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Abstract

The phenomenon of viscous fluid buckling has been the subject of study
by various investigators in recent years. In particular, Cruickshank® and
Tchavdarov, Yarin and Radev’ have presented theoretical results for predict-
ing the buckling of a thin jet. However, these models are based on a one-
dimensional analysis and consequently can only hope to approximate the phe-
nomenon. In this paper we present a two-dimensional calculation using the full
Navier-Stokes equations, but omitting surface tension. The computation is per-
formed using the GENSMAC code and the results agree well qualitatively with
the experimental and theoretical results presented by Cruickshank and Munson®
and Cruickshank® respectively.



1. INTRODUCTION

It is well known that the Euler equations govern the critical load for elastic
buckling in slender columns with given end conditions. However, a similiar
phenomcnon is also observed in viscous fluids and as yet no similar satisfactory
mathematical theory exists to describe the phenomenon. It manifests itself by
the coiling or-folding of a thin stream onto a flat plate just as honey does
"falling” from a spoon.

Taylor' was the first to study this phenomenon qualitatively. Then followed
a number of related papers. for example Lienhard?, Suleiman and Munson?®,
before an extensive experimental examination of jet buckling was carried out
by Cruickshank?® - sec also Cruickshank and Munson®. Approximate mathe-
matical models have been developed by Cruickshank® and Tchavdarov, Yarin
and Radev” and have been shown not to compare too badly with experiments.

An exhaustive bibliograph can be found in the review article by Bejan®.

The viscous jet may be either in tension or compression, depending on the
velocity gradient along its axis (Cruickshank and Munson®). If the diameter of
the jet increases in the downstream direction. the viscous normal stress along
its axis is one of compression. I this viscous compressive component of the
normal stress is large enough. the net axial stress in the jet may be compressive.
Thus, near the flat plate. sufficiently large axial compressive stresses along
with a sufficiently ’slender’ jet combine, under appropriate circumstances, to
produce the fluid mechanics analogue to the buckling of a slender solid column.

The purpose of this paper is to demonstrate that. by solving the full two-
dimensional Navier-Stokes equations, this buckling phenomenon can be sim-
ulated and that despite the fact that surface tension is neglected in the nu-
merical experiments the results agree qualitatively with those of Cruickshank
and Munson® and Cruickshank®. The computation is performed by the GENS-
MAC code for which we present a brief description. Details of the methodology

emploved can be found in Tome" and Tome and McKee'",

2. BRIEF DESCRIPTION OF THE GENSMAC CODE

The GENSMAC code solves the two-dimensional time-dependent Navier-
Stokes equations for an incompressible viscous fluid. It is an updated version
of the SMAC (Simplified Marker-and-Cell) method (Amsden and Harlow'?)
for calculating time-dependent free-surface flow problems employing pressure
and velocity as the primary dependent variables. It emplovs a finite difference
approach on a staggered grid. An adaptive time-stepping technique has been



used and a conjugate gradient solver is employed to invert the discrete Poisson
equation. The code is designed to deal with free surface flows within a general
domain with free-slip or no-slip rigid boundaries. A number of inflows and
outflows can be handled as can any number of internal obstacles.

2.1. Basic Equations

The basic equations are the two-dimensional Navier-Stokes equations to-

gether with the mass conservation equation which in non-dimensional form
can be written as
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where Re = UL/v and F, = U/\/Lg are the associated Reynolds number
and Froude number respectively. U and L are typical velocity and length
scales and v is the kinematic viscosity, g is the gravitational constant with
g(x) = (gz,9,)7 the unit gravitational field vector, u = (u,v)? are the non-
dimensional components of velocity while p is the non-dimensional pressure
per unit density.

2.2. Solution Procedure

It is supposed that at a given time 2o, the velocity field u(x,¢y) is known
and boundary conditions for velocity and pressure are given. The updated
velocity field u(x,t), at t = to + 6t is calculated as follows:

1. Let p(x,1o) be a pressure field which satifies the correct pressure condi-
tion on the free surface.

2. Calculate the intermediate velocity field u(x,t) from the explicit discre-
tised form of
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where i(x, to) = (u, v)T using the correct boundary conditions for u(x, fo).
The intermediate velocity field is then corrected by

u(x,t) = u(x,t) - V¢
with
Vi = V.i(x, ).
Thus, u(x,t) now satisfies

V.u(x,t) = 0.

3. Solve the Poisson equation
Vi = V.(x,t) .

4. Compute the velocity

5. Compute the pressure

2.3. Boundary Conditions

There are several types of boundary conditions which can be applied at
the boundary, namely: no-slip, free-slip, prescribed inflow, prescribed and
continuative outflow. Except for the no-slip condition, these prescriptions
resemble those considered by the SMAC method. For a detailed discussion see
Tome [9]. On the mesh boundary, the apropriate boundary condition for the
Poisson equation (Amsden and Harlow'!) is

oY
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2.4. Free Surface Stress Conditions

The appropriate free-surface boundary conditions are the vanishing of the

normal and tangential stresses which in differential form take the form (Hirt
and Shannon'?)

‘au Jdu Jv ov
— (2 2 — — + 5 vas | =
P (_/RC) [nz - + EX (8y + a]‘) + nyay] 0
du Ju ov ov
(1/Re) 2nxmrE + (ngmy + nym;) (5; + E) + 2nymya—y} =0

4



Oc <

Fig. 1.

respectively, where n and m are the normal and tangential directions to the
surface respectively. These conditions are applied by making local finite dif-
ferences approximations on the free surface.

2.5. Marker-Particles

Marker particles are used to represent the fluid itself. Their essential task is
to provide the position of the moving free surface so that the stress conditions
can be applied accurately. They are updated at the end of each calculational
time-step so as to provide the dyvnamics of the fluid motion.

