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RESUMO

Algoritmos de Metropolis juntamente com etapas de Gibbs sao
propostos para desenvolver uma analise Bayesiana da distribuicao
exponencial bivariada de Block e Basu (ACBVE).Tambem consideramos o
uso do amostrador de Gibbs para desenvolver inferencia Bayesiana para
testes de sobrevivencia acelerados assumindo um modelo de lei de
potencia e a distribuicao ACBVE.A metodologia desenvolvida neste artigo
e exemplificada com dois exemplos.

Palavras-chaves: Distribuicao exponencial bivariada,amostrador de
Gibbs,AIgoritmo de Metropolis,testes acelerados.



Use of Markov Chain Monte Carlo Methods in
a Bayesian Analysis of the BLOCK AND BASU

Bivariate Exponential Distribution

Jorge A. Achcar *
~ Roseli A. Leandro i

Abstract
Metropolis algorithms along with Gibbs steps are proposed to perform a

Bayesian analysis for the BLOCK AND BASU (ACBVE) bivariate exponential
distribution. We also consider the use of Gibbs sampling to develop Bayesian
inference for accelerated life tests assuming a power rule model and the ACBV E

distribution. The methodology developed in this paper is exemplified with two
examples.

Key words: Bivariate exponential distribution, Gibbs sampling, Metro-
polis algorithm, accelerated life testing

1 Introduction
In many applications of life testing, we usually have two lifetimes X and Y

associated to each unit. Among the different existing bivariate lifetime models to be
used in these applications (see for example, FREUND, 1961; MARSHALL AND OLKIN,
1967; SARKAR, 1987; BLOCK AND BASU, 1974), one model has been very well
explored in the literature: the BLOCK AND BASU (1974) exponential distribution.

The bivariate exponential distribution of BLOCK AND BASU (ACBVE) with
parameters /\1, A2 and A3, for the lifetimes X and Y has a joint density function
given by
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where A12 = A1+ /\2, A13 2 /\1 + A3, A23 = A2 + /\3 and A = A1+ /\2 + A3

The joint generating function for the ACBVE is given by

“UM—A133” — A211} if 55 2 y
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From (2), we get the moments of interest for X and Y; thus. the means and
variances for X and Y are given by,

1 /\2A3
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The correlation coefficient for X and Y is given by

=
Mi“? + A?» + /\1/\2)\3]

(4)
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Where

' ¢1 = [AizAia + A2()\2 + 2/\1))\2]1/2

and

' ¢2 = [AizAgs + A10“ + 2A2)’\2]1/2
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Observe that 0 S pxy S 1 and pxy, = 0 only for the trivial cases A3 = 0 or
/\1 = A2 = 0.

>
.

Usually, researchers consider the use of standard asymptotic results based on
the normality of the maximum likelihood estimators to get inferences for the para-
meters of the ACBVE distribution (1), but in general these asymptotic results can
be very poor for small or moderate sample sizes.

A Bayesian analysis of the ACBVE model (1) is introduced by ACHCAR AND
SANTANDER (1993) using non-informative prior densities for the parameters and
Laplace’s method of approximation for integrals (see for example, TIERNEY AND
KADAN E, 1985) to get the posterior summaries of interest.

In this paper, we present Bayesian inferences for the ACBVE distribution (1)
using Metropolis-within-Gibbs algorithms (see for example,GELFAND AND SMITH.
1990). We also consider the use of the Markov Chain Monte Carlo methods to get
Bayesian inferences for accelerated life test problems using the ACBVE model (see
for example,ACHCAR, 1995).

