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Abstract

In this paper, we present some useful formulas to get appropri-
ate reparametrization for the reliability function at time t considering
censored lifetime data and an exponential distribution. With the ob-
tained reparametrizations, we get very accurate approximate inference
results based on the usual normal limiting distribution for the maxi-
mum likelihood estimator of the reliability function.
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1 Introduction

Usually, statisticians consider the asymptotical normality of the maxi-
mum likelihood estimators to get inferences for the reliability function at
time ¢ assuming different parametric models and censored observations (see
for example, Lawless, 1982). These asymptotical results could be very poor,
considering small or moderate sample sizes. One alternative to improve the
approximate inference results, is to consider an appropriate reparametriza-
tion to get good “normality” of the likelihood function (see for example,
Anscombe, 1964; or Sprott, 1973, 1980).

Good pa.rainetrization also is very important to get accurate Bayesian
inferences considering numerical or approximation methods for posterior mo-

ments or posterior densities of interest (see for example, Achcar and Smith,
1990; Kass and Slate, 1992; or Hills and Smith, 1993).

Assuming an exponential distribution for the lifetimes in a reliability
experiment, we use some well known parametric families of transformations
for proportions (see for example, Guerrero and Johnson, 1982; or Aranda-
Ordaz, 1981) to get good “normality” for the likelihood function. To get an
appropriate data dependent reparametrization for the reliability function at
time , we explore a measure to nonnormality of likelihood functions given by
the standardized form of the third derivative of the logarithm of the likelihood
function (see Sprott, 1973; or Kass and Slate, 1992).

.. With the proposed reparametrization, we get in a very simple way, ac-
curate inference results for the reliability function at time . We can check
the adequability of the obtained reparametrizations by considering plots or
some diagnostic measures for nonnormality of likelihood functions (see for
example, Kass and Slate, 1992; or Hills and Smith, 1993).

We illustrate the proposed méthodology, considering an example with
type I censored data, where it is possible to compare obtained approximate
confidence intervals with exact results. :



2 Some Reparametrizations for the Reliabil-
ity Function at Time ¢

One way to improve the “normality” of the maximum likelihood estimator
for the reliability function at time t, R(t) = P(T > t), is to consider different
parametrizations or transformations of R(t). For example, we could explore
the usual logit reparametrization ¢, = In[R /(1 — R)], where R = R(t).
Some parametric families of transformations for proportions (see for example,
- Atkinson, 1985) also could be explored to improve the “normality” of the
likelihood of R(t). One of these transformations which yields the logit as

A approaches zero, is the folded power transformation (see Mosteller and
Tukey, 1977, p.92) given by '

¢r(\)=R*-(1-R)* 1)

where 0 < R < 1. One disadvantage of the folded power transformation, is
that except for a few special values of ), such as zero and one, analytical
inversion of transformation (1) is not possible.

To obtain an invertible family of transformations which includes the logit,
Guerrero and Johnson (1982), suggested the transformation

s ={(125) -1}/ )

For a given )\, we can consider a modified form of Guerrero and Johnson
transformation given by

bos) = (2z) -1, ©

which should not produce different results as considering (2). |

The advantage of the transformation (3) is that it is readily inverted.
With ¢dgs; = dgs()), we obtain,

R= (¢gs + 1)

T 14 (g + I ®
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Another transformation for proportions is suggested by Aranda-Ordaz
(1981),
_R-(1-R)
¢Ao(A) R,\+ (l R)x . (5)

‘The inverse of transformation (5) is given by
R A 1+ ¢Ao
(%) - (o) - ®

We observe that both transformations ¢g;()) and ¢4,()) give the logit
transformation for A = 0.

To consider one of the reparametrizations (3) or (5), we should have an
appropriate value of A that gives good “normality” of the likelihood function
for ¢()). One way to find this value, is to choose ) in (3) or (5) that gives
third derivatives of the logarithm of the likelihood function £(¢())) at the
maximum likelihood estimator ¢(A) in a standardized form,

STDE) = €@ (-e@) ™ (7

close to zero (see for example, Sprott, 1973; or Kass and Slate, 1992).

3 Asymptotical Inferences for the Reliabil-
ity Function at Time ¢t Considering an Ex-
ponential Distribution and Censored Data

Suppose there is a random sample of n units with lifetimes T3, 13,...,T,,
but that associated to each unit is also a fixed censoring time L; > 0 (type I
censored data). We observe T; only if T; < L; and the data consists of pairs
(t,6;), 2 =1,...,n, where t; = min(T;,L;) and §; = 1if t; = T; or 6; = 0 if
t; = L.



