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RESUMO

Algoritmos de Metropolis juntamente com etapas de Gibbs sao
propostos para desenvolver uma analise Bayesiana da distribuicao
exponencial bivariada de Block e Basu (ACBVE).Tambem consideramos o
uso do amostrador de Gibbs para desenvolver inferencia Bayesiana para
testes de sobrevivencia acelerados assumindo um modelo de lei de
potencia e a distribuicao ACBVE.A metodologia desenvolvida neste artigo
e exemplificada com dois exemplos.

Palavras-chaves: Distribuicao exponencial bivariada,amostrador de
Gibbs,Algoritmo de Metropolis,testes acelerados.



Use of Markov Chain Monte Carlo Methods in
a Bayesian Analysis of the BLOCK AND BAsSu
Bivariate Exponential Distribution

Jorge A. Achcar * - Roseli A. Leandro |

Abstract

Metropolis algorithms along with Gibbs steps are proposed to perform a
Bayesian analysis for the BLOCK AND BAsu (ACBVE) bivariate exponential
distribution. We also consider the use of Gibbs sampling to develop Bayesian
inference for accelerated life tests assuming a power rule model and the ACBVE
distribution. The methodology developed in this paper is exemplified with two
examples.

Key words: Bivariate exponential distribution, Gibbs sampling, Metro-
polis algorithm, accelerated life testing

1 Introduction

In many applications of life testing, we usually have two lifetimes X and Y
associated to each unit. Among the different existing bivariate lifetime models to be
used in these applications (see for example, FREUND, 1961; MARSHALL AND OLKIN,
1967; SARKAR, 1987; BLOCK AND BAsu, 1974), one model has been very well
explored in the literature: the BLOCK AND BASU (1974) exponential distribution.

The bivariate exponential distribution of BLOCK AND BASU (ACBVE) with
parameters Ay, A\; and Ag, for the lifetimes X and Y has a joint density function
given by

*UNIVERSIDADE DE SAo Pauro, IoMmsc-Usp, Caixa Postal 668, 13560-970, Sio Carlos, S.P.,
Brazil.
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filz,y) = )‘112238331’{“/\150 —Any} ifz<y
fz,y) = o (1)
faz,y) = S eap{—hisz — Aoy} ifz >y

A12

where )\12 = )\1 + /\2, /\13 = /\1 + A3, A23 = )\2 + /\3 and A = Al + /\2 + )\3‘
The joint generating function for the ACBVE is given by

t RS
R

From (2), we get the moments of interest for X and Y; thus, the means and
variances for X and Y are given by,

1 A2 A3
E(X) = — +
)= 5t D
1 )\1A3
E(Y)=— +
M) = e
I Mad(@MA + Aoka) 8)
2 _ x) = Lo AadsZh 2A3
7k =verlX) =t T
o var(y) — Ly W@ £ k)

RSP DV
The correlation coefficient for X and Y is given by

As[(M2 + A%)/\ + M A2As)
P “

PXy =

where

o ¢ =AM+ A(Ag + 2/\1))‘2]1/2

and

o ¢ = (A% + Ai(A 4 202)A2]2
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Observe that 0 < pxy < 1 and pxy = 0 only for the trivial cases A3 = 0 or
/\1 = )\2 = 0. . .

Usually, researchers consider the use of standard asymptotic results based on
the normality of the maximum likelihood estimators to get inferences for the para-
meters of the ACBVE distribution (1), but in general these asymptotic results can
be very poor for small or moderate sample sizes.

A Bayesian analysis of the ACBVE model (1) is introduced by ACHCAR AND
SANTANDER (1993) using non-informative prior densities for the parameters and
Laplace’s method of approximation for integrals (see for example, TIERNEY AND
KADANE, 1985) to get the posterior summaries of interest.

In this paper, we present Bayesian inferences for the ACBVE distribution (1)
using Metropolis-within-Gibbs algorithms (see for example, GELFAND AND SMITH,
1990). We also consider the use of the Markov Chain Monte Carlo methods to get
Bayesian inferences for accelerated life test problems using the ACBVE model (see
for example, ACHCAR, 1995).