The new particle coordinates are found by solving

d_f_ d dy _
dt an dt ~

v

using Euler’s method. Thus. after the velocity field is updated. the particles
are moved according to

n+l _ _n n+1l
T = a4 6t

y;+1 — y;z + z,Pétn+l

where (z7,y7) is the current particle position , 6"*' is the actual time-step
employed and (23!, y 1) its updated position.

The velocities u,. v, are found from a bilinear approximation using the four
nearest u, v velocities.



TABLE 1

v = 0.005 m?s v = 0010 ms
U
HID 05 mis 10 mis 05 mi/s 10 m/s
Re = 0.30 Re = 0.60 Re = 0.15 Re = 0.30
16.7 3 mm F = 2914 F= 5829 F= 25i4 F = 5829
B nB B B
Re = 040 Re = 080 Re = 020 Re = 040
125 4 mm F= 2524 F= 5048 | F= 2524 F= 5048
nB nB B nB
Re = 0.50 Re = 1.00 Re = 025 Re = 0.50
100 5 mm F=12257 | F=45IS F= 2257 F= 4515
nB nB nB nB

B: jet buckled: nB: jet did not buckle.

3. JET BUCKLING: A Numerical Experiment

The experimental results of Cruickshank and Munson® suggest that buck-
ling will occur when the Revnolds number (Re) averages about 0.56 or less. A
pertubation analysis of Cruickshank® suggests that the plate-orifice distance
for buckling is given by

H/D=2n+1)x (n=0.1.---).

Here D and H are the slit width and the height of the inlet to the plate
respectively. Experimental evideuce. provided by Cruickshank and Munson®,

then leads Cruickshank® to suggest that buckling of a planar jet appears to
occur when n = 1. that is. when H/D is greater than 3r.

Based on these assumptions a series of runs were performed using the
GENSMAUC code in order to make a comparison with experimental results.
The following numerical experiment was carried out.

We considered an empty square cavity with the no-slip condition imposed
on its walls. Through an inlet a thin jet of fluid is injected into the cavity
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at a constant velocity. The cavity is chosen to be sufficiently wide to permit
buckling, when it occurs, without the jet touching the cavity walls. The ge-
ometry of the experiment is shown in Fig. 1, where again D is the inlet size
and H is the height of inlet jet to the bottom wall of the cavity. The value of
H was held fixed while the three other parameters: inlet size D, inlet velocity
U and the kinematic viscosity v, assumed several values within the runs. The
following data were employed:

D =3, 4, 5 [mm)]
U=0.5, 1.0 [m/s]
v = §.005, 0.010 [m?/s]

These gave 12 runs with a Revnolds number Re. based on the slit width, in
the range of [0.15,1.0] and (1/F?) in the range [0.0294. 0.1962]. The height
H was 5 ¢m in which case the ratio H/D took the values: 16.67 (D =
3 mm), 125 (D = 4 mm) and 10.0 (D = 5 mm). These were the only
parameters which differed from one run to the next. The results are dis-
played in Table 1. Fig. 2 displays a particular buckling obtained for the data
D=4mm.U=05m/sand v =0.010 m?/s (Re =0.20 and H/D = 12.5).
Results for a jet which shows no signs of buckling are displayed in Fig. 3 for the
data D =4 mm, U = 0.5 m/s and v = 0.005 m?/s (Re = 0.4 and H/D =

a b

o o e o

Re =0.20. F, =2.523. H/D =125
Fig. 2. Buckling jet.

-1



Fig. 2. Continued.



Fig. 2. Continued.

a b

Fig. 3. Jet did not Buckle.
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Fig. 3. Continued.

As we can see from Table I, the Reynolds number is an important factor
in the buckling phenomenon. It can be observed that for Re > 0.56 buckling
does not occur. However, for Re = 0.4, 0.5 buckling also did not occur.
This, we believe, can be attributed to the fact that surface tension has been
neglected in the numerical experiment, although it may be that H/D is not
sufficiently large since this appears to be a dominant factor. To emphasize
this point we consider the cases Re = 0.5, F, = 2.257, H/D = 10.0 and
Re = 0.25, F, = 2.257, H/D = 10.0 which do not produce buckling but
is close to the border of the buckling region, and perform two reruns with
H/D equal to 16.0 and 14.0 respectively. In these runs the Reynolds numbers
were 0.5 and 0.25 respectively. Both showed that the jet buckled; the results
for the case H/D = 16.0 and Re = 0.5 are displayed in Fig. 4. These
results are particularly interesting displaying different features from Fig. 2.
For instance, both Figs. 2 and 4 display jet thinning although this very much
more pronounced in Fig. 4, possibly due to the smaller Froude number. Also
the fluid jet in Fig. 2 shows more clearly thickening moving back up the fluid
jet prior to buckling. This effect was reported by Cruickshank and Munson®.
Finally, Fig. 4 shows the fluid buckling to the right whereas in figure 2 the
fluid buckles to the left. This illustrates a general point: that the fluid has no
propensity to buckle in any preferred direction.
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Re = 0.5, F, = 2257, H/D = 16.0)
Fig. 4. Buckling jet.

Fig. 4. Continued.
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4. CONCLUDING REMARKS

This paper has been concerned with the use of the code GENSMAC to
simulate the viscous buckling of a planar jet. The flow visualisation show
good qualitative agreement with existing experimental results. This provides
further evidence that GENSMAC is capable of simulating complicated free
surface flow problems and illustrate certain features of viscous jet buckling:
the lack of a preferred buckling direction and jet thickening and thinning.
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