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Abstract

We propose a generalization of Laplace’s approximations for posterior moments
(see Tierney and Kadane, 1986) when the mode of the posterior density is not in
the parameter space. We illustrate the proposed methodology in some selected
applications, and we also show the importance of an appropriate parametrization to
improve the accuracy of the obtained approximations, especially for small sample
sizes.
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1 Introduction

Laplace’s method for approximation of integrals has been extensively used by Bayesian
statisticians to approximate posterior expectations and marginal posterior densities of
interest (see for example, Tierney and Kadane, 1986; or Tierney, Kass and Kadane,
1989). This approach assumes that the main contribution to the relevant integrals comes

from a peak in the interior of the parameter space ©.

In this paper, we present a simple way to generalize Laplace’s approximations for
“posterior expectations when the posterior mode is not in the interior of the parameter
space ©. We also discuss some aspects of reparametrization to improve the accuracy of
the approximate results. .

The posterior expectation of a function g(#) can be written as the ratio,

Jg(0)L.(6)n(6)d6
[ L.(6)7(8)d6 (1)

E(g(6)|D) =
where n is the sample size of a sample denoted by D, g is a smooth function of 6, L,, is
the likelihood function, and = is the prior density.

Considering the fully exponential case (see Tierney and Kadane, 1986), the basic
integrals to be approximated in the numerator and denominator of (1), can be given by

L = ]& e "M0gg (2)

where h is a smooth function of 6.

When —h has a maximum at a point 8 in the interior of the parameter space, and
considering first the case in which 6 is one-dimensional, Laplace’s method gives the ap-
proximation,

wh’ere v={h" (5)}‘1/2 :

In the multiparameter case, with # € R™, we have

T2 (2ny2 {det (nD?h (8))} 7" @ (4)



where 6 maximizes —h and D?h(0) is the Hessian matrix of h evaluated at 6.

2 Laplace’s Approximations when @ is not in the
Interior of the Parameter Space

Assuming 6 one-dimensional and a parameter space given by © = {f; ~00 < § < a}
where a is a constant, consider the approximation for the integral.

I, = /a (—nh(f’)d() (5)

—_—

where the maximum 6 is not 1n the interior of the parameter space O.

Expanding h in a Taylor series about the maximum 8 of —h, we have,

~ ~ e—nh(?i\) /a f-nh';(g)(a_.adg. (6)
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Since,

-

/a P ACal Voré & (a ; u) .

where @ denotes the distribution function of a standard normal distribution N(0,1). we
have the approximation. '

where o = {h" (5)}‘1/2.

Observe that if (a — 8)/d > 3, Laplace’s approximation (7) reduces to (3). since
Q(-%:rg) = 1. Also observe that if a = 0, that is, the maximum of —hA is at the boundary of

the parameter space, d’(%}g) = &(0) = 1/2, and Laplace’s approximation for I, is given

by,

A :-: (l)lﬁ;, eh(®). (8)



For the two-parameter case, we have,

Jy = [o [ cmheieldg,do,

-0 -

- (9)
> (2r) c-nh(ﬂx.OJ){dcf (nD’h (51’52))}—1/2},(01,@)

where (5,,52) maximizes —h and F(a,,a,) is the distribution function of a bivariate

o . . 5~ . . . ~ - =1
normal distribution with mean (0,, 02) and variance-covariance matrix {77D2h (0,, 02)} :

If 6, and 6, are orthogonal parameters with ng%h (5,, 52) /06,08, = 0 (see for example,
Cox and Reid, 1987), Laplace’s approximation (9) is reduced to,

I, = (2r) (B8)5 5,0 (a‘fa‘) & (02_6’) - (10)

vy 1,

362 = 562

o~ - ;1/2 . ~ o~ -1/2
- na?h(gs, ,ez! ~ &h(6:.62)
where v; = { and U, = (n ( .

Similar results are given for other cases: for example, considering —o0o < 6, < a; and
'—00 < 8 < 00, we have,

I = [ [ emhas)dg g,
- s - (11)
& (zn)c-"’*(&l~‘2){da (nD%h (81,6,))} " @ (21:_1) ,

and considering a;, < #; < 00,—00 < 6; < oc, we have,

]5 = f:)o f_c_xoc e'"h(0"92)d01d92

114

v

- - . (12)
(27) ¢~nh(61.62) {det (nD2h (01,92))} {] ¢ (217_1)} ’ |

R nd?h(8,,5,) /63 1/2
where v; = .

