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Abstra
t. This paper presents a novel algorithm for volumetri
 re
on-

stru
tion of obje
ts from planar se
tions using Delaunay Triangulation,

whi
h solves the main problems posed to models de�ned by re
onstru
-

tion, parti
ularly from the viewpoint of produ
ing meshes that are suit-

able for intera
tion and simulation tasks. The requirements for these ap-

pli
ations are dis
ussed here and the results of the method are presented.

Additionally, it is 
ompared to another 
ommonly used re
onstru
tion

algorithm based on Delaunay Trianglulation, showing the advantages of

the re
onstru
tions obtained by our te
hnique.

1 Introdu
tion

Computer Visualization te
hnology is gaining wider a

eptan
e in many pra
ti-


al �elds, and nowadays it plays an essential role in assisting professionals of dif-

ferent areas. A major visualization problem 
ommon to many appli
ation �elds is

the 
onstru
tion of three- dimensional (3D) models from two-dimensional (2D)

data. This is a typi
al problem in Medi
ine, for example, as two-dimensional

(2D) information 
olle
ted from distin
t image a
quisition devi
es may be used

to obtain 3D models depi
ting internal body stru
tures. Resulting models are

used in tasks ranging from edu
ation and training of students and professionals,

to diagnosis, simulation of medi
al pro
edures and 
ollaborative surgery.

The work reported in this paper is 
on
erned with the re
onstru
tion prob-

lem, whi
h, although having been dis
ussed extensively in the literature, still

remains to be 
ompletely solved. We present a new algorithm (for the sake or

referen
e, we shall 
all it Nonato's algorithm), that goes a long way towards

rea
hing that solution. Besides o�ering an approa
h to the whole pro
ess of re-


onstru
ting volumes from planar se
tions using Delaunay triangulation (DT),



this novel te
hnique, obtained as part of the results in a do
toral thesis [20℄, o�ers

a theoreti
al framework for 
hara
terizing how DT performs 
ontour 
onne
tion.

We are parti
ularly interested in the quality of the resulting mesh.

The vast majority of re
onstru
tion methods treat only surfa
es, whi
h im-

pose diÆ
ulties in the 
ase of simulations needed in many appli
ations. Volu-

metri
 elements (su
h as tetrahedrons) are ne
essary to allow proper intera
tion

tasks, for instan
e when 
utting an obje
t [3℄. In that respe
t, even the methods

that re
onstru
t volume, do not present a good solution for the organization of

the resulting volumetri
 mesh, parti
ularly in the subje
t of adja
en
y relation-

ships. We intend to demonstrate that in this paper.

For the goals mentioned above, the solution presented here has managed to

meet ea
h one of our requirements, with satisfa
tory performan
e, as opposed

to any other method we en
ountered before. Those needs presented themselves

when handling a series of visualization appli
ations, and parti
ularly our Virtual

Dentistry proje
t, targeted at 
reating an environment to support edu
ation and

training of dentistry professionals by means of visualization and simulation of

dental pro
edures. There is undoubtedly great potential for the appli
ation of

3D models of teeth and mouth to support a
tivities in Dentistry. Some initial

work in this dire
tion is reported in the literature, mainly for mandible re
on-

stru
tion [24℄ and 
hewing simulation [19℄, as well as some initial re
onstru
tion

tasks [10℄[21℄. The dentistry 
ase o�ers a ri
h appli
ation area to develop, apply

and test novel intera
tion, simulation and visualization tools. In the 
ourse of

developing su
h an environment, all the 
lassi
al and some new diÆ
ulties were

found 
on
erning the quality of re
onstru
tion.

In the 
ontext of the Virtual Dentistry proje
t, we initially analyzed the use

of two distin
t approa
hes to 
reate 3D surfa
e models of the internal and ex-

ternal stru
tures of a tooth. One of them used a general- purpose re
onstru
tion

pa
kage [10℄ based on Delaunay Triangulation [9℄ (DT). The other we imple-

mented as an extension to a general visualization library with a re
onstru
-

tion algorithm appli
able to teeth models [25℄. This implementation employed

a distan
e-based sampling te
hnique [11℄ followed by the Mar
hing Cubes algo-

rithm [15℄. Su
h approa
hes produ
ed good results as far as visual appearan
e

is 
on
erned. However, they presented several of the short
omings mentioned

above, whi
h motivated the exploration of alternative surfa
e and volume re-


onstru
tion strategies. Nonato's algorithm, presented here, has performed well

in solving these drawba
ks. The new method, also based on DT, was 
ompared

with both the previous approa
hes. The results of this 
omparison are presented.

This paper is organized as follows: se
tion 2 presents a brief des
ription of

prior works in three-dimensional re
onstru
tion. In se
tion 3 we review de�ni-

tions and some properties of the Delaunay triangulation and Voronoi diagram,

ne
essary to the understanding of Nonato's approa
h. Skeletons and reverse

tetrahedrons are also presented in se
tion 3. Se
tion 4 de�nes 
ontours geomet-

ri
ally well positioned and presents two new propositions about the behavior of

the three- dimensional Delaunay triangulation regarding 
ontour 
onne
tions.

Se
tion 5 introdu
es the treatment of singularities that appear, and the tetra-



hedron subdivision pro
ess. Se
tion 6 presents the algorithm itself, and se
tion

7 introdu
es Geiger's algorithm, used for 
omparative analysis of our results.

Se
tion 8 provides the dis
ussion of these results. Con
lusions and further work

are dis
ussed in Se
tion 9.

2 Prior Work on 3D Re
onstru
tion

There are three problems that are inherent of the re
onstru
tion pro
ess, namely:


orresponden
e, bran
hing and tiling. Corresponden
e problem arises be
ause

only the two-dimensional data are not suÆ
ient to ensure the 
orre
t 
onne
tions

of regions in adja
ent planar se
tions. Bran
hing problem is related with saddle

points and it appears when the number of regions to be 
onne
ted is di�erent in

ea
h sli
e. Tiling means to triangulate the strip lying between planar regions to

be 
onne
ted.

There are several strategies to solve the three- dimensional re
onstru
tion

problems, su
h as: impli
it, voxel, optimal, deformable and heuristi
 models.

