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Abstract
An important production programming problem arises in paper industries coupling

multiple machine scheduling with cutting stock. From machine scheduling the problem
of determining the quantity of jumbos (large rolls of paper) of different types of paper
to be produced in each machine arises. These jumbos are then cut to meet the demand
for items (smaller rolls of paper). Scheduling that minimizes setups and production costs
may produce jumbos (each machine produces jumbos of a specific width) which may
increase waste in the cutting process. On the other hand, the best number of jumbos in
the point of view of minimizing waste in the cutting process may lead to high setup costs.
Both problems are non-trivial combinatorial optimization problems, which have motivated
extensive research in the last decades, however their combination is not well explored in
the literature. In this paper, a coupled optimization modelling and heuristic solution
methods are proposed. Computational experiments are devised in order to analyze the
performance of the methods.
Keywords: cutting stock problems, lot sizing and scheduling problems, Lagrangian re-
laxation.



O problema integrado de corte de estoque e
dimensionamento de lotes em indfistrias de papel

Sonia Cristina Poltroniere
Marcos Nereu Arenales

Franklina Maria Bragion de Toledo
Kelly Cristina Poldi

{soniap@icmc.usp.br, arenales@icmc.usp.br, fran@icmc.usp.br, kelly@icmc.usp.br}

Instituto de Ciéncias Mateméticas e de Computagéo — ICMC

Universidade de 35.0 Paulo - USP

Av. Trabalhador Sfio Carlense, 400 - Caixa Postal 668

13560—970 - 8510 Carlos — SP - Brasil

Resumo

Um importante problema de programagéo da produgéo surge em indfistrias de papel
acoplando o problema de planejamento em mfiltiplas méquinas paralelas com o problema
de corte. O problema de dimensionamento de lotes deve determinar a quantidade de
jumbos (bobinas grandes de papel) de diferentes tipos de papel a. serem produzidos em
cada méquina. Estes jumbos séo entfio cortados para atender a demanda de itens (bobinas
menores de papel). O planejamento, que minimiza custos de setup e produgéo, deve
produzir jumbos (cada méquina produz jumbos de larguras diferentes) que diminuam
a perda no processo de corte. Por outro lado, 0 melhor nfimero de jumbos do ponto
de vista de minimizar a, perda no processo de corte pode acarretar em altos custos de
setup. Ambos séo problemas de otimizagéo combinatéria néo trivial, o que tem motivado
extensas pesquisas nas filtimas décadas, entretanto, essa combinagao 11210 é bem explorada
na literatura. Neste trabalho, séo propostos urn modelo de otimizagéo integrado e métodos
heuristicos de solugéo. Séo realizados experimentos computacionais com o intuito de
analisar o desempenho dos métodos.
Palavras-chave: problema de corte de estoque, problema de dimensionamento de lotes,
relaxagéo lagrangiana.



1. Introduction
In production programming of paper industries (and of many others) a fundamental

stage which consists of cutting large rolls, called jumbos, of different widths to meet the
demand for items over a number of time periods appears. Customers order for smaller
rolls which are well defined by: i) width, ii) kind of paper, iii) demand, and iv) due date.

The jumbos are produced by different machines, each one with a specific production
rate as well as specific setup times of changing from one type of paper to another one.
Furthermore, the machines are capacitated and they produce different widths for the
jumbos.

If, on one hand, one looks for a solution that produces low setups and stocks, no
delaying, etc., on the other hand, one also tries to avoid waste in the cutting process.
Jumbo production scheduling and cutting stage are interdependent from each other.

In the literature, there are many papers dealing with production programming and
cutting stock, however independent of each other, such as Johnson and Montegomery
(1974), Bahl et al. (1987), Maes et al. (1991), Kuik et al. (1994), Drexl and Kimms
(1997), Karimi et al. (2003), Gilmore and Gomory (1961, 1963, 1965), Carvalho and
Rodrigues (1995), wascher and Gau (1996), Hinxman (1980), Dowsland et al. (1992),
Dyckhoff et al. (1985), Lodi et al. (2002), and so on.

Presently, as Thomas and Griffin (1996), and Drexl and Kimms (1997) have already
pointed out, there is a tendency to deal with coupled problems. Lot sizing and scheduling
problems are dependent on many other activities in an industry, such as distribution
planning, cutting and packing problems, project scheduling, etc., and their coordination
can help to greatly improve production efficiency and decrease costs.

Chandra and Fisher ( 1994) compare the coupled solution of a production-distribution
system with the uncoupled solution and report improvements from 3% to 20%.

