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Abstract

A numerical methodology for solving unsteady problems involving the generalized Newtonian
model has been developed to investigate non-Newtonian free surface flows. It is an extension
to the GENSMAC code which employs velocity and pressure to represent the fluid flow. A
staggered grid is employed and marker particles are used to represent the fluid, providing im-
mediate visualization of the moving free surface. The time-dependent Navier-Stokes equations
and the full free surface stress conditions are considered. The technique has been applied to
simulate the time-dependent extrudategwell problem, showing the rheological features reported
by existing methodologies for dealing with the steady state problem. Further results include the
simulation of bluckling of Newtonian and non-Newtonian jets and injection molding in complex
cavities. Furthermore, the technique is presented in such a way that any model relating the

viscosity to the shear rate can be used.



1. INTRODUCTION

The Marker-and-Cell method was first introduced by Harlow and Welch [1) at the Los Alamos
Scientific Laboratory in the early sixties. Since then it has been developed by several researchers
[2), [3), (4], [5] (to cite a few) and & detailed description of the technique can be found in [2].
More recently Tomé and McKee [6] have developed the GENSMAC code, which is an updated
Marker-and-Cell methodology for solving free surface flows in general domains. It solves the
two-dimensional Navier-Stokes equations in Cartesian co-ordinates for an incompressible fluid.
So far, the Marker-and-Cell type method has been applied to a wide range of fiow problems, but
as far as the Authors are aware, it has not been extended to cope with a non-Newtonian fluid.
In this paper we describe modifications to GENSMAC in order to solve fluid flow problems for
a specific non-Newtonian fluid, namely the generalized Newtonian model, in which the viscosity

depends (in a prescribed way) on the local shear rate.

2. THE GENERALIZED NEWTONIAN MODEL
The balance laws for momentum and mass of an incompressible fluid of density p are
p—zt—u=v-g+pg, V.u=0, (1)

where u(x, t), g(x,t) and g denote the fluid velocity, the stress tensor and gravitational accel-
eration, respectively. We shall consider flow of a generalized Newtonian fluid, with constitutive

equations

L]

=-pl+z, r=2(9)d (2)

where p is the fluid pressure, I is the identity tensor,  is the extra-stress tensor, d is the

rate-of-deformation tensor, given by
d =3 [(Vw) +(Vu)7), @

g is the local shear rate, defined by
¢ = (2u(@”)"”, )

and p(g) is the apparent viscosity (a prescribed function of ¢). It is convenient to define also a

kinematic viscosity v = u/p.



With (2) and (3), equation (1) becomes

”'lz))Tu = -Vp+uVu+(Vp)- [(Vu) +(Vu)T] +pg, V- -u=0. (5)

We shall be concerned with unsteady free-surface fiows of viscous fluid moving into a passive
atmosphere (which we may take to be at sero pressure). In the absence of surface tension the
normal and tangential components of stress must be continuous across any free surface, so that

on such a surface

n.(g-n)::O and m-(_z_'l'l)=0, (6)

where n and m denote unit normal and tangent vectors to the surface.

We also have the boundary condition
u=0 on any fixed boundary. t))

Other boundary conditions, such as those at an entry or exit port to the computational domain,

will be discussed later.

We consider two-dimensional flow, and use Cartesian coordinates Ozy, with u = u(z,y,t)i +
v(z,y,t)j. With L, U and »p denoting ‘typical’ length, velocity and viscosity scales, we introduce

the nondimensionalization

u=Ua, x=LX v=wp, q=%¢ t=%i r=pU%, g=gg,

where g = |g| (so that § is a unit vector). For the sake of clarity we drop the overbars

immediately. Then equation (5) can be cast in the forms

Ou
.8t- =-Vp+ N(u) (8)
and
V-u=90, (9)
where N(u) has components
. D T N WY X
M=-%"% *®%9V%\5 az)
| (10)
Ou v (Ou 80)
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and

7 ’oz(a: g_:)

Oz Oy
(11)
8v bv 1
[‘av ke 20:101/] My
with g = g.i+g,j and
=[2G+ 28+ B+ 22y 2
9= |45z 5 Y\ te: (12)

Re = UL/vy and F, = U/+/Lg denoting the associated Reynolds number and Froude number

respectively. In obtaining (10) and (11), use has been made of the continuity condition (9).

Equation (8) is in a form that is convenient for later use.



3. COMPUTATIONAL PROCEDURE

To solve equation (8) and (8) we employ a similar idea to that used in GENSMAC, namely,
with marker particles used to represent the fluid, the equations are solved on a staggered grid
at current time t, delivering the instantaneous value of u(x,t); the positions of the marker

particles are then updated by solving dx/dt = u.