Some of these te
hniques build the two-dimensional surfa
e that bound the ob-

je
t, and others 
an generate some representation of the volume within the re-


onstru
ted obje
ts.

Impli
it surfa
e re
onstru
tion te
hniques aim at 
reating a smooth impli
it

fun
tion so that the boundaries of the regions are in the zero set of that fun
tion.

The work by Jones et al. [11℄ 
reates a potential �eld fun
tion based on a signed

distan
e. Then, by interpolating between two 
onse
utive planar se
tions, the

overall impli
it fun
tion is obtained. With impli
it te
hniques it is possible to

ensure that the fun
tion 
reated 
ontains the original 
ontours in its zero set.

However, guaranteeing that the 
ontours in the surfa
es generated are the same

as the original ones may be diÆ
ult.

Voxel based models visualize the volume of the obje
t dire
tly without build-

ing a super�
ial or volumetri
 mesh [12℄. Though this method 
an avoid the


orresponden
e, tiling, and bran
hing problems, it is not mu
h appropriated to

appli
ations su
h as numeri
al simulation. It 
an, however, be an interesting

alternative to visualizing volume information.

Attempts to produ
e an optimal solution to re
onstru
tion usually employ

graph theory. One of the �rst works in re
onstru
tion from planar se
tions was

developed by Keppel [13℄. In this work, the surfa
e bounding the maximal vol-

ume of the obje
t under re
onstru
tion is obtained from an optimal sear
h in a

graph. Fu
hs et al. [8℄ re
onstru
t the surfa
e with minimal area making use of a

toroidal graph. Shinagawa et al. [26℄ expand the dis
rete toroidal graph to form

a 
ontinuos graph, and homotopy is used for re
onstru
ting parametri
 surfa
es.

Meyers et al. [16℄ assembled 
ontours into 
ylinders and used a minimum span-

ning tree to determine the 
orresponden
e between them. The optimal approa
h

solves the mesh generation problem but some heuristi
 is ne
essary in order to

�nd a solution for the bran
hing problem.

Deformable models use geometry, physi
s and approximation theory to gen-

erate a model of the original obje
t. A good overview of deformable models 
an



be found in Singh [27℄. Obje
ts with 
omplex topology are diÆ
ult to handle

with this strategy, although Delingette [5℄ has presented and alternative to this

problem.

Heuristi
 te
hniques employ some 
riteria to a�e
t the 
onne
tions between


onse
utive regions. The work by Ekoule et al. [6℄ maps 
ontours into their


onvex hulls and the shortest edge is used to tile the 
onvex hulls of the 
ontours

that are in adja
ent levels. The bran
hing problem is solved by 
reating an

intermediate 
ontour between two 
onse
utive sli
es. Bajaj et al. [2℄ de�ne three


riteria that the re
onstru
ted surfa
e must satisfy and an algorithm is built

based in these 
riteria. In the regions where the 
onditions 
annot be satis�ed the

surfa
e is 
ompleted through a triangulation that takes into a

ount the Voronoi

skeleton. Boissonnat [4℄ uses the three- dimensional Delaunay triangulation for


onne
ting the 
ontours in 
onse
utive sli
es. His work builds a graph using the

proje
tion of the 2D Voronoi Diagrams of every two 
onse
utive sli
es. From

that, a volumetri
 model is 
reated through tetrahedron elimination. Geiger

[9℄ improves Boissonnat's approa
h by proje
ting the two-dimensional Voronoi

skeletons from one sli
e to the adja
ent sli
e in order to handle 
ompli
ated

bran
hing and dissimilar 
ontours. However, in this solution, the problem of

treating singularities during the pro
ess of tetrahedron elimination remains.

These problem is handled by the new algorithm presented in this paper. It

also is based on the Delaunay triangulation, to generate a volumetri
 model

from a sequen
e of 
ross se
tions of an obje
t. We suppose that the input data

are non interse
ting 
losed polygonal 
urves, 
alled 
ontours, that represent the

boundary of the regions 
ontained in adja
ent sli
es.

Another important 
hara
teristi
 of our algorithm is that it respe
ts the re-

sampling and manifold 
onditions whi
h 
an be stated as follows:

1. Re-sampling: The interse
tions of the model with the original 
utting planes

give rise to the original regions.

2. Manifold: The model is a three-dimensional pie
ewise linear manifold.

In se
tion 8 we 
ompare this algorithm with Geiger's algorithm [9℄, imple-

mented in the Nuages [22℄ re
onstru
tion software. Both algorithms are 
apable

of re
onstru
ting volumetri
 obje
ts from 
ontours of interest taken in 
onse
-

utive parallel 
ross se
tions, using tetrahedrons as their volume primitive and

the 3D Delaunay triangulation. They 
an also be used to re
onstru
t only the

surfa
es of the 3D obje
ts.

3 Voronoi Diagram and Delaunay Triangulation

A non-void set of points A = fx

1

; : : : ; x

n

g in R

m

is in general position if no

aÆne subspa
e of R

m


ontains A and there is no sphere S

m�1

through a subset

of A with m+ k; k > 1 points. In this text we will always 
onsider sets of points

to be in general position. The Voronoi diagram for A is a de
omposition of R

m

in 
onvex m-dimensional 
ells V

1

; :::; V

n

with the following properties:

1. Ea
h V

i


ontains one single point x

i

of A



2. Given x in R

m

, x is in V

i

if only if d(x; x

i

) � d(x; x

j

), for every i 6= j, where

d is the eu
lidean distan
e.

From the de�nition above, it 
an be shown that the interse
tion of k, (2 �

k � m + 1) Voronoi 
ells is either empty or a 
ell with dimension m � k + 1


ontained in the diagram.

The Delaunay triangulation is the geometri
al dual of the Voronoi diagram,

that is, for ea
h p-dimensional 
ell of the diagram, we 
an asso
iate, in a nat-

ural way, an (m � p)-simplex

1

of the triangulation. For example, in the two-

dimensional 
ase, ea
h triangle (2-simplex) is asso
iated to a vertex of the dia-

gram, ea
h edge of the triangulation (a Delaunay edge) is asso
iated to an edge

of the diagram, and ea
h vertex x

i

is asso
iated to a 
ell V

i

.

