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Abstract

In this paper. we explore the use of Laplace’s method (see for example, Tierney
and Kadane. 1986, JASA, 81, 82-86) to find approximate posterior' summaries of in-
terest for hierarchical classification models with two variance components assuming
a mixture of normal densities (see Tiao and Ali, 1971, Technometrics, 13(3), 635-
650) for the random effect. We illustrate the proposed methodology considering a
data set introduced by Tiao and Ali (1971).

Kevwords: Laplace’s method, hierarchical classification models, nonnormality for the
random effect.



1 Introduction

One class of practical problems very important is given by variance components (see
for example, Box and Tiao, 1973). When the total variance 07 of the observed yield is
large, we have interest to reduce it, by discovering the relative importance of the various
sources of variation.

When there is only two variance components, with J groups (batches) of A observa-
tions (analyses), consider the model, '

Yik = 4+ € + €k (1)

where 3 = 1,...,J:k = 1.... A, and the random variables ¢, and ¢;; are independent

with E(e;) = E(€;) = 0, var(e;) = 0 and var(e;;) = of. Thus the total variance 0% of
the (j.k) th observation y;x becomes 62 + o3

Let us assume that the random variable ¢;; has a normal distribution (0. 0?) and
the random effect ¢; has a mixture of normal distributions (see Tiao and Ali, 1971), given
by the density,

P(ej'°§»0,5,A)= (1 -a)f]\: (6J‘|-600’,02) + (2)
+0fx (¢;] — 860 + 60,M20?) ,

where —00 < €; < 00,0 > 0,—00c < 6 < 00, A 21,0 <6 <1 and fy(z|p.q) denotes the
density of a normal distribution with mean p and variance g.

The distribution (2) can be interpreted as saying that'e,' could come from one of two
populations, a central model N(—é60,0?) and an alternative model N(—~86o + 60, A?0?)
with probabilities 1 — § and 8, respectively.

This distribution has zero mean and expressions for the variance, skewness and kurtosis
measures v, and ¥, given by

var(e;) = 03 = 0? {1 + 6()? — 1) + 626(1 — 6)}

_ 81~ 0)5{8%(1-26) +3(X - 1)}
{146(N-1)+0(1-6)6*)"* )

., = 30 +0(M—1)}+60(1 —0)82 {6+ (1 —0))2} +69(1-6) {8+ (1-0)°)
’ {1+6(X2-1)+6(1 - 6)67)°

As a special case of distribution (2), consider 8 = 0.05, that is, the process is out of
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control 5% of time. Also, assuming |6] = A — 1. that is, 6 = (X ~1).¢ = ~1,] we have
the model (see Tiao and Ali, 1971),

ple;lo3, A, ) = 0.95fn (e;] — 0.05¢() — 1)o,0%) +
| (4)
+ 0.05fx (€;]0.95¢(X — 1)a,A?0?) .

Observe that, if A = 1, we have a normal distribution for e, (usual assumption). If
A > 1, the distribution is symmetric but leptokurtic for ¢ = 0, skewed to the right for
¢ = 1, and skewed to the left for ¢ = ~1.

For the general model (2). Tiao and Ali (1971) show that the distribution is unimodal
for all 8 in (0,1) if and only if

27 (1 — A~2)? ,
(1= 2072) (24 A2 = A=) 4 2(1 - A2 4 A2

¢ <

()

Usually, inferences for models with mixture of normal distributions have great com-
putational difficulties (sse for example, Titterington, Smith and Makov, 1985).

For a Bayesian analysis, the statistician could decide by one among many existing
strategies: the use of numerical methods (see for example, Naylor and Smith, 1982); the
use of approximation methods for integrals (see for example, Tierney and Kadane, 1986);
or the use of Monte Carlo procedures or Gibbs sampling (see for example, Kloek and Van
Dijk, 1978; or Gelfand and Smith, 1990).

-In this paper, we explore the use of approximate Bayesian methods for hierarchical
classification models assuming the mixture of normal distributions with density (4) based
prj Laplace’s method for approximation of integrals.

One of the great advantages of Laplace’s method to solve the Bayesian integrals of
interest it, is in terms of very small computational cost and easy implementation which
do not require sophisticated computationa) skill.