2 Bayesian Inference for the ACBVE model
Considering a random sample of size n, (X1,Y1), ..., (XmYn) of the ACBVE

model (1), the likelihood function for AhAg and A3 is given by

L<A1,A2,A3) = H firm, yi)fi—6i($i, yi) (5)
i=1

where6i=1ifX;<Y,-and6,~=0ifX,-2Y§.
That is,

mun-w n-f
L(/\1,/\2, 13) = —1—-—2n—23fi3_ exp{—/\1n§: — my — A312} (6)

12

where m = /\1+/\2,/\13 = A1+A3, 123 = A2+Aa and A = A1+A2+A3, m: = 23; mi,
"37 = 2&1 yi, 7” = il=1 51’ and R : 22:21 [55315 + (1 _ 505311-

For Bayesian inference, considering the introduction ofva latent variable N1
representing the number of observations such that X,- < Y.,-, we assume the following
prior densities for N1, /\1, A2 and A3:

N] N b(n, —/\—1-)

A12

A] N F(a1,b1), a] and b1 known



A2 ~ P(a2,bg), oz and b2 known

A3 ~ P(a3,b3), a3 and b3 known (7)

Here, b(n,/\1//\12) denotes a binomial distribution with mean nAl/ A12,
/\1//\12 = P(X < Y); P(ai, bi) denotes a gamma distribution with mean ai/bi and
variance (ii/bf. We further assume independence among the parameters N1, A1, A2

and A3.

The joint posterior density is,

7F(N1,/\1,/\2,)\3 l D) OC

(" )(*1>”‘(fi)"‘N’£N1 A12 A12 Aiiz

wag-TA?““Ms-“drugs“

exp{-(na‘c + b1))\1 — (n? + b2))\2 — (R + b3))\3} (8)

where 1? denotes the data set.
The marginal posterior densities for the Gibbs algorithm are given by,

A

N1|A1,)\2,/\3,D ~ b(n,—1)
A12

An
n—r N+r+a —1 —7r(/\1|N1,A2,)\3,D) oc X27)“ All 1 exp{-(m:+b1))\1}

12

W2 | N1, A1, av) o< flaws-”14W exp{—(ny + mm
12

«(AslNhAhAam oc AnA23A75TA33‘1exp{—(R+bans} (9)

A sample of draws from the joint posterior density (8) can now be obtained
by sucessively sampling N1, A1, A2 and A3 from the marginal distributions given in
(9). Observe that, we need to use the Metropolis-Hastings algorithm to generate the
variables A], A2 and /\3 (see for example, CHIB AND GREENBERG, 1995). We could
monitor the convergence of the Gibbs samples using the GELMAN AND RUBIN (1992)
method that uses the analysis of variance technique to determine if further iterations
are needed.



2.1 Bayes estimators for the mean lifetimes
We can use the Gibbs samplers to get inferences on the parameters of the

ACBVE distribution (1) or functions of these parameters. In this case, we could
approximate posterior moments of interest. As a special case, consider the mean
lifetimes,

/\/\12 + Azda
= E' X = —-———————“1 l l

MBA
/\)\12 + /\1 A3

= E' Y = —— lN2 [ l
A12A23A

( 0)

Bayes estimators for pi, i = 1, 2 with respect to the squared error loss fund ion
are given by E(,u,- | D) which can be approximated by its Monte Carlo estimate,

A
2 s R Mung?) + Agasug-s)

in — fig 2 “—s=1 r=R/2+l A533) A523),\(r,s)

A(T,s) Aggs) + Agrrs) Agrfi)

mm Alrhtwim)
(11)

Where Am) = it”) + Ag“) + Ag“), Ag“) = A?” + Ag”), A53”) = W + Agra),

Ag?) = A9") + Ag”) and Air’s), Ag”) and Ag”) denote the variates for A1, A2 and /\3

drawn in the rth iteration and the 3th replication where R and S are respectively,
the total number of iterations and simulations of the Gibbs sampler.