It follows, from the duality and from the general position hypotheses, that

ea
h 0-dimensional 
ell of the Voronoi diagram is the 
enter of a sphere 
ir
um-

s
ribing an m-simplex. An important property that 
hara
terizes the Delaunay

triangulation in R

m

is that the sphere 
ir
ums
ribing a m-simplex does not 
on-

tain any other point of A in its interior. Moreover, if there exists a sphere passing

through k � m + 1 points of A, whi
h does not 
ontain any other point of A

in its interior, these k points are the verti
es of a (k � 1)-simplex of the Delau-

nay triangulation. Good des
riptions of the Delaunay triangulation and Voronoi

diagram 
an be found in Fortune [7℄ and Aurenhammer [1℄.

When the points of the set A are pla
ed on two 
onse
utive parallel planar

se
tions P

1

and P

2

, the interse
tion of the three-dimensional Delaunay triangu-

lation of the points in A with P

i

(i = 1; 2) is identi
al to the two-dimensional

Delaunay triangulation of the points in P

i

. This property is presented by Bois-

sonnat [4℄ and will be useful in our 
ontext.

From now on, we suppose that the input set of points is 
omposed by verti
es

of 
ontours lying on two parallel planar se
tions.

A problem en
ountered when using the Delaunay triangulation (DT) to build

a model from 
ontours is that some edges of the 
ontours may not belong to the

triangulation. Boissonnat [4℄ has shown that, if we subdivide an edge that does

not appear in DT in O(n) new edges, where n is the number of verti
es of the


ontour, we will obtain a new 
ontour (that is 
ontained in the old one), in whi
h

all edges are present in the Delaunay triangulation of its verti
es. Based on these

premises, all 
ontours 
an be 
onsidered to belong to the Delaunay triangulation

of their verti
es.

3.1 Voronoi Skeletons

Let C

1

and C

2

be two sets of 
ontours 
ontained in adja
ent planar se
tions P

1

and P

2

. Let DT be the three- dimensional Delaunay triangulation of the verti
es

of C1 [C2. Suppose that the 
ontours in C

1

and C

2

are oriented in su
h a way

that the interiors are always on their right-hand side, and the exterior is on their

1

A k-simplex is the 
onvex hull of the k + 1 aÆnely independent points, i.e., a 3-

simplex is a tetrahedron, a 2-simplex is a triangle, and so on.



left- hand side (or vi
e versa). That way, an edge of DT 
ontained in P

1

or P

2


an be 
lassi�ed as internal or external in a

ordan
e to its position inside or

outside a region de�ned by the orientation of the 
ontours. The edges on the


ontours are labeled as 
ontour edges. Note that only the edges 
ontained in P

i

(i = 1; 2)r are 
lassi�ed as internal, external or 
ontour edges. Edges of DT lying

between P

1

and P

2

are not 
lassi�ed.

As shown by Boissonnat [4℄, the interse
tions of DT with P

1

and P

2

are

the two-dimensional Delaunay triangulations of the points in P

1

and P

2

. From

these interse
tions and of the duality mentioned above, we 
an generate the

two-dimensional Voronoi diagram in P

1

and P

2

.

The internal Voronoi skeleton is de�ned as the set of edges of the two-

dimensional Voronoi diagram 
ontained in P

1

and P

2

whi
h is dual to the internal

edges of DT in P

1

and P

2

. The external Voronoi skeleton is de�ned in a similar

way in relation to the external edges. These de�nitions give rise to the de�ni-

tion of internal and external Voronoi skeletons asso
iated to a 
ontour 
, whi
h

are stated as follows. Let 
 be a 
ontour in a plane P

i

(i = 1or2), the internal

skeleton asso
iated to 
 is the subset of edges of the internal Voronoi skeleton


ontained in P

i

that are dual to the internal edges of DT with at least one end

in 
. The external skeleton asso
iated to 
 is de�ned as the subset of edges of the

external Voronoi skeleton that are dual to the external edges of DT in P

i

with

at least one end in 
. Figure 1 shows a set of 
ontours and their 
orrespondent

internal and external skeletons.

Fig. 1. Internal and external Voronoi skeleton

The skeletons asso
iated to the 
ontours play an important part in the def-

inition of 
onne
ted 
omponents. In the next se
tion we de�ne 
onne
ted 
om-



ponents of an obje
t to be re
onstru
ted from the geometri
al position of the


ontours, and we prove that these 
omponents 
an be found by means of topolog-

i
al tests. Before we do that, we need to de�ne an important kind of tetrahedron

generated by the three-dimensional Delaunay triangulation, namely the reverse

tetrahedron.

3.2 Reverse Tetrahedron

When the set of points A is 
ontained in two 
onse
utive planar se
tions P

1

and P

2

, the three- dimensional Delaunay triangulation generate two kinds of

tetrahedrons (see �gure 2): tetrahedrons with one fa
e in P

1

(P

2

) and one vertex

in P

2

(P

1

), 
alled tetrahedrons type 1 and tetrahedrons with one edge in P

1

and

another in P

2

, 
alled tetrahedrons type 2.

Fig. 2. Tetrahedrons type 1 and type 2

A tetrahedron type 2 is a reverse tetrahedron if both of its edges in P

1

and

P

2

are internal edges, or if one of them is internal and the other is an external

edge. Figure 3 shows examples of these two 
ases.

Fig. 3. Reverse tetrahedrons

The reverse tetrahedrons bear a strong relationship with the skeletons as-

so
iated to the 
ontours. The goal of the next se
tion is to explain what this

relationship is.



4 Contours Geometri
ally Well Positioned

In the �eld of re
onstru
tion from planar se
tions, de�ning whi
h 
ontours should

be 
onne
ted to form a single 
omponent is a diÆ
ult task, be
ause only the

information on 
ontours is not suÆ
ient to guarantee 
orre
t 
orresponden
e.

In this se
tion we present a new heuristi
 
riterion, based on skeletons and on

reverse tetrahedrons, in order to de�ne whi
h 
ontours are to be 
onne
ted. We

also prove that this 
riterion 
an be obtained by topologi
al tests.

