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Abstract

We propose a generalization of Laplace’s approximations for posterior moments
(see Tierney and Kadane, 1986) when the mode of the posterior density is not in
the parameter space. We illustrate the proposed methodology in some selected
applications, and we also show the importance of an appropriate parametrization to
improve the accuracy of the obtained approximations, especially for small sample
Sizes.
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1 Introduction

Laplace’s method for approximation of integrals has been extensively used by Bayesian
statisticians to approximate posterior expectations and marginal posterior densities of
interest (see for example, Tierney and Kadane, 1986; or Tierney, Kass and Kadane,
1989). This approach assumes that. the main contribution to the relevant integrals comes
from a peak in the interior of the parameter space 9.

In this paper, we present a simple way to generalize Laplace’s approximations for
~posterior expectations when the posterior mode is not in the interior of the parameter
space (9. We also discuss some aspects of reparametrization to improve the accuracy of
the approximate results.

i

The posterior expectation of a function g(0) can be written as the ratio,

fg(9)Ln(9)7f(9)d0

where n is the sample size of a. sample denoted by D, g is a smooth function of 9, L,l is

the likelihood function, and 1r is the prior density.

Considering the fully exponential case (see Tierney and Kadane, 1986), the basic
integrals to be approximated in the numerator and denominator of (I), can be given by

I) = fa: f—nhwldg (2)

where h is a smooth function of 0.

“7hen 4h has a maximum at a point 9 in the interior of the parameter space, and
considering first the case in which 0 is one-dimensional, Laplace’s method gives the ap-
proximation,

i; —_"-“ (Ely/iii? ("46 (3)

where 5 = {h"(§)}'1/2 .

In the multiparameter case, with 0 E R”, we have

i, e (27r)"‘/2{det (nzflh (ti))}"’2 ("40 (4)



where 0 maximizes -h and 172140) is the Hessian matrix of h evaluated at 5.

2 Laplace’s Approximations when 9 is not in the
Interior of the Parameter Space

Assuming 0 one-dimensional and a parameter space given by G = (9; —00 < 0 < a}
where a is a constant, consider the approximation for the integral.

12 = [a (—nh(9)d0 (5)

where the maximum 0 is not in the interior of the parameter space 6.

Expanding h in a Taylor series about the maximum 0 of —h, we have,

A
— ej—nhfi) fa f-nh';(g)(€-ad0.

(6)
“00

b I?

Since,

—cc
/0 c.'5i7(1'“)2d:r = 56 (I) (a g y) ,

where (b denotes the distribution function of a standard normal distribution N(0, l), we
have the approximation. '

where 6 = {h'_’ (§)}'1/2.

ObserVe that if (a — 03/8 > 3, Laplace’s approximation (7) reduces to (3). since
(NF—532) '=‘=’ 1. Also observe that if a = 0, that is, the maximum of —h is at the boundary of

the parameter space, M???) = <I>(0) = 1/‘2’ and Laplace's approximation for 12 is given
by,

I; ; (qty-mo. (8)



For the two-parameim case, we have,

N13 “‘. “", r'""("""2ld0,d025a. _a

. - A (9)
g (2x) c-nh(91.02){dd(nDzh (51,52))}-1/2F(01’02)

where (51,52) maximizes —h and F(G],02) is the distribution function of a bivariate
. . . .

A A
. . . A , -1normal distribution mth mean (01, 02) and \v'ar1ance-covar1ance matrix {nD2h (01, 02>} .

If 0, and 02 are orthogonal parameters with n32h (51,52) /60,692 = 0 (see for example,
Cox and Reid, 1987), Laplace’s approximation (9) is reduced to,

1”3 5 (27;)¢‘“h(§1-§2){11a2¢<alral) o (02—62)
'

I

(10)
v1 62

Q — .-80, deg

_ A A 41/2 , A A -1/?
A n37h(§91,92! A d’h 91,02!where v] = { and v; — n

(
.