2.2 Bayes Estimators for the Reliability Function
Assuming the ACBVE model (1), the reliability function for a two-component

system at specified time to is given by,

Rg(to) = exp{—/\to} for a series system, and

{A(6A1to + eAzto _ 1)
(12)

/\12€’\t°

Bayes estimators for Rs(t0) and Rp(t0) with respect to the squared error loss
function are given by E{Rs(t0) I D} and E{Rp(t0) | D}. Based on the Gibbs

Rp(t0) = _ A3} for a parallel system.
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samplers, with R iterations and S simulations, Monte Carlo estimates for these
posterior moments are given by

A 2 S R
RSUD) = £5 E Z exp{—)\(”’)t0}

3:1 r=R/2+1
for a series system, and
, 2 S R AW) aim") + eA3"’)to — 1) _ MW}
RP(t0) = _Z Z { (

(1- s) (r s)

3

RS s=1 r=R/2+1 A15 6’\ ' t°

for a parallel systems.
(13)

3 Bayesian Inference for Accelerated Life Tests
(ALT) with ACBVE Distribution
Consider a two-component lifetimes X e Y, J stress levels V1,V2, ..., VJ and

assume that life tests are conducted at constant application of the selected stres-
ses. Using this information, we get inferences about the component lifetimes under
normal stress condition given by V0. ‘

At a normal stress level V0 assume that (X,Y) has ACBVE distribution (1)
with parameters A10, A20 and A30. Also assume that under a stress level Vj, j =
1,2, ...,J, (X,Y) has the ACBVE model (1) with parameters A”, A2]- and Agj, j =
1,2,...,J and consider the power rule model (see for example, MANN, SCHAFER
AND SINGPURWALLA, 1974), given by

/\,'j = 05V]? (14)

where i = 1,2,3, j = 0,1,2, ..., J; cl, C2, 63 and ’P are constants. The model (14) is
also considered by BASU AND EBRAHIMI (1987).

Considering nj units (X1j,Y1j),..., (anj,Ynj,~) at the beginning of each test
with stress Vj, the likelihood function for cl, Cg, C3 and ’P is given by

v m"
_

Lj(c1,c2,C3,'P) = H ff"(X,-,~,Kj)f§"6”(X,~j,Y,-,-) (15)
.

i=1

where (5,5 = 1 If Xij < Kj and 5,5 = 0 if X51" _>_ Yij. and

016236123f1(Xij,Yij) = ————V}2P exp {— [Clxij + 0213le Vjp},
012



626130123 2p 1:f2(Xz'j;Yij) = “—_C Vj eXP{"[013Xij + Czyijl Vj }7
12

C12 = C1 + 02; 013 = 014-63; C23 = 02 +63 and 6123 = 01+ 02 + 63

That is,

Lj(C1,C2,C3,77) :
"1 T1 n,~—r,- T: nJ—Tj

612301 C2 023013 V2? n,——————. <
1-

)
C12

eXP{—lclanj + Czanj + CBleVf} (Hi)

Where "ij = 21-21 Xij, anj = 2721 Yij, Tj = 2215s and R,- # Eii1l5ijyij +
(1 — 5éleijl-

Assuming that the data obtained for the J stress levels V1, V2, ..., VJ are inde-
pendent, the likelihood function for Cl, cz, C3 and P is given by

J
Ln(c1,c2,ca,77) = H Lj(c1,c2,c3,’P) (17)

j=1

That is,

Ln(cl,62,C3,P) =

r T n—r n—r n J
6102362 613 0123

H(V_2‘P)n,-Jn012 j=1

exp {— [clsx(7’) + 62534?) + CsT(’P)l} (18)

Where 7‘ z 2321 rja n = 25:1 nj) SX(P) = 5:1 anjI/jpa SY(P) = 5:1 anil/jp,
T('P) = 31:1 RjVjp; cu, C13, 623 and 6123 are given in (15).

Also, considering the introduction of a latent variable N1 representing the
number of observations such that X“ < Y“, we assume the following prior densities
for N1,cl,c2,c9, and ’P,



N1 N b(n1,01/612)

cl ~ F(a1,b1), a] and bl known

cz ~ F(a2,b2), a2 and b2 known

C3 N F(dg,bg), (Z3 and 113 known

’P N N(p0,a§), ”0,03 known. (19)

Observe that N1 has a binomial distribution with probability of Sllr'r'vss.