Let C

1

and C

2

be two sets of 
ontours in adja
ent planar se
tions P

1

and P

2

.

De�nition 1: Two 
ontours 


1

2 C

1

and 


2

2 C

2

are geometri
ally well posi-

tioned if the orthogonal proje
tion of the internal skeleton asso
iated to 


1

onto

P

2

interse
ts one of the skeletons (internal or external) asso
iated to 


2

, or if the

orthogonal proje
tion of the internal skeleton asso
iated to 


2

onto P

1

interse
ts

one of the skeletons asso
iated to 


1

.

It 
an be noti
ed, from the de�nition above, that the 
ontours in adja
ent

sli
es with a "strong" overlap are the 
ontours geometri
ally well positioned. Al-

though de�nition 1 presents a 
onsistent 
riterion to verify the position between


ontours, the 
omputational 
ost of this veri�
ation is high be
ause it demands

a large number of interse
tion 
al
ulations. The following proposition supplies

a way to obtain the geometri
ally well positioned 
ontours straightly from the

three- dimensional Delaunay triangulation.

Proposition 1: Two 
ontours 


1

2 C

1

and 


2

2 C

2

are geometri
ally well

positioned if and only if the three- dimensional Delaunay triangulation of the

points in C

1

[ C

2

has a reverse tetrahedron with verti
es in 


1

and 


2

.

Proof. Let v

1

and v

2

be edges of the skeletons asso
iated to 


1

and 


2

that

interse
t ea
h other in the orthogonal proje
tion. Let a be the interse
tion point.

Let d

1

and d

2

be the edges of the Delaunay triangulation in P

1

and P

2

dual to

v

1

and v

2

. Let S be the sphere through the ends of d

1

and d

2

. Note that the


enter of S belongs to the line de�ned by the points in v

1

and v

2

that proje
t

onto the point a. S does not 
ontain any other point of C

1

or C

2

in its interior.

In fa
t, suppose that there is a point p in P

1

(or P

2

) inside S, this point must

be inside of the 
ir
le generated by the interse
tion between S and P

1

(P

2

). But

the 
enter of this 
ir
le belongs to v

1

(v

2

) and any 
ir
le with 
enter in v

1

(v

2

)


ontaining the ends of d1 does not have any other point in its interior, then p


an not be inside S and (d

1

; d

2

) de�nes the reverse tetrahedron in DT.

Let v

1

and v

2

be the edges of the Voronoi diagram dual to the edges d

1

and

d

2

of the reverse tetrahedron with verti
es in 


1

and 


2

. By de�nition, v

1

and v

2

are edges of the skeletons asso
iated to 


1

and 


2

, and the orthogonal proje
tion

of v

1

onto P

2

interse
ts v

2

. In fa
t, let h be the 
enter of the sphere through the

verti
es of the reverse tetrahedron. The points of the line normal to P

1

and P

2


ontaining h are equidistant to the ends of d

1

and equidistant to the ends of d

2

so, this line must interse
t v

1

and v

2

.

A tetrahedron of the three-dimensional Delaunay triangulation is internal to a


ontour 
 in P

i

if at least one of its edges in P

i

is internal to 
. A tetrahedron that



has no internal edge and at least one external edge is an external tetrahedron.

Note that reverse tetrahedrons are always internal to one or two 
ontours.

Proposition 2: If two 
ontours 


1

2 C

1

and 


2

2 C

2

are not geometri
ally well

positioned, then either the internal tetrahedrons of 


1

have no interse
tion with




2

or all internal tetrahedrons of 


1


ontain a vertex or a 
ontour edge of 


2

.

Proof. If 


1

and 


2

are not geometri
ally well positioned, proposition 1 ensures

that there is not a reverse tetrahedron 
onne
ting them. If the internal tetra-

hedrons of 


1

have no interse
tions with 


2

the proof is 
omplete. Suppose that

the internal tetrahedrons of 


1

have interse
tions with the 
ontour 


2

and with

another 
ontour ~


2

2 C

2

. The interse
tions with 


2

must be verti
es and 
on-

tour edges of 


2

, otherwise 


1

and 


2

would be geometri
ally well positioned. Let

T

1

and T

2

be two internal tetrahedrons of 


1

sharing an internal edge e of 


1

(see �gure 4) and suppose that T

1

has verti
es in 


2

and that T

2

has verti
es

in ~


2

. Note that there is a wedge between T

1

and T

2

. In order to 
omplete the

triangulation it is ne
essary to have a tetrahedron of type 2 with one edge on

e and another edge with ends in 


2

and ~


2

. However, this would be a reverse

tetrahedron, so, a

ording to preposition 1, 


2

and 


1

would be geometri
ally

well positioned, whi
h is a 
ontradi
tion.

The suÆ
ient 
ondition of the proposition is straightforward.

Fig. 4. Contour 
one
tions (proposition 2)

The propositions 1 and 2 above 
ompletely des
ribe how the three-dimensional

Delaunay triangulation 
onne
ts the 
ontours in adja
ent planar se
tions. An

important 
onsequen
e of these propositions is that, if two 
ontours in adja
ent

planar se
tions are not well positioned, an elimination of tetrahedrons along

with translations of verti
es 
an be used to separate the 
omponents 
ontaining

these 
ontours, as shown in the �gure 5. These premises allow us to de�ne the


onne
ted 
omponents of the model as follows:



Fig. 5. Delaunay tringularion, tetrahedron elimination and verti
es translation

De�nition 2: The 
onne
ted 
omponents of the model are generated by the sets

of 
ontours that are geometri
ally well positioned, i.e., ea
h set of 
ontours geo-

metri
ally well positioned gives rise to a 
onne
ted 
omponent.

De�nition 2 gives an heuristi
 to solve the 
orresponden
e problem, i.e., to

de
ide whi
h 
ontours are to be 
onne
ted. In the next se
tion we present a

solution to the bran
hing and tiling problems.

5 Singularities

In this se
tion we deal with singularities that appear in the re
onstru
tion pro-


ess and we show how tetrahedron subdivision 
an be used in order to eliminate

these singularities. Before presenting the singularities we need to understand

what they are and how to dete
t them.

