) (2.7)

where Am. Bm' Am are determined by the jnitial and boundary conditions for any
particular problem.
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Thus if we are interested in diffusion out of a plane sheet of thickness p,
through which the diffusing substance is initielly uniformly distributed and the
surfaces are kept at zero concentration, the conditions are

c=c, 0 <x <, t=0 (2.8)

e =10, = 10,4, t 0, (2.9)
The boundary conditions (2.9) demand that

B =0, A =m/l (2.10)
m

and hence the initial condition (2.8) becomes
x N
c.= X AL sin(mix/{), 0 < x < 1. (2.11)

2 m=1

By multiplying both sides of (2.11) by sin(prx/{) and integrating from 0 to (
using the relationships

{ prx mrx 0 m#p
J sin | =3~ | sin | =~ dx = 1
0 -
2
we find that terms for which m is even vanish, and
A = dc /mx, m= 1:3:;5;::%
m o
The final solution is

4Co o 1 2y 2 (2n+l)ax
cix,t) = — L 5—: exp(-D(2n+1)“x°t/ (") sin
L, 2ntl

{

For moderate and large times this series converges satisfactorily and can be
used for numerical evaluation by truncating the series (after, say, 10 terms).

Equation (1.3b) could have been solved directly by the Fourier sine
transform (see, e.g. Kreyszig (1988)).

3.1 Method of Laplace Transform \

Suppose f(t) is a known function of t for positive values of t. Then the

Laplace transform f(p) of f(t) is defined as
= : -pt
fip) = | e Plrit)dt (3.1)
0

where p is a number sufficiently large to make the integral (3.1) converge. For

example, if f(t) = eZt, p must exceed 2.
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Laplace transforms of common functions can be computed directly:

o g
f(t) = 1, fip) = J e-ptdt = 1/p
0
X, 1
£t = o f(p) = J e Pttty - -
0 P8

@

J“ e—ptsin vt dt = 2 7
0 p +¢

f(t) = sin wt, T(p)

A short table of transforms is given inAnnex 1, and this may be used to
evaluate the inverse function. For those functions whose Leplace transform is
not included within this table the inverse formula must be used (or more
extensive tables found):

il e itz
L) = =5 J flz)e “dz. (3.:2)
27i ’
7-10

Contour integration (see e.g. Copson (1966)) is required. Not infrequently this
integral cannot be evaluated analytically and it is necessary to resort to e
numerical method in which case the method proposed by Talbot (1979) is to be
recommended .

3.2 Semi-infinite medium

Consider the problem of diffusion in a semi-infinite medium, x > 0, when
the boundary is kept at a constant concentration Cyr the initial concentration

being zero throughout the medium.

we require to solve

Ac ﬁzc
L (3.3)

subject to the boundary condition

(R % =05 t>0 (3.4)

and the initial condition

c =0, % ¥ 0, t =0. (:3::51)

On multiplying both aides of (3.3) by e—pt and integrating with respect to t
from 0 to m we obtain



If we assume that the orders of integration and differentiation can be
interchanged, and this can be justified for the functions in which we are
interested, then

2 2 2-
ot i“c d . c
Jm eP N dt = 3 Jm ce Pldt = 3
0 Ax ax° 70 ix

Also by integrating by parts
dc
rn e—pt - dt = [ce—ptlm +p ce-ptdt = pc
Yo ot 0 0

since the term in the square bracket vanishes at t = 0 by virtue of the initial
condition (3.5) and at t = = through the exponential factor. Thus (3.3) reduces
to

D — = pc. (3.6)

= -pt 2
c = Jm cePldt = — . X, =10 (F34
g P P

Thus the Laplace transform reduces the partial differential equation (3.3) to
the ordinary differential equation (3.6). The solution of (3.6) satisfying

(3.7), and for which ¢ remains finite as x approaches infinity is

(o

e I

sl o

cix,p) =

where q = p/D. Reference to the table of Annex 1 gives

X
cixyt) =ic. erfc

° 2/t

where

1 z —t2
erfc(z) = l-erf(z) = 1 - — J e dt.



Conservation of mass, momentum and energy (see, e.g. Landau and Lifshitz
(1963)) leads to the (2-D) equations:

Viq=0 (4.1)
dq

ol + taWia| = -Vp+ pV2q + pF (4.2)
aT

pc[E{ + (q.V)T} = KV2T (4.3)

Here the velocity q = (u.v)T and the p}essure p are the unknown dependent

vaeriables. The constants involved are the density p, the coefficient of
viscosity p, the specific heat c, the conductivity K, and if the body force E is
due to gravity, the gravitational acceleration g. Equations (4.1,2) are often
called the Navier-Stokes equations. In equation (4.2) the physical effects
modelled are inertia, viscous forces, and gravity; in equation (4.3) they are
heat convection, and heat conduction.

To see if any of these effects may be neglected (i.e. corresponding terms
neglected), it is usual to perform a nondimensionalisation. To do this we
require reference or scale values. These are usually obtained from the boundary
conditions without which equations (4.1-3) would be ill-posed i.e. not have a
unique solution.

Suppose we have the following scaling:

U for q, L for x, L/U for t

and T1 - To for T where To is usually the ambient temperature and T1 is some

tyvpical temperature.

Define the nondimensional variables by

’ P = ’
pu?

'tU P
W=

1%

"
X
| a

"
|| o

and T' =

The equations (4.1-3) become



dq s 1
7t (S'.V)S' = -Vp + e v S' e
ar' 1,
S ' ' - )
Re dt*‘q_'V’T -PrV'r

where V is with respect to the x' variables and k is the unit norma! in upward
vertical direction.

Three nondimensional parameters are required. We have the Reynolds number
Re = pUL/p, which compares the effects of inertia and viscosity, the Froude

nunber Fr = U2/Lg, which compares inertia ‘and gravity and the Prandtl number,

Pr = pc/K, which compares the viscous time scale with that of heat conduction.
. pcUL

Another commonly used parameter is the Peclet number, Pe = RePr = 5

Nondimensionalisation provides a mathematical (rather than, say, physical) means
of saving what terms may or may not be neglected in equations (4.1-3). For
example, for large Froude number the effect of gravity may be neglected. It only
appears in a single term with a small coefficient.

The scaling here is nol unique. How one chooses the correct scaling is an
art which has to be learned from experience.

i Medical Product Design and Celibration

91 e Mathematical Mode

Unilever Research recently developed a pregnancy testing kit under the
brand-name Clear Blue. This is based on antibody-antigen technology. When a
woman is pregnant antibodies are automatically produced and these show up in the
urine. The product is essentially a small container with a dip stick which has

antigen on its surface. If a reaction takes place the colour blue shows up much
in the same way as with litmus paper. Let X denote the antibody concentration
and Y denote the antigen concentration. The reaction is given as:

where kl and k_1 are the forward and backward reaction rates. It is vital to

know how long this reaction takes and the concentration of #(t) of the complex
XY as a function of time. To quantify this information requires a mathematical
model.



[X) concentration of X (in moles/n3)

concentration of Y (in moles/mz)

1Y)
[XY] = concentration of XY (in moles/mz).

We require the following constants:

a8, * initial Y concentration (moles/mz)

cy ¢ initial X concentration a& the reaction side wall (mo]es/md)
d : edge of vessel to surface - vessel is assumed to be 2d

D : diffusion coefficient of X (in mz/s).

Now clearly [X] satisfies the diffusion equation

AxX) APN)
aw b S
0xX
Also
a[Xx]
: = 0. (:5%2)
Ox -
Further
let=0 sey (since concentration is assumed uniform initially). (5,3
alx)
We need however the boundary condition at S g
= Ix=d
To facilitate the discussion let us introduce the notation:
u(x,t) = conc. of X i.e [X]
f(t) = conc. of XY i.e. [XY].
Now the law of mass action states
du
D F ™ (x;'t) ] = k_lﬂ(t) - klu(d.t) 1Y)
x=d
NB. - we are assuning that one molecule of X and one of Y combine to give

one of the complex XY.

11
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The initial concentration of Y is 8. this will be depleted by the amount of X

used up in the reaction. Therefore
[YJ(t) =a_ = (cd - [d ulx,t)dx).
o o Jo

Thus

d
= k .f(t) - k,uld,t) {a_ -cd + u(x.tldxl. (5.4)
-1 1 o o 0 J

du
(f‘-( (x,t)

x=d
In addition, there is the conservation of total number of species X, either in
solution or bound in the complex XY. This is given by

(d ulx,t)dx + #(t) = c d. (5.5
Jo i)

The equations (5.4) and (5.5) together imply

du

D = (x,t) 1

= k_,0(t) - kju(d,t) {ao = H(t)}. (5.6)

x=d
Summarising, we have the well-posed problem:
du d%u

0t (x,t) =D ;ﬁg (x,t) (5: 1)
X
subject to the initial condition

u(x,0) = S (5.8)

and the boundary conditions

fu
P (x,t) ) =0 (5.9)
x=0
Au
D o (£ o = k_IP(t) - klu(d,t)(aO - A(t)). (5.10)

5.2 Non-dimensionalisation

Introduce the nondimensional variables

' = x/d, t' = (Dot

and scale the dependent variables
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uhixt,ths ulx, t)/e_; gty = om/ao
and note that

d ax' 4 1 4

Pl vy S
and

a at' d D d

AR oAtz

Equation (5.7) reduces to

du' 02u'
= (x',t') = = (x',t")
it Jx.z ;

(5.8) to u'(x',0) =1

du' (x',t")
and (5.9) to v =
X

x'=1

We shall consider (5.10) in a little more detail.