N010,03) denotes a normal distribution with mean yo and variance 03. We also
assume independence among the parameters N1,c1,c2, C3 and "P.

The joint posterior density is, '

7r(N1,c1,02,C3,'P |D) oc

() (film (film—NI
1

Ni 612 012 Gig

r+a1—1 n— r+a2—-1 (13—1 r n— r n0152 03 c23013 (3123

~’
1

{I_Il(V,-”’)"f} exp {7,303 — m2}

exp{—[b1 + Sx('P)]c1 — [bz + Sy (P)]cz — [113 + T(’P]C3} (20)

where D denotes the data set.
The marginal posterior densities for the Gibbs algorithm are given by,

Cl
N1I61,62,C3,D OC b(n1,——— )

012



C{V1+T+a1—1 n—r n
”(Cl lN1,62,63,P,D) 013 0123Texp{—[b1 + Sx('P)]cl}

cgl—Nl'tn—‘f'l'az—lcr C11

”(is 1 Nuclflaw) oc final—figwm—[bz + 5Y(7’)l02}
012

”(63 l N1,01,Cz,7’,73) 0C 03340230113- Tciza expi—lbs + T(P)]c3}

J 1

7r('P I N1,c1, C2, C3,'D) oc HUG-2p)” exp {—2—a—2('P — u0)2}
'=1 0

exp{—c15'X(P) — c25y(P) ~ <‘3T('P)} (21)

Observe that, we need to use the Metropolis—Hastings algorithm to generate
the variables c1,cz, 63 and ’P.

3.1 Bayes estimators for the mean lifetimes
Considering the Gibbs samples generated from (21) for N1,c1,c2,c3 and 'P we

can get Monte Carlo estimates for posterior moments of interest. A special case is

given by the mean lifetimes in a specified streSs level j,

j _ E(X) =
(6123012 + C2CS)V‘_'p

”I ~ J0123612013

Ni = my) ___
(0123012 + 0103)V'_'p (22)

0123012023
1

Bayes estimators for pf, i = 1,2, j = 1,...,J with respect to the squared
error loss function, in a specified stress j are given by Em? I D) which can be
approximated by its Monte Carlo estimate,

1211“ = _2__ is: f: £90595) + c§"3)0§r_'8)
v.—1><~s>

RS 3:1 1'=R/2+1 Giggcigskigg) J

A
~ 2 S R Cl33)6l'z’s) + Clr’s)cg’s) (rs)“21 = ——— z 7' 3 T s T 3

V—P ’ (23)RS ng/zfl Cii )Ci3' )Ci2'3) J
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whereclr'”)_ (“menu“) (rs)_ (mucus) was) (”1+ 11 (rs)_
(

123 3 7 013 — 01 63 C23 —

62”) + cg") and c(T'7), 007) and c(r' )2denote the variates for c1, c2 and C3 drawn1n
the r“ iteration and the s hreplication where R and S are respectively, the total
number of iterations and simulations of the Gibbs sampler.

3.2 Bayes Estimators for the Reliability Function
Assuming the ACBVE model (1) with parameters A”, A2, and /\3j,j = 1, ..., J

and considering the power rule model (14), the reliability function for a two-compo-
nent system in a specified stress level j at specified time to is given by,

Rate) = exp{—c123l/;Pto} for a series system.

24
{0123(ec1V1j to + 662V?) to _1) _ C3}

( )

,\V7’t
C12 6 1 °

Rfito) = for a parallel system.