Let DT be the three-dimensional Delaunay triangulation of a set of points.

The star of a simplex k in DT is the union of all simpli
es in DT whi
h 
ontain

k. The link of a simplex k is the union of all simpli
es lying in the star of k that

do not 
ontain k. For example, if k is a vertex in DT, the star of k is the union

of all tetrahedrons 
ontaining k and the link of k is the union of the fa
es of

these tetrahedrons that do not 
ontain k. A vertex is singular if its link is not

homeomorphi
 to a sphere or to a half-sphere and an edge is singular if both

its verti
es are singular. This de�nitions provide a tool to �nd singular verti
es

and edges. A triangulation is a pie
ewise linear manifold (PL-manifold) if all its

verti
es are not singular.

In order to respe
t the re-sampling 
ondition, i.e., to ensure that the original


ontours are re
overed after interse
ting the model with 
orresponding planes, we

must eliminate the external tetrahedrons. However, this elimination 
an generate

singular simpli
es. For example, the elimination of a reverse tetrahedron with one

external edge generates a wedge (a singular edge) in the interior of the 
ontour

that 
ontain the internal edge of this reverse tetrahedron. Figure 6 shows this

situation.

Our goal is to re
onstru
t regular obje
ts, i.e., PL-manifold . In order to do

so, we must remove the singularities generated by the elimination of the external

tetrahedrons. To solve this problem we devised a tetrahedron subdivision pro
ess

(TSP, for short), whi
h 
onsists of:



Fig. 6. Singular edge

1. To eliminate the external tetrahedrons whi
h do not generate singularities.

2. To subdivide the external tetrahedrons whose elimination generate singular-

ities.

3. To translate the new points inserted in the subdivision to a position inter-

mediate between 
onse
utive se
tion planes.

The subdivision of tetrahedrons must respe
t some restri
tions:

a) If the tetrahedron is type 1, we insert a new vertex in ea
h external edge. The

number of new tetrahedrons depends on the number of new points inserted.

For one point, two tetrahedrons; for two points, three tetrahedrons; and for

four points, four new tetrahedrons are inserted (see �gure 7).

b) If the tetrahedron is type 2, there 
an be one or two points inserted, a

ording

to the external edges. For one new point, two new tetrahedrons are inserted;

for two new points, four tetrahedrons, as illustrated in �gure 8.

Fig. 7. Subdivision for tetrahedrons type 1



Fig. 8. Subdivision for tetrahedrons type 2

The subdivision of the tetrahedrons respe
ts the 
ontours, i.e., if the tetrahe-

dron to be subdivided has a 
ontour edge, the fa
e 
ontaining this 
ontour edge

is kept inta
t. That way, only the fa
es with external edges are subdivided, all

other fa
es of the tetrahedron are not altered.

The above subdivision pro
ess guarantees the manifold 
ondition. In order

to ensure the re-sampling 
ondition, we must translate the new points inserted

in the subdivision to an intermediate position between the parallel planes. It is

important to note that the subdivision of tetrahedrons along with translations

of the new verti
es solves the bran
hing problem in a very satisfa
tory way.

Figure 9 shows the subdivision and translation pro
esses applied to a reverse

tetrahedron, and the solution to bran
hing problem ensuring the re- sampling


ondition.

Fig. 9. Subdivision and vertex translation for a reverse tetrahedron



We �nish this se
tion with a proposition that is a dire
t 
onsequen
e of the

dis
ussion above.

Proposition 3: Let C

1

and C

2

be two sets of 
ontours in adja
ent planar se
-

tions P

1

and P

2

and DT the three-dimensional Delaunay triangulation of their

verti
es. The model generated by applying TSP in DT satis�es the re-sampling

and manifold 
onditions to the re
onstru
tion problem.

6 The Algorithm

In this se
tion we des
ribe the re
onstru
tion algorithm that is derived from the

above theory and illustrate its use in some appli
ations su
h as medi
ine and

terrain re
onstru
tion.

In summary, the algorithm 
onsists in building the three-dimensional Delau-

nay triangulation, dete
ting the 
onne
ted 
omponents using reverse tetrahe-

drons, dis
onne
ting these 
omponents a

ording to proposition 2 and applying

the tetrahedron subdivision pro
ess in ea
h 
onne
ted 
omponent.

In order to separate 
onne
ted 
omponents we must eliminate the external

tetrahedrons with verti
es in di�erent 
omponents and, if ne
essary, translate

verti
es, as des
ribed in the previous se
tion. Besides the external tetrahedrons,

some redundant tetrahedrons must also be eliminated to separate the 
ompo-

nents. Redundant tetrahedrons are of type 2 with two 
ontour edges. They 
an

appear after the external tetrahedron elimination. Figure 10 shows an exam-

ple of redundant tetrahedron and its elimination. Proposition 2 guarantees that

external and redundant tetrahedron elimination dis
onne
t the 
omponents.

Fig. 10. Redundant tetrahedron elimination

Therefore, Nonato's algorithm 
an be stated as follows:

Let C = C1 [ C2 be a set of 
ontours in two adja
ent planar se
tions.



1. Compute the 3D Delaunay triangulation of the verti
es in C and 
lassify

the tetrahedrons as internal, external or reverse.

2. Find the 
onne
ted 
omponents making use of the reverse tetrahedrons.

3. Remove the external and redundant tetrahedrons 
onne
ting the 
omponents

and if ne
essary translate verti
es.

4. For ea
h 
onne
ted 
omponent:

a) Remove the tetrahedrons whose elimination do not generate singularities.

b) Remove the redundant tetrahedrons.


) Subdivide the external tetrahedrons that 
an not be eliminated

in step (a).

d) Translate the new verti
es to an appropriate position between

sli
es.

The step 1 of the above algorithm generates the three-dimensional Delaunay

triangulation and 
lassi�es the tetrahedrons. Steps 2 and 3 �nd and separate


onne
ted 
omponents of the model. Step 4 is basi
ally the TSP.

It is important to note that geometri
al 
al
ulations are only ne
essary to

build the Delaunay triangulation. All other operations are topologi
al. This fa
t

ensures a more robust and eÆ
ient implementation.