We show in one example, considering a data set introduced by Tiao and Al (1971),
the feasibility of the proposed method. '

2 A Joint Posterior Density for 02,02,¢ and )

Considering the hierarchical classification model (1) with 4 = 0 assuming a normal
distribution N(0,07) for the error €, and a mixture of normal distributions with density



(4) for the randon effect ¢,. the likelihood function for 6}, 63. ¢ and X is (see Tiao and
Ali, 197]1) given by

(03,03, My) o (0}) ™ exp{- 42}

(6)
x ngl P(y; lol ’02'¢7A) )
where y;. = K Ty yjeovn = J(K = 1),0ym; = Sy,
S = }:,' Yk (Vi —y; -)2 P (y; i a¥10§s¢1A) = Ay, + Ay,
_ [v; . +0.058(A ~ 1)o]’ 2, 22 g2
A,j—(O.QBezp{ 30+ 01/ K) (e*+0i/K)'" .
- y, = 0.95¢() = o]’ ,
Ay, = (0.00 eTp {— [ J?(A202 +57¥/ K))J })/(/\202 +ol/K )1/2 ,
03 = (A, 9)d?, and ¢(A,¢) = 0.95 + 0.05)% 4 0.0475¢*(\ — 1)2,
and y is vector of observed data.
The joint prior density for o2.0%,¢. and A can be written in the form,
® (of.og.d). /\) = (af,aglé. A) mo(@. ) . (7)

Considering a noninformative prior for o7 and o7 given (¢,1), 7 (07,02|¢, ) x (02)”
(?+ K ag)“] (also considered by Tiao and Ali, 1971), the joint posterior dens:ty for
02,0%,¢ and A is given by |

7 (62,02, 6,My) x w6, 3) (o2) (o2 + Kod) T 1 (208, 0) ,  (8)

’

where 02 >0,02>0,A2>1,¢=-1,0,1;m(4, M) is a joint prior density for 4 and A and
1(0?,02, 4, My) is the likelihood function (6)

For the choice of prior mo(¢, A), we could assume prior independence for the parameters
¢ and X. That is, mo($,A) = 701(¢)702()). In this case, one could consider many different
choices for the prior densities for ¢ and A. As a special case, consider #q,(¢) = 1/3, for
¢ = —1,0,1 and 7y(A) oc 1/1,4 2 1. We also could consider an informative prior density
for ), since in many applications, we havé prior opinion about A.



3 Laplace’s Method for Approximation of Integrals
Consider approximations for posterior moments of the form.

o e ly)d
Eletilv) = = o vin)dv

(9)

where g(t) is a selected function of ¥ € R™,m(y)) is a prior density, I(¥']y) is the likelihood
function for y; and for posterior densities of the form,

n(nly) = [ 7 (¥, valy) dva (10)

where 7(v;, ¥2]y) is the joint posterior deusity for ¢ = (¥1,v2), ¢ € R* and v, € R™ %,

The method of approximation for posterior moments introduced by Tierney and
Kadane (1986) is based on Laplace’s approximations for the integrals in both the nu-
merator and denominator of (9). Laplace’s method for approximation of integrals is used
to solve integrals of the form

1= [ f(@)eap{-nh(@)}dv, (11)

where —nh(y) is a function having a maximum at 4 and which satisfies the usual regu-
larity conditions.

To approximate integrals of the form (11), Laplace’s method assumes an expansion of
h and f in Taylor series about ¥ (see Tierney and Kadane, 1986; or Tierney, Kass and
Kadane, 1989a, 1989b).

With ' one-dimensional, Laplace’s approximation for 7 is given by

= (2m\/? - -
1= (-;) o.f (d)) exp {—nh (1/))} (12)

where UL = {h" (&)}—1/2-

In the m-dimensional case,
I=@2n)m? {det (n M (J)))}—mf (:2;) ¢.zp{—nh (12)\)} , (13)
where Z’(J») is the Hes;ian matrix of h at tZ, given by

5



- il .
El (b,‘) - (ad‘_alt..J)l-;") =1....,m.
1 v

To aproximate the posterior moment (9), we could consider n(¢:)I(¥|y) = exp{-nh(y¥)}
for the numerator and denominator of (9), with f equals to g and 1, respectively. Other
choice for f that gives more accurate approximations for (9) is given by f = 1 in both

integrals in (9).

In the same way. we find Laplace’s approximations for the marginal posterior density

(10).