lk '
o 0du
e S 3 ' ' - ' ' ' ' ' '
T e (Xt e ™ k_jaf'(t") - kjeu'(l,th)a - a f'(th)
du' s
v (x",t" = {k_lﬁ'(t') = klcou'(l,t')(l—G'(t'))}
e x'=1 o
kldao r k-] ]
= —B—{k — 0'(t) - u'(Lt ) -0ty (5.1
170

It is now convenient to define:

a
o
(a) the molar ratio m = ——
cod
k—1
(b) the reaction time scale ratio L = e
1%0
(k,c +k )d2
170 -1
(c) the diffusion reaction time scale E = — e =

so that (5.11) becomes
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du' Em
F*y (x ,t) i = ol (LE'(t") - (1-¢"(t" ))u (1,t7)).
Note
(k,c 4k d? =
Em 1571
14 k ‘cd
-1 o
(1 + el )D
170
daokl
e \

Dropping the 'primes' results in the nondimensionalised problem:

du 02u
5{ o ;_E {:5.12a)
X
subject to
u(x,0) =1 (5.12b)
and
du
™ (0,t) = 0 (5.12¢c)
X
and
Au Em
e ity = oL (LO(t) - (1-0(t))u(l,t) (5.12d)
together with
1
mé(t) + J ulx,tidxi = 1. (5.12e)
0

5.3 Integro-differential Derivation

The characteristics of the solution are particularly dependent upon the
order of magnitude of the parameter E, which physically represents how fast the
reaction at the 'wall' occurs compared with the diffusion adjustment within the
vessel. Of particular interest are the two extreme cases E << 1 and E >> 1. In
the case E << 1 (renction limited systems) the rcaction is slow compared to the
diffusion response, and consequently the X concentration gradient will be small.
If E >> 1 (diffusion limited systems) the diffusion response is slow compared to
the reaction, and it is expected that at the reaction side wall u will decrease
quickly before diffusion causes it to rise to the equilibrium value.
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In general the initial boundary-value problem (5.12) cannot be solved
analvtically. Using Laplace transforms it is possible, however, to reduce it to
a nonlinear Volterra integro-differential equation for f(t). We shall require
the convolution theorem for Laplace transforms and therefore state it now:
Define the convolution function h = ftg of the functions f and g by
t
h(t) = (f*g)(t) :J f(t-u)g(uldu.
0

The convolution theorem states:

Theorem
If h(t) = (frg)(t) then h(p) = t’"(p)\é(p).
Differentiate (5.12e) with respect to time:
dé 1 du
m 3t (t) + JO 7t (x,t) dx = O.

From (5.12a) it follows that

av 1 % du !
-m 57 (t) =J —= (X;t)dx.i= = (x;t)
dt 0 ﬁXZ ! 0x 0
de¢ tu
or -m v (t) = ‘7)‘( (x,t) s (5.,13)

using (5.12c).

Denote the Laplace transform of u in time by u where

ul(x,p) = r u(x,t)e_ptdt.
0

Taking Laplace transforms of equation (5.12a) and using the initial condition
(5.12b) results in

a4 )
2 (x,p) = pulx,p) - 1
dx

The general solution is

1
u(x,p) = - A(p) cosh(ypx) + B(p) sinh(ypx). (5.14)

Differentiating with respect to x,



du
I (XiP) = Alp) VP sinh(ypx) + B(p)yp cosh(ypx)

and the boundary condition (5.12c) at x = 0 implies B(p) = 0.

Therefore
du
a; (x,p)
x=1
e
Vp sinh Vp
and it follows from (5.14) that \
- l - -
uiil;p) = 5 + ux(l.p) k(p)
where
_ du
ux(l,p) = (x,p) )
x=1
_ cotanhy/p
d k(p) S,
an p JB

Inverting using the convolution theorem it follows that

t du
ufl,t) = 1 # J T (1,s) kit-s)ds
0
where
. X
k(t) = (2)"1% (142 T exp(-n2/t)). (5.15)
n=1
Note that x_l(l/p) = 1 and, from tables, we discover that z_](ﬁ(p)) = k(t)
above.

From the convolution theorem, we then identify
f(p) = ax (Lip) and g(p) = kip)

before applying the convolution theorem.

16
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Hence using (5.13)

t df
u(l,t) = l-mJ ds (s) k(t-s)ds. (5.16)
0

Once f is known equation (5.16) may be used to determine u on the boundary
x =1,

By (5.13) and (5.16) the condition (5.12d) becomes

df E

t df \
Tdt Tl

{L0(t) - (1-0(t)) (1-m| == (s) k(t-s)ds)| . (5.17)
o s J

This is & nonlineaer Volterra integro-differential equation for f, with initial

condition #(0) = 0. The kernel k is given by (5.15); it is weakly singular,
that is, k possesses an integrable singularity within the range of singularity.

5.4 Numerical Method

The equations to be solved are

t

#'(t) = C - Ef(t) - Cm(1-6(t)) J k(t-s) ¢'(s)ds (5.18)
0
with 6(0) = 0 and
t
u(l,t) =1 -m J k(t-s)8'(s)ds (5.19)
0
with the kernel k(t) defined by
w
kig)ee nty M2 (a2 I exp(-nz/t)). (5.20)

n=1
Here 0'(t) denotes diffcrentiation with respect to time and € = E/(14L).

Firstly, it is of interest to note that an asymptotic result exists for
small t,

/2

20213 372 4 01973,

#(t) ~Ct - 4/3 C'mx

Before we can obtain a numerical method it is first necessary to truncate the
infinite series in (5.20).

Let kl(t) denote the kernel truncated after [ terms, that is,

{
2(1+2 )3 exp(—nz/t ) )s
n=1

ky(t) = (rt)” Y
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Given T, £ > 0, ( is chosen so that

[k(t) - "1‘“' < €, for all t € |0,T]. (5.21)
Now
Ps w
lk(t) - k()] = 20072 8 expt-n®/t)
n=/+1
< 2(1L)—]/2 Jm exp(—nzlt)dn
/
o 3172
. { f ] b exp(-xz/Z)dx
x (2760 1/2¢
=1 - sti2z/)1/20)
where

o 1/2 2 :
olz)is o = exp(-t~/2)dt
d 0

is a normal distribution; tables of ¢(z) may be found in any statistical
reference textbook.

It follows that (5.21) is satisfied if ( is chosen so that

g2/ /2

) D11 =

We shall derive an explicit product integration method, the product Euler
method. The idea of product integration is: given two functions f(t) and g(t),
we write

1 N ot N=l ot5i
J f(t)g(t)dx = £ J f(t)g(t)dx = £ J pn(()g(t)d\:
0 320 It 3=0 Yt

where t. . = tj + At and NAt = T and where, for t € [tj, tj ), we approximate

Jt+1
f(t) by the n degree polynomial pn(t).

+1

Let At > 0 denote the time step size and let ty = iAt, i = O(1)N, NAt = T,

I " " v 3

t } - t

T = 1
l CAt? jAt(j+1)At NAt

-

In the following discussion ﬁi and uy will denote approximations to P(ti) and

u(l,tj) respectively.



Replacing k(t) by kl(t.) in (5.18) gives

' i1 Syl

[ (ti) =C - Eﬂ(ti) - On(l-(f(ti)l _L J kl(ti—sw (S)ds.
Jz=0 “Jt.

J

For t € ltj'tj+1] approximate A(t) by the linear Lagrange polynomial

1

AE l(t—t‘j)f)(tj+1) - (t—t.ﬂlm“’j”'
Then using the approximation \
Jtm n? 1 n? tis1  ds
expl- v 5 | T 173 98 Texp|- (T J Y
¢, b | o Yty Ty, e M4
J 1 J i
leads to the scheme
6L u=50
(o]
L e §-1 5q5)
e i - o = ‘\ o-c N SRR, S
it SkC Eéli Cmr (1 lii)At I 7(i-j) it y
Jj=0
i = 1(1IN
where the quadrature weights 7(i-j) are given by
1 / n2 t'j<l>l ds
7(i-J) = gr|1+2 I expl- ¥ ¢ [ 1
n=1 i 9 -tJ. (Li—s)

J =0(1)i-1, 1 = 1(1)N.

19

(5.22)

(5.23)

This scheme is implicit since the right hand side of (5.23) involves a term in

9?. so that at each time step a nonlinear equation must be solved.

On rearranging (5.23) takes the form

6, =g, + Fl6)

(5.24)

where gi_1 contains known (and previously calculated values) and F(Hj) involves

9?. The nonlinear equation (5.24) may be solved iteratively using
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(0)
# = H
i i-1

g'n! ”fn-l))' n=1,2,... .
i i

gi-l + F(

In practice, only one or two iterations are required.

Having found 0i, the epproximation u; to u(l.ti) is given by the

corresponding discretization of (5.19), namely

u =1
o

i-1
U U< i e
u, =1 -mr Y 6 J)(€j+l - Qj)' i = 1(1)N.