We suppose that at a given time, say to, the velocity field u(x, ;) is known (satisfying the
governing equations and boundary conditions, along with the pressure p(x,t)). The updated

velocity field u(x,t), where t = to + 8¢, is then determined as follows:
i) Calculate g(x,to), and {g(x, to)) using u(x,?o).

it) Let p(x,t) be an arbitrary ‘pressure’ field that is consistent with the correct normal stress

condition on the free surface at £ = ;.

iii) Calculate an intermediate ‘velocity’ field @(x,t) from

fa -
Y i —Vp + N(u), (13)

with @(x,15) = u(x,?p), using the correct boundary conditions for u(x,tp). Equation (13) is

solved by means of an explicit Euler-type method.

Subtracting (13) from (8) we obtain

Sa-8=-v6-5 | (14)

so that V x [(8/8t)(u—@)] = 0. Therefore (8/6t)[V x (u — &)] = 0, which implies V x
(u — ) = f{x) for some f{x). But u=11 at ¢ = {p, so that Vx u=V x @ at t = ¢y, implying
f{x) = 0. Thus V x(u — @) = 0 for t € [to,to+6t] (which shows that the ‘vorticities’ associated

with @i(x,?) and u(x, t) are the same). Therefore there exists a scalar function ¥(x,t) such that

u(x,t) - i(x,t) = - Vy, (15)

where, by continuity,

Vi =V-i(xt). (16)

iv) Solve the Poisson equation (16).



The appropriate boundary conditions for ¢ are (see Tome and McKee [6])
v=0 ob the free surface

and

oy

-—=0 on mesh boundaries.
on

These are treated using the accurate approximations detailed in Tome and McKee [6).
v) Obtain the updated velocity field u(x,t) from (15).
vi) Compute the pressure.

By (14) and (15) we have p — p = 8vy/8t, from which p is evaluated numerically as

¥

P=5+'67- (17)

Thus overall we essentially solve the momentum equations explicitly, and solve a sparse sym-

metric linear system (the discrete Poisson equation) for the ‘velocity potential’ 4.

vii) Update the positions of the marker particles.

The last step is to move the marker particles to their new positions. These are virtual particles

whose co-ordinates are stored and updated at the end of each calculational time-step by solving

= _ 9 _

ikl 7 =Y (18)

by Euler’s method. This provides a particle with its new co-ordinates, allowing us to determine
whether or not it moves to 8 new computational cell, or indeed if it leaves the containment

region throught an outlet.
Approximation of ¢ on rigid boundaries.

When 1 is calculated from (13), the values of the shear rate ¢ on rigid boundaries are required.

These can be obtained as follows.

Let us consider a horizontal boundary y = y.. If the no-slip condition is imposed on this

boundary then

u(z,y.)=0 and v(z,y)=0,



which gives
Ou Ov

—=0 and —=0 on y=y..

0z 0z
Introducing this into (12) we obtain

ov\? au\?
9(z,ve) = [2(-5;) + (-5;) ] :
But conservation of mass implies 8v/8y = —0u/8z = 0, so that, at a horizontal no-slip
boundary, ¢ reduces to
o
o(z.) = |a_:| : (19)
On the other hand, if y = y. is a free-slip boundary, defined by

Ou
v=0 and b_y =0 on v=Ye

then

v

5z = 0 on y=y.,
so that from (12) and (9)

v
g(z,y:) =2 By (20)

on such a surface.

For a prescribed inflow or prescribed outflow through a horizontal boundary it is easily verified
that g is also given by (19). For flow through a horizontal boundary y = y. at which the normal

derivative of u vanishes (referred to as ‘continuative’ in [2]), ¢ may be approximated by

v

oz}

9z, ) = (21)
Similarly, for a vertical boundary z = z. it can be shown that ¢ may be approximated by

/D)

oz

when no-slip, prescribed inflow or prescribed outflow conditions are imposed, and may be

g(ze, ) = (22)

approximated by
Ou
Oz

if free-slip conditions are imposed. Also, it can be verified that for a continuative outflow on a

9(ze,y) =2 (23)

vertical boundary, ¢ is given by

fu

oze,v) = ol (24)

The corresponding finite-difference versions of these equations will be given in the next Section.
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4. FINITE DIFFERENCE APPROXIMATION

To solve equations (13), (16), (15), (17) and (18) we employ the following discrete approach.

A staggered grid is employed. A typical cell is as shown in figure 1.

N

-3
. >

Uiz il

~ 4

m Uie1/2j

~Q €
. o

Q

Vij-112
Fig. 1. Computational cell.

The variables, pressure p;;, the added velocity potential y;;, the divergence D; j and the
discrete shear rate ¢;; are positioned at a cell centre while u;; and v;; are staggered by a

translation of 6z/2 and 6y/2 respectively.
4.1 Cell Flagging

As the fluid is not stationary, a scheme to identify the fluid region and the free surface is
employed. To accommodate this, the cells within the mesh are flagged according to whether

they are

1. Boundary cells (B): Cells lying on or outside the boundary domain. They play a static role
by prescribing the position of the fixed boundary.

2. Empty cells (E): Cells containing no fluid.
3. Full cells (F): Cells containing fluid with no adjacent empty cell on any of their faces.

4. Surface cells (S): Cells containing the free surface. These cells have at least one adjacent

empty cell on one of their faces.