Bayes estimators for RjS(t0) and RjP(t0) with respect to the squared to the
squared error loss function are given by E{R’ (to) | ’D} and E{Rj (to) I D}. Based
on the Gibbs samplers, with R iterations and S simulations, Monte Carlo estimates
for these posterior moments aregiven by

A
‘

'

(nts)Rs] (to) = $2 2 exp{—“Gig? VP tO}
53:1 r=R/2+1

for a series system.
,

R {c(r,s)(ec(1r,s)vj7’(r,s)t0 + ecgr,s)VJ7>(r,s)tO _ 1) _ clam-fl}

eggs) ec("5) VJPU'S) to
1219100) =

for a parallel systems.
(25)

4 Numerical Ilustrations
4. 1 Example 1

In table 1, we have 30 bivariate observations (X, Y) generated from a ACBVE
with density (1) and parameters /\1—— 0.25, A2: 0.16 and A3 : 0. From the data of
table((1), we have r—-— 16, 71—7" =,14 n = 30, Zfo_1w,= 114.51, 2,2 13/1: 165.67
and R—— 207. 77 (see 6)
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Table 1: ACBVE Generated Bivariate Life Time Data with A1 = 0.25, A2 = 0.16 and
‘ /\3 = 0.

i r y i w y
1 3.73 2.54 16 3.42 1.09
2 5.83 7.74 17 7.71 0.33
3 8.44 9.89 18 6.92 2.59
4 7.95 2.47 19 7.76 3.77
5 7.66 8.77 20 0.16 6.07
6 3.47 1.86 21 7.79 6.98
7 2.75 1.30 22 0.66 0.49
8 0.57 5.04 23 10.83 4.03
9 3.48 1.13 24 4.23 2.71
10 4.12 7.24 25 3.23 18.74
11 2.08 9.40 . 26 1.00 9.10
12 4.19 1.50 27 3.08 12.43
13 0.82 6.29 28 0.55 13.50
14 1.14 2.61 29 0.37 5.52
15 0.18 8.17 30 0.39 2.37

Considering (from 7) the priors N1 ~ b(30,)\1/)\12), A] ~ ”all“, bf), A2 ~
l“(a’2°,b§) and /\3 ~ F(a§,b§), where (if, bf, (12, b’2°, a}; and bf; are suitable values for
k = 1, ..., K, K = number of separate Gibbs chains. We generated 10 separate Gibbs
chains each of which ran for 2000 iterations, and we monitored the convergence of
the Gibbs samplers using the GELMAN AND RUBIN (1992) method that uses the
analysis of variance technique to determine if further iterations are needed.

For each parameter we considered the 1010“, 1020th,..., 2000“, iteration, which
for 10 chains yields a sample of size 1000. In table 2, we have the obtained posterior
summaries for the parameters A] , A2 and A3, and in figure 1, we have the approximate
marginal posterior densities considering the S = 1000 Gibbs samples.

It is interesting to observe that the maximum likelihood estimates for /\1, /\2

and A3 are given by X1 = 0.2485, A} = 0.1698 and A3 = 0.0164
From (11), we get Monte Carlo estimates for MI and ”2 given by [fl = 3.8009

and fig = 5.6903. In table 3, we have Monte Carlo estimates (from 13) for the Bayes
estimators with respect to squared error for the reliability function of two-component
systems at some values of to considering series and parallel systems.



Table 2: Posterior summaries for the ACBVE model

Mean Median S. D 95% credible interval

0. 0.2527 0.2517 0.0223 (0205002942)
A2 0.1651 0.1646 0.0168 (0.1342; 0.2010)
A3 0.0163 0.0161 0.0036 (0.0098; 0.0249)

A

p.=‘,,_,_.,

"able 3: Bayes estimators for R,(t0) and Rp(to)

True Values Monte Carlo estimates
to 3300) RPUO) RSUO) RP(t0)
1 0.6636 0.9673 0.6481 0.9622
2 0.4404 0.8922 0.4204 0.8774
3 0.2923 0.7989 0.2730 0.7742
4 0.1940 0.7012 0.1774 0.6686
5 0.1287 0.6071 0.1154 0.5691
10 0.0166 0.2674 0.0136 0.2296
15 0.0021 0.1121 0.0016 0.0884
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Figure 1: Marginal posterior densities for A1, /\2 and A3
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Table 4: Generated Bivariate Life Time Data

