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Generation of Bivariate Lifetime Data

assuming the BLOCK & BASU Exponential
Distribution

" Roseli A. Leandro *
Jorge A. Achcar !

Abstract

In this paper, we present a generation procedure for a very special bi-
variate lifetime distribution: the BLoCK & BAsu exponential distribution.
This model should have a special simulation procedure, since the marginal di-
stributions are not exponentially distributed. We also present an illustrative
example.

Keywords BLoCK & BAsu exponential distribution, generation of biva-

riate lifetime data.

1 Introduction

In many applications of life testing, we usually have two lifetimes X and Y
associated to each unit. Among the different existing bivariate lifetime models to
be used in these applications, one family of models has been extensively explored
in the literature: the bivariate exponential distribution (see for example, FREUND,

1961; MARSHALL & OLKIN, 1967; SARKAR, 1987; BLOCK & Basu, 1974).

*EsaLq-Usp, 13418-900, Piracicaba,S.P.
emsce-Usp, 13560-970, Sao Carlos, S.P.



In this paper, we present a procedure to generate bivariate lifetime data assu-
ming the BLOCK AND BASU (1974) exponential distribution.
The bivariate exponential distribution (BVED) of BLOCK & BASU with para-

meters Ay, Ay and Ag, for the lifetimes X and Y has a joint density function given

by

fz,y) = A—’\lﬁiexp{»—/\lx — Ay} fz<y
f(z,y) = s . (1)

\ fa(z,y) = 2 texp{—Aisz — Aoy} ifz 2y

where Aj3 = Ay + X9, Az = A1 4+ A3, haa = Ay + Az and A = Ay + Ax + s,
The joint generating function for the BVED is given by
A AA Az A

t) = sTHty = 1123 27113 9
m(s, ) E(e ) /\12(/\—t—3) {/\23—t A13‘—S ( )

From (2), we get the moments of interest for X and Y; thus, the means and

variances for X and Y are given by,

— 1 4 _A2A3
E(X) A + Ad2Ag3
_ 1 MA
2 _ JVvYy — 1 A2 A3(2X0 A A2143) *
ok =var(X) = s + BN S
2 MA3(2A224 273
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The correlation coefficient for X and Y is given by

A3[(AZ + M)A + A Ag )5

I 4
pxy b1 )
where
¢ = [Xf)z)‘gs + /\2(’\2 + 2/\1)’\2]1/2
and

2 = [MaA% + A(A 4 242)A7]/2
Observe that 0 < pxy < 1 and pxy = 0 only for the trivial cases A3 = 0 or
A=Ay =0. |
Some properties of the BVED are given by,




1. W = min(X,Y) has an exponential distribution with mean 1/X, A = A; +
A2 + Az,

2. Z = X — Y has distribution function,

AL-/\'Z:!Z ifz<0
F(z)={ N NG

1- 3\1\12;6"\132 fz>0

3. W =min(X,Y) is independent of Z = X —Y ( and also of | X - Y| ).

4. If (X,Y) has a BVED, then,

P(X >z)= ﬁe"‘“’“" -~ %fz-e"‘”, z>0

P(Y > y) = /\—'1\2'8—’\231/ - /\Aa_e—«\y’ y>0

(6)
12
Observe that if (X,Y’) has a BVED with density (1), the random variables X
and Y are not exponentially dsitributed. The probability density functions for X
and Y are given by

fx(z) = ﬁ {)\136_'\‘” - /\36—’\“’} , >0
fY(y) — -,\4:;{)\236_)‘23‘1/ _ /\36—’\y}, y > 0

2 Generation of the BVED lifetime data

To generate a random sample of size n of bivariate lifetime observations X and
'

Y with a BVED (1), follow the steps:

1. Generate alarge number N (N >mn) of observations W, where
W = min(X,Y) has an exponential distribution with density f(w) = Ae™*¥,

where

A=+ A+

2. Associated to each value of W, consider an indicator variable §, where § =1 if

X <Y and § =0if X > Y. Thus, generate N observations from a Bernoulli

distribution with parameter p given (from (1)) by




p=P(X<Y)=[" [ AN diedasy gy d (8)
0 Jx | /\12
That is,
M
== 9
p M 9)

. From steps (i) and (ii), we have a large sample of size N of pairs (W;,4;),
t = 1,2,3,..,N, where §; = 1 or 0. If §; = 1, that is, X; < Y;, we have
W; = X; and we should find a prediction value for ¥; to have the bivariate
lifetime data (X;,Y:). If §; = 0, that is, X; > Y;, we have W, = Y; and we
should find a prediction value for X; to have the bivariate lifetime pair (X;, Y).