Similar results are given for other cases: for example, considering —oo < 01 < 01 and
‘—00 < 02 < 00, we have,

14 = f; If; ("hmfifideldez

(11)

U1
2 (2r)e-"’*(51~52){da(111321(§,,§2))}'”2 <1 (41—10“5 ) ,

and considering a] < 01 < oo,—oo < 02 < 00, we have,

15 = “0,0 ff“, e’"h(0"92ld01d92

ll?
U1

A A A (12
(27r) C-nh(91-92) {det (nD2h (51,62))}_1/2{1 — <1) (m)} l

)
I

A na?h(5,,572/aag ”2
where U] = -.A

2 A A 2 A A rz A A 2

A = (nM) (nM) — (nM) in (11) and (12).as? as;

If 9] and 02 are orthogonal parameters, we have,
~ -5
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¢
14 ll? (27r) (-—nh(§1.§2 6162 q, (”I j 91) (13)

1‘1

and when —00 < 0, < oc,—-oo < 02 < (12.

16 = ff; 3; c-"Whefldoidoz

A A A (14)
g (277) e’"h(9"02)6152¢ (2252—2)

where

a, = {118217 (61,52) /60’;’}"’2

and

62 = {nazh (51,52)/89§}—1/z.

We also get similar results for the multiparameter case 9 E R”.

3 Some Selected Applications

3.1 Binomial Likelihood: One Sample

Let Y be a random variable with a binomial distribution b(n,0), where the likelihood

function for 0 is given by Ln(0) o< 0y(1 - 0)"‘y,0 < 9 < l, and assume a Jeffreys prior
density (see for example, Box and Tiao, 1973) given by 7r(0) o: 0'1/2(1—0)’1/2,0 < 0 < 1.

The posterior moment (1) with g(0) = 0, when 0 < a,a < 1, is given by,

f; ("WHO
E(9lD) =m . (15)

where —nh(9) = (y + l/2)In0 + (n — y -1/2)1n(1-— 0)

and —nh'(0) = (y — l/2)In0 + (n — y —l/2)1n(1 -— 9).



Using Laplaco's approximation (7) for both integrals in the numerator and denomina
tor of (15), we got,

(ll-l l/2)'J”(n ._ ])n+1/2¢,(9_§§)

o — wow/24> (-t—)
it‘ll?) “=’ (16)

where 9 : (y + 1/2) /n maximizes —nh(9 ),f1 is}, + 1/2))(‘/2(n _ y -1/2)1/2/n3/2 9-2
(y —1/2)/(n — l)maximiz&s -nh’ (9) and1 (y -— 1/2) l”(n _ y _ 1/2) 1/2/(77 ”3/2

As a-numerical illustration, consider it = §,y = 3 and a = 0.8. Since 9 : 0.7,9' =
0.62.5,17 = 020494, and 5“ = 0.24206, we get E(9(D) 5‘_-’ 05056].

It is interesting to observe that. the exact. posterior moment (15) is given by

()]y+l/2 (y+3/2,n—y+1/2)
E(0|1’ )= (”77+1)ay+1/’2,n—y+1/2) (”l

where I,(o, 9) is the incomplete Betta function.

'

Il:(Irto,fl)= —°—+ii] 11-1 t)""dt

From (17), we get E(9)D) = 0.54056.

The accuracy of Laplace’s approximations could be improved by considering an appro—

priate reparametrization (see for example, Achcar and Smith, 1990). In parametrization
{ = sin‘1fl9) (that is, 9 = 557126), with a locally uniform Jeflreys prior density. Laplace’s
approximation for (15) is given by

'

nn+l/2(y +])y+lq)(3in'1!Zn—Z)
Earn?) 2

_
A , 18

(77 + l)"+3/2yy q) (”align-5.)
( )

. A—t y+_le___. _ —1 y A-_1\\here{—tg n_yz 2M’E- —tg nwandv—zfi.

“uh " = 5 31:3 and a = 08 “6 find 5 = 0-96,17 = 0.20411? = 0,89 and
v'=0.22361. From(lS), “e get E((9I‘D:—0.53336.‘ ‘ , f — . _,



in table 1. we have Laplace’s approximations for the posterior moment (1) considering

g(9) equals to 0 and (l2 and diiierent values of a. We observe very accurate approximations
considering parametrization 5 = sin" 0, especially for small values of n.