V1=1 35:2 V323
(Xli, Yu) (X2i, Yzi) (X3i7Y31')

( 7.;65 2.18) (229,002) (034,020)
(1667, 9.26) (010,038) (150,130)
(39.30, 6.72) (088,027) (063,069)
( 1.30, 3.22) (045,004) (068,012)
( 9,04 2.23) (166,160) (322,009)
(515,041) (0.74;.1.67) (191,091)
(5.;20 591) (2 50,037) (0.52;.058)
(5400 0.84) (3.;.50003) (0.;.30001)

(55.66; 6.42) (646,674) (4 .;.36662)
(11.;80 0.15) (46,0083) (052,010)
(170-.81037) (2.6;.6106) (2.,.08030)
(179,2 0.76) (146,104) (0.,.95091)
(16,2 2.73) (103,041) (043,002)
(142185) (436,134) (025,008)
( 3.60,1.50) (076,077) (1.39,0.08)

4.2 Example 2

In table 4, we have the data of an accelerated life test considering three stress
levels V. : 1, V2 2 2 and V3 : 3. At each stress level, 15 bivariate observations
(X, Y) were generated from a ACBVE distribution and the power rule model (14)
with 73 = 2. From table 4, we get 73, r: 722 = 733 = 15, n = 45, T1 = 4, T2 = 3, T3 = 2

and r = 9.

Considering from (19) the priors N] N b(15, 61/612), elk N I‘(a1,b’f,)
kC2 N

1A‘(a27bk) C3 N F(a3’b§) and PN N(/J‘02(00)k ), Where “I? bile, (127 big, G37 big, (“0 and
Mg)" are suitable values for k—- 1,. .,,K K—— number of separate Gibbs chains, we
generated 10 separate gibbs chains each of which ran for 2000 iterations. For each
parameter, we considered the 1010‘h, 1020‘h,._..,2000“‘ iteration, which for 10 chains
yields a sample of size 1000. In table 5, we have the obtained posterior summaries
for the parameters c1, 62, C3 and ’P.

5

Monte Carlo estimates for the mean lifetimes under the normal stress level
V, = 1 (sec 23) using the 1000 Gibbs samplers are given by u} = 9.76075 and
pfz = 3.22346.



rFable 5: Posterior summaries for ALT with ACBVE model

Mean Median S.D 95% credible interval

Cl

62

03

0.0599 0.0589 0.0518
0.2669 0.2640 0.1447
0.0588 0.0571 0.0682
2.0080 1.9999 0.6967

( 0.03116; 0.09542 )

0.18867; 0.36606

1.60068; 2.46957

)
)

)

i
(

'

(0.00288; 0.10454
(

Table 6: Bayes estimators for Rs(t0) and Rp(t0)

True Values

“-

Monte Carlo estimates
to Rs(to) Rp(t0) Rs(t0) Rp(t0)
1 0.6828 0.9756 0.6809 0.9750
2 0.4602 0.9186 0.4648 0.9171
3 0.3184 0.8460 0.3180 0.8439
4 0.2174 0.7681 0.2182 0.7658
5 0.1484 0.6908 0.1500 0.6827
10 0.0220 0.3832 0.0239 0.3849

In table 5, we have Monte Carlo estimates (from 25) for the Bayes estimators
with respect to squared error for the reliability function of two-component systems

15

at some values to considering series and parallel systems in a specified stress level j.
It is interesting to observe that the maximum likelihood estimators for 01, c2,

C3 and 'P are given by 61 = 0.0571, 62 = 0.2643, 63 = 0.0602 and 77 = 2.03.
In figure 2, we have the approximate marginal posterior densities for cl, C2, c3

and P considering the S = 1000 Gibbs samples.
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