Considering the exponential model,

1
1) =g, ®)
and type I censored data, the likelihood function for 8 is given by
10) = gyexp{-3} Q

where d = Y., §; is the observed number of lifetimes, and T = ¥7., ¢;
Yiep Ti + Liec Li is the total observed lifetime for the n units, where D
and C denote the sets of units for whom lifetimes are observed and censored,
respectively (see Lawless, 1982, p.105).

With type II censored data, the form of the likelihood function is identical,
but d is fixed and T = 2:!___, te) + (n—- d)t(d), where ta),t(3); - - - » 8(q) arE the
first d ordered observations of a random sample of size n from the exponential
distribution (8).

From (9), we get the likelihood function for the reliability at time ¢ given
by
RT It
L(R)=—(-InR)? (10)
where 0 < R< 1.

The maximum likelihood estimator for the reliability function at time t,
R(t) = exp {—dt/T}, has an asymptotic normal distribution based on Fxsher
observed information, given by

~ dt2 c—?dt/T :

3 -tf6, &¥ ¢
| R(t)~ N {e : T2 } | (11)
* which could be used to construct hypothesis tests or confidence intervals for

* R(t). In practical work, this normal approximation can be very poor for
small or moderate sample sizes.

T

Considering the Guerrero and Johnson transformation (3), the logarithm
of the likelihood function for ¢gs(}) is given by

#(¢cs) = —dlnt +din{In 1 + (¢s + 1)/} - -tT:In [+ (s + 1)1 .
' : (12)



At the maximum likelihood estimator ag,; = ( /T _ 1)-*—1 , the second
and third derivatives of £(¢c,) (see appendix 1) are given by

-~ 2
["(¢G’J) = -d:;t? e-m/r (e“/’" - 1)2(x+1) (13)

and

"(Ger) = T2(e#t — 1)504) (3 (1 + A-le-dt/T) _or
GJ d\3132dt/T edt/T — 1 INted/T

~ Thus, the standardized form of the third derivative of £(¢a,1) at the max-
imum likelihood estimator G (see (7)) is given by

Atd\/? (3 (1 + A-le-dt/T) oT ) |

3TD(¢GJ) (14)

Te-dt/T edt/T — 1 T d\tedt/T

Therefore, we find the appropriate value of A such that STD(¢gy) = 0,

given by T
| _( _ - _
"‘(34:“)(1 e#IT) _ 1. (15)

With ) given by (15), we can consider the asymptotic normality of $GJ(/\),

d)\2t%e zdt/T
T2 (/T — 1)2('\+1)

$ci(V) X N {¢GJ(’\)1 (16)

to get better inferences, especnally for small or moderate sample sizes.

Considering the Aranda-Ordaz transformatlon (5), the logarlthm of the
likelihood function for ¢4,(A) is given by

v . _ . . _
£(¢A°)=—dlnt+dln{ln [1+(1;zjo) ]}_’;:_hl{l_l_(i;::o) }
N | )




At the maximum likelihood estimator

dn=[1- (7 -1)"] [[1+ (2 -1)]
the second and third derivatives of £(¢,) (see appendix 2) are given by

4T2 -2dt/T (edclr 1)

'(a0) = - 18
' arve (1-8,)° (18)
and
o 8T2e-28/T (/T _ | 2 Je-dt/T OT  oTe-4IT
#lbn) = gl {e,\ ‘3""*"26*";7}'
de2x (1 - 83,) t

(19)
The standardized form of the third derivative of £(¢4,) at ¢4, is given by

dV/3 A edt/T 3e-dt/T ~ 2T 2Te-dt/T
T(T—1) ( ¥ )

(20)

STD($AD)=| \ -3 A°-dtk di)

Using an iterative procedure (e.g., Newton-Raphson method), we find A
such that,

)

 q,-dt/T -dt|T : 1- (/T 1 o *

JO) < YT T T ( )A S0 @
A dt) did |14 (etT 1)

Wlth A given by (21), we also can consider the usual asymptotic normality
of the maximum likelihood estimator @,,(A) based on the Fisher observed
information to get better inferences.

4 An Example

Consider a type II censoring data set consisting of n = 12 units where
the experiment terminated when it was observed d = 8 failures (data set
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introduced by Lawless, 1982, p.103). The observed lifetimes (in hours) are
given by 31, 58, 157, 185, 300, 470, 497 and 673, where T = L5, t()+4t(g) =
5063. Assuming the exponential distribution with density (8), the maximum
likelihood estimator for the reliability function at time ¢ = 5 is given by
R(5) = 0.9921. From the normal hmmng distribution (11) for R(5), we find
a 95% confidence interval for R(5) given by (0.9867; 0.9976).