W

Elli?) Elli”)
a n=5,y=3 n:lO.y=3 0:5,yz3 n=10,y=3

Exact 0.2 0.15300(0%) 0.14489(O%) 0.0258n00/1) 0.02273(0%)

0.4 0.90904(0‘Z) 0.95496l0‘7tl 0.09566l0‘l) 0.07228(0%)
0.6 0.43393(0%) 0.30894(0%) 0.20212(0%) 0.11038(0%)
0.8 0.54056(0%) 0.3isis(0%) 0.318l7(0‘71) 0.11909(0%)

Laplaee in 0.2 0.10457(46.95%) 0.16875(16.47%) 0.00831(211.52%) 0.03121(37.32%)
parametri- 0.4 0.22807(3i.16%) 0.252i7(1.11<z) 0047730004291) 00711306292)
zation 0.0 0.38375(13.0s%) 0.30090(0.65%) 0.15225(32759:) 0,10862(1.62‘Z)

0 0.8 0.50561(6.91‘7<) 0.31731(0.27%) 0.28]83(12.90‘Z) 0.1182](0.74‘%)
Laplace in 0.2 0.15706(2.61%) 0.15267(5.37%) 0.0242.5(6.72%) 0.02540(11.78%)
parametri- 0.4 0.29148(2.90%) 0.25373(0.49%) 0.08907(7.40%) 0.07191(0.5%)
zation 0.6 04257900192) 0.30714(0.59%) 0.19404(4.16‘7Z) 0.10950(0.8%)

gum-V5 0.8 0.53336(1.35%) 0.31662(g.48%) 0.31031(2.37%) 0.11826(0.7%)

Table 1: Laplace’s approximations for posterior moments (percentage errors in
parentheses)

3.2 Binomial Likelihood: Two Samples

Considering l’; a random variable with a binomial distributiOn b(n,~.9,),0 < 0, < 1,7’ =
1,2, the likelihood function for 0, and 92 is given by,

Ln(01,02) a Geffen - Grim—mil — are“ (19>

Assuming a Jeffreys prior density 7r(01,02) oc 0:1/202’1/20 _ ply-ll?“ _ 92)—1/2’ the
posterior moment for g(01, 02) = 01/02 when 0 < 0; < am" = 1,2 is given by

0 a) 32 e-nh(01,92)

02 _ fan 1:2 C-nh.(01’62)d01d02

where —nh(01,02) =:(y1 +1/2)1n9] +(y2—3/2)1n02+(n1—y1—l/2)1n(l — 01) + (712 —y2 -
1/2)I"(1 " 02) and ”Wk-(01,02) = (3/1 — 1/2)1n01 + (3/2 - l/2)ln02 +(n1— y1 — l/2)In(l —

91) + (772 '“ 312 “1/2)I"(1 — 02)-

Observe that is this case we have orthogonal parameters 01 and 02 and we use Laplace’s
approximations (10) for both integrals in the numerator and denominator of (20) to get,



__
fill -— Un1+1/2(712 __ ”112+”? (1/1 + 1/1030“ Ll]? .. 3/2)}12-1

x
a) fiHWUW’WW”Wm-UflWWr4flV’

by) is» E, I?

where

a =(m+Uflhm@=Wr4fiN0u—fi,
Q =(w-Ufi/Wr%hfi=un—UflHm—lh

a =<m+ummon~m-umm fl”,
m =(m—wmmon—m-umm/mrafl2,

5; = (31-1 ‘ 1/2ll/2(”1 ” 3/1 _1/2)1/2/(n1_1)3/2

and

@ =(w—UfimUM—m—me/Wr4ffl-

ln parametrization £1 = sin’R/(Tl and £2 = sin’K/ag (that is, 9, = sin2§1 and 02 =
sinzfg), where we have a locally uniform Jeffreys prior density. Laplace’s approximation
for the posterior moment of g(01,02) = 01/02 is (from (10)) given by

nlzi+ll2ng2+1fl (y1 + 1)y1+1 (y2 __ ”142-1

(m+1w“fimrwr”mflwrm a; Si 13

U]

¢<sin";f‘al—EJ‘) q) (sin’lgéaz—gz')
”1 ”2

q)(sin‘1 01—21) (I) (shaggy-22>
(2~)

”2
X

where



-) n- A: -) n--'rot t(u,,,+i'(? rot (l-‘fiw,

; _ cork/u; ,{;=cot’1,/—‘—1‘"'; ,

{71 1/2\/721+l,02=l/2\/Tlg—l .,

a; = i/zmand ?;=l/?\/71_2.

t—n

)
H

I

It is interesting to observe that the exact posterior moment (20) is given by

E<_9_1 17) = "2(yi+1/2)Iai(y1+3/2~771“3/1+l/Qllazfilz"1/2in2—y2+1/2)
02 (fl1+l)(y2 " 1/2)101 (311 + 1/1”) " 3/1 + 1/2)102(y2 +1/2t712 - 312 + 1/2)

'

(23)

where I,(o,,3) is the incomplete Beta function (see (17)).