In pra
ti
al appli
ations, we maintain nested 
ontours in the same 
onne
ted


omponent, this way de
reasing the number of vertex translations and simplify-

ing the implementation.

After the 3D Delaunay triangulation has been built, star and link of simpli
es

are the only ne
essary operations to be done on the stru
ture. With an appro-

priate data stru
ture, these topologi
al tests 
an be exe
uted in linear time [14℄.

That way, the algorithm 
omplexity is the same as the Delaunay triangulation

in R

3

, whi
h is O(n

2

) by the in
remental algorithm [7℄.

6.1 Examples

Figure 11 shows some examples of obje
ts generated by the algorithm presented

here. Figure 11 (a) is a syntheti
 obje
t with 
omplex geometry and topology,

(b) is the Sugar Loaf in Rio de Janeiro re
onstru
ted from level 
urves, (
)

and (d) are models obtained from medi
al images depi
ting a vertebra and the

lungs. The tra
hea in �gure 11 (d) is dis
onne
ted be
ause the original data are

too s
attered. Note that in map re
onstru
tion, the algorithm always builds a


orre
t model. Sin
e the 
ontours are level 
urves, the presen
e of the reverse

tetrahedrons is ensured.

6.2 User Intervention

Although our algorithm automati
ally �nds the 
onne
ted 
omponents for the

model, it may be adjusted to allow the user to de
ide how the 
onne
tions

must be made. Contours 
an be labeled as belonging to the same 
onne
ted


omponent, prior to re
onstru
tion. In this 
ase, after 
onstru
ting the Delaunay

triangulation for ea
h labeled 
omponent, TSP is exe
uted dire
tly, without



a) b)


) d)

Fig. 11. a) syntheti
 obje
t b) Sugar Loaf 
) vertebra d) lungs

undergoing the step of �nding 
onne
ted 
omponents automati
ally. The results

se
tion gives an example of 
hange of 
onne
tions under user intervention.

This 
on
ludes the framework for Nonato's algorithm. It was tested by re
on-

stru
ting a number of data sets and 
omparing the results with re
onstru
tions

by other methods. Those results are dis
ussed in Se
tion 8. Before that is done,

in the next se
tion we des
ribe Geiger's algorithm [9℄, whi
h is an algorithm of

the same 
lass as Nonato's, and that was used for 
omparison with our results.

7 Geigers Algorithm

Geiger [9℄ uses the Voronoi skeleton asso
iated with the 
ontours and it 
onsists

of three major steps, whi
h are des
ribed in the following.

Step 1: 2D triangulation and point in
lusions

In this step, the 2D Delaunay triangulation of the 
ontour verti
es is 
al
u-

lated and the triangle edges are 
lassi�ed as internal, external or 
ontour edges.

If ne
essary, additional verti
es are added on the 
ontour edges to eliminate ob-

tuse triangles. Obtuse triangles elimination is ne
essary to guarantee that the

internal Voronoi skeleton lies inside its 
ontour and that the external Voronoi

skeleton lies outside the 
ontours.

The Voronoi skeletons are 
al
ulated and the verti
es of the external Voronoi

skeletons are proje
ted in the adja
ent sli
e. If the proje
ted verti
es lie in the

interior region of a 
ontour they are added and the triangulation is updated



(�gure 12). Proje
ted verti
es are in
luded to improve the 
onne
tion between


ontours and to avoid jagged shapes.

Fig. 12. Voronoi verti
es proje
tion

Step 2: 3D Delaunay triangulation

In this step, the 2D Delaunay triangulation is mapped to the 3D Delaunay

triangulation. This mapping is based in Boissonnat's algorithm [4℄, given bellow:

Let A

1

and A

2

be two sets of points on 
onse
utive 
ross-se
tions P

1

and

P

2

. Let D

1

, D

2

, V

1

and V

2

be the two-dimensional Delaunay triangulation and

Voronoi diagrams of the points in A

1

and A

2

, respe
tively (see �gure 13 (a)).

The orthogonal proje
tion of V

1

over the plane P

2

joined to V

2

itself, gives

rise to a graph G (�gure 13 (b)). The nodes of G are either verti
es of V

i

, i = 1; 2

or the result of an interse
tion of an edge of V

1

with an edge of V

2

. All topologi
al

and geometri
al information of the 3D Delaunay triangulation is 
ontained in

G.

If a node v of G is a vertex of V

1

(V

2

) then it 
orresponds to a tetrahedron

with one fa
e in P

1

(P

2

) and one vertex in P2 (P1). The fa
e in P

1

(P

2

) is the

triangle in D

1

(D

2

) dual to v, while the vertex in P

2

(P

1

) is dual to the Voronoi


ell to whi
h the orthogonal proje
tion of v belongs (points 1 and 2 in �gure

13(b)).

If v is a vertex in G 
oming from the interse
tion of edges in V

1

and V

2

then

it 
orresponds to a tetrahedron built from two edges in D

1

and D

2

dual to these

Voronoi edges (points 3 and 4 in �gure 13(b)). That way, the 3D Delaunay trian-

gulation is built from the 2D Delaunay triangulation and the Voronoi diagrams

of the points in A

1

and A

2

, as illustrated in �gures 13(
) and (d).

Step 3: Tetrahedral elimination

In order to build a model that approximates the original obje
t, some tetra-

hedrons have to be eliminated, as it is done in Nonato's algorithm.

In Geiger's algorithm, two kinds of tetrahedrons are eliminated. The �rst

type of tetrahedron are those having an external edge in either P

1

or P

2

. The

other 
andidates to elimination are those tetrahedrons whose only 
onne
tion to

either of the two planes lies along an edge or at a single point (�gure 14).

One of the basi
 di�eren
es between this strategy and the algorithm pre-

sented in se
tion 6 is how they approa
h the problem of identifying 
onne
ted



a) b)


) d)

Fig. 13. a) Delaunay and Voronoi 2D b) Graph G 
) and d) Delaunay 3D


omponents. Additionally, elimination of tetrahedrons may introdu
e singulari-

ties that are not eliminated in Geiger's approa
h, whilst our strategy model su
h

singularities very satisfa
torily.