AL

2:(7. B 21(3 5 920 (5 .\ 2
A= (n i’i"—"l) (n M)—(n i—”ie—i)) in (11) and (12).
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If 6, and 6, are 6rphggona] parameters, we have,
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-

14 >~ (27{) (-—nh(@x.éz ,“;‘{,2 ¢ ((71 j 91) (]3)

(5

and when —oc < 8, < x,-0¢ < 80; < a,.

lo = %[5 cmheedg, do,

- ~ (14)
2 (2n) MO NG00 (ﬂzfr"Z)
where
o = {nd®h (8,.6,) 1662} "
and

= {7182h (51,52)/893}—]/2.

We also get similar results for the multiparameter case § € R™.

3 Some Selected Applications

3.1 Binomial Likelihood: One Sample

Let Y be a random variable with a binomial distribution b(n, ), where the likelihood

function for 6 is given by L, () x 6¥(1 — 6)"¥,0 < 6 < 1, and assume a Jeffreys prior
density (see for example, Box and Tiao, 1973) given by 7(8) o 62/2(1-6)""/2,0 < 6 < 1.

The posterior moment (1) with g(6) = §, when § < a.a < 1, is given by,

[¢ emhOdp

E(0|D) = T gy (15)

where —nh(0) = (y +1/2)Inf + (n — y — 1/2)in(1 - 6)

and —nh*(0) = (y — 1/2)In6 + (n — y — 1/2)In(1 - §).



Using Laplace's approximation () for both integrals in the numerator and denomina-
tor of (15), we get,

(y+ 1/2)"” (n - ])n+l/2¢, (g_ﬁg)

(4 - 1202 (-.9—)

E@p) = (16)

where 6 = (y + 1/2)/n maximizes —nh(8), (1/ +1/2)%n — y — 1/2)1/2/,,3/2 o =
(y = 1/2)/(n = 1) maximizes —nh"(6), and ©" = (y ~ 1/2)'/?(n —y — 1/2)"/?[(n — 1)3/2,

As a numerical illustration, consider n = 5,y = 3 and a = 0.8. Since §=070 =
0.625,% = 0.20494, and ¢~ = 0.24206, we get E(6|D) = 0.50361.

It is interesting to observe that the exact posterior moment (15) is given by

(y+1/2)1y +3/2,m =y +1/2) -
(n+ DLy +1/2,n -y +1/2) (17)

E(6D) =

where I.(a, () is the incomplete Beta function.
‘ MNa+8) (7. .
I.(a,8) = =~~~ /f“‘ — 1y 'dt
(e.5) I(e)T(8) Jo -

From (17), we get E(6|D) = 0.54056.

The accuracy of Laplace’s approximations could be improved by considering an appro-
priate reparametrization (see for example, Achcar and Smith, 1990). In parametrization
£ = sz'n“\/zg) (that is, @ = sin?€), with a locally uniform Jeffreys prior density. Laplace’s
approximation for (15) is given by '

nn+l/2(y + ])y-Hq) (sin"!Za—E)

E(8|D) = _ /. s
(n+ ])"+3/2yy & (8"1"3.@—{') ( )

. £ = ¢ ytl 5 — 4,-1 [y s _ _1
where £ = lg v 2m,§ = 1y n_y:«mdv—zﬁ.

_ With n = 5,y = 3 and a = 08, we find £ = 096,65 = 0.20412,6" = 0.89 and
7" = 0.22361. From (18), we get E(0/D)= 053336, - .



In table 1, we have Laplace’s approximations for the posterior moment (1) considering

g(6) equals to 8 and 8? and different values of a. We observe very accurate approximations
consid(‘riug paramet nzation £ = sin~ 0, especially for small values of .