As a numerical illustration, consider 171 = 20.112 = 30,y1 = 3,312 = 8 and a, =
a2 = 0.2. From (23), we find the exact posterior moment E(0,/02|D) = 077759. In
the original parametrization 01 and 02. we find Laplace’s approximation given in (21) by
Ewl/Ggl’D) E 0.74278 (percentage error of 4.4870). In parametrization {1 = sin"\/9_1
and {g = sin"1 02 we find more accurate Laplace‘s approximation (see (22)) given by
E(al/02lD) 3 0.75645 (percentage error of 2.72% ).

3.3 Two Variance Components

Consider the random effects model yJ-k = 0+ 61 + cJ-k.j = 1,.. . , JJr = l, . . . ,1K, where
E(€j) _—_ Egg“) = Omar-(q) = 63 and var(cJ-k) = éf. Assuming a noninforrnative prior
density for 0, (if and 63 given by

7r (19,5153) 0: 5,4 (53 + 11mg)" , (24)

(see for example, Box and Tiao, 1973), it is easily verified that. the corresponding joint
marginal posterior density for 5? and 612, is given by

mm) a («Sn-(M (as + magi-e“) x

g" __‘l QL’EJ. M2—6?le zl 63
+ 53+“le

l ~e

9



where

z', = J(ll\'—1).\'2 = J - 1,1'1n1, = Spun), = S?

with

= 2:2(1/11— y.) ,5‘2 = IKE (r), _§_)2,

Observe that the parameter space is restricted'to positive Values of 6]? and 63. lt is
important to point out that for some applications, if we ignore the constraints of > 0 and
(53 > 0, it could be possible to have negative values for the mode of the joint posterior
densitv (‘25). In these situations we should use Laplace's method for approximation of
integrals using results otsecti0112101 difleient choices of prior densiu

As a numerical illustration, consider the data set of table 2 generated from a table of
random normal deviates for the two-component model (data set introduced by Box and
Tia-o, 1973. with 0 = 5.61 = 4 and 62 = 2), where 1711 = 14.9459m12 = $3363.51 =
358.7014, 52 = 41.6816.1', = 24 and 112 = 5.

Batch l ‘2 3 4 5
. 6

73298 5.220 0.110 2.21? 0.28? 1.722
3.846 6.556 10.386 4.85? 9.014 4.782
"2.434 0.608 13.434, 7.092 4.458 8.106
9.566 11.788 5.510 9.288 9.446 0.758
7.990 -0.892 8.166 4.980 7.198 3.758

y_,-. 6.2268 4.6560 7.521? 5.6848 6 0796 3 8252
y.. = 5.6656

Table 2: Data generated from a table of random normal deviates for the two-component
model (0 = 5.61: 4,62 = 2).

The posterior mean for (if is given by

(m) 2
fr“- 1? apt-uh 161. 531} défdéé

' 15°10“ apt-W (5315311 «1530153
(26)

where
i
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-nh(53.63) = —'—,'21[n(5f)—(Hf-2)171(6f+ll\'622) -
77? t‘ 771 1"

"is? ’ 2(6,7+Il\'6§)

and

—nh'(6f.é§) = —u1;—221r16,2 - affirm“ 11mg)

_77711‘] 77727‘2

253 " 2(6;’+Il\'é§)'

Th< unrestricted maximum of ——h is given bvgf :: m, and 33 = (1:12:2— 7721) /ll\.
Thatis 62: 14. 9459 and 6*—- —]. 7983 < O.

Also,themaximum of _II- is given by 6}? 277711‘1/(1’1 + 2) and 552 = (31213 — 13:2) /l}\'

That is. a? = 13.796? and 657 = —l.5(i83.

Therefore, we have 63 < 0 for both integrals in the numerator and denominator of
(26). and we use Laplace’s approximation (1?) with a] = 0 for both integrals in (26).
With the data of table “2, we have.

E(mmz<mmflWJWWWH1; awn
201“)? {1—<I> 57)},

A IN.) ‘, V'

That is, Ema) 213.1693.