Farley (1988) was perhaps the first author to publish a coupled cutting stock and
production programming problems in the clothing industry. Although this problem is
in essence irregular two—dimensional cutting, this drawback was overcome by defining a
number of stencils (i.e., smaller irregular two—dimensional cutting patterns, with the same
width as the fabric - raw material, and different lengths) which are cut along the length of
the fabric, i.e., a one-dimensional cutting problem. Actually, the author avoided to expli—

citly dealing with the imbedded cutting stock problem (i.e., cutting pattern generation),
and the problem was formulated as production programming over a single period.

Nonas and Thorstenson (2000) considered a one-dimensional cutting stock problem
with holding and setup costs associated with cutting patterns.

Based on a case study of a furniture industry, Gramani (2001) proposed a mathe-
matical model for coupling lot sizing and two-dimensional cutting stock problems. The
model is to determine which and how many final products (desks, shelves, wardrobes,
etc.) should be produced in a same period. From this decision an order of a number of
items (smaller rectangles) follows, which should be cut from available given plates (large
rectangles). Therefore, the demand for items in the cutting stock problem was unknown
beforehand. On the contrary, for the problem to be analyzed in this paper, the demand
for items are given, but the stock is unknown, that is, the availability of objects to be cut



is a decision variable.
Respi’cio and Captivo (2002) integrated the one-dimensional cutting stock problem

to a multi-item programming problem in paper industries. They considered a single paper
machine without setup time or cost so that a simplified model was proposed and solved
by a branch and price algorithm. Although their formulation can detect the influence of
cutting process on jumbo production, it does not deal with the tradeoff between jumbo
production and cutting process, since inventory variables are only implicit considered.

Hendry et al. (1996) studied a coupled cutting stock and the scheduling problem in
the copper industry. The basic foundry operation consists of melting scrap copper in a
furnace, casting it as bars (called ‘logs’) with specific diameters, which are cut into smaller
items ordered by specific diameters and quantities. The authors presented two stage
solution methods based on uncoupling the problems. In the first stage, the maximum
number of logs of any diameter that can be produced per period is supposedly given,
taking into account the furnace capacity, (in our approach this is a decision variable) and
a one-dimensional cutting stock problem is solved. This solution gives the number of logs
of specific diameters that should be produced per period. Some scheduling constraints
are omitted at this stage. In the second stage, a daily production schedule is made for
each period to meet the number of logs from the first stage.

Menon and Schrage (2002) consider the problem of allocating orders to machines in
the paper industries. As usual in the cutting and packing area, they analyzed a single
period of planning (6 weeks) and considered a kind of standardization for the produced
jumbos, so that the demand for items (rolls) can be given as the number of items type
i, i.e., width 2, for example, 13 rolls of 21” width, and so on. Orders, that consist of a
number of items required, can not be split across the machines (each order needs to be
assigned to one of the machines), that make arising binary variables to allocate orders
to machines. They proposed a bound-based approach to relax the problem which they
claimed may be effective, in order to obtain good values for the binary variables, when
the bounds are tight.

Recently, Correia et al.(2004) studied a cutting stock problem in a Portuguese paper
mill. They proposed an enumerating scheme to generate cutting patterns feasible in terms
of the technological and operational constraints imposed to the production process. In a
second stage, the feasible cutting patterns are used as columns in a linear programming
model. The problem is solved for a single period and for a single jumbo width.

2. Problem Definition

First of all, a lot sizing problem should be considered in order to decide which should
be the weight of jumbos (large reels) to be produced in each period of a horizon planning.
The jumbos are produced on parallel machines, which are capacitated and have different
production rates.

The width and the maximum weight of each jumbo depend on the machine in which
it is produced. For example, a machine can produce jumbos of 460 cm width, weighing
up to 12 tons and another machine can produce jumbos of 540 cm width and up to 24
tons.

Different types of paper have to be produced to meet the demand, and changing



from one type to another causes relevant waste of raw material and loss of machine time,
and this setup cost and setup time are sequence dependent. For simplicity, we consider
setup cost and time independent of sequence.

In practice, a jumbo may consist of different types of paper, including a low quality
paper (considered waste) due to the transition of grades (see Fig. 1). However, for
modelling purposes, one may consider that each jumbo consists of just one type of paper.

waste

Figure 1: Jumbo—reel: grade 2", waste and grade j.

After being made, the jumbos are cut into smaller reels of given widths (which may
be cut in sequence into rectangles) in order to meet a given demand in such a way as to
minimize the waste. In other words, an usual cutting stock problem.