-
ED) Eif[D)
a [n=5y=3 n=10y=3 n=5y=3 n=10y=3
Exact 0.2 { 0.15366(0%) 0.14489(0%) 0.02588(0%) 0.02273(0%)
0.4 020004(0%)  0.25406(0%) | 0.00566(0%) 0.07228(0%)
0.6 | 0.43393(0%) 0.30894(0%) 0.20212(0% ) 0.11038(0%)
0.8 { 0.54056(0%) 0.31815(0%) 0.31817(0%) 0.11909(0%.)
Laplace in | 0.2 | 0.10457(46.95%) 0.16875(16.47%) | 0.00831(211.52% ) 0.03121(37.32%)
parametri- | 0.4 | 0.22867(31.16%) 0.25217(1.11%) | 0.04773(100.42% ) 0.07113(1.62%)
zation 0.6 | 0.38375(13.08%) 0.30696(0.65%) | 0.15225(32.75%) 0.10862(1.62%)
¢ 0.8 | 0.50561(6.91%)  0.31731(0.27%) | 0.28183(12.90%)  0.11821(0.74%)
Laplace in | 0.2 | 0.15766(2.61%)  0.15267(5.37%) | 0.02425(6.72%) 0.02540(11.78%)
parametri- | 0.4 | 0.29148(2.90%)  0.25373(0.49%) | 0.08907(7.40%) 0.07191(0.5%)
zation 0.6 ] 0.42579(1.91%)  0.30714(0.59%) | 0.19404(4.16%) 0.10950(0.8%)
£ = sin=1VB | 0.8 0.53336(1.35%)  0.31662(0.48%) | 0.31081(2.37%) 0.11826(0.7%)

Table 1: Laplace’s approximations for posterior moments (percentage errors in
parentheses)

3.2 Binomial Likelihood: Two Samples

Considering }; a random variable with a binomial distribution b(n,.6,),0 < 6§, < 1.7 =
1,2, the likelihood function for 6, and 6, is given by,

Ln(6:,62) o 6765°(1 = 6,)" 7% (1~ 6;)"27% (19)
Assuming a Jeffreys prior density n(6;,6;) x 0;1/20;]/2(] — 8,)7V2(1 — 6,)~1/2, the

posterior moment for g(6,,0;) = 6,/6; when 0 < 6; < a,,1 =1,2 is given by

6,
b (92 'D) B

where —nh(6,,60;) = (y1+1/2)Inb; + (y2 — 3/2)Inb,+ (ny —yy — 1/2)In(1 ~ 6,) + (ny — y; —
1/2)In(1 — 6,) and —nh*(6,,0;) = (31 — 1/2)Inb; + (y; ~ 1/2)Inb, + (ny —y; — 1/2)In(1 —
6,) + (n2 — y2 — 1/2)In(1 = 62).

ocn f(;lz e."‘"("""”d(),d%
fc;u f(;lz e—nh‘(&;,oz)doldgz

(20)

Observe that is this case we have orthogonal parameters 6; and 6, and we use Laplace’s
approximations (10) for both integrals in the numerator and denominator of (20) to get,



ey

6

D)

104

(= )"y = )P (4 12 (g, - 320
ny+3/2 =172 Vi 12 X
ny g =0T (- 12) (1 = 1/2)

where
b = (n+1/2)/m.by=(v-3/2)/ (- 2) ,
b; = (n~-1/2)/(m=1).0;=(-1/2)/(n,-1) ,
B o= (0412 -y =12 )
B = (12-3/2) (- - 1/2)7 [ (= 2%,
5 = (51 -1/2)" (0~ 5 =1/2)7 ) (ny = 1)
and

% = (12-1/2) (ny -y —1/2)7 ) (ny = 1)¥?

In parametrization §; = sin~'\/f; and ¢, = sin~'\/@, (that is, 6,

(21)

sin?f; and 6, =

sin?€,), where we have a locally uniform Jeffreys prior density, Laplace’s approximation

for the posterior moment of ¢(6;,0;) = 6,/6, is (from (10)) given by

n;:“/?n;ﬁl/? (v + 1)y1+1 (y2 _ ])yz-—l

by
o

S
R

(my + 1) #902 (my = 1) gy

o (sin“ a:—a) i (sin"¥a;—zz>
v2

i

X .3 e L Ze
q)(sm ;f‘a]—{]) q) (sm ;éag—{z>

Y v2

where



-1 M-y ¢ = o~ [rick
cof ,/-*—ﬂw £ = cof \/4—”"1_1 \
‘. —_ -] ny~ A- — -1 Tig~
7 = cof ,/-1—11‘“ & = cot ,/—‘;211,

{71 1/2\/7214—],{’2: ]/2\/712—] N
5 = 1/2/m and & = 1/2,/m; .