4 An Approximate Marginal Posterior Density for

¢ L

The marginal posterior density for ¢ is (from (8)) given by

T(¢ly) ///Fo(d’d\) (012)—1 (0;" + Kag)-ll(o?,ag.é,/\ly) doldold) . (14)

Considering
fetol,03,0) = 7o(¢, A)(0})™! (o + Ko})™!
and

—nhy(02,02,)) = Inl(02,02, 6, Aly)

'

in (11), a Laplace’s approximation for the marginal posterior density for ¢ is given by

(4.%) )7 (33 + Ka3) ™1 (33,23, ,3ly)
faet (v 32 (22.33,0)))

where ¢ = —1,0,1 and (2,62, 1) maximizes —nhy(0?,02, A) for each value of ¢.

(19)

#(dly) i

Since we have difficulties to find the second derivatives of —nhy(0?,02, 1), we could
consider the use of numerical derivatives locally at (62,52, ) to find an approximate value
for the determinant of the Hessian matrix in (15).

Also observe that the approximation (15) is valid for any choice of prior density for
the parameters 03,03, ¢ and .



5 An Approximate Marginal Posterior Density for
A with ¢ Known

The marginal posterior density for A is given (from (8)) by

r(Aly) = // (02,03, 6,\ly) do?do? . (16)
¢=-10,1

Assuming ¢ known, we consider the prior density,

7(oh,od. M) = 7 (e, 0216 \) mo(Ao)
(17)
x (0?)” (o, + Ko?) m(A|o) .
where my(Ale) is a prior density for A given ¢. ‘
With this prior, the joint posterior density for 6,03 and ) is given by
m(0%,03.Md,y) & mo(Al@)(0?)” (0 + Ko?)™' x
(18)
x (02,02 )¢,y) .
With the choice fi(07.03) = mo(Ale)(o}) (6] + Kol)' and —nhy(0},03)

= Inl(0?,02.A|¢,y) in (11), a Laplace s approximate marginal posterior density for A
is given by

7o(M¢) (2) " (6% + K&3) ™" 1(82,62,M\|¢, y)

T(Ao,y) )
{det (n T2 (32,82))}'"

where (52, 52) maximizes —nh,(03,03) for each value of A.

6 A Bayesian Analysis with ¢ and A known

Assuming ¢ and A known, the likelihood function for o7 and o3 is (see (6)) given by

-~

1(o2,0216,),5) o (22) ﬂ/ze_zp{_ v2’:,2 }H{A,,+A,,} (20)

j=1




5 An Approximate Marginal Posterior Density for
A with ¢ Known

The marginal posterior density for A is given (from (8)) by

)= ¥ / / a,,oz,¢,x|y)da,2da,. (16)

¢=-10,1

Assuming ¢ known, we consider the prior density,

7 (0],03.Ml¢) = 7(0},03]6.A)7e(A]g)
(17)
x (a'f)_ (o} 1\(72 mo(Al@) .
where my(A|o) is a prior density for A given ¢. ‘
With this prior, the joint posterior density for 0?,03 and ) is given by
m(02.02.M|6,y) o mo(M@) (o) (0F + Ko)™' x
(18)
x l(o3,03.M|d,y) .
With the choice fi(o7.03) = mo(A|o)o?) Mo} + Ko2)™! and —nhy(o?. 0?)

= Inl(0?,03.A|¢,y) in (11). a Laplace’s approximate marginal posterior density for A
is given by

7o(M9) (63)7" (83 + Ka3) ™" 1(82,83,A|4,y)
{det (n L7} (62,52) )"

7(A|d,y) x (19)

where (82, 6%) maximizes —nh,(03,03) for each value of A.

6 A Bayesian Analysis with ¢ and A known

Assuming ¢ and A known, the likelibood function for 67 and o2 is (see (6)) given by

-~

(01,021¢"\ y) ( 2) vl/zélp{_ ‘%”%}H{A,,+A2J} (20)



where

2
Ay, = (0.95(.1'p {—2(&%1 ‘;%7}\.)})/(0 +0?/k )1/2
- 2
Aoy = (005er {""ih—fwy; + i,f/Lr\»)})/ (V0?4 o2/K)'?

ay = 0.056(A - 1),a, = 0.95¢() = 1),0? = 62 /b and

b= 0.95+ 0.05)2 4+ 0.0475¢*(\ - 1)2.
The joint posterior density for 02 and o3 is given by

7 (a,,a,ld) A y) x r(a, oile. A) (of.aglo. Au) . (21)

where o? > 0, 0'2 > 0;7(0?.03|¢. X) is a prior density for (0?,63) with ¢ and A known and
l(0?,03|0, ). y) is the lll\ehhoud function (20).