Typically, the problem of jumbo production is empirically solved by expert produc-
tion managers, who focus mainly on setup minimization. Therefore, lots of jumbos are
produced without paying attention to the next production stage of cutting the jumbos
which waste depends on the jumbos (widths and quantities) previously made.

Of course, the best widths and quantities of jumbos in terms of the cutting problem
can introduce high setups when producing them. Therefore, these two problems, the lot
sizing problem and the cutting stock problem, are interdependent and should be solved
in an integrated manner.

In order to illustrate, Table 1 gives a piece of information of the client ordering with
5 different items (smaller reels: items 1 and 2, or rectangles: items 3, 4 and 5) and the
relevant characteristics in a fixed time period t.

Table 1: Client ordering in period t.

Items Size Type Quantity (ton)

1 l1 1 dlt

2 12 2 dzt

3 l3 x mo, 2 (13:

4 I4 x 1114 3 d4t

5 15 x ms 1 d5t

Note in Table 1 that some items are made of the same type of paper, e.g., items 2
and 3 are of type 2 paper. Therefore, the demand for type 2 paper in period t, according
to Table 1, is d1t+d5t. This has to be taken into account in the jumbo production decision,



however in which machine should the paper type jumbos be produced? (Machines produce
particular widths, at different rates). Furthermore, in case of splitting the quantity, what
should the quantity of paper of each type be in each machine? These questions should
be answered in such a way as to minimize setup cost and time, production costs on one
hand, and minimize waste in the cutting process, on the other.

3. Mathematical Modelling

In order to make it easier to write down a mathematical model we consider the
jumbos of type k and width L, cm (remember that this width depends on the machine
the jumbo was made) as a number of reference-reels all of them of the same specific weight
pk previously defined as illustrated in Fig. 2.

For example, if we define previously that the reference-reels of type [c should be such
that its specific weight is pk = 0.1511, then each reference-reel of 540 cm width would
weigh 54 kg and each reference—reel of 460 cm width would weight 46 kg.

Therefore, supposing that $3 is the number of reference-reels of Lscm width, the
correspondent jumbo weight, say T3, is given by T3 = Lspkxs. For example, x3=20
reference—reels of 5400m width means a jumbo of 5400m width weighing 1,080 kg (consid-
ering Pk = 0.155.

Note that, if we cut an item of li=30 cm width from any reference—reel it would weigh
l,pk = 3 kg. Therefore, if the demand for an item of 30 cm width of type It is 300 kg,
then we will need 100 of them cut from reference—reels whatever their width. Moreover,
each reference-reel is out according to just one cutting pattern and if one has, like before,
x3 = 20 reference-reels (i.e., a jumbo of 1,080 kg seen as 20 reference-reels) and 5 of
them have been out according to a cutting pattern and the 15 remaining out according
to another cutting pattern, then it means that the whole jumbo (that weighs 1,080 kg)
had 270 kg out according to the first cutting pattern and 810 kg cut according to the
second cutting pattern. The smaller pk is, the bigger ms is, so that the discretization of
the jumbo by reference-reels tends to represent the jumbo continuously.
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Pkoh')Figure 2: A type It jumbo discretized as a number of reference-reels.

In order to write down a mathematical model consider the following notation and
data.

Indices:

t = 1, ~ - - ,T : number of the period in the horizon planning;



k = 1, - - - ,K : number of the type of paper;

m = 1, - -- ,M : number of the machine (machine m produces reference-reels of
width Lm);

j = 1, - - - ,Nm : number of the cutting pattern for reference—reels type m;

i = 1, - - - ,Nf : number of the ordered item;

{1, - -- ,Nf} = S(1) U S(2) U U S(K), where S(k)={z' such that item i is type It

paper}.

Parameters:

ckmt : production cost for a type It reference-reel being made in machine m in period
t;

hkt : inventory cost for a type [c reference-reel being held at the end of period t;

skmt : setup cost for machine m producing a type It reference-reel in period t;

cpkt : cost for each centimeter of type It paper lost during the cutting process in
period t;

cit : cost for holding a ton of final items i at the end of period t;

Cmt : capacity (ton) of machine m in period t;

dkt : vector of demand quantities for final items type It in period it Its size is |S(k)];

pk : specific weight for type k reference—reel;

77k : vector of weight of final items type It (the weight of final item i of type It and
Width li is given by This = pkli);

Dkt : demand (ton) for type k paper in period t;

bkm : weight of type It reference-reel produced in machine m (bkm = mek);
fkm : paper lost (ton) in setting up machine m to produce type [c reference-reel;

ajm : vector associated to cutting pattern j for reference-reel of width Lm. Its size
is lS(k)| and each component aijm means the number of items i, i E SOC), out
according to cutting pattern j for the reference-reel of width Lm;

pjm : paper waste (cm) in the cutting pattern j used to cut a reference-reel of width
Lm;

Q : big number.