J=0

Note that in evaluating 0i the summation

i-2
=Nl - Loi-gid, . - 6
a; = (b, _, b 1i-)( a4 3

has already been computed and uy is then determined by

1/2

u, = 1 - Mz~ (1(1)6, - a.).
1 Al 1

Figure 5.1 and 5.2 show f(t) and u(l,t) as a function of time for different
parameter values. Note for E = 100 (>> 1) u(l,t) decreases rapidly before then
returning to its equilibrium level. This is an example of a diffusion limited
system.
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Lo.{ u(t)
ull,t)

0.6 4+

0.00 0.05 0.10 0.15 0.2 0.5 0.3 0.5 0.40 0.45 0.50

Figure 1 Ee+ 10, L = 0.001, m= 0.1

o

°
w
e e p—p—f

6(t)

e
©

e
@

o)
~

e
o

-

e
w

e
~
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Figure 2 E = 100, L = 0.0, m =1.0
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Consider smoke, that is a mixture of gases and particles, diffusing from a
tall chimney of height h into the atmosphere and convected by the prevailing
wind. It is important to know the concentration and, in particular, the maximum
concentration on the ground. This is especially so if the dust cloud is
radioactive like for instance Chernobyl, but it is also important for any
pollutant. The equations governing the transport of smoke are equations (4.1-3)
where T is to be interpreted as the concentration of particulate matter. These
particles are generally small (1 gm) and the effects of gravity can be neglected
(the Froude number based on wind speced and chimney height is large), and there
is an inversion laver in the lower atmosphere at & height d through which there
is no transport of smoke. At the ground the smoke will be deposited at a rate A
which depends on the terrain and the local concentration, and this rate is
usually determined experimentally. In general both the wind speed and the
diffusion coefficient will vary from point to point in a random manner, but we
shall, for simplicity, consider the problem in the two dimensional plane of the
prevailing wind. Further, we shall assume that U and D change only with height,
that is D = D(z), U = U(z). The steady-state convective diffusion equation for
the concentration c with diffusion coefficient D is, from equations (4.1-3),

(q.V)c = div(D grad c) (6.1)

where q = (U.O)T is the mean wind speed (which is in the direction x), and z is

measured vertically upwards so that U and D are in general functions of z (see
Fig. 6.1)

ne

inversion layer

U smoke

“—no — 5

h € L >
¢ ground P
Figure 6.1
Consider (6.1) in cartesian coordinates
dc @ dc a dc
Ulz) TAC 7% [D(z) T } e = [D(z) 7z } . (6.2)

The boundary conditions on c are

e dc
2:1=105 D ¥z 4y =z =d, 9z © 0

together with

x=0,c=Qélz-h); x ~w, ¢~ 0,
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where @ is the source strength emanating from the chimney.

Consider x' = x/(thlD) and z' = z/h. For simplicity consider U(z) = U,
D(z) = D

DY de p 1% #%c 1 A%
o Ul o0 =D +D v -
2| * ] 2 5

de [D ]2 e i

o G T {th) g2 b il

2 A\
D J°c .
Thus if :— << 1 then the term — can be neglected.
Uh a2

For the problem to remain well-posed it is necessary also to omit the
boundary condition ¢ = 0 as x = @. In the original variables the equation (6.2)
reduces to

de 0 dc ‘
Ulz) . = 9z D(z) 7zl (6.3)

z

To be able to proceed further analytically we further assume

(b) Ulz) = U, D(z) =D i.e. Ulz) and D(z) are assumed independent of z.

We introduce the nondimensional variables and scaling:

2

Uh
x = ﬁ/ o1 2' = z/h; c¢' =c/Q

so that (6.3) (with D(z) = D, U(z) = U) becomes

D Ac' D ﬁzc'
U@ « —5 75 =2 Q@5 T o
th % h2 02.2
dc 02c'
or e = (6.4)
L’)\ aznz

subject to
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de' dc'

"= ==, = 0 =i, =i = 04 (6.4a,b)
z 0, ;o 05 iz LI e 0 a

x=0, ¢ =dz' - 1) (6.4c)

(For clarity we now drop the superscripts.)

6.3 Laplace transform solution

Define a Laplace transform

E(p,z) = [T e-px clx,z)dx

Y0
\
so that
a% _
~ 5 (pz) - pelpyz) = -8(z-1) (6.5)
dz
ic
with a5 = 0 on z=0 and 2z - .
The solution is
cip,2) = Ae VP TE (6.6a)
- Be?VP 4 WP, 4 (6.6b)
where
A= B(ezJB + 1) and (6.7a)
l-Ae-‘/B - B«e‘/;’ - e"/f’)m') =51 (6.7b)

It is easily checked that the solution (6.6) satisfies the differential equation
(6.5) and the two boundary conditions above. Condition (6.7a) arises from the
requirement for continuity of the solution across z = 1. Condition (6.7b)
results from integrating equation (6.5) with respect to z. Thus

de
- a;'(p,z)

dc
G (p,z)

z=1 2=

5 p[m clp,z)dz = -Jq flz-1)dz = -1.
1 Y0 0

Note that the term

Jm E(p.z)dz
0
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vanishes when (6.7a) is employed and (6.7b) is obtaincd.
Now the concentration at the ground c(p,o) (in transform space) is

2B

E(p.o)
.
VP

This Laplace transform can be inverted from look-up tables (Spiegel, Shaum
series p.250) or directly by contour integration

€

1 epx—JB

c(x,0) = 53
2ri
r vw

noting the branch point at p = 0.

dp

Either way we obtain

1
cl(x,0) = -— expl(-1/4x),
X
; . 1/72 \
which has a maximum value of (2/7e) at x = 3.
In dimensional variables the ground concentration is (Q/U)(Z/Je)l/2 at a

distance th/2D from the chimney. This of course depends upon the assumption
that Uh/D >> 1.

Thus provided Uh/D >> 1 this analysis has given us a ball-park indication

as to the likely concentration of pollutant and where it is likely to be a
maximum.

An alternative means of obtaining E(p,z) is to further take Laplace
transforms of (6.5) with respect to z:

a% )
—3 (p)2) - pe(pyz) = -f(z-1).
dz

Define

é(p,q) = Jm e 9% c(p,z)dz
0



d"c dc

-
NB. e 9% 3 dz = byt e-qzlo + qlﬂ e 92 dz
4 ()

dc_zm - —az|® 2 e
= aieq|o+qceqlo+qrechz
0

= -qE(p,o) + q2<=:

- ® -~ -
', -qclp,o) + qzé(p,q) - pclp,q) = -| e 9% Mz-1)dz = -e 9
Y0
_ gclp,0)-e 9 A
cip,q) = i T
q -p
q 1
& e o e 254
Sty c(p,0) 7 €
g -p q”-p
i _ z sinh\/fa(z-u)
c(p,z) = cosh/pz.c(p,o0) - - é(u-1)du.
Y0 VP
Thus
c(p,z) = cosh/pz c(p,0) if =z <1
_ sinhy/p(z-1)
= coshypz c(p,0) - —————— if 2z > 1.
VP
But the boundary condition
dec
lim Pz (pyz) = 0

FALY
has not yet been utilised.
Now

dc
7 (p,z) = Jpsinh/pz c(0,p) - cosh\/;_)(z—l) for z > 1



- coshJB(z-l)
.. clp,0) = lim —————
z+0 \psinh/pz
Wplz-1) | ~/plz-1)
= lim N

2-wm VIF—)( e\/f:z _ e-J]-:.)Z )

VP, VP-2/pz

= lim ———p——

Z-m JE(I-e_ZJBZ)

6.4 A Numerical Solution

To obtain more detailed results for the general problem it would be
necessary to resort to a numerical method. It is known that U(z) is a parabola
(to a good approximation) in z and D(z) probably increases slightly with
increasing z. From a numerical point of view it is probably more effective to
treat the problem as time dependent and seek the steady state solution as t - .
Thus we seek a solution to the following problem:

dec 620 de @ de
it = D(2) ;"5 - Ulz) = + 3; D(z) p P
X
subject to the initial condition
c(x,z,0) =0
and boundary conditions

c(0,z,t) = f(z-h)

de

D = (%50,t) = 4
dc

3z ix.d,t) =0
lim c(x,z,t) = 0.

X=m
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At de/dz = 0
d ——— e e i e —— - —
c=0
c= clm,z,t) =0
c=0
- I - — - s 3 ——" )x
(U]
dc
ey
Figure 6.2

Figure 6.2 indicates the region in which we wish a solution and the boundary
conditions.

One method of solution is Alternating Direction Implicit Methods or ADI
methods. We shall illustrate their use on the somewhat simpler problem, while
reserving the problem at hand for an exercise.

Consider

du 2w %

o ;;E ;;E
subject to uix,v,0) = fix,v)
and ul0;3;£) = 0

ul vyt = 0
u(x,0,t) = 0

ulx,l,t) 0.

Define Ax = Ay = h so that (N+l1)h = 1



-7
. et — —
o = =
A i B 5
(n+1)At
e = =
At //./_/"//
(n+11 ¥ At >
y
i
o =
it = LI,

Consider the Peaceman-Rachford method

*
(l—rﬁzx)Upfl = (1+r62y)Un.
17) 1)
2. n+l 2 . n+1?
-répU™ = (14U
1) 1)
where
Fal s, e,
i) i+l,J i i-1,)
and r = At/h2 and U?i is an approximation to U(idx, jdy, nit).

Note that these equations require the solution of N tridiagonal systems of
equations per half time step (see Mitchell and Griffith (1980)).

29
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fike Furnace Reaction Rate

This problem is essentially an inverse problem: that is given some
experimental data can we determine a model which will allow us to "fit' some
unltnovn sample property parameters.

This chapter is an excrcise in nondimensional scaling and the use of a
regular perturbation expansion.

(ne technique of analysing the properties of a given chemical sample is to
heal it continuously in & furnace to a temperature at which a reaction takes
place, and Lo compare the temperature profile in the sample with that in the
furnace.

7.1 The Phvsical Model \

For simplicity consider a onc dimensional mode), that is the sample is an
infinite block of width 2L, heated from both sides with no heat transfer
parallel to its sides (see Fig. 7.1

Tl x=0) 1 sample

/
- e ————eee—— —— 1t

o
Figure 7.1
The temperature of the furnace TFH\'] can be regulated. Wwe consider a

problem in which the furnace is heated at a uniform (and known) rate ;’[Ks_]] so

that

T (t) =T + Jt t7.0)
F o

where TOIK] is the temperature of the environment.