Fig. 14. Singular 
onne
tions

8 Results

In this se
tion we present some of the results from trying the approa
hes men-

tioned in the previous se
tions to one of our target appli
ation (Virtual Den-

tistry). In the pro
ess, some problems 
on
erning data stru
tures, intera
tion,

and visualization of dentistry data are being dealt with by our team and 
ollab-

orators.

For the tests employing the two re
onstru
tion algorithms dis
ussed here,

we 
on
entrated on the present and future needs of su
h data, and 
onstru
ted

real test 
ases to 
he
k the behavior of both algorithms. The main 
ases are



presented here, together with the reasons for 
hoosing Nonato's algorithm as

the 
ore re
onstru
tion pro
edure through the next steps in the proje
t.

To test the behavior of Geiger's algorithm, the Nuages publi
 domain re
on-

stru
tion pa
kage was employed [22℄, and Nonato's algorithm was implemented

in the Unix environment.

The results of both, in the form of either a mesh of polygons or a set of

tetrahedrons, were stored as VTK data �les. VTK (Visualization Toolkit) is

an obje
t oriented visualization library with available sour
e 
ode, 
apable of

running and displaying data using most s
ienti�
 visualization te
hniques [23℄.

It runs on Unix and Windows systems, and 
an be programmed in C++, Java

and T
l/Tk. In the 
ase of this work, it was employed only as a means to visualize

our results. Regardless of this, most of our other developments within the Virtual

Dentistry proje
t have been implemented as extensions to VTK. As one of our

next steps, the 
hosen re
onstru
tion approa
h will be adapted to �t into the

VTK library.

a) b) 
)

Fig. 15. Bifur
ation

We begin this presentation by showing the behavior of both Geiger's al-

gorithm (GA) and Nonato's algorithm (NA) in regards to de�ning 
onne
ted


omponents under bifur
ation. First, �gure 15 shows a bifur
ation of 
ontours

between neighboring sli
es, and the result of applying only DT dire
tly to them.

As we have seen, both algorithms have di�erent ways of dealing with tetrahe-

dron elimination, whi
h 
an be seen in �gure 16. Figure 16(a) shows a set of


ontours with a "double-sided" bifur
ation. Figure 16(b) shows a view of the

re
onstru
tion obtained by GA, while �gure 16(
) shows the same set as re
on-

stru
ted by NA. It 
an be noted that, when the tetrahedrons are eliminated,

GA forms singular edges in the 
onne
tion. The pro
ess of subdivision followed

by translation of the mid-point performed by NA avoids these singular edges,

whilst maintaining the re
overy of 
ontour shape under sampling. Additionally,

the GA strategy of tetrahedron elimination 
auses the 
onne
tion between the

two sides of the stru
ture to be blo
ked (see �gure 16(d)), while the strategy in

NA generates a tunnel between them (�gure 16(e)). For dental and some other

organi
 stru
tures, this topology seems to �t better than the former, blo
ked,



stru
ture. Besides, the singular edge makes it diÆ
ult to determine behavior of

an obje
t subje
ted to numeri
al simulations, whi
h is one of our intents dur-

ing intera
tion with the models. Figures 16(f) and (g) show detail of the two

di�erent triangulations in the 
onne
tion where tetrahedrons were deleted.

a) b) 
)

d) e) f) g)

Fig. 16. Handling of bifur
ation and tetrahedron elimination.

The next step of the tests was meant to verify how the de�nition of 
onne
ted


omponents behaved, parti
ularly over bifur
ation. To do that, we �rst tested

the re
onstru
tion for the 
ontours presented in �gure 15(a) and 15(b) by both

GA and NA. The result 
an be observed in �gures 17(a) and 17(b), whi
h show

the re
onstru
tions from the bottom, without 
losing the model, so as to observe

the 
onne
tions made. For GA, we 
an observe that a sequen
e of edges is 
reated

that lies in the region en
losed by the bottom sli
e. Consequently, if the model

were 
ut by the same plane that originally generated the sli
es, the 
ontours

obtained would be di�erent from the original ones. In fa
t, the bottom sli
e

shows the 
ontour divided in two, while, originally, it was a single 
ontour. The

strategy of NA 
auses the model to be 
onsistent with the original sli
e set, if

sampled in the same way.

Following this test, we drifted one of the 
ontours of the set (the top left


ontour) aside, so that overlapping between orthogonal proje
tions of the two

sli
es was de
reased. In the 
ase of GA (�gure 18(a)), all the edges on one



a) b)

Fig. 17. Handling of bifur
ation.


ontour fell on the edge of the bottom 
ontour. NA, however, 
an behave in two

di�erent ways. Left to itself, 
omponents are 
onne
ted as shown in �gure 18(b),

that is, the 
omponents are a
tually dis
onne
ted, and both 
ontours preserved.

Under user 
hoi
e, these 
omponents 
an be 
onne
ted, in a similar fashion as

the previous model, forming a single obje
t that also preserves the integrity of

the original 
ontour set (�gure 19). Here, too, we �nd that keeping the original


ontours is an important aspe
t for our appli
ation, whi
h 
auses us to lean

again towards NA.

a) b)

Fig. 18. Handling of 
onne
ted 
omponents when the 
ontous are apart

To illustrate what happens when one 
ontour really drifts apart, making

no overlapping with any of the 
onse
utive sli
es, we refer to �gure 20. In this


ase, using the set of 
ontours in �gure 20(a), GA 
hooses not to re
onstru
t

the 'extra' 
ontour (�gures 20(b) and 20(
)). That happens be
ause, during

re
onstru
tion, all the 
onne
tions between the isolated 
ontour and the rest of

the model o

ur on a single vertex. Although this is a very parti
ular 
ase, it is

a perfe
tly plausible situation when re
onstru
ting some small body stru
tures.

For the same set, NA, performs the referred re
onstru
tion and initially de-

�nes it as a separate 
omponent (�gures 20(d) and 20(e)) (as in the other 
ases,

it uses the reverse tetrahedron 
riterion).