Decision variables:

kat : number of type it reference-reels produced in machine m in period t;

wkmt : number of type It reference-reels produced in machine m held at the end of
period t;

kat : binary variable that means if there was production or not of type It reference-
reel in machine m in period t;

yimt : number of type k reference-reel produced in machine m in period t which are
out according to the cutting pattern j;

ekt : vector of final items of type It paper held at the end of period 15. Its size is

|S(k)| and each component em means the number of final items i, i E S (k) held at
the end of period t.

Remarks:
1. The parameter Dkt, which means the total quantity of type It paper that has

to be available in period t, is not a proper parameter from the data problem, since
it depends on the unknown waste in the cutting process. As defined, it should be:
Dkt = 21.65“) Thkdikt + waste. As the waste is unknown beforehand, we introduce a
new parameter (9 as an estimate for waste.

2. On the other hand, the parameter Dkt can be expressed in terms of the variables
which determine the number of reference-reels of type It paper that should be cut in period

- M N jt, 1.e., Dkt = Zm=1 Ejzml bkmykmt.

Therefore, a coupled cutting stock and lot sizing problems can be written as:



T M K T K

minimize Z Z Z(Ckmt$kmt + hktbkmwkmt + Skmtzkmt) + ZZ CpktF((16 t)+
t=1 m=1k=1 t=1 Ic=1

T K

+22 2 Uitnikeikt
1:1 k=1i€S(/c)

subject to (bkmmkmt + bkmwk,m,t—1 — bkmwkmt) = Dkt, k = 1,“ 1K; t = 11' -- ,TMs

K

Z<bkm3kmt+fkmzkm0 S Cmt; TTL= 11"‘1Mit= 11‘“ 1T
k=1 .

katSszmh k=1,---,K;m=1,~--,M,t=1,--,T
M Nm

.

zzajmyimt’l'ekfi—l‘ekt = dkt1 k=1,,K,t=1,-",T
m=1j=1
Nm

'

Zyimtzzkmt+wk,m,t—l_wkmt1_ k=1,m,K;m=1,M,M;t=1,,T
j=l

wkm0=01ek0=01 k=1,---,K;m=1,--,M

mkthO,wkthOandintegers, k=1,~-,K;m=1,-~~,M;t=1,---,T

zkmte{011}1 k=11"1K1m=11"‘1M1t=11"1T
317741111 2 0, 6k: 2 0 and integers,

j=11m1NM1k=11m1K1m=11”'1M1t:11'"1T

The inventory balancing constraints (4.2) say that, for each type of paper and in
each time period, the total quantity produced (ton) (in whatever machine m) plus the
stock from the previous period have to meet the demand plus the stock for the next time
period. Constraints (4.3) say that the total quantity of produced paper, whatever type 19,

plus the lost paper due to changing types, is limited by the capacity of the machine m in
any period.

Constraints (4. 4) are to set ka1=1 in case of kat > 0. If kat=0, then optimality
criterium forces kat=0- In (4.5) note that Zm_1 if];lajmykmt gives a vector of the total
the type It items out in period t. Therefore, constraints in (4.5) are the item inventory
balancing equations. Constraints (4.6) are to limit the number of reference-reels cut,
which were produced before. These are the coupling constraints that involve decisions
concerning the production of jumbos and the cutting of them.

Initial inventories are considered null in (4.7). The other constraints are to specify

(4.4)

(4.5)

(4.6)

(4.7)

(4.8)

(4.9)

(4.10)



non-negativity, integer or binary for the decision variables.
The objective function (4.1) is a composition of a number of objectives such as

jumbo production and inventory costs, setup costs, waste cost in cutting process, where
M Nm

the waste is given by F (k, t) = ZZ pjmy/Jim: and final item inventory costs.
m=i ‘=1

Imbedded in the coupled model, there is a capacited lot sizing problem for unrelated
parallel machines. According to Maes et al. (1991), the problem of finding a feasible
solution is NP-complete under setup time variables. Due to the difficulty of solving this
problem exactly for medium scale, most of the methods in the literature are heuristics
(Trigeiro et al., 1989; Lozano et al., (1991); Hindi et al., 2003). Furthermore, the cutting
constraints have two features that make the model difficult. The first one is the integrality
condition on the variables yimt, and the second feature is the enormous number of variables
(there is a variable for each cutting pattern). Gilmore and Gomory (1961, 1963) proposed
a column generation technique in the simplex method for the integer condition relaxed
problem, which is a powerful method for the cutting stock problem. Good heuristics to
round the solution in order to obtain an integer solution can be easily devised (Wéscher
and Can, 1996). As we can see, even separately, both of these problems are hard to solve.
In the next section we give two decomposition heuristics for the coupled problem.