— )
!

i

It is interesting to observe that the exact posterior moment (20) is given by

E<_9_1 D) _ "2(yl+1/2)1a,(y1+3/2~"1“yl+1/?)1@(3/2—1/?»772—3/2+1/2)
0, (M + 1) (y2=1/2) L, (y1 + 1/20m ~ 1 + 1/2) Lo, (92 4 1/2,n5 — y2 4+ 1/2)
' (23)

where I.(a, ) is the incomplete Beta function (see (17)).

As a numerical illustration, consider n; = 20.n, = 30,y; = 3,y = 8 and ¢, =
a; = 0.2. From (23), we find the exact posterior moment E(6,/6,]D) = 0.77759. In
the original parametrization 8, and 6,. we find Laplace’s approximation given in (21) by
E(6,/6,]D) = 0.74278 (percentage error of 4.48%). In parametrization £ = sin~'\/6,
and & = sin~1'\/6; we find more accurate Laplace’s approximation (see (22)) given by
E(8,/6,]D) = 0.75645 (percentage error of 2.72% ).

3.3 Two Variance Components
Consider the random effects model y;x = 0+¢;+¢x.7=1,...,J,k =1,..., K, where

E(e;) = E(ejx) = 0,var(e;) = 6 and var(e;r) = 6;. Assuming a noninformative prior
density for 6. &2 and &2 given by

n (6,82,8) o 677 (6 + K&)' (24)
(see for example, Box and Tiao, 1973), it is easily verified that the corresponding joint
marginal posterior density for 62 and &5 is given by

r(82,81D) « (6)7(F1) (8 4 Ke2)"(F41)

Se _ljum tome
e g Rg)

T
ta
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where

vy= SN =1 =0 -1vim; =85.vm, =S,
with

- XJ:;(W - y,) S =KY (5 -y,_)Q _

Observe that the parameter space is restricted to positive values of 2 and 62. It is
important to point out that for some applications, if we ignore the constraints 2 > 0 and
62 > 0, it could be possible to have negative values for the mode of the joint posterior
density (25). In these situations. we should use Laplace’s method for approximation of
integrals using results of section 2, for different choices of prior density.

As a numerical illustration, consider the data set of table 2 generated from a table of
random normal deviates for the two-component model (data set introduced by Box and
Tiao, 1973, with 6 = 5.6, = 4 and &, = 2), where m; = 14.9459,m, = 8.3363, S; =
358.7014, S, = 41.6816.v; = 24 and v, = 5.

Batch ] 2 3 4 5 6
T.298 0 5.220 0.110 2212 0282 1.722
3.846  6.556 10.386 4.852  9.014 4.782
2434  0.608 13.434 7.092 4458 8.106
9.566 11.788 5.510 0288 9446 0.758
7.990 -0.892 8.166 4980 7.198  3.758
Yj. 6.2268  4.6560 7.5212 5.6848 6.0796 3.8252
= 5.6656

Table 2: Data generated from a table of random normal deviates for the two-component
model (6 = 5.6, = 4,6, = 2).

The posterior mean for & is given by

(61D) = B cap (=01 5,8)) i3
' I Jo exp{~nh (8], 6;)} dé}dé;

(26)
where

10



—nh (63.83) = =% (87) = (32) b (67 + IN82) -
‘7":;‘2? - 2(6?"3;5\"‘53)

and
e (6.8) = ~ D]~ L2 (67 4 KE)
_myry gy

267 2(EF4+ K&

The 1ir1rest-1‘icted ma.\'ilz]um of —h is given b)"gf = m, and Sg = (%‘ﬁ% - m]) /1.
That is. 6> = 14.9459 and 65 = —1.7983 < 0.

Also. the maximum of —A” is given by 6;7 = myv; [(v) + 2) and 652 = (-?ﬁ% - %) /N

That is. &2 = 13.7962 and &2 = —1.5683.