2 Bayesian Inference for the ACBVE model

Considering a random sample of size n, (X1,Y1),..., (Xn,Yn) of the ACBVE
model (1), the likelihood function for A;,A; and )3 is given by

L(/\17/\27A3) = Hf](.si(mhyi)f%—&i(xi, yz) (5)
i=1
where §; =1if X; <Y, and §; =0if X; > V..
That is,
ATARAR=T AL An=T
L(/\],/\z, )\3) = 1 2 poy 23713 exp{—/\lna’: - Azng - A3R} (6)

12
where A1z = A1+ A2, M3 = M+ A3, Az = A+ XAz and A = Ay + Ao+ X3, nZ = T,
ng =i ¥,T =2 6 and R= i [6iy: + (1- 5i)$i]-

For Bayesian inference, considering the introduction of a latent variable N,

representing the number of observations such that X; < Y;, we assume the following
prior densities for Ny, A1, A; and As:

M
Ny ~ b(n,—
! "

A] ~ I‘(al,bl), ay and bl known



A2~ [(az,bs), a3 and b; known

A3 ~ TI'(as,b3), a3 and by known (7)

Here, b(n,A1/A12) denotes a binomial distribution with mean n);/\;,,
M/ M2 = P(X <Y); T(a;,b;) denotes a gamma distribution with mean a;/b; and
variance a;/b?. We further assume independence among the parameters Ny, A;, A

and )\3.
The joint posterior density is,

7T(N1,/\1,/\2,A3 I D) X

(5)G) G
M )\12 A2 )‘?2
R e R

exp{—(nZ + b))\ — ‘(ngj + b))z — (R + b3) A3} (8)

where D denotes the data set.
The marginal posterior densities for the Gibbs algorithm are given by,

A
Ny | Ay g, 0a, D ~ b(n, )
A2
An n—r yNi+r+a;-1 =
7(A1 | N1y Az, A3, D) _Xﬁ)\l?’ A exp{—(nZ + b))\ }
12
)\n
w(A2 | N1, M, A5, D) o @)\ZsAgn_M—rﬂrl exp{—(ny + b2) A2}
7('()\3 | N], /\1, )\2, D) X )\n}\;:;)\'llz;r/\gs—l exp{——(R + b3)/\3} (9)

A sample of draws from the joint posterior density (8) can now be obtained
by sucessively sampling N;, A1, A; and A3 from the marginal distributions given in
(9). Observe that, we need to use the Metropolis-Hastings algorithm to generate the
variables \;, A2 and A3 (see for example, CHIB AND GREENBERG, 1995). We could
monitor the convergence of the Gibbs samples using the GELMAN AND RUBIN (1992)
method that uses the analysis of variance technique to determine if further iterations
are needed.



2.1 Bayes estimators for the mean lifetimes

We can use the Gibbs samplers to get inferences on the parameters of the
ACBVE distribution (1) or functions of these parameters. In this case, we could
approximate posterior moments of interest. As a special case, consider the mean

lifetimes,
Az + A2 )3
=FX|= ——
= BA] Az hish
A2 + A3
= FlY] = _— 1
pz = E[Y] WY (10)
Bayes estimators for p;, i = 1,2 with respect to the squared error loss function

are given by E(u; | D) which can be approximated by its Monte Carlo estimate,

A(r) )\3"215) + )\gr,S) )‘:(;'.s)

s=1r=R/2+1 Ag;’s) )\ggs) )\("'»3)

N 2 S R A(‘I‘,«‘l))\g;’s) + Ag”'vs)Ag"J) (11)
b2 = Bq 7,8) \ (7,8
RS s=1r=R/2+1 )\(121 )/\g3 ))\(r,s)

where A®9) = A 4 AP 4 a0 AL = A0 L ard ) = AP Al
A = AU 4 A0 and A A and A" denote the variates for Ay, A; and As
drawn in the r** iteration and the s** replication where R and S are respectively,
the total number of iterations and simulations of the Gibbs sampler.