4. Solution Methods

Since the model (4.1)-(4.10) couples two well-studied problems: the lot-sizing prob-
lem and the cutting stock problem, we have designed two decomposition heuristics which
approach both problems separately one after the other and iteratively, so that we can use
well known tools.

The first heuristic solves the lot sizing problem initially determining how the pro-
duction of jumbos (which are written as multiple of reference-reels) should be and then
the cutting stock problem is solved considering the produced jumbos. Just one cycle of
this procedure, i.e., to solve lot sizing problem and then to solve cutting stock problem,
tends to give a very good solution in terms of jumbo production, however not in terms of
waste in the cutting process. The second heuristic solves a cutting stock problem at first,
by supposing unlimited jumbos at hand, whatever the type of machine they were made
from (remember that machines produce different widths). The solution to the problem
above provides the need of jumbos (ton) per type of paper and period. Then, a lot sizing
problem is solved to give a production plan. Now, just one cycle of this heuristic tends
to produce a very good solution in terms of trim loss, but it can produce high setups.
Therefore, in both heuristics we iterate in order to obtain better solutions.

4.1 The Lot-Cutting Heuristic

The solution approach to the coupled problem, that we call the lot-cutting heuristic,
is based on a Lagrangian relaxation of the coupled constraints (4.6) which are added to the
objective function (4.1) weighing by dual variables View, k = 1, ~ ~- ,K; m = 1, - -- ,M;
t = 1, - - -

, T. Then, the objective function is changed for:

10



T K M

Ckmkat + hktbkmwkmt + skmtzkmt> + ZZ Cpkt Z ijmyimt+
i: =1

Ms Ms fix
t=1m=1k=1m=1j=1T K T M K

+22 Wt fizztmlzam- wan-Wm...flu...)
t=1k=1ieS(/c) t=1m=1k=1

T M K

(01cm + 71mm) wkmt +Z Z Z[( hktbkm - 7kmt)wkmt + 7kmtwk,m,t—1]+
t=1 m=1 k=1

T M K N".

Skmtzkmt + Z Z 2 (Wm ijm— 7kmt>ivill/impl-
t=1 m=1 k=1 t=l m=1 k=1j=1

T K

E 1:2 Uitnikeikt- (4.11)
t: =1 iGSUc)

Since the coupling constraints (4.6) have been relaxed, the problem (4.1)-(4.10) can
be decomposed into two sub problems. One is a pure lot sizing problem LSP and the
other is a pure cutting stock problem CSP. At first, the lot-cutting heuristic solves the
LSP, which the objective function is to minimize the inventory and production costs and
setup costs, which can be obtained from (4.11) by considering only the terms that involve
inventory and production decisions of reference-reels, subject to constraints: (4.2)-( 4.4)
and (4.7)-(4.9).

The solution obtained from LSP provides the CSP with reference-reels to the CSP,
which is solved by minimizing the waste and item inventory costs subject to (4.5)-(4.6)
and (4.10).

The lot-cutting heuristic performs a maximum number of iterations p previously
given. In the first iteration we set 71m, = 0, and in the other iterations want is given by
the dual variable associated to (4.6) obtained by CSP which have just been solved.

Note that the jumbo production in the lot sizing problem should match the quantity
of type It paper in the period tenough to meet the demand for items in the cutting stage,
including some additional percentage of the produced jumbos to cover trim loss. Since
trim loss is unknown, we add a tolerance to the total of type 19 paper in the period t, that
is, we consider Dkt = (1 + 9) EieS(k)77ikdikt, k = l,...,K, t = 1,...,T, where 9 is an
estimate of the waste in the cutting process.

Of course, if an estimate to cover the waste was not incorporated in the production
of jumbos the cutting stock problem would be unable to meet the demand for items, that
is, it would be infeasible. This would occur even if an estimate for waste were incorporated
but not enough to actually cover the waste in the cutting process.