Fig. 19. User intervention (alternative to �gure 18 (b))

a) b) 
)

d) e)

Fig. 20. Handling of isolated 
ontours



The last test we report here was performed to observe the results of the re-


onstru
tion of both approa
hes in the 
ase of the tooth data. For that, we had

a set of tooth 
ontours edited from real data[10℄, 
ontaining one internal and one

external surfa
e (�gure 21(a)). NA built the whole set with no dete
table errors

or in
onsisten
ies (see �gure 21(b)), both for separate sets (internal and exter-

nal) and for nested 
ontours. In this re
onstru
tion 
ase, there were diÆ
ulties

running the pa
kage for GA, due to exe
ution errors. In short, there were quite a

few sli
es in the set that simply 
ould not be pro
essed, as shown in �gure 21(
).

This is possibly due to the fa
t that the proje
tion realized by the method is

subje
t to numeri
al instability. In some 
ases, perturbation for
ed on the orig-

inal point set helped the missing sli
es to be re
onstru
ted. Additionally, a few

'spurious' triangles showed up in the re
onstru
tion unexpe
tedly, as illustrated

by �gure 22.

a) b) 
)

Fig. 21. Tooth 
ase

Fig. 22. In
onsisten
y in triangulation as built using NUAGES

Numeri
al instability for NA is kept under 
ontrol mainly be
ause the only

time when geometri
al operations are performed is during the 
al
ulation of



the 3D Delaunay Triangulation. All other tests (in
luding proximity tests) are

performed topologi
ally.

Both GA and NA re
onstru
t the volume, that is, the interior of the obje
t

is �lled with tetrahedrons. That is also a requirement for the Virtual Dentistry

Proje
t, if we are to simulate realisti
 situations during intera
tion.

The tests mentioned above 
on�rmed our expe
tation of the types of improve-

ment that Nonato's algorithm 
an bring over previous re
onstru
tion algorithms

based on Delaunay Triangulation, leading to the 
hoi
e of using it as the basis

for our re
onstru
tion tasks.

Next se
tion presents some of our 
on
lusions from this work.

9 Con
lusions and further work

In this paper we presented a novel te
hnique for approa
hing volumetri
 re
on-

stru
tion of 3D stru
tures from planar 
ontours. This te
hnique solves the main

problems en
ountered in building a robust 3D model of those stru
tures, as well

as o�ering a theoreti
al foundation for the nature of 
onne
tions generated by

3D Delaunay triangulation. To validate the implementation we 
ompare the re-

sults of this te
hnique with another method for the same type of volumetri


re
onstru
tion. We demonstrate the advantages of Nonato's algorithm over this

previous approa
hes. Another work that we have 
arried on previously also of-

fered a general 
omparison between DT based re
onstru
tion te
hniques and

methods based on volume sampling, providing a list of requirements met by DT

that are not handled well by sampling (and �tting) methods [21℄. That 
ompletes

the validation of Nonato's method, put forward for the �rst time in this paper.

We used as base for our dis
ussions several situations that o

urred when we

were dealing with data in some appli
ation, parti
ularly the Dentistry domain.

The tests 
ondu
ted indi
ated that Nonato's algorithm presents good behavior

in 
riti
al situations, typi
al of re
onstru
tion tasks in several appli
ations. The

algorithm produ
es robust models suitable for undergoing numeri
al pro
edures

required by simulation pro
esses. This is a major requirement to be met in the

Virtual Dentistry proje
t as well as other visualizations we are working on. The

method does that by, opposed to other known te
hniques for volumetri
 re
on-

stru
tion, solving well the problem of produ
ing meshes with no singularities.

This frees 
al
ulations during simulation of physi
al phenomena from the 
ostly

task of having to dete
t and 'go round' singular edges and verti
es. As a result of

the 
omparisons realized between this and other known re
onstru
tion methods,

Nonato's algorithm has been 
hosen as the re
onstru
tion basis in our target

systems.

The method itself is 
urrently being re-
oded for use as an extension to VTK.

This should allow a larger number of resear
hers and users to test its features in

their own appli
ation in the near future.

The next topi
 for investigation will be the simulation of dental pro
edures

over the volumetri
 models produ
ed. We are also investigating the use of Dire
t

Volume Rendering Methods [12℄ for visualizing Dentistry data as an alternative



to geometri
 based models [28℄ and the integration of both approa
hes17. DVR

te
hniques present some advantages over the Delaunay based approa
hes dis-


ussed here. One of them is that it preserves more information from the data

set, whi
h 
an, for example, allow easier observation of tissue. Another signi�-


ant advantage is that it does not require a previous segmentation step, whi
h

may be 
riti
al. A
hieving real time user intera
tion, however, may pose a major

problem, as most DVR algorithms are 
omputationally expensive.

Real Time intera
tion over the re
onstru
ted volumes, using Virtual Real-

ity, is also a subje
t of our interest, to be handled in order to provide a full

system for training in dentistry and other areas, su
h medi
ine and obje
t anal-

ysis for agri
ultural purposes. One parti
ular problem, not addressed by �tting

strategies, and over
ome by Nonato's method is the possibility of de�ning a data

stru
ture that is e�e
tive for real time user intera
tion and manipulation. This

is an essential requirement, as one of our goals is to provide an exploratory en-

vironment. Also, to support simulation of dental pro
edures it is 
onvenient to

have volumetri
 models suitable for manipulation by numeri
al analysis pro
e-

dures, su
h as �nite element methods. The data stru
ture, under development,

must be 
apable of indexing ea
h element in a way that is appropriate for both

intents: intera
tion and simulation, as their fun
tions will have to be provided

simultaneously. Additionally, we are studying ways of blending the information

generated by DVR into the indexing methodology of the data stru
tures, as

a way to provide an integrated environment, 
apable of handling dire
tly and

indire
tly rendered pi
tures simultaneously.

Most of our developments are progressively be
oming available on the inter-

net, as will most of the dentistry visualization system [18℄.

The simulation tasks are being developed in 
ollaboration with the numeri
al

simulation group at our lab LCAD (http://www.l
ad.i
m
.s
.usp.br), whose vast

experien
e in 
omputational 
uid dynami
s will be of advantage for the dentistry


ase.
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