6.1 An Approximate Marginal Posterior Density for o?

The marginal posterior density for 6? can be written (from (21)) in the forn,

™ (aﬂd), )«,y) x /f,,; (og) e-"h"f(og)dag . (22)

where f,2(03) = 7(07,03|¢, ) (a prior density for of and o7 given ¢ and A) and —nh,3(0}) =
ln‘l 01 ) |¢1 ’\ y)

Therefore, an approximate marginal posterlor density for o2 using Laplace’s method
is given by

. 2 2
1?(0¥|¢,A,y) 1(61,0‘2|¢,A)l(0’?, 3314,A.y)

d%g (02,5%) 12 ()
{” ) }
where 0} > 0,57 maxiniizes —nh,3(03) for each value of o} and g(0},03) = 2 In(Ay;+

Ayj).



6.2 An Approximate Marginal Posterior Density for o?

The marginal posterior density for o2 can be written (from (21)) in the form,

(o316, 0,8) [ fug (o2) 5 Va? (24)

where f,3(01) = 7(0},03|6,A) and —nh,;(0?) = Inl(03,03|6, A, ).

An approximate marginal posterior density for o2 is given by,

R , 7 (0%.03]6.),y)
w(agquA,y) o 1% T (25)
vym; Uy - _ '(!!0].9’2!
{(a,’f’ 206} ded) }
where 02 > 0.6} maximizes —nhag(a'f) for eacli value of 2.
6.3 Approximate Posterior Moments
We also could find Laplace's approximations for posterior moments of the form,

ff7r(0’,,0’2|¢,A)1(0’1-. 2|¢7A7y)da¥do§

As a special case, with the choice f(0?,03) = m(o?,03) for the integral in the numer-
ator of (26) and f(0?,03) = 1 for the integral in the denominator of (26) (f given in (11))
we find a Laplace’s approximation for (26), given by

B{m(etiad) ) = m (61 (140(:7) @)
where (62,02) ;s the mode of (21) (see Tierney, Kass and Kadane, 1989a)}

As a special case, we have (from (27)), E(o}/oly) = %/5%,E(o?ly) = &} and
E(d3/y) = 73

- More accurate approximations for (26) are given for other choices of f(0?,02) for the
integrals in (26).



6.4 Approximate Predictive Distribution for a Future Group
Average Y(;4)).

Assuming ¢ and A known, the predictive density for a future group average Y(J+1). 18
given by

pavanly) = [ [plywn b ) (dhefiers)aeies}  n

where p(y(y41).107,03,8,2) = Ajus1) + Azusr) and A;; is defined in (20).

Considering f(0}.03) = n(0}.03]0.)) and —nh(0?,03) = Inp(yy41)l0?.03,6,2) +
Inl(o3.02.6,M|y) in (11). we also obtain an approximate predictive density for a future
group average y(s4+1). by

‘ p (yoan163.5%.6.0) 7 (33.6%10. 1)1 (53,5216, ). y)

P (yu+1,.ly) {dci(n Z_ (03;3 )}1/2

(29)

where —00 < y(y41). < 00; 8} and &5 maximizes —nh(0},03) for each value of y(s41). .

7 A Bayesian Analysis Assuming A =1

Assuming A = 1 in the mixture of normal densities (4). that is. a normal distribution for
the random effect ¢;. the likelihood function for o7 and o3 (with y = 0 in the hierarchical
classification model (1)), is given by,

(o3 o3ly) o« (63) ™7 eap{- Y2} (od + Kod) P

03
(30)
| Kxyl

Considering f equa]s to the prior density’ 7(02,0?) in (11), we find approximate
marginal posterior for o7 and o3 given by

, 2 I , 2
() & T A @)
J3 _
{(03+Ka§3 2(0? ,+K07)’}
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where o} > 0 and & maximizes (0], 03|y) for each fixed value of 63, and ,

N . ‘2‘ 2 l ‘2‘ 2
3 (aﬁly) a n(0y.03)1(0].03{y) — (32)
{gm* R U KTy
(@) @) afened) T (FT+Ke3)

where o2 > 0 and 2 maximizes [(0?,02|y) for each fixed value of 3.