These definitions are illustrated in figure 2 for a typical case.
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Fig. 2. Types of cells.

4.2 Basic Finite Difference Equations

The momentum equation (13) is discretised and applied at the u-nodes and v-nodes respectively.
A forward difference is used to approximate the time derivatives while the linear spatial terms
which do not contain v~derivatives are approximated by central differences; for the convection
terms in (10) and (11) the so-called ZIP form is adopted. This type of differencing requires the

following approximations:

(wi5)” = iy 50y,

(%) = Vi 435}

Thus, &u?)/8z and &v?)/8y in equations (10) and (11) are approximated by

Yipd %t ~ Uit diY%i-4 and Yij+3Yii+d ~ Vij+dVij-4
. bz Sy

»

respectively.

For the flux terms (uv), simple averages are performed, for instance:

u, .+ U, : v; . + v, ,
(uv),-+§_,~+§ - ( 435 - 1+§J+1)( sJ+d > n+1.1+j) )

Therefore the derivatives &uv)/6z and &uv)/Oy are approximated by

8



Buv) _ Yi-dy+dVi-daed T Vit dit Uil i+l

Oz 6z
and
Ouv) _ Yirda-gViegi-§ = Vit daediedih
Sy Sy
respectively.

4.2.1. Computation of the Discrete Shear Rate - ¢; ;.

To approximate the shear rate (12), we proceed as follows: the terms Ou/0z and 6v/0y are
discretised by central differences, while for the terms du/8y and 8v/0z we first average u and
v at the u and v-nodes and then apply central differences. For instance to discretise u/8y we
compute v; ;.3 and u;;_3 by averaging the four nearest u’s and then take central differences
with respect to y. To calculating the values of u; ;4 and y; j~4 let us consider figure 3a. Then

it is easily eeen that the values of u; 5, 4 and u; ;_, are given by

e N e e N st TR I X,
Yig+d = 4

.— u,-+§_,- + u‘_éd' + u,-_,,“_, + ui_!.’-_,
u".’-_§ = 4

which gives

Ou _ (%44 — Y j-1)
8y ~ by ’

The derivative 8v/0z is obtained similarly, namely

Gv _ (vigsj— vi_ij)
oz 6z

where

Vi) Y UGed P-4 T UG-y
v"+§‘j = )

BT 12 B WA T BMCY It Bl Wik
Vi-4j = 2 .



] [} L} ] . [}

. N I b N B

L} L (] [} ] ]

[} [} [ ] 1} ’ L}

i N I
-.--o-:oo --ioo -0:0040000 COJ’.-:b..i...:b-.P..‘:.-.P--.. j"l

‘: éu_i ¢lf¢ ? e H ' '

E ﬁ‘:' E ?v { ﬂ"; i+ J’i
..-n.-:-cﬁ;.-;-#.-:’ool ewew j ced -.-'p.: QJ-L:?..4...+.... j

v Tuidt ! : : :

N B T 1°
o R R e R Sl

[} L} 1] 1] ) [}

: Col o 5 vl

A N I

i-1 i i+l i-1 i i+l

Fig. 3. Computation of u and v at v and u-nodes respectively.

With these approximations, the discrete shear rate, g; ; is given by

Gj = [2(“""'{.7' ;"i-i»i)z + 2(-""J+56‘;"'"J-i)2

Yipd 41t Yind 41~ Yigd -1~ Ui} j-1
N ( - (25)

+ Yitr,j43 T Vig1-2 ~ Vierj+d ~ Vie1,j-4 nve
46z )

Once we compute ¢; ; the i~derivatives are calculated as follows:
a) Approximation for the y-momentum equation

Here 8v/8z is approximated by central differences and 8v/8y is obtained by averaging,

ie.
ov i+1g) — Qi
E - V(q +1J;z V(q .J), (26)
Ov| _ Mdi+di+4) — U%ivi,i-3)
5; F B by ' 27)
where

10



L TSR XL TSRS il (KIS
LT RIS e 4 ’

_ Qg H e+ g1+ givr4-1
Gtga-¢ = 4 .

The subscript F denotes a cell which is not adjacent to the boundary. If the cell is adjacent to
the boundary then (27) is replaced by

ov| _ V(q-'+§.j+§)|p - ”(qiﬂ,j—g)
dyly = 5y (28a)
or ) |
ov| _ Udi+ij+d) ~U%i+4i-4)lp
Bl 5 . (28b)

The choice in (28) is made depending upon which side of the cell is adjacent to the boundary,
ie. top side or bottom side respectively. The values of

(‘Ii+g,j-g)|g and (‘Ii+§.j+§)|g

are computed by using the equations described in Section 3 according to the type of boundary

condition imposed and will be given in Section 4.3 and 4.4.

For cells which are adjacent to empty cells (27) is replaced by

ov - ”(95+§,jit)|s — Uiy 4,i-1) (290)
8y s Sy
or |
ov| _ "(9i+§,j+§) = V(qi-..g,j-g) s
= 5y (296)

The choice in (29) is made according to which side of the cell is adjacent to the empty cell, ie.

top side or bottom side. The finite difference equations for

@i+pi-s  amd @gieddls
are obtained from the stress conditions on the free surface and will be given in Section 4.5.