Note that the LSP is solved heuristically and its solution is simply rounded up
(remember that the number of reference-reels is integer, and if their weights previously
defined are low this rounding process becomes irrelevant). However, this rounding up is

11



useful to cover the waste in the cutting process.
The algorithm starts with 0:0 and increases it step by step up to a given upper

bound (e.g., 10%). The best solution is adopted. In the following, the lot-cutting heuristic
is summarized.

Algorithm Lot-Cutting:

Step 1: Set mm“ = 0 and specify 0 = 0 (percentage of demand slack).

Step 2: For i=1 to p do:

u: Solve LSP by using the method in section 4.1.1, and DH in (4.2) as given above.
If the method is able to produce a feasible solution go to Step 2.2. Otherwise Stop
the algorithm: the infeasibility of LSP is caused by the excess demand.

Q: Solve the CSP according to section 4.1.2.

If a feasible solution is obtained then go to Step 2.3. Otherwise, go to Step 3.

E: Update the Lagrangian multipliers 71m“.

Step 3: Increase 0 (e.g., 49 = 0 + 0.01). If 0 S upperbound (e.g., upperbound = 0.1) then
go back to Step 2, else Stop the algorithm.

4.1.1 A Solution Method for the Lot Sizing Problem
In order to solve LSP as defined before by constraints (4.2)-(4.4), (4.7) and (4.8),

which is a capacitated lot sizing problem for unrelated parallel machines we used a heuris-
tic proposed by Toledo (1998). The author proposes a heuristic based on the Lagrangian
relaxation of the capacity constraints and the subgradient method. The resulting La-
grangian problem is decomposed into K independent uncapacitated lot sizing sub prob-
lems, one for each item. At every step of the subgradient method the K uncapacitated lot
sizing problems with unrelated parallel machines are solved. The author proposed an ex-
tension of the single machine dynamic programming algorithm proposed by Evans (1985)
to solve those problems. This solution is often infeasible to the LSP and both a feasibility
procedure and an improvement procedure are applied to this solution. Both procedures
are based on shifts of production amounts between periods and machines to try to build
a feasible solution and improve it. These procedures are similar to the smoothing and
improvement procedures in Trigeiro et al. (1989). The following algorithm summarizes
the heuristic.

Algorithm for LSP:

Step 1: Set the Lagrangian multipliers to zero.

Step 2: Solve the K uncapacitated lot sizing sub problems with unrelated parallel
machines.

12



Step 3: If this solution is feasible for the LSP go to Step 6.

Step 4: Apply the Feasibility Procedure.

Step 5: If a feasible solution is found, apply the Improvement Procedure.

Step 6: Update the incumbent solution.

Step 7: Update the Lagrangian multipliers according to the subgradient method.

Step 8: If the limit to iterations (eg. 100) is not exceeded, nor optimality is ob-
tained, go back to Step 2.

The solution obtained by this heuristic provides the CSP with the jumbos to be
cut. The stock of reference-reels in LSP was aggregated whatever the machine they were
produced, so that a new aggregated variable was defined: wkt = ESL, bkmwkmt. So, wkt
means the quantity (ton) of type [c paper in stock at the end of the period t. The value
of wkmt is recovered when solving CSP, described as follows.

4.1.2 Solving the Cutting Stock Problem over Horizon Planning

The cutting stock problem over horizon planning consists of the second subproblem
resulting from the decomposition heuristic and involves constraints (4.5)-(4.6). Note that
this problem is uncoupled in k, that is, there are K independent subproblems. Moreover,
note that, for each k, the constraints are coupled because of the item inventory variables
cm (which are components of the vector ekt). Then, if we ignore these coupling variables
it leads to KT independent ordinary CSP sub problems (one for each type of paper and
each period). This means that no inventory of items is made, that is, no item is produced
before it is ordered. This null item inventory solution does not allow better combinations
of items in a period are analyzed in order to decrease waste. The CSP are solved from
t = 1, . . . ,T, and the remaining number of reference-reels in the period t is added to
“my“ providing the stock of reference-reels to be cut in the 25+] period. These ideas are
summarized as follows:

Algorithm for CSP over Horizon Planning:

For k=1 to K do:

Let wkmo = 0, for all m

For t=1 to Tdo:

Solve the CSP, obtaining yim, and wkmt. (Note that in (4.6), wk,m,t_1 is given from
t-I).
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Remark: The above algorithm determines the values to wkmt, which is the remain-
ing of reference-reels held to the period t+1. This variable was aggregated in LSP per
period, now it is recovered.