2.2 Bayes Estimators for the Reliability Function

Assuming the ACBVE model (1), the reliability function for a two-component
system at specified time ¢, is given by,

Rs(to) = exp{—Ato} for a series system, and

{/\(eAltO + eAzto _ 1) (12)

Azerto

Bayes estimators for Rs(fo) and Rp(to) with respect to the squared error loss
function are given by E{Rs(to) | P} and E{Rp(to) | D}. Based on the Gibbs

Rp(to) = — Ja} for a parallel system.
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samplers, with R iterations and S simulations, Monte Carlo estimates for these
posterior moments are given by

. 2 S R
Rs(to) = RS Z Z exp{—)\(r”)to}
s=1r=R[2+1
for a series system, and

X 9 S R {)‘(T,a)(e,\(l"’)to + o _ 1) — )‘g,s)}
Rp(to) = S 2

s=1 1‘=R/2+1

Ag’;’s) e)\('rs)to
for a parallel systems.
(13)

3 Bayesian Inference for Accelerated Life Tests
(ALT) with ACBVE Distribution

Consider a two-component lifetimes X e Y, J stress levels V1, V,,...,V; and
assume that life tests are conducted at constant application of the selected stres-
ses. Using this information, we get inferences about the component lifetimes under
normal stress condition given by Vj. ‘

At a normal stress level V assume that (X,Y) has ACBVE distribution (1)
with parameters Ao, Az and Asp. Also assume that under a stress level Vi,7 =
1,2,..,J, (X,Y) has the ACBVE model (1) with parameters A;;, Az; and X35, j =
1,2,...,J and consider the power rule model (see for example, MANN, SCHAFER
AND SINGPURWALLA, 1974), given by

)\;j = C,'Vjp (14)
where ¢ = 1,2,3, 7 =0,1,2,...,J; ¢, 2, c3 and P are constants. The model (14) is
also considered by BASU AND EBRAHIMI (1987).

Considering n; units (X1;,Y1;),..., (Xa;j, Ya;;) at the beginning of each test
with stress Vj, the likelihood function for ¢;, ¢;, c3 and P is given by

. nj _
Li(es, ca,¢3,P) = [[ 27 (X, Yii) f % (Xi5, Yij) (15)

=1

where &‘j =1if Xij < K]‘ and 5,7]' =0if X,'j > Y,J and

Ci1C
Fi(Xij, V) = LEABY2P oy {~le1Xi; + e2aVyy] v7},

Ci12



CyC13C
Fa( X5, Yij) = =22V exp { = [ens X + Y] V),

C12

cz=cat+e;cs=cateic=cg+candcn=c+c+c

That is,

LJ'(Cl,Cg,C3,7)) -

A 7’-1 =7
0123‘31 Cz C23¢13 (V;P)n,

012

exp{~len; X; + ¥ + ]V} (16)

where n]X Ez—l ijs an; = Z:ZI Yij, ri= :Zl 6;; and R; = Ez-l [6inij+
(1 = 6i5) X5

Assuming that the data obtained for the J stress levels V4, V4, ..., Vs are inde-
pendent, the likelihood function for ¢y, ¢y, c3 and P is given by

J
Ln(cla C2ac37,P) = H Lj(C],Cz,C;;,P) (17)
i=1
That is,
Ln(c1y¢2,¢3,P) =

C1C33C2 €3 Ciaa H Vz‘P

12 j=1

exp {—[a15x(P) + &Sy (P) + T (P)]} (18)

where r = Z;:l Tj, = 23!:1 nj, SX(P) = 3']=l anjI/jpa SY(P) = ]-—1 n]Y;‘/P
T(P) =]y R;VF; c12, c13, cas and  c13 are given in (15).
Also, considering the introduction of a latent variable N; representing the

number of observations such that X;; < Y;;, we assume the following prior densities
for Ny, ¢, c,c3 and P,



Ny ~ b(nhcl/cm)