11



b) Approximation for the »-momentum equation

Here the treatment for 8v/8z and Hv/Oy is similar to above;

gl: - V(¢¢+1.5+L)- V(‘Ia-).u-))

oz |, bz (30)
and
v _ Aaije1) - Maiyg)
oy~ by ) (31)
where

_ it Qije1+Gi-14+gi-1541
Gi-3i+3 = 4 :

For cells adjacent to the boundary, (30) is replaced by

ov| _ V(Qiﬂ.jﬂ)la - V(?ij.j-l»})
¥z 5 = b2 (32a)

or
ov| _ Mlisgivd) = MeGi-35+3)lp
oz B bz (326)

and for cells adjacent to empty cells (30) is given by

| _ V(Gi+§.j+;)|s —Ui-4,i+3)

Bz = b2 (33a)
or |

Ov| _ Udi+ii+d) — Udi-3i+d)ls

dz|g 5z . (33b)

The expressions for calculating

(9-'+§J+§)lg: (qi-g,,'-q—g)lg, (‘1i+§,j+g)|5, and (Qs-g,j-fg)ls
will be given in Sections 4.3, 4.4 and 4.5 respectively.
4.2.2 Computation of ¥{g) .

The function defining 1{g) can be any suitable function which describes the behaviour of v as
a function of ¢. For instance we employ the Cross equation (Barnes, Hutton and Walters [7])

12



V=V _ 1

W Ve (1 + (Kq)"')

(34)

where m, v, Voo, and K are given positive constants.

The value of v is required at u and v-nodes. This can be obtained from
(0 — Voo)
1+ (K'Iug;)"')

V(ci-f},j) = Voo + (

35
(0 = var) (35)

1+ (in.j+;)'")

V(€ij+d) = Veo + (

respectively. The values of ¢, ; and ¢; ;. 3 are easily obtained by averaging, namely:

N N + Voo . + P
Gisds = 9-+1.12 @i and %ey = Qi 2'1-.“-1 i (36)

Now if we introduce the approximations made in this Section into the momentum equation (13)

we obtain the following

ﬁn-H -y . — - -
gy T Witdd Yl %i-4g T %edi%-dg By — By
5t bz 6z

+(1/Fr?)g,

1 (v,- bl —Vigriod — Vel + U
+(’R—e)"(4.'+§.j)[— #1544 7 Vit1-4 " ged ¥ Ys-4)

bzby

+ (g gy + "-‘;:;‘—1 - 2“-‘+g.:')] + "‘Hi.i—&”ﬂi.j—&6’y"-‘+}.i+}"i+§.j+} (37)

1 (“i+§.i - “.'-g,j) ov Yitdj+1 ~ Big)j-1
+ (R?)[2 TPEY MU M [ 2%y

Vittith  Uierg-} = Vigtd T V-3 Ov
+ 26z (83')““

where 1(q;, 3 ;), (8v/02); 44 ;, (Bv/By)iy 4 j, a0d gy ; are obtained from (35), (26), (27), and
(36) respectively .

13



=n4l - - -~
Uoied U VigedVig-d ~ VigedUiaed  Biger = Big +(1/Fr?)
= o ™ Ay

1 (Mig g ga1 = Wig gy = Yic g o1 + %igy)
- ('E;)"(QCJQ-Q)[ i 4 6zby i 3

+ (20,-.“* - ”H»;::i - "‘-1J+i)] + "i-—gJﬂ”i-jJ+g;W+}J+j”‘+iJ+j (38)

+ (__1_)““-'+j.5+1 FU-d T Mgy T Yi-d
Re 26y

ov (Yijeg = vij-3) Ov
52 itk +2 %y (3;).',“;]

+ Vit1,j44 ~ ”‘—l.iﬁ](

26z

where #(q; j43): (O¥/02); 544, (Ov/BY); 543, and g; ;4 ) are obtained from (35), (30), (31) and
(36) respectively. The superscript n has been dropped for clarity.

The Poisson equation (16) is discretised at cell centres using the five point Laplacian which can

be written as
A% — Yisrj — Yie1j — Yije1 — Vij-1 = —h2D;j (39)
where : ) : N
D;; = uiﬁ’j;u‘-%"‘ + v"j+i;’v‘»i-%
and

h denotes the grid size (assuming éz = 6y).
4.3 Boundary Conditions

The various types of boundary conditions mentioned in Section 3.2 may be applied at the walls
of the computing mesh. The finite difference form of those conditions for a left wall will be
given here; the treatment of other wall positions is similiar. With reference to figure 4 the
indices i 4 1, j refer to a cell inside the fluid domain and 4, j refer to the cell lying just outside

the fluid domain.