4.2 The Cutting-Lot heuristic

Instead of producing jumbos based on the item ordering directly, and then increasing
the demand of paper to cover trim losses as done before, now the Cutting—Lot heuristic
firstly solves the cutting stock problem based on the item ordering directly, but with a
free number of jumbos supposedly available. Therefore, the solution of the cutting stock
problem provides the number of reference-reels necessary to meet the demand for any
type of paper. Then, a lot sizing problem, which consider setups, machine capacities,
production and setup costs, etc., is solved and provides a new production programming,
which is input for the next cutting stock problem, and so on.

The heuristic is summarized as follows.

Algorithm Cutting-Lot:

Step 0: Let Iteration = 1

Step 1: Solve CSP over Horizon Planning, according to section 4.1.2. If Iteration = 1,

then the constraints (4.6) are omitted.
The solution of this step provides: 2 yim, that is the necessary number of reference-

1

reels of type 19 paper and Lm width (i.e., produced in machine m) in the period t to meet
the demand. Therefore, the demand for type It paper in the period t is given by:

Dkt = Zbkm Zyimt-
m 1

(Note that the number of reference-reels of type It paper with Lm width in the period
t given by the cutting stock problem is the best solution in terms of the cutting process,
however it is not the best solution concerning the production of the jumbos. Therefore, the
aggregated demand for jumbos. type k in the period t provides the production of jumbos
with the opportunity of better allocating the types of paper on the machines concerning
production.)

Step 2: For k =1 to K, do:
Solve the LSP with the demand for type It paper in the period t, Dkt, given in Step

I, basically formed by (4.2)-(4.4) and (4.8)-(4.9), and the terms of objective function
related to the jumbo production process. The LSP solution provides kat, the number‘of
reference-reels of type It produced on machine m (i.e., Lm width), for t = 1 to T.

Iteration = Iteration + 1.

Analogous to the Lot-Cutting heuristic, if the CSP is infeasible then Dkt is increased
by a tolerance 6, and the CSP is solved again until finding a feasible solution, or until 0
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equals an upper bound.

Step 3: Repeat Step 1 and Step 2 for a limited number of times, or stopped if no im-
provement is made from an iteration to the next.

5. Computational Experiments

In order to analyze both heuristics given in Sections 4.1 and 4.2, a number of in-
stances were randomly generated, by varying Nf = 5, 10, 20 (the number of item types
ordered), K = 2, 4, 6 (the number of different types of paper), and T = 8, 10, 12 (the total
number of time periods). This provides 27 classes, with 10 instances in each class. For
all classes, we set M = 2 (i.e., two machines are considered), and machine 1 produces
jumbos of L1 = 540 cm width, and machine 2 L2 = 460 cm width. We considered the
specific weight for type If reference—reel: p = 2 kg/ cm.

For each class, the instances were randomly generated with cost parameters and
machine capacity constant over time. Extra input parameters which have to be generated
are the following.

0 production cost of reference-reel: cm, 6 [0.015 0.025] -bkm;

o setup cost: skmt e [0.03 0.05] -ckm¢;

o inventory cost for reference-reels: hm e [0.0000075 00000125];

0 paper lost due to the production process: fkm E [0.01 0.05] -bkm;

a trim loss cost due to the cutting process: cpkt = flaw - 10;

o inventory cost for final items i at the end of period t: a“ = 0.5 - hm, 2' e S(k);

. 2M_ L".0 item lengths: l,- G [0.1 0.3] - —mf4L—;

o demand for final items: dikt E [0 300]. If d,“ 5 50 then set d,“ = 0.

The capacity of the production machine was generated as follows.

In Table 3, the results of Cutting-Lot and Lot-Cutting heuristics to 270 instances
grouped into 27 classes are depicted. The column ‘OFV’, for each heuristic, contains
the average of the objective function values of the instances which were well—solved. The
number of well-solved instances (10 instances were run for each class) is shown in the
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column "Solved’. The column ‘Victory’ gives the number of instances that one heuristic
performed better than the other. If an instance is solved by one heuristic and it is not
by the other, a victory is counted for the successful one. However, this instance is not
considered when calculating averages. Since the algorithms iterate, we also provide the
number of the iteration, on average, in which the best solution was obtained, in the column
‘Iteration’ (maximum is 30). The column ‘GAP’ showsW x 100, so that
positive values give us the percentage of how better the Cutting-Lot heuristic was.