If the v-dimensions are much larger than L we need only consider a
onc-dimensional model, that is the temperature only depends on x and t

T = Tlx, k),

Thus we seek a solution in the region portrayed by Fig. 7.2,



furnace furnace

sample

AN NN
TP LA LA

Figure 7.2

A thermocouple is placed at the centre of the sample (x = 0) to measurce the

temperature T(0,t).  The problem is to determine the constants which describe
the reaction, namely the heat of reaction A, the activation energy E, and the

% . . " o
rate constant A given the experimental observation (see Fig. 7.3)
\)
T l---------3
max |
Zi )
(sample) ’ ||
T(0,t) g |
T(K] P | Ti.(t) (furnace)
. I
1
T |
° 1
SEET M I W == tisl
max
Figure 7.3

In Fig. 7.3 above t v T
max’' Tmax

can easily be measured {rom experimental evidence.

7.2 A mathematical model .

A g

_and the area Q between the curves T(0,t) and TF
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(t)

If a(x,t) is the mass fraction of active material then from the (classical)

Arrhenius law

¥ T -Ao exp(-E/RT) (7
where E is the activation energy needed to get the reaction started |J kr:—l
and R is the universal gas constant per unit of mass [J kg-l}(—l].

Note a = a(x,t) - hence the partial derivative.
In the sample heat transfer is governed by conduction - hence
a7 azT do
pc:,,—t=k—§—plﬁ {7

ax

.2)

]
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va
vhere -pl it should be regarded as a gource term; the chemical reaction is

assumed to be exothermic and it generates heat in the sample. Here we have

p : density kg m o)

c : specific heat [Jie” 'K
K : thermal conductivity le-IK-]l or equivalently lJm_ls-lK_ll
do
Q(= -pl 5{) : production of heat per unit volume and time, due to the
3 -1

chemical reaction [Jm “s ']

J : heat of the reaction leE]]
T : unbsolute temperature IK] (i.e. degrecs kelvin) .,

The initial/boundary conditions are that no reaction takes pluce at. t = 0 so
that ¢ = 1 and ¢ > 0 for all t.

aT

Also T = '1’0 at t = 0 and symmetry at x = 0 implies Fel 0’

For heating duc to the furnace at x = L, a simple model is to assume that a
heat transfer coefficient h from the furnace to the sample is known so Lhat

JT
hx:h(TF(t)-T). (7.4)
: -2 -1.-1 .
The units of h are [Jm “s 'K ]. .

(Note there should be no confusion between the thermal cornductivity K and
degrees Kelvin [K}.)
7.3 The scaled model

We now nondimensionalise the problem using the scaled variables

X = x/L; t'= t/(Lz/(K/pc)) (conduction time scale): T' = (T-TOD/(J/CL

Recall that
d 14 a k 4
wELa o WE g

where k is the thermal diffusivity = K/pclmzé-]]. (Thermal diffusivity is the
analogue of diffusion coefficient.)
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Thus
. 2
kK a°T k 0T k e
= BES S w NG o —as, & I)J = =
LZ ﬁx'z LZ ot LZ 8
*1T ot do
or 5-75 = a3 + (A/c) FI
X
A \
Now T' = (T-T )/td/c) or T= T™ 47
o c 0
2 L L
A 9°T A 0T 1] de
ozl wme e
X
vielding
Jert aT de
—=z 7= + T 0 ¢(x <1, (7.5)
PR

Equation (7.2) can be similarly nondimensionalised:

-

da -1
2 e = A EXPYRIEY (/)T +T )

da L%A -1 1
= (—7[. = T a exp ——*——T—u——T- :l.-.,
(RT /E)ll + l—u T
(e} el
o
b -1 1 -
= Ao exp| T (7.6)
with
Y ALZ RTO
A= ® "¢ S and ¢ = E;

The boundary conditions become




ar’
x =0, (9X=0
K A T
o =, =, =, =hiT_+# -T
: o i ¢ & K 0
szc i N
= L L
=hiT + 4 Pt b
ar’ t "
[=) -h (T'-ut") .
Z. 2
+ pc LB
where h™ = hL/K and v = = j= .

The initial conditions are

= at t =0

and T' =0 at t' = 0.

There are five nondimensional parameters, three of which are unknown
constants, h (which is given) and v which is not known but can be varied. We
summarise:

4 L pcA LA

i =ade )
RT
o
€ :'_E"’
A
R
cT
o
e
" K

>

pchzﬁ cL“4

T ST

Note we have reduced the problem from 11 dimensional parameters
p,c.K.J.A.E,R.h,d,TO and L to 5 nondimensional parameters.

If all are 0(1) the problem is very hard and would require a numerical

solution; and fitting At,E.A from numerical results is non-trivial. To make
(analytic) progress, therefore, consider « << 1, that is the temperzcture is
increased slowly. However, os ¢ —+ 0 the furnace heating term will disappear.
This tells us that we must rescale time. Write



r=vt' and note i, = --

T A aa [ifr' tia]

AR IR T TR (1.8)
Ux
and equation (7.6) becomes
do  _ -1 \
" F = A e T (7.9)
" ~ %
with A=A/,
Boundary and initial conditions become
o’ i,
X" = 0, (3;.:0; N =l (z,;.:—h (T'-1)
r=0, a=1 and T' = 0.
7.4 Regular perturbation analysis
We require to solve for small ¢ (<< 1)
P AT da
we bt (7.108)
and
da [ -1 ]
= T Aa e.\'pl(‘m?,ﬂJ (7.10b)
subject to
0T 0T
x=0, 52=20;, x=1, == = -h(T-r) (7.10c,d)
ox dx
r=90, a#a=1 and T =0, (7.10e,f)
%
Note superscripts (' and ) have been dropped from now on for clarity.

We seek a regular expansion in powers of «:

(1) 2

(o) + 0(¢

Ty T + «T

0(0) % ”(1) % 0(u2).

Q
n
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Equation (7.10a) becomes

22 o [(ﬁ(o) ALY
— (T'% 4+ 0(v)) = ¢|-5— + —5— + O(&)
d‘,Z l?r df
ﬁZT(o)
3 -~ =z 0, on equating terms independent of v
0x
T(O) = A+Bx (where A and B could be functions of r. A should not be

confused with the A of (7.10b)).

The boundary conditions then imply

o1t (o)
4 =0 i.e. Bi=0, ‘thusT = Al
X
But
ﬁT(O) (o) (o)
] = -h(T " '-r) and so T 2l 8
ax
Therefore
T=r+ T ix,n + 0062, (7.11)
L. (o) (1) 2 ; ; = : - :
Lsing a = o + w0 + 0(«“) and substituting (7.11) into (7.10b) results in
ﬁD(O) (o) [ .
ettt O(u)| = Ala + 0(;))expl;(T1;T7;67:37
or
50‘0) -1
= e S An(O)e\ e
i- PIT+En

equating terms independent of «.

Therefore

(o) (o) g -1
na " "(1) - Ina ""(0) = -Al eXpP( (1767 dr'
0

(o) d =1
Cooe (1) = exp -AJ eXP| T 13670) dr'
0



C.oalry = n(O)(r) + yn(

1)(7) + 0(u'2)

with 0(0)(7) as above.

NB. u(O)(r) is a function of r only, but we cannot assume that 1

independent of x.

Substitute (7.11) and (7.12) into (7.10a) to obtain

ﬁzT(l) ) aa(o) ﬁa(K) >
R = + 0(¢") = w7z + v 3 + 0(v™)
P 2 ir ar
X
ﬁT(O) ﬁT(ll \
+ ;7_T + 'ﬂ_' + 0(u)

and. equating powers of «, gives

02T(1) Uo(o) JT(O)
sl — iy + 3= =b(0)+1
in2 dr dr
with boundary conditions
dT(l) dT(l) o)
x=z0, =—— =0 and x = 1%, "5 = -hT :
0N (15N
From (7.13) we obtain
‘2
T =1 s !y e ex e
But
dT(l)
i - 0 implies C = 0.
x=0
Further
dT(l) (1) (o) , 1
% = -hT implies D = —(142 ) B N
Thus

‘

2
x -1 1
54 [T Y
T = (l+a )[ 2 }J

(1)

Jit

is also

{133
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and so

el 2
T = r+e(l + & )‘2—--;‘+0(u')
is a consistent expansion tor T if the constants involved are all of order 1,
except near 7 = 0 where the initial condition T = 0 has not bcen satisfied,
However, tor small r the reaction will hardly have started and su this is not of
great interest.

The principal question of interest for us is: Does this expansion for T
(evaluated at x = 0) give the form disg*l‘a,vc-d in Figure 7.3, that is can
constants A,¢ and ¢ be chosen so that the observed results can be fitted by

1 1 -1 ; -1 ] |
Tx:O =T 4+ 3 + h {A ex})[’—Ti-J?i] [-AJO exp ﬁ"ﬁ;;.—)J dr ] - IJ. (7.14)
Given the experimental measurements
T(O,tj), 3 =i 12y snee N

the parameters A,¢ and ¢ may be fitted by a & least squares technique.