8 An Example

Consider the simulated data set of table 1. introduced by Tiao and Ali(1971) assuming

the hierarchical classification model (1) with density (4) for the random effect ¢; where
p=0.0l=1l.03=4.¢=1and ) =3.

Group j 1 2 3 4 5 6
y, |-3.682 -2.057 -1.780 -1.238 -0.797 -0.67]
Group 3| 7 8 9 10 11 12
y;. -0.646 -0.471 -0.436 -0.401  -0.378 0.000
Group 3| 13 14 15 16 17 18
Y;. 0.112 0791 0923 1.571 1.712 4.223
Group | 19 20
y, | 6415 7072

Table 1 - Ordered Group Averages y,. (simulated data with
p=00l=102=46=1,1=3,J=20and K =3).

From the data of table 1, we bave J = 20, K = 3,v; = J(K - 1) = 40,JKy. =
¥; ey = 0.5131,my = 1.1525 and vymy = Sy = 46.1 (see (6)). The logarithm of the
likelihood function (6) is given by,

Inl(03,03,6,\ly) x —20in (o3) - B 4

33
C 4 TR (A + Ay) )

where A;; and Az;,j = 1,...,J are given in (6). The maximum likelihood estimators for
02,02, 4 and A (see table 2) are given by 6} = 1.15,57 = 3.13,¢ =1 and A = 3.76.

11



6|8 & X Inl(6283,6ly)
TT115 980 312 52479
0
]

1.15 3.90 4.10 -51.9312
1.15 3.3 3.76 -50.4169

Table 2 - Maximum Likelihood Estimators for 67,02, and A with ¢ known

Using numerical second derivatives of 232, In(Ay; + Ay;) locally at the maximum

likelihood estimators &f.&g,& and A, we find the observed Fisher information matrix
given ¢ = 1,

153031 0.1574 -0.1574
I=1 0154 03862 -0.0620

~0.1574 -0.0620 0.3672

Considering_ the usual normal limiting distribution for the maximun likelihood esti-

mators (a,,a,.A) given ¢ = 1, we find 95% confidence intervals for 0?, 62 and A given by
0.6471 < 0? < 1.6528, —0. 0722 < 02 < 6.3322 and 0.4753 < X < 7.0447.

In table 3, we have the approximate marginal posterior density (15) for ¢ considering
different choices for the prior density 7o(¢,A). We also considered the use of numerical
derivatives to find the determinant of the Hessian matrix given in Laplace’s approximation
(15), for each value of ¢. The mode of the marginal posterior densities for ¢ considering
the different priors are all given by ¢ = 1.

12



70(0.A) = 751 (0)705(A) ¢ *loly)
Ta(¢)=1/3,0=-1,0,1 -1 0.2956
To2(A) &x constant 0 0.171)
1 0.5333
1 0.254)
0 0.1933
1 0.5525
Ta(¢) =1/3,6=-1,0,1 -1 03731
0
]
]

Ta(¢) = 1/3.6 = -1,0,1
‘Koz(A) X ]/A

70a()) & emp{-;() - 3)2} 0.1188
0.5080
0.1637

ﬂo](¢) = ]/2.0 =1

Ton(0) = 1/4.6 =0
0 01245

10(¢) = 1/4,0 = -]

moa(A) x 1/A 1 07113

Table 3 - Approximate Marginal Posterior Density (15) for o Considering Different
Priors mo(@. ).

Assuming ¢ = 1 known, we have in figure 1, the plot of the approximate marginal

posterior density (19) for A considering some different choices of prior densities for o7, 02

and A given ¢ = 1:

my (03,03, 0]6) ox A7 (a;")—1 (02 + 30%)-] .
m2(0%,03,M@) o exp{-1(A = 32} (6?) 7" (o + 303) ", (34)
73 (03,03, M¢) ox ezp{-3(A - 8)?} (07)7 (03 + 303)™" .

We also used numerical second derivatives to find the determinant of the Hessian
matrix in (19). The mode of the marginal posterior density for A is given by A =35
considering all prior densities 7y, 72 and 7s.

13
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Figure 1 - Approximate Marginal Posterior Density for A Assuming ¢ =1 Known

Assuming ¢ = 1 and A = 3.5 known, we have in figure 2. the plot of the approxi-
mate marginal posterior density (23) for a? considering the prior density 7(0?,03|¢,A) ox
(62) (0 4+ 302)7?, 02,05 > 0.