Note that, in Table 3, the Cutting-Lot heuristic performed better than the Lot-
Cutting heuristic, except for Class 7 (Nf = 5,K = 2,T = 12). However, for this class,
the Cutting-Lot heuristic wins in terms of the number of victories. The overall number of
victories obtained by the Cutting-Lot heuristic was 155 for the 270 instances (i.e., 57%),
and the heuristics tie for the same the objective function values in about 33% of the
instances. Both heuristics solved about 90% of all instances. The Cutting-Lot heuristic,
in general, obtained the best solution earlier than the Lot—Cutting heuristic, on average,
1.7 and 2.5 iterations respectively. It is worth nothing that the Cutting-Lot heuristic
stops with the best solution obtained performing on average 1.7 iterations. However, the
Lot-Cutting heuristic run p iterations (we used p=30) and the best solutions is obtained,
on average, at iteration number 2.5.

6. Conclusions and Future Research

In this article a large mixed linear integer optimization model to couple the jumbo
(i.e., large paper reel) production programming and the cutting process in the paper
industry was proposed. The jumbo production variables provide the availability of jumbos
to be cut, leading to a typical constraint for the cutting stock problem (usually, stock is
a. given data for cutting stock problems). In order to solve the coupled problem, we used
two heuristics. The first one is based on Lagrangian relaxation to decompose the problem,
and an iteration consisting of firstly solving the production jumbo programming and then
the cutting stock problem. The dual variables associated to the coupling constraints are
used to redefine costs to the production jumbo programming. In the second heuristic
firstly we solve the cutting stock problem to meet the demand, assuming no limits on the
jumbos. This determines the need of types of paper for each period and then we solve
the lot sizing problem. The computational experiments show that the second heuristic
performs better than the first one.

For future research we may suggest:

(i) anteceding items from the period t+1 to the period t. It could be done by taking
into account negative simplex multipliers concerning the subproblem in the period
t. For example, if the simplex multiplier of the subproblem of type It in the period t
associated to item 2, say win, is negative, then it roughly means that the subproblem
objective function decreases at the rate a?“ when demand for item 2" increases (this
is just a tendency, because one unit more of item i may be sufficient to make the
basis infeasible);

(ii) improve the LSP heuristic by using meta-heuristics, for example;
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Table 2: Computational results.

Cutting-Lot (CL) Lot-Cutting (L/C) Gap

Class Nf , T, K OFV Victory Solved Iteration OFV Victory Solved Iteration 9—640?

%

1 5,8,2 62256 7 8 1.8 64848 2 10 3.7 4.0

2 10,82 85829 8 10 1.8 86866 2 10 2.7 1.2

3 20,82 175596 4 10 1.3 176741 0 10 3.1 0.6

4 5,102 60455 5 8 2.0 60860 3 9 3.6 0.7

5 10,102 109741 8 10 2.1 110528 2 10 1.7 0.7

6 20,10,2 222816 1 10 1.1 222874 1 10 2.3 0.0

7 5,12,2 83828 4 6 2.5 82422 2 6 8.3 -1.7

8 10,12,2 128425 9 9 2.1 131339 0 9 1.0 2.2

9 20,12,2 267435 1 10 1.2 267344 2 10 1.9 0.0

10 584 102251 10 10 2.1 105364 0 10 6.0 3.0

11 10,8,4 190181 9 9 2.0 193986 0 9 2.3 2.0

12 20,8,4 327226 3 10 1.4 328218 1 10 1.3 0.3

13 5,10,4 127388 6 8 1.5 130450 2 8 4.5 2.3

14 10,10,4 235800 7 10 2.0 241009 1 9 3.8 2.2

15 20,10,4 420768 1 10 1.1 421249 1 10 1.0 0.1

16 5,12,4 158357 6 9 1.6 158753 2 9 3.9 0.2

17 10,12,4 283428 8 1.8 286423 1 9 1.0 1.0

18 20,12,4 504548 1 10 1.1 504714 2 10 1.1
I

0.0

19 5,8,6 154196 7 7 2.0 162500 0 7 4.0 5.1

20 10,8,6 272086 10 10 2.2 278005 0 10 1.0 2.1

21 20,8,6 455619 3 10 1.3 457566 1 10 1.0 0.4

22 5,10,6 179063 5 6 1.5 182602 1 6 3.5 1.9

23 10,10,6 323868 10 10 2.2 328492 0 10 1.0 1.4

24 20,10,6 636062 4 10 1.4 639104 0 10 1.0 0.5

25 5,12,6 250838 4 7 1.6 253934 3 7 1.0 1.2

26 10,12,6 386629 10 10 2.3 395894 0 10 1.0 2.3

27 20,12,6 761624 3 10 1.3 762182 1 10 1.0 0.1
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(iii) solve the whole cutting stock problem over the horizon planning by considering the
item inventory variables all together.
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