8. The classical Stefan problem

8.1 Single phase: melting ice or the gin and tonic problem

A simple version of a Stefan problem is the melting of a semi-infinite sheet of
ice, initially at the melting temperaturce, taken to be zero, the surface of
which is raised at time t = 0 to a temperature above zero, at which it is
subsequently maintained. A boundary surface or interface on which melting
occurs, moves from the surface into the sheet and separates a region of water
from one of ice at zero temperature as in Figure 8.1

A
T | %) i
| ;\/
| N~/
I 7
water | ;'/’
| ice water s ice
| /
| /
| /
/
S L A
>
x=s(t) X c !l x

path of melting interface
Fig. 8.1 Fig. 8.2

The path of the melting interface, s(t), in the x-t plane is shown in
Figure 8.2, where s(t) denotes the thickness of the water phase at time t and x
is the space coordinate measured from the outer surface of the sheet, x = 0.
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If Ti(x,t) denotes the temperaturce distribution in the water at time t, the

problem is to find the pair of unknowns T(x,t) and S(t) by solving the heat-flow
equation

amo
QPFE:K(;\"E . 0 ¢ x ¢s(t), t>0 (8.1a)

subject to a fixed boundary condition

Ti= To' x=0; t>0 (8.1b)
where To is the constant surface temperature, and initial conditions

T=0, x>0, t=0 (8.1c)
s(0) = 0. (8.1d)

In equation (8.1a) the specific heat c, density p, and heat conductivity K are
assumed to be constants. Two further conditions arc required on the moving
surface, one to provide the sccond boundary condition necessary for the solution
of the second order equation (8.1a) and the other to determine the position of
the interface itself. In this problem they are

T =0 (8.1e)
aT ds at x = s(t), t>0
-K i Lp at (8.11)

where L leg-ll is the latent heat required to melt the ice.

Equation (8.1f) is known as the 'Stefan condition' and it expresses the
heat balance on the interface (see section 8.3).

8.2 Two ases

1f the ice is initially at & temperature below the melting temperature,
heat flow occurs in both the water and ice phases. This two-phase problem is to

find the triple lTl(x,t). Tzlx.t), s(t)), where T1 and T2 denote the

temperatures in the water and ice phases respectively. A typical example is a
finite sheet of ice occupying the space 0 < s(t) ¢ x ¢ [, where

ﬁTi dzTi
c; Pyt C hi ;:E" , 1=1,2 (8.2a)

where [ is as given in Figure 8.2.



The Stefan conditions

= = .2b)
T1 T2 0 (8.2b

X = s(t)
(fT lﬂ"l (}S

Ko 57— =K, 77— = p == (8.2c)
2 1x 1 Ax '
and for the time being volume changes on melting are assumed negligible i.e. ice
and water have the same density p, so that Py =Py =p.

A\
8.3 The Stefan condition

The Stefan condition (8.2c) is easily derived by referring to Figure 8.3
which shows the boundary moving a distance #x in time At.

il
water /| et
1%
_____ 7
T=0 a7 AT,
1 é 2
_}\1 dx /1 -}\2 o
J
ex -_—>x
Fig. 8.3
In order to melt the ice contained per unit area perpendicular to x in the
0T
1
shaded region an amount of heat Lpéx is required. An amount of heat —K].‘L .
1"2

enters the shaded element from the water phase and -Kzft 4o escapes into the

ice. Assuming there are no heat sources on the interface the heat balance of
the shaded element requires that
ﬁTl n\TZ éx

xR R

dx ds
which in the limit gives (8.2c) with gt agon the interface.

8.4 Nondimensional Form of the Stefan Problem

Equations (8.1) can be reduced to non-dimensional form using the scaling

K
x' =ity th o= ['-——}t, u=T/T, s' =g/l
,2 o
cp
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where [ is some standard length. Equation (8.la) becomes

K du L d°u
eple===IT. » 370 = K| 5] —3
cplz o] (3t (Z (’)‘uz

or v = ;};'2 i 0 ¢x <s'(t)y, t'>0. (8.3a)
Further \

usl, x'"=0, t'">0 (8.3b)

u=z0, x'">0, t' =0 (8.3c)

s'(0) = 0

and

u=z20

Ty & K1 ds' at x' =s'(t'), t'>O0.
e s cp,z}a

The last two conditions on the free surface give

u.:=-0

b ds* ot x" = sMie'y, & >0 (8.3d,e)

= C A %

where A = (L/cTO) is a dimensionless 'latent heat' and 1/} is the Stefan number .

du
For a given (non-dimensional) heat flux ENL if ¥ <¢ 1 fiJe. L «« CTO) then

s’
a 5> 1, that is if the latent heat required to change the phase is small then
the phase change will occur rapidly or equivalently the moving boundary will
move rapidly.

The two phase system of Section 8.2 can similarly be expressed in
non—-dimensional variables:
K
(o)
' - . — o = . -
%! = xfl, t = t, u = Ti/To' s' = s/l
c pl

where T 0 h and c, are any typical velues of temperature, thermal conductivity

and spec1fxc heat respectxvelv This results in the non-dimensional equations



., ﬁzu.
i
i Ki ;*TE . 1. 2 1452, (8.4a)
X

where k. = (K./K )(c /c.) and
i i"70" 0 T

ﬁuz Au 2 x! = o' [t (8.4b,c)

where

7i = hi/(“\o).

8.5 XNumerical Methods

A great deal of work has been done in this field over the last 10-15 yvears.
The two most relevant recent books are that by Crank (1987) and Elliott and
Ockendon (1982). We shall not here discuss front tracking methods or the
enthalpy method, but shall consider the introduction of “immobilization
variables" which will have the effect of fixing the moving boundary and
incorporating it within the differential equation itself.

Consider equation (8.3)

0 < x € stt), 20 (8.5a)

c
"
—
s
n
o
lad
o
o
[$]]
o

ui= 0, XD 05 €

"
o
o]
w
(9]

s(0) = 0 (8.5d)
together with
u =10 (8.5¢e)

du ds at x = s(t), t>0

=4 it (8.5f)

ix
where the ' have been dropped for clarity.

Now consider the transformation { = x/s(t) which fixes the melting boundary
at £ = 1 for all t.



we thus obtain

Ju 1 du du [ 1 }2 Fu
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"_"=—_— T — - A 5
dx ~ s(t) d¢ ﬂxz s(t) d£2
du X ds u (u
and FF 7 ral TR TY (8.6)
at (S(t))z dt d¢ T dt
so that (8.5a) and (8.5f) become rcschL{veJy
2 .
0 u 2 fu ds 0u
;;E =s G s 3t Bz , 0¢cEcy, o 0 (8.7)
§
and
1 du ds
g el AE b 820 (8.8)
NB: to obtain (8.6) we consider the change of variables 7 = fi(x,t) =1 and
= glx,t) = x/s(t) and use the chain rule. Thus
du Ar du g du
F A odr ot A
gt du dg du
= 32 . ?? + ﬁz . ﬁz
Au -2 iu
=4 EF + (-x(s(t)) “s (L)) 62 etc.
Thus the problem has now been reduced to:
2 du ﬁzu ds du
_— = —— ( — == 4
I P ﬁfz +s{ gy 3¢ 0¢¢&c¢l, t> 0 (8.9a)
with initial conditions
u=0, £>0, t= 0 (8.9b)
and s(0) =0 (8.9¢c)
and fixed boundary conditions
ass 1 £ =0, R 0 (8.9d)
and
u=20
1 du ds at £ =1, t>0. (8.9e,f)
SEE e



To solve this

t]

At i

u=1

A Crank-Nicolson type finite difference scheme gives

Jd E?’ s(0 oo

)=0

n
s +s
[ 2

n-1 2 u?-u
5t
3

n-1
i
3 -

u=

0 1

i n-1 n_gn 1
2 {i At

0 1 = 142 s o g N1

0

15 n =0 142

=10, n=20,1,2,.::

S I

| T =4 o 1525 v

iAf and {i s fi-l + AL

ndit and t_=t + At
n n-1

problem numerically consider the grid

_ U
i+17v-1
“—'ESE——— i=1,2,...,N and n=1,2,...

(8.
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= ZUQ'I parl ]/(A{)

10a)

.10b)

.10c)

.10d)

.10e)

.10f)
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UT denotes the finite difference approximation u(idx, nit)
s" denotes s(nit).

Clearly to solve (8.10) requires the solution of a nonlinear set of equations at
each time step.

This approach dates back to 1957 and there are argusbly better methods
(e.g. enthalpy etc.) now in existence. However, for real problems as opposed to
model problems (see Section Y) this direct approach still has a lot to recommend
it,

A\
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9, Deicing helicopter blades

Helicopter rotors are extremely sensitive to icing conditions. The
relatively small size and high subsonic speeds achieved by rotors make them
efficient collectors of ice which very quickly deforms the aerofoil profile and
results in damaging effects to both the serodynamic and dynamic characteristics
of the rotor. One of the most viable means of providing rotor protection, due
to low energy requirements, appears to be an electrothermal deicing system.
This consists of an electrical heating element embedded in the blade near the
surface to be deiced.

This chapter will be involved in building & mathematical model to predict
the best on/off switching strategy and, the electrical power required.

9.1 The physical model

The heater is placed (typically) 0.5 mm from the upper slab boundary or
blade surface. The heater when energised is capeble of producing & heating

intensity of 20-27W/square inch (31-42 KW/mz). The ice adhering to the blade
surface is assumed to have & uniform thickness in the range 5-10 mm: physical
properties of ice are displaved in Table 1. It is assumed that the upper

surface of the ice radiates into an air environment at -20°C by Newton cooling:
the heat transfer coefficient at the ice/air interface is in the range

500-1000 W/mZK. Furthermore it is assumed that the above blade/ice system is

initially at the external environmental temperature of -20°C (prior to
energising the heater mat). When the heater mat is switched on, the blade and
jce will warm up by transient conduction. The production of heat as a result of
passing a current through a wire (or in this case a wire mat) is usually called
Joule heating. Finally, so as to simulate the small convective heat transfer
from the blade (which is made of reinforced glass fibre) to the air within the
blade cavity, the lower boundary of the slab is assumed to be insulated.