It is interesting to observe that 2T'/0 has an exact chi-square distribution
with 2d degrees of freedom. An exact 95% confidence interval for 8 is given
by (351.6; 1465.4) which corresponds to a 95% confidence interval for R(5)
given by (0.9859; 0.9966).

- Considering the Guerrero and Johnson transformation (3), we could im-
prove the “normality” of the likelihood function considering an appropriate
value for A in ¢gy(A). With ¢t = 5, we find from (15), A = —0.3281.

From the normal limiting distribution (16) for the maximum likelihood
estimator ¢gs(—0. 3281) = —0.7955, we find an appropriate 95% confidence
interval for ¢gs(—0.3281) given by (-0.8422; -0.7487), which corresponds to
a better 95% confidence interval for R(5) given by (0.9854; 0.9964).

We also could check the “normality” of the likelihood function in the
paramétrization @gy(—0.3281) considering the ¢-plot (see Hills a.nd Smlt.h
1993) T(dc,) against some values of ¢y, where

T(de1) = sgn(das - das) {~24(dar) + 2e(¢7m)}" ’ (22)

and $GJ is the maximum liké_lihood estimator of ¢gJ.

Since we observe a straight line (see figure 1), we conclude by the
“normality” of the likelihood function for ¢gs(—0.3281). In the original

parametrization R(5), the plot of T(R(5)) against R(5) is markedly curved

(see figure 2), which indicates the nonnormality of the likelihood function
for R(5).



T(ég,

15 | -17 -65 [y

Figure 1: t-plot for ¢cs(—0.3281)

T(RS)

Figure 2: t-plot for R(5)




In the same way, we can improve the “normality” of the likelihood func-
tion considermg an appropriate value for A in the Aranda-Ordaz transforma-
tion @4,()) given in (5). With t = 5, and using Newton-Raphson procedure,
we find from (20), A = 0.4246.

Using the normal limiting distribution for the maximum likelihood esti-
mator ¢, (0. 4246) 0.7726, we find an approximate 95% confidence interval
for ¢4,(0.4246) given by (0.7131; 0.8322), which corresponds to a 95% confi-
dence interval for R(5) given by (0.9854; 0.9964). -

In table 1, we have exact and approximate 95% confidence intervals for
R(t) with t = 30,500 and 2000, considering the parametrizations R(t),
¢cs()) and ¢4,()), respectively. We observe good inference results con-
sidering the parametrizations ¢g;(A) and ¢4,(A) with the appropriate values
for A.

In figures 3,4 and 5, we have plots for the likelihood functions in the
different parametrizations. We observe good “normality” for the likelihood
functions considering the parametrizations ¢gy(A) and @4, ().

“Table 1: 95% Confidence Intervals for R(t)

Using Exact Asymptotical A Given Asymptotical | A Given  Asympiotical
t Distribution NomLality by (15) Noxfulity by (21) Normnllty
for 2T/8 for R(t) for ¢G () for ¢An(‘\)
© 30 (0.9182;0.9797) (0.9224;_0.9850) -0.3026  (0.9155;0.9786) 0.4844 (0.9152;0.9788)
500 | (0.2412;0.7109) | (0.2054;0.7023) | 0.0071  (0.2332;0.6930) | 0.2761  (0.2319;0.6942)
2000 | (0.0034;0.2554) (-0.5050;0.1353_)_ 0.1596 - (0.0026;0.2373) 0.3339 (0i.(_)?l;0.2477)
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Figure 3: Likelihood Function for R(t)

30 92000 "800

-08 -06 Y . ’ 6,0

Figure 4: Likelihood Function for ¢c())
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92000 ¢:800 =30

N

Figure 5: Likelihood Function for ¢4,(})

5 Overall Conclusions

The use of the reparametrizations ¢g; and ¢4, could be of great practical
interest, since we get very simple and accurate inference results for the relia-
bility function at time t based on the asymptotical normality of the maximum
likelihood estimators. We also could consider other lifetime distributions to =
get similar results. If the proposed model has two or more parameters, we
could consider the “profile” likelihood for the reliability function at time ¢,
the obtain appropriate values for A in ¢gy(A) and ¢4,(2) using (7). In the
same way, we could consider the reparametrizations ¢gs(A) and ¢4,()) to get

better inferences for “I-out-of-m” system reliability (see Martz and Waller,
1982).
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Appendix

(A.1) Derivatives of the Log-Likelihood Function for
#¢s(2) Locally at the Maximum Likelihood Es-

timator &g;())

The logarithm of the likelihood function for ¢g; = ¢GJ(A) (see (12)) is
given by

U¢cs) = ~dInt + din B(¢,) - "B(¢GJ) (A1)
~ where B(¢¢;J) In[l + A(¢cs)] , and A(dcs) = (dcs + 1)~
The first three derivatives of £(¢g,) are given by