. With the obtained generated data (X;,Y;), ¢ = 1,2,..., N following steps (i),
(ii) and (ii1), construct an observed frequency distribution in K; x K, classes

of the form (a1; < X < byj,au <Y <by),j=1,2,...,K; and | = 1,2,..., I,.
. To get a random sample of size n ( n < N), randomly choose np;; observations
for each frequency cell (a1; < X < byj,au <Y < by), where,

Djt = P{alj <X < blj,agl <Y <« bg{} (10)

and this probability is obtained by using the BVED (1).

That is,
4 N
ﬁ;(e—/\lbu - e—/\lau)(e—/\zabzz — e—'\23‘12l) if blj < ay
ﬁ(e—/\zﬂzl - e-'\zbm)(e—/\lsau - e-/\labl;) if by < ai;
pji = ¢ ’\Le-/\zsbzt(e—'\lbu _ e"/\lalj)_*_
12
/\Le—f\zazt(e-/\wal; — e-/\1351;)+
12
A3 (o=Abyy _ ,—Aay : - =
(7 — e if a1; = ay and by; = by

>

(11)



3 Prediction for Y

When § = 1, that is, W = X, a prediction value for Y (see for example, Bickel
and Doksum, 1977) is given by

_ [~ yfr(y)dy (12
ﬂHY>w_L ) | (12)
where fy(y) is the marginal probability density function for Y (see (7)).
That is, )
A - 1 _ A3z A3y
E(YY > z) = Agaz - _=dasx _ S z 3 z 13
YIV>2) = 5 pv>a {“ T’ Yo TRt (13)
where \
P(Y >1)=—e»° 2
12 A2

4 Prediction for X
When 6 = 0, that is, W =Y, a prediction value for X is given by

o zfx(z)dz
. PX>y) (14

where fx(z) is the marginal probability density function for X (see (7 )).

E(X|X >y)=

: A 1 A A
EXIX>y)= —— “Asy L ,=hay D8 —dy A3y

where

A A
P(X>y)= X;—z-e')“w - /—\i;e"”



5 An Example

Let us consider the generation of » n = 100 bivariate lifetimes (X:,Y), : =
1,2,...,,100 assuming the BVED (1) with A\, = 0.08, A, = 0.06 and
As = 0.06. Thus, Az = 0.14, A3 = 0.14, Aps = 0.12, A = 0.2, E(X) = 8.0612,
E(Y) = 9.7619, ox = T7.7046, oy = 9.0382 and pxy = 0.1497 (see (3) and
(4)). |

From steps (i) e (ii) of section (2), we first generate N = 1000 observations
W; = min(X,, V) from an exponential density with parameter A = 0.20 and also
N = 1000 indicator observations §; from a Bernoulli distribution with parameter
p= f;‘; = 0.5714 (see(9)). Following step (iii), we get the bivariate lifetime data
(Xiy Yi), using prediction values for X; or ¥;, depending on the obtained value for

Soa=19 1000 That s 6 = 1 we have X ¢ Voor Wi = X; and we fnd a
prediction value for Y; using (13). If §; = 0, we have X; > Y;, that is, W; = Y; and
we find from (15), a prediction value for X;.

Following steps (iv) and (v), we choose n = 100 observations (X, ¥;) such that
the observed frequencies of observations in constructed classes are in close agreement
with the expected frequencies np;; following BVED (1) (see (11)).

This generated data set is given in table 1. In table 2, we observe good agree-
ment between the observed and the expected frequencies of the generated lifetime
data (also observe figures 1 and 2).

Using Newton-Raphson iterative procedure, we find maximum likelihood esti-
mators para Ay, Az and A3. Considering a random sample of size n of the BVED (1),

the logarithm of the likelihood function is given by

[(A1, A2, A3) = mylndy + nylndg + nind 4+ nyln(), + A3) + ngln(A; + A3)— (16
nln(/\l + /\2) - Tlf/\] - nﬁ)\g - R/\g )

where ny = Y0 §;, ny = Yl =6&), & =1if z; < yi, 0 = 0 if z; > y;,

nT =)L 20y =" yiand R= " [y:6; + zi(1 = &)]. |



Table 1: Generated Bivariate Data (n=100)