Blade Water lee

Luatent heat of fusion LiJ,%g) . 325 10"
Fusion temperature T,(K) 273
Density plkg m?) 1800 998 916
Specific heat (3 kgK) 879 4174 2106
Thermal conductivity KW mK) 034 0.554 2:3
I'hickness of blade D(mm) s
Initial thickness of ice H(mm) 5-10
Inihal and environmental
temperature T(K) 253
Airice heat transfer coefficient AW m*K) 500 1000
Heater input q (W,sqins, kW, m?) (20-27, 30 42)

Table 1

9.2 The mathematical model

The model is constructed in two staces associated with the warm-up period
and the melting regime.



9.2a The warm-up period

Let z measure the distance normal to the lower blede surface and let the
blade/ice interface be located at z = D. The heater mat is located at

* %
2 =D (< D): let z measure the normal distance from the blade/ice interface

b3
into the ice-laver and let the ice/air interface be located at z = H.
In the blade z ¢ (0,D}, t > O

2 .
ATy, 0T, N

2 = 5{' (9.1a)

k
5 0z

where T, is the blade temperature, k,_ = Kb/p c_ is the thermal diffusivity and
b b b Py,

t is the time.

%
In the ice laver z ¢ [O,H], t > O

Ky ~13 * I (9.1b)
where TI is the ice temperature and kI = KI/pIcp ig its thermal diffusivity.
I

The boundary conditions for t > 0 are as follows:

7 =% ==0 (9.1c)

Ko ll=— I = -qlt), z=D; (9.1d)
bl |z 2=D3+ oz —

AT AT
1 b :
TI = Tb' hI 5;; = hb iz at z=Dand z = 0; (9.1e,f)
and finally
aTI
(. —— = » e (9.1g)
hI az‘ = —h(TI Ti). z = H. .

The initial conditions are

b 3
= Ti at t=0 for z ¢ [0,D) and z ¢ [O,H]. (9.1 hyah)
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Figure 9.1 illustrates the situation.

#TI
b3
z 2z K s -h(TI-T.)
T T 0z A ‘//,ice/air interface
1” -l) /blud('/i(:c interfnce
B i R e e < heating element
+ D
\
ﬂb
iz = °
Figure 9.1

In the above Ti denotes the initial temperature taken to be the ice/air

environmental temperature, h is the ice/air convective heat transfer coefficient
and q is the heat flux produced by the henter when switched on. In gencral g
will be a function of t to allow for switched on-off heater simulations.

An alternative formulation of the blade svstem (9.1a-d) is to write these
equations as a single equation

A2
0°T, (?Tb

s
L R q(t)&(z-D ), for t > 0, z ¢ [0,D], (9.2)
0z b~

where the Dirac delta function

£(z-0*) = 0 for z ¢ D'

%
[D $€

Iy szdhidz = 1,
D -¢

These formulations are identical.
The simplest transient response to investigate is that due to
q(t) = q, a constant for t > 0. (9.3)

The warm-up period for the blade and ice will proceed for t ¢ tm' where tm is

the time taken for the ice/blade interfece to reach the ice fusion temperature
TF' and tm is determined from solving the transcendental equation

TI(O.tm) = Tb(D.tm) = TF' ) (9.4)

For t t'm it is necessary to investigate the melting regime.
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9.2b The melting regime

At time t > t,m assume that the melt has penetrated a distance E(t) into the

ice region. Let the suffix ¢ denote the water properties.

For t > tm the governing equations for the blade/water/ice system are as

follows:
o, o,
for z ¢ (0,D] kb RS ; (9.5a)
0z \
gr i
s w w
for z ¢ [0, E(t)] kw i C At (9.5b)
dz
#T. 4T
" I I
for z € [E(t),H] k1 . eI T (9.5¢)
2z
The boundary conditions are:
”Tb
z=0, 37 = 0; (9.5d)
z
% hb ﬁrb
| TRt S L (9.5¢)
0Tw ﬂTb
z =0, Tw = Tb' hw ;z; = Kb g (9.5f)
(z=D)
*_E T,.=T =T (9.5g)
B=E AL %% F +VF
% QTI ﬁTw dE
2= E, K —: -K, —37pPLy (9.5h)
1 dz‘ W dz‘ 1 dt
0TI
. — = (9.5i)
z = H, KI 5 —h(TI - Ti) ‘
iz

Note that in equation (9.5h) the change in the volume in the ice and water at
phase change has been neglected.



At it = Ln the initial conditions arc
1

2 = T (9.35))
z € 10,D), Tl)“"t) Tb( tm) 3)
% ) % _
= 19.5k)
z € (O,H), Tl(z vk} Tl(z ,tm) y.5
E(t ) = 0. 19.5()
m

Note that the mathemalical model has been formulated under the assumption that
there is no vaporization of the water laver. The criteria for this, and other
delineating situations, are readily deduced on seeking asymptotic solutions of
the governing equations for large t.

Firstly it is easy to establish that if

q < qp = h(T, = T,)/(1+hH/k

)
F I
there can never be any melting since the asymptotic solution predicts that all
the heat liberated by the mat is conducted away across the ice and that the
blade/ice temperature always remains below TF' Secondly there is a value of the

heater strength a, above which all the ice will be removed if the heater is
energised for long enough. It is not surprising that Q, = h(TF - Ti) and that

its value is independent of the ice thickness.

The third value for heater strencth of interest is that which would, if the
heater were left on long enough, raise the temperaturce of the water adijacent to
the blade to its boiling temperaturs. The value of this is assessed by firstly
assuming the ice layer does not totally melt., in which case the maximum
temperature at the blade surface is the asymptotic value appropriate to lincar
temperature profiles. Under this assumption

[ K ATg = Tp)
1

i S e )
1

1
q, = h{T_ - T.)
3 1°F

F~ '’ (1+hH 7)\“1'3
where TB is the boiling temperature.

Therefore if a; ¢ q < a.,, there will be some vaporization of the water laver
for the specified value of H, while if a, < a, and q < a, it is less obvious
what happens because without detailed information about the rate of melting it

is not clear whether the complete ice laver melts before the blade surface
reaches temperature TB. It is, however, possible to make an estimate of this by

assuming the temperature profile across the water laver is linear at the time
the ice is completely melted (this is only an approximation because the system
is transient in this case), and since the temperature gradient is now given,
both q and

&
K—.
Y
0= z':O
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are known, which yields

l\w(Tlo,U = TF)

Qz ——¢{ -

Thus if the temperature just reaches the boiling point TB' the corresponding
value of q, denoted by 9 is

I\H(TB = TF)

9 * H ’

The values of Qpr Gy Ay and q, are listed in Table 2 for a range of values of

the heat transfer coefficient h and ice thickness H for properties given in
Table 1.

h(W/m’K) H (mm) q, (kW/m?) q; (kW.m?) q, (kW/m?) 9. (kW/m?)
500.00 | 821 10 1810 §§40
500.00 {] 4.19 10 10 56 11.08
500.00 10 315 10 6.94 5.54
500 00 15 235 10 51 3.69
500.00 20 186 10 412 mnm
500 00 25 1.55 10 Ja2 2.21
500.00 50 0.84 10 1.85 111
500.00 100 044 10 096 055
¥ 1 46.00 = 101 39 5540
5 920 x 2027 1108
x 10 4.60 x 10 14 554
x 15 3.07 x 676 369
x 20 230 x 507 2m
x 25 184 x 405 222
x 50 092 o 202 111
x 100 046 x 1.01 0.55
Table 2

9.3 Nondimensionalisation

For the warm-up period introduce the following dimensionless variables:

Blade

b °F
Tk (T--TO) (9.6a,b)
1 i

2! =z/D, t'= kIt/Hz. Aiz" ;') =
F
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Ice laver
(Te - T,)
b s ot B s it t'i-——-F——L
s e R e

The governing equations now transform to the following dimensionless form.

In the blade z' € [0,1]), t' > O

2
if il
-t o ek (9.7)
0z
1
and in the ice layer z‘ € [0,1); t'H o0 \
e o
S Aar e (9.8)
‘l 1
Jz 2 7 at
The boundary conditions for t > O are as follows:
J0
z' =0, T = 0 (9.9a)
z
A ad
Gy = _ e =
SI ZO d 02' v_t (,Z. P -Q (9.9b)
z2'=2 . 2z =z
o o
A d6 a¥
z' =1; 20 = 0; @' b¥, y O e (9.9¢c)
z R
and finally
%! Aé
z =115, —37 < B.(1+¢). (9.9d)
0z 4
The initial conditions for t' = 0 are
z' € [0,1], = -b
0 (9.9e,f)
z € (0,1], $ = =1
In the above the following dimensionless constants have been introduced.
. P = s
a = D/H, ¥ & D/D, b= hb/KI.
2
ab D kI (9.10a,b)
Q = and a = —5— ,

KI(TF = Ti) szb
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together with the dimensionless Biot number
B. = = (9.10c)

Once again if the heater mat flux is kept constant for t > 0, namely,
Q = constant,

then the dimensionless time t; taken for the blade/ice interface to reach fusion
temperature is determined on solving the transcendental equation
9(1,tm) = y(O.tm) = 0l
A\
For the melting regime t' » té the governing equations are

nondimensionalised in a similar fashion.