¢t ~ I'(a,b1), a; and b, known

cg ~ I'(ag,b2), ayand b, known

¢s ~ [(as,by), a3 and by known

P ~ N(po,0%), po, 02 known. (19)

Observe that Ny has a binomial distribution with probability of suceess,

/\1 Clvlp _ Cy
PR <Ya) = My aVWf + el o

N(po,0?) denotes a normal distribution with mean po and variance o2. We also
assume independence among the parameters Ny, ¢;, ¢z, c3 and P.
The joint posterior density is, ‘

m(Ny, 1, 62,63, P | D)

() (&) (25
Ni) \erp C12 12

r+ay-1 _n—r+as-1_a3-1 71 n—-r n
G Cy C3” C93C13 Cq33

J 1
{H(Vf”)"f} exp {——27,—3(73 - #0)2}

i=1

exp{—[b1 + Sx(P)ler — [b2 + Sy (P)cz — [bs + T (Ples} (20)

where D denotes the data set.
The marginal posterior densities for the Gibbs algorithm are given by,

C
N1I61,02,C3,D [0 8 b(nl,——l—)
C12



Nitr+a1 -1 n—r n
& €13 Cy93

7r(Cl ! Nl, C2,C3, p, D)

c;z;-nl eXP{_[bl + SX(P)]cl}
61211 ~-N; +n—‘r+a2—lcr "
77(02 l N], ¢, C3, p; D) x n+ng B exp{—[62 + SY(P)JCZ}

C12

m(ca | Niye1,¢0, P, D) o< c5° ey clag exp{~[bs + T(P)]ecs)

J
. 1
n(P | Myyer,c0065,D) o {H(ij)"’}exp{—%a'(?—uo)z}
0

=1
exp{—c15x(P) — c2Sy(P) — s T(P)} (21)
Observe that, we need to use the Metropolis-Hastings algorithm to generate

the variables ¢;, ¢z, c3 and P.

3.1 Bayes estimators for the mean lifetimes

Considering the Gibbs samples generated from (21) for Ny, c1,co,¢3 and P we
can get Monte Carlo estimates for posterior moments of interest. A special case is
given by the mean lifetimes in a specified stress level j,

i E(X) = (c123c12 + C2CS)V‘_'p

“ =
€123€12€13

ﬂ% _ E(y)=(0123012+0103)vj_p (22)
C123€12€23

Bayes estimators for ,r;i, i = 1,2, 5 = 1,...,J with respect to the squared
error loss function, in a specified stress j are given by E(u! | D) which can be
approximated by its Monte Carlo estimate,

ﬂlj _ _2—_ zs: f: c(l”‘zv;)cgrz,s) + Cgr.s)cgr,s) V_—-'P("s)
RS = r=R/2+1 ngs)cﬁgs)cggg) !
s ) S R C(T'S)c(rrs) + C(""s)c('r!s) (rs)
/112'7 — R__S_;Z 2 123 “~12 1 3 I/j—P (23)

(7'7") (T's) ("'rs)
s=1r=R/2+1 C12 "C23 "Cyo3
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where &™) — (rs>+crs)+c(rs) ) = ) 4 ) fn9) )y ) ()

( 123 1 Ci3 " = O C3 C3 " =
czr"’) + cgr") and c(T ?) , (T' a nd cl el denote the variates for ¢;, ¢, and c3 drawn in
the r** iteration and the s** replication where R and S are respectively, the total

number of iterations and simulations of the Gibbs sampler.

3.2 Bayes Estimators for the Reliability Function

Assuming the ACBVE mode] (1) with parameters Ay, Az; and A3, j = 1,...,J
and considering the power rule model (14), the reliability function for a two-compo-
nent system in a specified stress level j at specified time o is given by,

Ri(to) = exp{—ci23V{to} for a series system.
24
{era(e"7 4 2T _1) — ;) 24)

V‘P
0126’\ fo

Rip(to) = for a parallel system.