14



a) Inflow/Outflow boundaries

Inflow and outflow boundaries can be specified as either normal and/or tangential velocitites
at the boundary. In addition, normal derivative boundary conditions can be specified at the
outflow. For simplicity, it will be assumed that the inflow and outflow coincide with cell

boundaries. These types of boundary conditions can be given as follows:

i) INFLOW : Fluid flows in through a segment of the boundary at a prescribed rate. As in
GENSMAC, the desired inflow is constant and marker particles are inserted through the wall
to represent the incoming fluid. With reference to figure 4 this can be stated as

Yipy i = Ui,
Vig+d = “Yitrj+d
Vij-4 = ~Visr,4-4

Yij = Yig1-

The shear rate (22) at the boundary is computed at mesh corners and is given by

2|”-’+u+§|
Urdird| =5

outgide fluid domain inside fluid domain

© —

* i1 x L11]
Vigsin Y12

ivig 2

ij Yis1§

" Poining Puiaapg
g i

Fig. 4. Variable positions for a left wall.

ii) OUTFLOW : Fluid flows out through a segment of the boundary and marker particles are
destroyed as they cross the boundary. The boundary conditions can be of two types: prescribed
and continuative. With prescribed outflows the fluid is removed from the domain at a constant

prescribed rate while with continuative outflows the fluid flows out of the domain in such away

15



that there is no rate of spatial change in the velocity. With reference to figure 4 this can be
stated as:

Prescribed outflow
ip g = Ues

Vig+$ = “Ysr g+
Vij-§ = “Vinrg-
Yij = Yis14-
The shear rate (22) is computed at mesh corners and is given by

2|vi41544]
Urhirh| =g

Continuative outflow
Uirgj = Biggyt ?%i»
Vij+d = Vidri+dr
Yij-3 = Yigr5-4»
¥ij =0.
The shear rate (24) is approximated by

_ |“-‘+§J+x - “-‘+§.j|
Giedi+d 5 = 5y .

b) Free-Slip Boundary

The free-slip condition may represent a line of symmetry or a surface which exerts no drag on
a fluid. This is accomplished by requiring the normal velocity and the normal derivative of the
tangential velocity to vanish on the boundary. If the boundary coincides with mesh lines then
the free-slip condition can be applied directly. For a left wall (see figure 4) this condition can

be represented by

uiry; =0,
Yij+i = Vitri+d
Vig-1 T Vitni-

Yij = Vis1j-

16



The shear rate (23) is approximated by

_ wiags vyl
Geditd B bz ‘

¢) No-Slip Boundary

A no-slip boundary represents a viscous boundary that exerts a drag upon the fluid. This is
accomplished by making the normal and tangential velocities zero at the wall. In terms of finite

differences this is represented by
Vij+d = “Vitr g+ 4

Yij-4 = “Vi4rj-4»

Yij = Yis14-
The shear rate (22) is approximated by
2[vi41,54
G+d543 B = ——zzi'i‘

17



4.4 Curved Boundary Treatment

A methodology for treating curved boundaries when the no-slip condition is imposed has been
developed during the construction of the GENSMAC code in order to be able to deal with
free surface flows in arbitrary domains. The same methodology is employed for solving the
generalized Newtonian fluid for which we give a brief description. For details see Tome and

McKee [6].
4.4.1 Virtua! Boundary Definition

For a rectangular domain, no problems arise when the finite difference equations (37) and (38)
are applied at nodes near the boundary because these coincide with cell edges; however, a
curved boundary will not in general coincide with cell edges and any interpolation procedure
must accord with the staggered grid. This can be achieved first by determining where the
curved boundary cuts the cell edges and then flagging this cell as a B-cell or not. Let us assume
that the cells are sufficiently small so that the curved boundary will cut a cell at two points.
Then all the possible configurations of cells cut by the curved boundary can be classified into
one of the two groups: cell cut on two adjacents sides (corner cell) and cells cut on sides which

are opposite to one another (edge cell). Figure 5 displays examples of such cells.

Among the corner cells and the edge cells we consider the ones such as shown in figure 5a and
5¢ to be interior cells (ie. F, S, or E) because only a small part of these cells is occupied by
the rigid boundary while we consider the other cells such as in figure 5b and 5d to belong to
the curved boundary and special treatment is then required for these cases. The criterium for
deciding which of these cells belong to the curved boundary is given in Tome and McKee {6}
and is not given here. Thus, after the flagging is performed the boundary is approximated
by piece-wise continuous mesh lines. Figure 6 displays an example of such a boundary. The
approximated boundary which we call "virtual boundary”, is the reference boundary for the

Poisson equation (16).

18



Fig. 6. Types of cells cut by a curved boundary: Corner and Edge cells.

-

Fig. 6. Virtual boundary.
4.4.2 Boundary Conditions on Curved Surfaces

When the discretised momentum equations (37) and (38) are applied at nodes adjacents to the
virtual boundary, the u and v values at boundary cell faces are required. If no-slip conditions
are applied on the curved boundary, these values can be estimated in terms of functions values

at internal nodes by linear (bilinear) interpolation.

a) b) c) . d) d

P, P Py Py PR 0
~o-1
B B 0

Fig. 7. Configurations of B-cells with only one side open to interior cell.