X Y X Y X Y
0.01590 9.7752 0.92239. 10.5434 | 17.4887 9.9211
0.03607 9.7921 0.95066 10.5677 | 1.4520 11.0602
0.06805 9.8189 | 1.00951 ~10.6182 | 1.6665  11.1866
0.08325 9.8316 1.03304 10.6384 | 1.8994 11.3900
0.11342 9.8570 | 1.07366 10.6733 | 2.2443  11.6929
0.13787 9.8775 | 1.10142 10,6972 | 2.6338  12.0372
0.14587 9.8842 | 1.11178 10.7061 | 3.1124  12.4633
020908 9.9374 | 1.14278 10.7328 | 3.4978  12.8087
0.23578 9.9599 | 1.17866 10.7637 | 3.8483  13.1245
0.28811 10.0040 | 1.20725 10.7884 | 4.3102  13.5430
032763 10.0373 | 1.25401 10.8288 | 4.7532  13.9467
0.35206 10.0580 | 8.08814 0.0292 | 53150  14.4614
037796 10.0798 | 8.2762  0.2331 | 5.6941  14.8105
0.39686 10.0958 | 8.5279  0.5053 | 6.1598  15.2411
0.40914 10.1062 | 8.7821 07797 | 6.7099  15.7522
0.41374 101101 | 9.0515 1.0697 | 7.5385  16.5264
0.42769 10.1219 | 92952  1.3316 | 8.0414  16.9987
0.44100 10.1332 | 9.5615 16169 | 8.6759  17.5969
0.46664 10.1549 | 9.8797 19573 | 9.4783  18.3567
047383 10.1610 | 10.1831 2.2810 | 10.3666  19.2020
0.50343 10.1861 | 10.4243 2.5378 | 11.1450 19.9458
051873 10.1991 | 10.8824 3.0244 | 12.1213 20.8825
0.53567 10.2135 | 11.3216 3.4897 | 18.6037 11.0695
0.56358 10.2372 | 11.7383 3.9299 | 19.3300 11.8160
0.61135 10.2778 | 12.2368 4.4552 | 20.1483  12.6555
0.64623 10.3075 | 12.7206 4.9637 | 22.5853  15.1477
0.68866 103436 | 13.2373 5.5054 | 13.3829 22.0983
] 0.70947 10.3614 | 14.0623 6.3677 | 14.4032  23.0855
0.74952  10.3955 | 15.0128 7.3577 | 15.1537 23.8137
0.81160 10.4486 | 15.3570 7.7153 | 23.0677 31.5669
0.85319 10.4842 | 154718 7.8345 | 31.8155 24.5140
0.87853  10.5059 | 15.8906 8.2688 | 25.5306 33.9989
091137 10.5340 | 16.5681 8.9702 | 32.1644 40.5758
17.1588  9.5806




Table 2: Frequency distribution for n=100 pairs (X;, ¥;) in 6 x 5 classes (o=observed

frequency; e=expected frequency)

>y Y

(0,11]

(11,22}

(22, 33]

(33,44]

(44, 55]

(0.00, 7.500]

el1=42.35
011=44.00

el2=12.62
012=14.00

el3=3.37
013=0.00

el4=0.90
014=0.00

el5=0:24
015=0.00

(7.50, 15.00]

e21=15.78
021=17.00

e22= 6.76
022= 17.00

e23=1.84
023=2.00

e€24=0.49
024=0.00

€25=0.13

025=0.00

(15.00, 22.50]

edl= 5.49
031= 7.00

ed2= 2.83
032= 3.00

e33=1.01
033=1.00

e34=0.27
034=0.00

e35=0.07
035=0.00

(22.50, 30.00]

edl= 1.92
odl=0.00

e42=0.99
042=1.00

e43=0.49
043=1.00

' e44=0.14

044=1.00

e45=0.04
045=0.00

(30.00, 37.50]

edl= 0.67
051= 0.00

€52=0.35 7
052=0.00

e53=0.18
053=1.00

e54=0.08
054=1.00

e55=0.02
055=1.00

(37.50, 45.00]

€61=0.23
061=0.00

€62=0.12
062=0.00

e63=0.06
063=0.00

e64=0.03
064=0.00

e65=0.01
065=0.00

Figure 1: Observed frequencies for the n = 100 generated data of table 1




Figure 2: Expected frequencies for n = 100 observations using BVED (1) with
parameters A; = 0.08, A, = 0.06 e A3 = 0.06. '

With the generated data of table 2, and using the initial values \? = 0.04,
A2 = 0.03, A3 = 0.03 in the iterative procedure, we find after 9 iterations, the
maximum likelihood estimates X; = 0.10782, X, = 0.04896, X3 = 0.05396. We
also find maximum likelihood estimators for functions of A, Az, As. Thus, E(X )
6.6756, E(Y) = 11.4275, 6x = 6.5311, 6y = 10.3788, and jpxy = 0.1241 (see (3)
and (4)).

Remark: For the generation of the bivariate lifetime data of table 1 following

BVED (1), we developed a computer program using the S-PLUS software and the

SAs FOR WINDOWS software (copies available under request).
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