Therefore, we have 2 < 0 for both integrals in the numerator and denominator of
(26). and we use Laplace’s approximation (12) with a; = 0 for both integrals in (26).
With the data of table 2, we have,

. . y(n=3)/2 -
I (6]2|D> ~ ¢ (7771?1)(?1/23Ll {1 - 9(1.68)} 1
2(241)7 {1-0(1.57))

o
-]
~——

That is, E(62|D) = 13.1693.

In the same way. we find Laplace’s approximations for other posterior moments of
interest. Writting E(6%,|D). where &, = 67 + IN63. in the same form of ratio of integrals
as in (26). we also find negative values for 62 in the maximuns of —h and —A*. From (12),
we find the approximation,

B (62,p) = (sl e/ {1 - 9(0.80))

12-1 (28)
2 (2 +1)" 7 - e(187)

Also,

11



flhn)e o) s
() (2 41) 7 (¥ +1) 7 {1-0(1.57))

That is, E(82,|D) & 40.3665 and E(%\D) > 3.9229,

In this case. the exact posterior moments for 82,67, and 62,/62 are given by

vyl (2,8~ ]
E(&ID) = E = 1(>21:E%-*—;))

(30)

and,

)

<6§2(D) vgmigd, (‘ 1.2 41
(v2=2)my 1, (‘; %)

where x = vomy/(vymy + vomy).

With the generated data set of table 2, the exact values for the posterior moments

(30) are given by E(62|D) = 14.2619. E(62,|D) = 28.8515 and E(&2,/62|D) = 2.0555.

The accuracy of Laplace’s approximations for the posterior moments of 67,67, and
62,/8? could be improved by searching for a better parametrization, especially with the
generated data set of table 2, where the joint posterior density for é? and 62 has a bad
shape and is very far from normality (see Box and Tiao, 1973, pp 257).

~ In this way. we could explore different reparameirizations like £} = In(6}) and & =
In(62 + 3) or & = In(6}) and &; given by the Box and Cox (1964) transformation.

A0 R R
£2 = (31)

In(62+43) if A=0
To find an appropriate value for A that gives good normality for the joint posterior
density for £ and &. we choose X in (31) that gives a small value for the third derivatives

summaries of the joint posterior density for §; and {; (see. Kass and Slate, 1992).

12



One of these summaries is given by,

1“?7;? = Z bl]"ln,hkn(/uk(lhnv. (32)

vk dmen

where d, i are the third derivatives of the logarithm of the Jomt posunox density and b,

are the corresponding elements of the inverse of the matrix I = (=c;)) where ¢, are the
sccond derivatives of the logarithm of the joint posterior density calculated at the mode of
the posterior density. In the original parametrization 67 and 62 we have m?B* = 5.8022,

In the parametrization € = In(6?) and &, = In(&2 + 3) we have mB’ = 1.5168, which
indicates an improvement in the joint normality for the joint posterior density.

Considering A = —0.7 in transformation (31). we find m2B’ = 0.8571 which indicates
still a better normality for the joint posterior density of §; = In(é?) and &, = [(62+3)~%" -
1/(=0.7).

In table 3. we observe better accuracy of Laplace’s approximation (12) for the posterior
moments of 62,62, and 67,/6; considering the parametrizations (§;.€;) and (&1, 5).

Exact  Original & =(6) £ = In(é?)
-Value  Parametrization §;, = (—“i(i)o;)——l- £, = In(62 +3)
E(&|D) 142649 13.1693 15.1649 14.7632
(0%) (8.32%) (6.31%) (3.49%)
E(&8,)D) 28.8515 40.3665 32.4014 34.2379
(0%) (39.91%,) (12.30%) (18.67%)
E(5(D) 20555 3.2229 2.2572 2.3980
(0%)  (56.8%) (9.81%) (16.66%)

Table 3: Laplace’s Approximations Considering Different Parametrizations (percentage
errors in parentheses)

4 Concluding Remarks

The proposed generalization of Laplace’s method to approximate posterior moments of
interest could be very useful in applications where the mode of the posterior density is
not in the interior of the parameter space.-

13




The great advantage of Laplace’s method is given in terms of simplicity which does not
require sophisticated computational expertise as required by other existing approaches to
solve Bavesian integrals.

It is very important to have appropriate parametrization to get good normality for
the posterior densities of interest, which imphes in good accuracy of the approximate
posterior moments. We also observe that parameter orthogonality usually implies in
great simplifications for the proposed approximations.
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