O
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B :
D B

Fig. 8. Configurations of B-cells with two sides open to interior cells.

1t can be seen that the boundary cells may have one or two sides open to interior cells, as shown
in figure 7 and in figure 8. Thus, if a B-cell has one open side the u,v-values are computed
by using linear interpolation while for B-cells having two sides open a bilinear interpolation is

employed. For details of the interpolation formulae see [6].
4.4.3 Computation of ¢ on Boundary Cell Corners

When computing the viscosity derivatives in (28) and (32) the values of ¢ at boundary cell
corners are required. This is obtained by making finite differences approximations to (12) by

considering two cases:
a) B-cells with only one side contiguous with interior cells

For these cells we assume that the curved boundary can be approximated by either a horizon-
tal or vertical boundary in which case we compute g;, 4 ;41 by using (19) or (22) respectively.
For instance, in the case of a B-cell having only the right side contiguous with a interior cell as
in figure 9, the value of %itd i+l is obtained by

_ Vig4d T Vi-1i+d
Gi+dj+4 = 5z .

Other configurations of B-cells having only one side contiguous with a interior is treated simi-

larly.
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Fig. 9. B-cell with the right side contiguous with a interior cell
b) B-cells with two sides contiguous with interior cells

For these cells, the value of G+di+d is obtained by making finite difference approximations
to (12). For example, if we consider the B-cell as in figure 10 then the value of ¢;, 3 ;4 can be

obtained from

_ Yipdj1 Tt Yig g — Yiegie1 " Yiodg ?
asrs = [2 %z
Vij4d F Vo143 ~Vij+d ~Vi-154d 2
+2 2%y
+ Yidj41 " Y-l + Yij+d ~ Y%i-1i+3)° W
by bz )
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Fig. 10. B-cell having the right and top sides contiguous with interior cells

For other configurations of B-cells having two sides contiguous with interior cells the value

of g, +hi+d is obtained similarly.
4.5 Free Surface Stress Conditions

The treatment of the free surface stress conditions is analogous to that considered in GENSMAC
{6]. The stress conditions are approximated by local finite differences by assuming three types

of surface orientation: horizontal, vertical and 45° sloped surface, as follows.

Let us assume that the grid size is small enough so that the surface will intercept the mesh cell

at two edges. Then, equation (6) can be simplified by considering three cases:
a) Surface cells (S) with only one side open to an empty cell (E).

For these cells we assume that the surface will be either horizontal or vertical in which case (6)

reduces to

p-ara)(32) = 0 (40)



Ou Ov
3;4-3;— 0 (41)

where n is either the z-direction or the y-direction.

Finite difference approximations for (40) are easily obtained. For instance, if we consider the

surface cells in figure 11, the corresponding finite diference approximation for (40) is

i = 2/ Repfa) (ML),

while the tangential stress (41) is approximated by

oz
Yitrr,544 T Vij+d — E(“H»!J-H - “i+§,j)~

The shear rate g; j is computed from (12) which in this case reduces to

bu
q= 2 -0—”- . (42)
For the surface cells in figure 5, ¢ can be approximated by
Yivds ~ Y-}
ql',j 3 2 ~ 62 ~ .
Once we compute ¢; ; the value of 1{g; ;) is calculated by
Vo— ¥,
V(q.'_") = Voo + -—(—o—oi)—— (43)
(l + (K qi J)’”)

When calculating the ¢-derivatives in (29) and (30) the values of g at the surface cell corners

are required. This can be obtained by making finite difference approximations to (42) at the

cell corners, namely

I“.’+1J+1 Ui+l
-— 3 2 2 2
q.+§.’+% s = 2 62

where

Yipd i1 FUisg
Yirdj+d = : D) } and u;
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Other types of surface cells with only one side adjacent to empty cells are treated similarly.

O Vis12js1

E
‘f’+75+1/2
Q Uist12j
E

Fig. 11. Surface Cell with the right side contiguous to an empty cell.
b) Surface cells with two adjacent sides contiguous with empty cells

For these cells we assume that the outward normal direction lies at 45° between the open sides.

In this case the stress conditions (6) reduce to

p=2(1/Repto) (5o + 3¢ #4)
Ou v
5% =5 =" (45)

The sign in (44) is chosen to be the sign of n.n, . For example, let us consider the surface cell

in figure 12. Thus a finite difference approximation for (44) would be

u; .+ -k — Y il — Y dio
piJ=(Re/2)l'(<Ii,j)[ +hy T M-y 5 +4-1 $.i-1

(46)

-+

Vij+d t Vij-} — Vicrj+d — "a‘-u-g]
bz )

For the tangential stress (45) we require u/dz and 8v/By to vanish separately. The reason for
doing this is that the mass conservation equation is also satisfied for these cells. For example,

for the surface cell as shown in figure 12 we set
u,-+*,j=u,-_%.j &Dd v,-.,-_,_;_:v,-.j_%.