Blade
; Kb(TF - Tb)
2' = 2/D, t' = K. t/H, (2 yt") =2 = oo = o - (9.11a)
1 }\I(TF Ti)
Water laver
K(T. - T)
5! % . 2 o w F w
z =2z /H t" = klt/H v plz ) = - T- - T (9.11b)
IF i
Ice laver
O =T}
%' ¥ 2 %! F I
z =2 /M, t' 2k t/HY; #zh 4t B - s (9.11c)
1 (Tos= Tx)
F i
The governing equations then become:
Blede z'€ [0,1]), t' > t;
é%s ab
ﬁ—z.i o e (9.12)
water z € [0,S(t')), t' > t'
0% o4
:'zzﬁa_{' (9.13)
Iz
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.
Ice 2. ESIE" ), 1), ' > it!
m

a%é di
. it (9.14)
PR ot
In (9.13) and (9.14) the ice/water interface is located at
S(t') = E(t)/H (9.15)
and
3= kI/kw' 19.16)
The boundary conditions are: A
Al
zl =00; St = 0 (9.17a)
1d4 144
(A ] o - L - i
z =2 7l 2 .- -Q (9.17b)
Z =2 zZ =Z
o o
i ae ad
! - - - 4 o s P -
z'=1,2z =0, 0:=cé I Ry (9.17¢c)
Jz
s ds [A¢ Ad
z =S(t"), ¢g=¢=0, dv' - Gln e (9.17d)
vz Jz
L ¥
z =1, —3v = -Bi(l+#). (9.17e)
Jz
The 'initial' conditions at t' = t; are:
S(tl;,) =0 (9.18a)
z'€ 10,1}, B(z',t") = 9(2'.t;) (9.18b)
2 e (0,11, #2t e = et ) (9.18¢)
and finally
G(l.té) 3 i(O,t;) =110 (9.18d)

In equation (9.17c)

c = }\b/Kw (9.19)
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and in the latent heat condition (9.17d) the Stefan number € is defined by

e, (TF = Ti)

w

L 5 (9.20)
9.4 Immobilization variables for the melting regime
The idea here is the introduction of varisbles which immobilize the moving

interface and transfers the nonlincar interface transients into the diffusion
equations.

The immobilization variables are:

Blade )

(=2, r=¢t", 0=190 (9.21a)
Water laver

p=z /S(r), T=€t', d=¢ (9.21b)
Ice laver

1
z' - S(r)
(= ——l:gﬁ—)—, r=€t', ¢=¢. (9.21c)

Equations (9.11) to (9.18) now transform to the following:

Blade 7 > T, ¢ €10,1)

9%0 6
___2 = €0 3 (9.21d)
i€

water 1> 7., 1 € [0,1)

4 [, 06 a5 @
— = ,5l5 =-S% 15 (9.21e)
dn
Ice T o' ( €(0,1)
™~ 4
iy 2 av ds a¥
— = €]11-8)° g7 - (1-8) 37 (1-0) 5. (9.21f)
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The boundary conditions for 1 > " are:

ad
£ =0, 3 =0 (9.21g)
A ad
{ =2ty e - |== _ =R (9.21h)
o d( £=Z‘+ ”E {:Z‘
o (¢}
g i)
£=1,9=0,0=cé, Str) T =8 7 (9.21i)
A ad ds
7=1,(=0, 8= ¢=0,8 FTi (1i§) I = S(1-8) 37 (9.215)
and finally
$=-1, (=1. (9.21k)

(NB: This condition comes about by making the simplifying assumption that
B. = w.)
i

The initial conditions at 1 = T are

S(r) =0 (9.210)
¢ € (0,1), AL, = fez', 7 ) (9.21m)
(€ 10,1), wi(,m) = bz’ 1 (9.21n)

These equations can now in principle be solved numerically by & Crank-Nicolson
type approach similar to that outlined in Section 8.5.

10. Nuclear Waste Disposal

One way of disposing of nuclear waste is to melt and solidify glass adding
the waste to the glass in its molten stage. The glass blocks are then disposed
of by some means or other.

Another motivation for studving the melting of gless is that this is
necessary for the manufacture of glass products.

Consider a vessel containing glass chips which is heated at the side walls.
As the glass melts further glass chips are added - see Fig. 10.1.
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glass

hot
‘ wall

hot
wall

molten

PEESE S EE SN N NNNNN
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Figure 10.1

Mathematically, from symmetry we congider the region as given in Figure 10.2.

v a7
4 ;,;; = 0, wu=v=0
B Vi
u=v=0
AT
T=1500°C G =0
u=v=0 u=0 40 cm
v
r
v
> X
a7
s 0, wu=v=0
A 17.5cm SEME S
Figure 10.2

We consider the steady state problem. In nondimensionalised variables this is:

1 1
(u.V)u = -Vp + v{{ﬁ;ff}] VgJ + ﬂTgl (10.1)
Viu =0 (10.2)
1 02
(g.V)T:Pe(T) VT - q if T < T (10.3)
1 2
= 5;(5; ver if T 2 Tm.

The viscosity of glass is strongly dependent on temperature:

b
v(T) = "o exp T:E



where
. = 8Y65 ¥ 10
()
b = 88.7
c = -7.8.
UL
Thus the Reynolds number Re = viT) = Re(T). Here L =1 cmand U = 1 cm/s.
Gr
The constant f = = -0.0176 where the Grashof number Gr equals
(Re)
\
3 2 .
Gr = L bg(Tl—To)/u (Tl_To typical temperature range).

The Peclet number Pe is a function of temperature

V(T)Lpocp
Pe(T) = ——KFFT—“—

where Bt the density of gless, is 2.30 gm cm—a. The thermal conductivity
cannot be assumed to be & constant and is given by

K(T) = 2.02 x 10' + (1.83 x 10°)T
q denotes a heat sink/unit volume required to melt the glass: the total heat
sink is 6K¢. The nondimensional temperature T = f:;%%g where € is the original
dimensional temperature in c.

In the bulk of the fluid T ~ constant (approx. 1.0) and we have

Re ~ 1.0

Pe ~ 3500

Pr ~ 3000

Gr ~ 20.
The objective is to calculate the heat required to melt a given weight of glass

in a given time. Since we know how much heat melts a given weight of glass it
is only necessary to calculate

a 0T
Jo 7 A dy where a = 40 cm.
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It is highly unlikely that a clever analytic treatment of this problem is
possible. The industrial concern in question used a finite element approach.
Finite differences could equally well have been used employing staggered grids
in the usual way (see eg. Chorin). However, problems arose (and will arise)
with these techniques duc to the rapid change in the viscosity of glass as one
crosses from the molten region to the solid region.

ar

A more satisfactory approach would be an integral formulation for 7 °on the

boundary, but this is as yet an open problem.
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Systems of Units. Some Important Conversion Factors

The most important systems of units are shown in the table below. The Mks System is
also known as the International System of Units (abbreviated S/ System). and the ab-
breviations s (instead of sec) and N (instead of nt) are also used.

System of units Length Mass Time Force

Cps system centimeter (cm) | gram (gm) | second (sec) | dyne
MWMMMW

Missysen | meerdn)— | logram (k) | second e | newton

om0l (el ) pond

1 inch (in.) = 2.54000 51 cm I foot (f) = 12in. = 30.48006 12 cm
| yard (yd) = 3 ft = 91.4401% 36 cm I statute mile (mi) = S280 ft = 1.60935 km
| nautical mile = 6080.2 ft = [.8532 km
| acre = 4840 yd? = 4046.773 m? 1 mi2 = 640 acres = 2.58999 87 km?
| fluid ounce = 29.5737 cm®
1 U.S. gallon = 4 quarts (lig) = 8 pints (liq) = 128 A oz = 3785.432 cm?
| British Imperial and Canadian gallon = 1.20094 U.S. gallons = 4546.1 cm?
| slug = 14.59390 kg
| pound (Ib) = 4.448444 nt | newton (nt) = 10° dynes
| British thermal unit (Btu) = 1054.8 joules | joule = 107 ergs
| calorie (cal) = 4.1840 joules
1 kilowatt-hour (kWh) = 3413 Btu = 3.6 - 10° joules
I horsepower (hp) = 2545 Btu/h = 178.2 cal/sec = 0.74570 kW
I kilowatt (kW) = 1000 watts = 3413 Btu/h = 238.9 cal/sec
F=°C-18+ 32 1° = 60" = 3600" = 0.01745 radian
For further details see. e.g.. D. Halliday and R. Resnick. Phyvsics. 3rd ed . New York: Wiley, 1978, Sce also

AN Amcrican National Standard. ASTM/IEEE Standuard Mctric Practice, Institute of Electrical und Electronics
Engineers. Inc.. 345 East 47th Street, New York. N.Y. 10017.