¥(¢s) = d Fited — I B'(¢as)

(A2)
£(des) = d e~ d (5i8e)" - T B4
and v
BIII BI BII BI 3 T " .
e - - e ()

where B'(¢¢y) = A'(d)g;)/(l + A(dcs)) ,
_ A"6e)) _ (A'cs) \?
B”(¢GJ) - 1+A(¢GGJJ) (1+A(gél)) ’ _
A™ ¢ 34" (6G1)A"($ _A'ldgs)
B"(¢cs) = 1+A(¢GGJ,) _(iﬁ)?#ﬁ(ﬁ?_’l-'ﬂ(lu(fé:)) ’

A'(¢GJ) - —‘lx(¢GJ + 1)-1/A—1 ,

A"(¢cs) = % (% + 1) (¢es +1)712-2,

- and
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A"(¢6s) = —} ( Xt 1) G + 2) (des +1)71/-3

At the maximum likelihood estimator ¢y = (e“” - l)d — 1, we have,.-

Alfes) =T -1,

A(Bes) = =4 (7 —1)™"

D1 (A3)

A(Bes) = } (3 +1) (7 -1)
A"(36s) = -1 (} + 1) (-} + 2) (edtlT _ l)ax«u ,
3(301) =%,

B'(¢6s) = -} dt/T( /T _ 1)“‘“ :

< 2)+1 - 2\
B"(¢6s) = ',li ~/r ( 'f'/T - 1) + e 2T (e‘“/T - 1.) H

and

B'"(¢ J) __1 ( + 1) (l-+2) e’dt/T (edt/T _ 1)

32+1

+ ;3; (1 41) e (T _ )2 _ 3 =saut (ar _ 1)

- Thus
e”(¢GJ) .u y 24T ( at/T _ 1)2(,\+1) |
and . 3(241) . (A.4) :
) T?(e®/T—1 3(142"2e—0t/T o
"(¢cs) = (:,\212 > d)‘”_ {L - :—1 ) ,m’j,,r} .
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(A.2) Derivatives of the Log-Likelihood Function for
¢4,() Locally at the Maximum Likelihood Es-
timator @ Ao(/\)

“The logarithm of the likelihood function for G40 = Ga,(2) (see (17)) is
given by

€é4) = —dint +dIn D) = D(g,) (AS)

1-gp \ VA
where D(¢4,) = In(1+ C(¢4,)), and C(és,) = (W::)

The first three derivatives of £(¢,,) are given by |

U(ga,) = dpas) — T D'(ga,)

2
" D D'
£'(4a,) = diael - d (Glad) - 2 D"(40,)

and
[’”(¢Ao) d’;’(?nn) 3dD (4*3;():) ()4’4“ +2d (%((:A ))) %D"'(¢Ao)

(A.6)
where D'(¢4,) = C'(¢4,) /(1 + C(94,)) »

C"(da,) C'(éag)_
D”(¢Ao)=_l+C(:Ao) (l+c(¢,4.,)) ’

3
e C"(day)  3C'(945)C"(d4,) C'(dag)
D”’(¢Ao) 1+c(¢:°) (1+C(¢Ao))7° +2 (l+C(¢£o)) ’

| C'(¢Ao)=—ﬁ’f‘_‘;: L, C"(¢a,) = ———HEC“") (3 - 64)

and

m _ _4C(¢4g) 1_ -
o(¢Ao)-A(l_¢;),{(l 4»30)(_@“‘ 3) (3 - 440) 1}.
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At the maximum likelihood estimator
ba0 = [l - (e"/T - I)A] /[l + (e‘“”- I)A] ’
C($Ao) = e“” -1 )
i - _2 /T
C'(¢a,) = ;((l-_?.‘:{ ,

C'(da) = L= (3= ) o
A(-%)

we have: "

06 = 43 (b= 1) (- 50) -1} '

A(x-?ﬁ)

_ -~ . "y Qe=dt/T{dt/T _q
D($as) = /T, D(Ba) = -2l =)
A(l- M)
- emdtIT (AT 1) [ _a -
D'(3a) = A (4T 3,
: 1\(1—6‘40)
and
- e—dt/T (dt/T _ —dt e—dtIT
D*(Ga) = SO (0, 4 S 4 T
,\(1-¢Ao) _
_ 2e'“‘/T} _ 4e"“’T(e“/T—l)
A A(1_3\3‘0)2
Thus

16
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~dT? ¢=241/T (4T _y)?
\°
403 (1-3, )

[”( $A° ) =

and
(A.8)

- sT? ,-m/r(,mr_,l' —dt/T -
o - : 3e -3 _
(¢40) P (1_3?‘0) { A P10

- %.{.ZZ%X_"T.} .
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