We also liave in figure 2, the plot of the approximate marginal posterior density for o2

(31) assuming A = 1, that is, a normal distribution for the random effect €;,. We observe
very close inference results for o? considering normality or nonnormality of €;,5 = 1,...,J

14 .
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1 I | 1 1 }
0 1.0 20 3.0 4.0 50 01

Figure 2 - Approximate Marginal Posterior Density for o3

Also, with ¢ = 1 and A = 3.5 known, and considering the same noninformative prior
for 0? and o2 above, we have in figure 3 the plot of the approximate marginal posterior
density (25) for 2. We also have in figure 3, the plot of the approximate marginal posterior
density (32) for o3 considering A = 1. In this case, we observe very different inference
results for o3 considering normality or non-normality for the random effecte;,j = 1,...,J.

It is important, to point out that we can use these Laplace’s approximations considering
any choice of prior opinion about ¢? and 3.

15
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Figure 3 - Approximate Marginal Posterior Density for o3

In figure 4, we have the plot of the approximate predictive density (29) for a future
group average y(z1). considering the data set of table 1.
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Figure 4 - Predictive Density for a Future Group Average y(;;). Assuming ¢ = 1 and
A=3.5.

9 Concluding Remarks

The use of approximate Bayesian methods based on Laplace’s approximations for inte-
grals is a suitable alternative to present a Bayesian analysis for hierarchical classification
models with two variance components assuming non-normality for the random effect.
Similar results also could be obtained for three or more variance components models.

We also could consider § unknown to present a similar approximate Bayesian analysis
for two variance components models considering the mixture of normal distributions (2)
for the random effect e; in mode] (1). With this assumption, an approximate marginal
posterior density for 8 is given by,

. (33,53,0,5, 7\)1(&3,&3,9, 5,ly) "
T EEXE)

P

where 0 < 6 < 1,7(0?,02,0,6,)) is a prior density for the parameters and (62, 2,6 A)
maximizes —nhg(0?, 03,8, ‘)‘) Inl(0?,02,0,8, Aly), the logarithm of the likelihood func-

17



tion (6) with

Py, lo].03.0.6,0)= (1= 0)fx(y,| - 680.0° + 0?/K) +
| (36)
+8fx (y;.| - 600 4 80. X204 03/} ,

where 03 = 0 {1 + 6(\? = 1) 4 8%0(1 - 8)} for each value of 6.

In the same way, we could find approximate marginal posterior densities for the other
parameters.

The use of Laplace’s method for approximation of integrals could be justified by com-
paring numerically integrated marginal posterior with Laplace’s approximations. Assum-
ing the data of table 1 with ¢ =1 and A = 3.5 known. we bave in figure 5 the graphs
for the marginal posterior densities of 62 considering Laplace’s method and a numerical
procedure based on Gaussian quadrature (Gauss-Hermite with n = 9 roots of the poly-
nomial equation of Hermite). We observe close results for both integration methods fsee
also table 4). ’

It is important to point out that the accuracy of the obtained approximations usu-
ally depend on good parametrization and data, especially for small sample sizes (see for
example, Achcar and Smith, 1990).

LAPLACE ‘
— —=— GAUSSIAN QUADRATURE

1

4
0 10 —20 30 20 50 0y

Figure 5 - Marginal Posterior Density for o7 with ¢ =1 and A = 3.5 known.
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Gaussian
0! Quadrature  Laplace
0.2 0.000000 0.000000
0.3 0.000000  0.000000
0.4 0.000000 0.000000
0.5 0.000048 0.000048
0.6 0.002273 0.002278
0.7 0.021630 0.021588
0.8 0.080391 0.080664
0.9 0.166467 0.167022
1.0 0.235640 0.235896
1.2 0.237517  0.239892
14 0.143797  0.142019
1.6 0.067360 0.066111
1.8 0.027712  0.027502
2.0 0.010713  0.010548
2.2 0.004042  0.004032
24 0.001521  0.001522
2.6 0.000378 0.000569
2.8 0.000223 0.00022}
3.0 0.000088 0.000087
4.0 0.000001  0.000001

-

Table 4 - Marginal Posterior Density for 6? with ¢ =1 and A = 3.5 known
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