The shear rate (12), on these cells, reduces to

Ou v

q4= 8_y+E
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which can be approximated in the same way as in (45), namely

1]y + Yl — Yadi-l — Yindge
“w =3 +4J $J Gy'ﬂ.il §d~1

+ Vijgeg t Vij-3 = Yi-rged — Vi-14-4
bz )

Once we compute ¢; ; the value of 1{g; ;) is calculated by (43).

For other configurations of surface cells with two adjacent sides contiguous with empty cells the

finite difference approximations are obtained similarly.

Uiimz.j E ]UHIIZ.;'

Fig. 12. Surface Cell with the top and right sides contiguous to empty cells.
¢) Surface cell with two sides, which are opposite to each other, contiguous with empty cells.

For these cells the pressure is set to zero and one velocity is adjusted 8o that V.u = 0 in the
surface cell. The shear rate ¢; ; is set to zero in these cells. If such cells arise it suggests that

the grid should be refined.
4.6 Time-Stepping Control

A time step procedure is employed which optimizes the time-step size at each calculational

cycle. It is based on two stability restrictions:

1. No particles should cross more than one cell boundary interval in a given time interval, i.e.

that

éz by
ot < — and < —. 47
ful ol (47)



2. The second stability restriction is due to the explicity discretisation of the momentum

equations and involves the Reypolds number and the viscosity:

6226y Re, 1
< oror 2 W) (48)
Thus to satisfy (47) it is sufficient that
éz by
il < —— d <
Wreel ™" Vimae] (49)

where Umas, Vmas 8re the maximum of values of u and v respectively. In order that (48) be

satisfied it is required that

6z%6y?* Re, 1

bt < 522 4 6y 2 \Vmar

(50)

where

Vma: = maz{ V"J }.

The implementation of (49) and (50) has been performed in essentially the same way as in
GENSMAC [6].

4.7 The Poisson Solver

The discrete Poisson equation (39) gives rise to a linear system which is the same as in the
Newtonian case. The conjugate gradient solver as implemented in GENSMAC [6] is employed
to solve this linear system.

4.8 Particle Movement

Marker particles are used to represent the fluid. Their essential task is to provide the position
of the moving free surface so that the configuration of the surface cells can be determined. They

are updated at the end of each calculational time-step so as to provide the dynamics of the fiuid
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motion. The new particle coordinates are found by solving (18) using Euler’s method. Thus,

after the velocity field is updated, the particles are moved according to
,:-M = 2, + upbt"H

Bt =y +ybtnt!

where (z,,yp) is the current particle position, 61"*+! is the actual time-step employed and
(z3+!,yp*1) its updated position. The velocities up, v, are computed by using an area weighting

scheme involving the four nearest u,v velocities respectively. For details see [6], [2].



8. CALCULATIONAL EXAMPLES AND APPLICATIONS

The finite diflerences equations described in Section 4 were incorporated into the GENSMAC
code in order to allow the investigation of incompressible free surface flows of non-Newtonian
fluids. To demonstrate that the technique described in this paper can indeed cope with shear
thinning viscosity we present three known problems which compared with the respective New-

tonian case show non-Newtonian behaviour. These are discussed next.
5.1 Numerical Simulation of the Transient Die Swell of a Planar Jet

The first calculation presents a simulation of the flow of a planar jet emerging from the die which
exhibits the characteristic phenomenon known as ’extrudate swell’ or jet swell’. This problem
has attracted the attention of many researchers and numerous techniques for simulating the
jet swell of a non-Newtonian fluid (eg. [8], [9], as well as a Newtonian fluid (eg. [10], 11])
have been developed. However the procedures employed so far have only, to the Authors’s
knowledge, been able to accommodate stationary regimes and often neglecting the inertia terms
by considering the case of very viscous jets. Due to the complexity of the flow domain, the
most common technique has been that of finite element (eg. [12]) but finite differences have
also been employed (eg. [13)]).

Problem Description.

We consider the time-dependent flow of a two-dimensional jet flowing through a slit with a
constant input velocity and then extrudatet into the air. If on the slit walls the no-slip condition
is imposed this will affect the constant input velocity resulting in an approximate parabolic
profile at the slit exit where, under certain conditions, the jet might be expected to éxhibit
the phenomenon of swelling. Figure 13 displays the geometry and the boundary conditions

associated with the die-swell problem.

u=0 v=0
"1 f.s.c.
———g
u=U; ’ f.s.c f.s.c
—
u=0 v=20

Fig. 13. The die-swell problem.



The input velocity is set to U; = b m/s and the slit diameter is D = 1 em. The length of the
slit was set to 3 ern which should be long enough for the velocity profile to become similar to
parabolic at the slit exit. A continuative outfiow is set at 6 em from the slit exit. The scaling
parameters were taken to be L = D and U = U, (inlet velocity) which give a Reynolds number
of Re = 1.0. Gravity was neglected as 1/F? % 0.003.