Some Conslants

Polar Coordinates
e = 271828 1R284 SH04S 23536 A= orconf r o= Nt T2
Ve = 164872 12707 00128 14685 ¥
2 = 738905 60989 30650 22723 § & i €% ird =
7 = 3.14159 26535 89793 23846 dudy = rdr do
7% = 9.86960 44010 89358 61883
V= 1.77245 38509 05516 02730
log,y m = 0.49714 98726 94133 85435 Serles
In 7 = 1.14472 98858 49400 17414 e . Il < 1
log, ¢ = 0.43429 44819 03251 82765 L-x 2 A=
In 10 = 2.30258 50929 94045 68402 v o
; ;20
V2 = 1.41421 35623 73095 04880 =2
V2 = 1.25992 10498 94873 16477
V3 = 1.23205 08075 68877 29353 e g (S hmedmed
V3 = 1.44224 95703 07408 38232 s zo Qm + 1]
In2 = 0.69314 71805 59945 30942 me
In3 = 1.09861 22886 68109 69140 o (=1)mg2m
Cosx = 2 T)'
y = 0.57721 56649 01532 86061 meo =M
Iny = -0.54953 93129 81644 82234 om
(cl. p. 214) In(l -0 = - Z — (d<n
1° = 001745 32925 19943 29577 rad meo M
I rad = 57.29577 95130 82320 87680° R
= 57°17'44.806" arctany = ¥ ————— (g <)
g A |
Greek Alphabet Vectors
g Alpha ¥ Nu asb = ab + ah, + ayhy
B Bela ¢ Xi
. i j k
y.T Gamma o Omicron
5.4 Dela x  Pi e A TR
€ Epsilon p Rho % b, %
{ Zela 0.2 Sigma = o [ of of
grad =Nl ¥ PR
Eta T Tau ] 3¢ 3 a
divy = V. ! e =3
6, 9.0 Thela v.'Y Upsilon ox ay K
¢ lota ¢, 0. ® Phi i j k
X Kappa X Chi a d ]
curly = Vxv=|— = -
A A Lambda . ¥  Psi Lo AR
m Mu w, 1 Omega ) Ly ]




im ed toti ions

Consider the mass-spring-damper system:
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Figure B.1

The governing differential equation and associated boundary conditions are:

dzx dx
m&t§+déi"‘°‘=° (B-1)
=
u(0) = at - = I/m (B-2)
x(0) = 0. (B-3)

This admits the solution

S R ———
x(t) = (Izdite 2 - e V) fi-amksd? (B-4)
where
d i
2
Mg = g (1% Vl-dmk/d®) (B-5)

This will be the reference solution used in assessing the approximate solutions
that follow.

First introduce dimensionless variables

kt
t" = = x' = (d/I)x (B-6)

which transforms the original problem to



B-2

ax' ' )
c;,—2+g{.+x =0 (B-7)
dx' 1
R -
x'(0) =0 (B-9)

where ¢ = mk/dz.

We assume we are given that m << 1. Thus € << 1. We therefore seek a
series solution in this small parameter.

First consider an outer expansion‘of the form

x'=x2=Z xﬁ e (B-10)

dx°

o o
Fres + X2 = 0 (B-11)
ri® dzxo

n ° n-1
T + xn = - —;g'—z' ' n>0 (B-12)

The solution is

%0 = A° e_t . (B-13)
o o

This corresponds to the solution for long times (hence 'outer' expansion).

The inner solution happens in a very short time. Therefore, in order to be
able to study the solution with some resolution, we need to "magnify” the region
of interest. This is achieved by stretching the independent variable. For the

inner solution x' = x* this is achieved bv
t = t'/¢

which transforms the differential equation (B-7) and the boundary conditions
(B-8) and (B-9) into
aa' et
T ===t e = 0 (B-14)

dt®  at

Lo



dxi
d*_‘ =1 (B-15)
t t=0
i
x (0) = 0. (B-16)
With t fixed the inner expension is
=T X" (B-17)
n
and, on equating powers of cn,
dle & \
o o
N +--—=0 (B-18)
dt dt
e
n n i
—_ — = =X, n> 0. (B-19)
4t at o
The solution of (B-18) together with (B-15) and (B-16) is
el e—t. (B-20)
o

Note it is important to provide the right amount of stretching. 1If, for
instance, we had defined

= t'/(2

then we would have obtained, as the equation for the lowest order term,

d2xi
o

dt?

with the solution

The features of the inner solution which allow us to match the outer solution
have been lost: there has been too much 'stretching' and we are only viewing the
jnitial linear portion of the solution (see Figure B.Z).
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Figure B.2

Whether the expansion works is the best guide to what stretching should be used,
although physical intuition can often be helpful.

(NB: (B-20) for small t gives x; ~ 0(t) = ¢t (in notation above) i.e. the
solution obtained above with much greater stretching.)

To complete the zeroth-order solution it remains to determine the constant
Ag in (B-13). Let us assume that the validity of the inner and outer solutions
overlaps in some region of t and that in this region we can find a t = é(t) such
that we have

lim é = 0
-0

and

Lim (&7 = o
-0

Such a choice would be, for example, # = J/#. Requiring the two expansions to
overlap in the limit gives (since the inner solution is expressed as a function

of t = t/e)

lim x* (6/¢) = lim x°(6)
-0 ° -0 ©
or
i _ .0
xo () = AO(O)- (B-21)

This is termed the limit matching principle which may be stated as follows:

The outer limit of the inner expansion = the inner limit of the outer expansion.




From (B-20) it follows that

i - 1o
xo(m) =X 1 (B-21a)

and from (B-13)

oi o
A,

o [e]

x2(0) = x
o)

Applying the limit matching principle

io _ _oi ,
xo = xo (B-22)
gives
AC = 1. (B-23)
o

We may now construct a composite solution that is uniformly valid to order ¢
over the whole region by setting

c o g oi ,
Xo eixe d Xo = X (B-24)

It is seen that this solution, in view of the matching, approaches the inner and
outer solutions in the inner and outer regions, and carries over smoothly
between them. In the problem considered, the zeroth-order composite solution

becomes
e ~t . e-t - e-t/‘ (B-25)
from (B-13), (B-20) and (B-Zla).

We now seek the next higher approximation.

From (B-12) and (B-13) (with Ag = 1) we have

(e]
dxl .
at—+x1:-e

-t
which has the general solution
1 '
$© = -t'e " + A(l)e'-t (B-26)

From (B-19) and (B-20) the first-order inner solution must satisfy

. (B-27)



B-6

The general solution of this equation is

xi s Ai + Bi e-t -t - Ee_t. (B-28)
The constants A; and Bi are to be determined such that the inner boundary
conditions (B-15) and (B-16) are fulfilled. Since the lowest-order term has

already taken care of these, x} and its first derivative must both be zero, i.e.

1
4 ax*(0)
xl(O) =S5 = 0}
\
this gives
i 1
Al = —Bl = 2
and hence
- 201-e"%) - Tse™h (B-29)
The two-term inner expansion is thus
XU voxl b oex) = 1-e b+ e[201-e") - T1+e™Hy) (B-30)

or, expressed in the outer (physical) variable

St g

+ 2c(1-e % (B-31)
The two term outer solution, obtained from (B-13) and (B-26), is
1 ] 1
BRI e ime T T P AR (B-32)

1

The behaviour of this near the inner limit may be obtained by a series expansion
in small t', i.e.

x% l—t'-((t'—A?). (B-33)

In the inner expansion, on the other hand, for large t' the exponential term
will be negligible in the outer limit and thus

e -4 2., (B-34)

It is evident from a comparison of (B-33) and (B-34) that the two expressions
match if



(Bear in mind that for small t' when ¢ <¢ 1

O S (AT.)

Finally, it is possible to obtain the two-term composite expansion (valid to

first order) by setting
NIV SR I [

] ' .

5y gepie ® 1F

TR o I Il )

! ' vy
-

‘e t . (t'e-t 4 2((2-t

-(1-t') - 2¢
or
1 1}
2w laZele ™ 110
stiie 2 = e

A comparison of the various approximations is given graphically in Fig. B3.
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Ex.

Consider the conservation of energy equation (4.3)

qr 7
pc 3t + (.07 = KV°T.

B-8

(1)

Use the following scalings to reduce the equation to non-dimensional form:

x' = x/L, q' =q/V, t'=tUL,

Tl

T/(Tl-To). (Here x = (x,y)T: q = (u,v)

\

In two dimensions equation (1) may be written as

AT Iﬂ"} 1 dr
et gty skl =] .

We note

i a ud
X T A

!
|
e

0 ix' d

1
ox - dx ox' - Ldx'"

Thus we obtain

U 1’ U a1’ U ﬂT'}

pC(Tl-To)[E 5{. + E u 5;. + E v 5;.

(Tl-To) JZT' JZT'

K. —s— |5 + —5

L2 % & iy 2

or

' ' ' . pARp 220
pcU [T 6T J7T K |0°T J°T
S | o sl B || 5 ) R o
L |otr Y &YYoy L2 ﬁxz i P

Now Re = pUL/p and 1/Pr = K/pc.
Thus

a7’ 1 ‘9
Re 5{. + (E'.V yTald= Pr ') L

iy



|
s TA}AT |
T >C ( E_ M%W 2 ?,w;/

tpo. pfcS pE chAlonr
Cont 2 S TES  fIEATELRS | 0/ 23775 /e Z/DAS

ffu./?-ﬁ

2 i 5/:? (721 "Tfa) 71 To N

’AX'/U,[@ @’C) U4

T
'T&
o

i ——— ]
e

f wnap
ZT:/Z‘EW
AT 2
(%) W (o) Uity) = (g 7). %%
&= (h-%a) - (Ba-T) | (R w (F-7)
A C = (i
YA (?i:_fi) 1 D) Cora (M) rancay
@A ’7;(_L ?f‘f‘aﬂ E C (7\;1—7;9_>
/ E=C Do) _ (ner); (Tha-Tpa)
Sr Tk | Geliet) oG
v K2z  Ftzhzy ’(MC’) = E= @—f_j—*’ a)
(7.?4—7'—{&
U j S Caién = é"'fp)_; e
T L RhPofs AL, -0
}/z 2 (Z;' 4;7 //::éqz %Méﬁzw
I CWM » [wcp)m e MU= YA UA :

(/: b]?.AZ(—/ ) . C,«vwd/\’ a M”(f)an’( CWL\A
(4/"”140&0/) ')/‘rII_M,o it /_/ ,/,./WAJ/L,ZJ/M //,/"/M

R I S |




Y [

. o192 S | o Ny
: agpetis -2 DE CIbUeins MBTEWATICY ~ * *#° ~WR'7S

| | "

i 5