In the same way, we find Laplace's approximations for other posterior moments of
interest. Writting E(6122|’D), where (if? '= 612 + llfiég. in the same form of ratio of integrals
as in (26). we also find negative values for 63 in the maximums of -h and —h'. From (12),
we find the approximation,

qumzesz)<uP>W*Wu—wsmo}12 " 72 1 2 (28)
Ma+Y ”H—Mt 7”

Also,

11



H?
62

E(—(if? I 17> 11_, a; (2.0)

(”Hing“) ' (z ..

That is, Myth) 3 40.3665 and E(%|D) a 3.2229.

In this case. the exact posterior moments for 63, 5172 and 6122/512 are given by

E (6$ID)= “Th—“ff2‘~‘( ~ 1) 1, (f a)

E (63219) = (30)

and,

(Sf? ;11277121 (El—1,52-L +1)Wi ‘D ““i""‘_~TvT)2
(v2 —- ”M1111. (12-

where .r : 1‘217‘12/(“1711 + 151712).

With the generated data set of table ‘2, the exact values for the posterior moments
(30) are given by Etéfl'D) = 14.2649.E(5122)17) = 28.8515 and E(6f2/5f|17) = 2.0555,

The accuracy of Laplace’s approximations for the posterior moments of 612,632 and
632/61" could be improved by searching for a better parametrization, especially with the
generated data set of table 2, where the joint posterior density for 6? and 63 has a bad
shape and is very far from normality (see Box and Tiao, 1973, pp 257).

.

In this way. we could explore different reparametrizations like 5; = 11105?) and {5 =
In(6§ + 3) or {1 = MM?) and {2 given by the Box and Cox (1964) transformation.

———(53*ili‘1 if A740
52 = (31)

In(6§+3) if /\=O

To find an appropriate value for A that gives good normality for the joint posterior
density for £1 and £2. we choose /\ in (31) that gives a small value for the third derivatives
summaries of the joint posterior density for {1 and {2 (see. Kass and Slate, 1992).

12



One of these snnnnarics is given by,

2’”?
111 H : 11,1 bin,{Mil/11111111”. (32)

1._7.k.l.rn .n

“here (1,11. me the third dcrivathes of the loga1ith1n of the joint postcrio1 density and b
21101110C011€S])Olldlllg616111611180ftltt’mVCXSt 11111111 111111111 if: (”0111 1111111 cu an 1111

sccond de11\atnes of the logarithm of thejoint posteiim density calculated at the mode of
the posterior density. 111 the original parametrization 6]? and 63 we have 11122?2 = 5.8023

In the parametrization {{ = 114612) and {5 = MM? + 3) we have m? = 15168, which
indicates an in1p1oven1ent 111 the joint normality for the joint posterior density.

Considering A = —0.7 111 transfor1natio11 (31) we find 7112352 = 0857] which indicates
still a better normality for the joint posterior density 015] = 114612) and {2 = “6341314"-
1]/(—0.7).

ln'table 3, we observe better accuracy of Laplace"s approximation (1?) for the posterior
moments 01512,6122 and 632/512 considering the parametrizations (£1.52) and ({;,{.§).

Exact Original (1 : 1110517)
_

{5 = 114617)

» Value Parametrization {2 : (fl‘ilo;)——l- {g = Intég + 3)

Etfiill’) 14.2649 13.1693 15.1649 14.7632
(0171) (8.3271) (6.31 171) (:3.49‘Z>

Emmi?) 28.8515 40.3665 32.4014 34.2379
(01x) (39.91%) (12.30%) (18.6776)

E (5221111) 2.0555 3.2229 2.2572 2.3980

(0%) (56.8%) (9.81%) (16.6671)

Table 3: Laplace’s Approximations Considering Different Parametrizations (percentage
errors in parentheses)

4 Concluding Remarks

The proposed generalization of Laplace’s method to approximate posterior moments of
interest'could be very useful in applications where the mode of the posterior density is

not in the interior of the parameter space;

13



The great advantage of Laplaee's method is given in terms of simplicity which does not
require sophisticated computational expertise as required by other existing, approaches to
solve Bayesian integrals.

It is very important to have appropriate parametrization to get good normality for
the posterior densities of interest, which implies in good accuracy of the approximate
posterior moments. We also observe that parameter orthogonality usually implies in

great simplifications for the proposed approximations.
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