Bayes estimators for R%(to) and Rj p(to) with respect to the squared to the
squared error loss function are given by E{R%(to) | D} and E{R%(to) | D}. Based
on the Gibbs samplers, with R iterations and S simulations, Monte Carlo estimates
for these posterior moments are.given by

i ] : T, (r, 3)
Rs’ (o) = Z Z exp{— ‘3&2; Vp to}
3"1 r=R/2+1
for a series system.

. s R g re) v, (rs)yplre), (rs)
| Ep’ (to) = LZ 3 {ag (e 7 "4 v —1)—cg}
{ P %0 RS —1 (r,3) c("s)VP(r's)to
l s=1r=R/2+1 Cip € ’

for a parallel systems.
(25)

| 4 Numerical Tlustrations

4.1 Example 1

In table 1, we have 30 bivariate observations (X, Y') generated from a ACBVE
with density (1) and parameters A\; = 0.25, A\, = 0.16 and A3 = 0. From the data of
table (1), we have r = 16, n —r = 14, n = 30, 22, z; = 114.51, ¥, y; = 165.67
and R = 207.77 (see 6).
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Table 1: ACBVE Generated Bivariate Life Time Data with A\; = 0.25, A, = 0.16 and
' /\3 =0

1Ty J T y
1 3.73 2.54 16 342 1.09
2 5.83 1.74 17 7.71 033
3 844 989 18 692 2.59
4 795 247 19 176 3.7
5 T7.66 8.77 20 0.16 6.07
6 3.47 1.86 21 779 6.98
7275 1.30 22 0.66 0.49
8 0.57 5.04 23 10.83 4.03
9 348 1.13 24 423 271
10 412 7.24 25 323 18.74
11 2.08 940 . 26 1.00 9.10
12 419 1.50 27 3.08 12.43
13 0.82 6.29 28 0.55 13.50
14 114 2.61 29 037  5.52
15 0.18 8.17 30 039 237

Considering (from 7) the priors Ny ~ b(30,A\;/\i2), A ~ T(af, %), Ay ~
I'(ak, b5) and A3 ~ ['(af, %), where af, b5, af, b5, a% and b% are suitable values for
k=1,..., K, K = number of separate Gibbs chains. We generated 10 separate Gibbs
chains each of which ran for 2000 iterations, and we monitored the convergence of
the Gibbs samplers using the GELMAN AND RUBIN (1992) method that uses the
analysis of variance technique to determine if further iterations are needed.

For each parameter we considered the 1010%*, 1020*,..., 2000, iteration, which
for 10 chains yields a sample of size 1000. In table 2, we have the obtained posterior
summaries for the parameters A\;, A; and A3, and in figure 1, we have the approximate
marginal posterior densities considering the S = 1000 Gibbs samples.

It is interesting to observe that the maximum likelihood estimates for Ay, A,
and \; are given by X; = 0.2485, X; = 0.1698 and X3 = 0.0164

From (11), we get Monte Carlo estimates for g, and p; given by 4 = 3.8009
and gi; = 5.6903. In table 3, we have Monte Carlo estimates (from 13) for the Bayes
estimators with respect to squared error for the reliability function of two-component
systems at some values of o considering series and parallel systems.



Table 2: Posterior summaries for the ACBVE model

Mean Median S.D  95% credible interval

Vo 09597 0517 0.0093 (02051 0.2042 )

Az 0.1651 0.1646 0.0168  ( 0.1342; 0.2010 )
As 0.0163 0.0161  0.0036  ( 0.0098; 0.0249 )

e e e e =

‘able 3: Bayes estimators for R,(to) and R,(to)

True Values Monte Carlo estimates
to Rs(to) Rp(io) Rs(to) Rp(to)

1 0.6636 0.9673 0.6481 0.9622

2 0.4404 0.8922 0.4204 0.8774

3 0.2923 0.7989 0.2730 0.7742

4 0.1940 0.7012 0.1774 0.6686

5 0.1287 0.6071 0.1154 0.5691
10 0.0166 0.2674 0.0136 0.2296
15

0.0021 0.1121 0.0016 0.0884
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Figure 1: Marginal posterior densities for A\;, A; and A3
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Table 4: Generated Bivariate Life Time Data