The viscosity is defined by (34) and we use the following values for the constants:

0.001 m?/s,

Voo
v = 0.050 m?/s,

m=10.

In order to observe non-Newtonian behaviour we have run this problem for 3 differents values

of K namely: K = 0.15, 0.75 and 1.5 respectively.

Figure 14 displays the fluid configuration at a particular time for the differents values of K and
figure 15 shows the fluid configuration at different times for K = 1.5
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Fig. 14. Extrudate swell of Newtonian and non-Newtonian jets at t = 6.250 for differents values
of K.-a: K=00,b: K=0.15¢: K=075and d: K = 1.5.
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Fig. 15. Dieswell of a Generalized fluid at differents times for the case of K = 1.5. a: t
3.750, b: t = 5.625, c: t = 6.875, d: t = 8.125.
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5.2 Buckling of Newtonian and non-Newtonian Jets

To further demonstrate that the finite difference approach presented in this paper can deal
with shear shinning viscosity, we present in this Section two calculations which simulates the
buckling of thin viscous jets. This phenomenon has been investigated by several researchers in
the past years (e.g. Cruickhank and Munson [14], Bejan [15]) and a two-dimensional theory
explaining this instabillity has yet to be presented. Nevertheless, Cruickshank and Muson [14)
and Cruickshank [16) have presented experimental and approximated results in order to predict
jet buckling of planar and axisymmetric thin jets. In particular, it is postulated that for a

planar jet, buckling will occur if the following restrictions are satisfied:
Re>056 and L/D>3x

where Re is the Reynolds number based on the slit width D and L is the height of the inlet to
the plate.

For a Newtonian jet the Reynolds number is an important factor which dictates the behaviour
of the flow whereas for a non-Newtonian jet it is changing locally according to the shear rate.
To illustrate that the shear rate has a dominant effect on the buckling phenomenon we présent
two calculations which satisfy the conditions given above but the results for the shear thining
jet is "different” from the corresponding Newtonian jet. The first calculation shows a thin jet
which is injected into a square cavity (see figure 16) with the no-slip condition imposed at its
walls. The cavity size is 5 ¢em by 5 cm and the inlet size is 4 mm. The inlet velocity was taken
to be U = 0.5 m/s and the parameters defining the viscosity were

Vo = 0.001 m?/s,
vo = 0.010 m?/s,
m =10,

K =40.

This gives 2 Reynolds number of Re = 0.2 (Re = UD/v,) and 1/F? = 0.1570.
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Fig. 16. Square cavity.

Figure 17 displays the fluid configuration plots at differents times with the corresponding New-

tonian case.



t = 40.625

t = 50.000

Fig. 17. Buckling of a Newtonian (on the left) and non-Newtonian (on the right) Jets at

different times.



BRI

t = 56.250

t = 62.500

Fig. 17. Continued.

The second calculation shows a thin jet injected into a rectangular cavity. The fluid properties

are defined by
Voo = 0.001 m?/s,

vo = 0.050 m?/s,
m=10,
K =30.
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The inlet width is D = 6 mm and the inlet velocity is 0.5 m/s. This gives & Reynolds number
of Re = 0.5 and 1/F? = 0.1962 and slenderness ratio of H/D = 18.0. Thus, according to
Cruickshank’s analysis the Newtonian jet would buckle. We bave run the GENSMAC code for
both Newtonian and shear thining fluids and the results are displayed in figure 18.



; '11/”>L1};;(

t = 20.000

Fig. 18. Jet buckling of Newtonian (on the right) and non-Newtonian (on the left) jets. Flow
visualization at different times.
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Fig. 18. Continued.
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8.3 Simulation of a Moulding Process in Complex Geometry

The third calculation presents the mould filling behaviour of the "foot” mould which is normally
used in the manufacture of novelty products. The simulation described here shows the high
speed injection moulding of relatively large cavities through small inlet ports. The product
material (usually molten plastic, liquid metal, etc) enters the cavity at a high velocity as a free
jet impinging on the surface mould opposite the inlet port. The material rheology is known to
be shear thinning viscosity and the Reynolds number which is based on the inlet size and inlet
velocity is typically small whereas the Froude number is large showing that the effect of gravity
is negligible. Due to thé complexity of the mould and the high curvature of the domain a fine

mesh was employed. The geometry of the mould is shown in figure 19.

The fluid properties were taken to be

w = 0.050 m?/s
Voo = 0.001 m?/s
K=20

m=1.0

Fig. 19. Foot Mould.
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The scaling parameters were the inlet velocity U = b m/s and the inlet size D = 0.01 m which
gives » Reynolds number of Re = 1.0. A mesh of 6200 cells were employed and gravity was
neglected as (1/F2) as 10~2. The results are displayed in figure 20 together with the respective

Newtonian case.

t = 9.000

Fig. 20. Simulaltion of the injection moulding for the Foot” mould at different times. Newto-

nian (on the right) and non-Newtonian (on the left).
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t = 18.000

Fig. 20. Continued.
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Fig. 20. Continued.
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