Vi=1 V=2 Vs=3

(X1, Yai) (Xai, Yai) (Xai, Yai)
(765 2.18) (229;0.02) (0.340.20)
(16.67; 9.26 ) (0.10;0.38 ) ( 1.50;1.30 )
(139.30; 6.72) (0.88;0.27) (0.63;0.69)
( 1.30; 3.22) (0.45;0.04) (0.68;0.12)
( 9.04; 2.23) (1.66;1.60 ) (3.22;0.09)
( 515 0.41) (0.74;1.67) (1.91;0.91)
( 5.20; 5.91) (2.50;0.37 ) (0.52;0.58)
( 5.00; 0.84) (3.50;0.03) (0.30;0.01)
366 042) (840T1) (13002)
(11.80; 0.15) (4.60;0.83 ) (0.52;0.10 )
(17.08;10.37 ) (2.66;1.06 ) ( 2.08;0.30 )
(17.92; 0.76 ) (1.46;1.04 ) ( 0.95;0.91 )
(1.62; 2.73) (1.03;0.41) (0.43;0.02)
( 1.42; 1.85) (4.36;1.34) (0.25;0.08 )
( 3.60; 1.50 ) (0.76;0.77 ) ( 1.39;0.08 )

4.2 Example 2

In table 4, we have the data of an accelerated life test considering three stress
levels V) = 1, V, = 2 and V3 = 3. At each stress level, 15 bivariate observations
(X,Y) were generated from a ACBVE distribution and the power rule model (14)
with P = 2. From table 4, weget ny =ny =n3 =15 n=45r =4,r, =3, r3 = 2
and r = 9.

Considering from (19) the priors Ny ~ b(15, cl/clz) cl ~ I‘(al, b’“) c2 ~
1‘(a27bk) 3 ~ F(G‘S’bk) and P ~ N(p,g,((fg)k), where a17 bllcy ‘12’ bl;’ a37 b§a ouO and
(a2)* are suitable values for k = 1, ..., K, K = number of separate Gibbs chains, we
generated 10 separate gibbs chains each of which ran for 2000 iterations. For each
parameter, we considered the 1010, 1020 ,...,2000" iteration, which for 10 chains
yields a sample of size 1000. In table 5, we have the obtained posterior summaries
for the parameters ¢y, c;, ¢z and P. ‘

Monte Carlo estimates for the mean lifetimes under the normal stress level
Vi = 1 (sce 23) using the 1000 Gibbs samplers are given by 4, = 9.76075 and
ta = 3.22346.



Table 5: Posterior summaries for ALT with ACBVE model

Mean Median S.D

95% credible interval

C1
15)
C3

0.0599 0.0589  0.0518
0.2669 0.2640  0.1447
0.0588 0.0571  0.0682
2.0080 1.9999  0.6967

(0.03116; 0.09542 )

0.18867; 0.36606

1.60068; 2.46957

)
)
)

K
(0.00288; 0.10454
(

Table 6: Bayes estimators for R;(tg) and R,(to)

-

True Values

Monte Carlo estimates

to Rs(to) Rp(to) Rs(to) Rp(to)
1 0.6828 0.9756 0.6809 0.9750
2 0.4602 0.9186 0.4648 0.9171
3 03184 0.8460 0.3180 0.8439
4 0.2174 0.7681 0.2182 0.7658
5 0.1484 0.6908 0.1500 0.6827
10 0.0220 0.3832 0.0239 0.3849

In table 5, we have Monte Carlo estimates (from 25) for the Bayes estimators
with respect to squared error for the reliability function of two-component systems
at some values ty considering series and parallel systems in a specified stress level j.

It is interesting to observe that the maximum likelihood estimators for ¢;, ¢,
c3 and P are given by ¢; = 0.0571, é&; = 0.2643, é3 = 0.0602 and P = 2.03.

In figure 2, we have the approximate marginal posterior densities for ¢;, ¢3, ca

and P considering the S = 1000 Gibbs samples.

15
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