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RESUMO

Algoritmos de Metropolis com etapas de Gibbs sao propostas
para desenvolver uma analise Bayesiana em modelos de funcao
de risco constante com ponto de mudanca considerando densi-
dades a priori diferentes para os parametros e dados de sobre-
vivencia censurados.Tambem apresentamos algumas generali-
coes para a comparacao de dois tratamentos.A metodologia e
ilustrada com alguns exemplos.
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ABSTRACT

Metropolis algorithms along with Gibbs steps are proposed to perform a Bayesian analysis for
change-point constant hazard function models considering different prior densities for the parameters
and censored survival data. We also present some generalizations for the comparison of two

treatments. The methodology is illustrated with some examples.
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1. Introduction

A frequently recurring question posed by medical researchers concerns a test of a constant
failure rate against the alternative for a failure rate involving a single change-point. Let T be the
survival time of a patient, the hazard function is given by

A if t<T '
Ar(t) = {pA sy (1)

where A, p, 7> 0

Inferences based on standard asymptotic likelihood results are not possible with this model.
Matthews and Farewell (1982) consider the problem of testing the hypothesis p=1 based on the
likelihood ratio test statistic and use simulations to find the distribution of the statistic of interest. In
another paper, Matthews, Farewell and Pyke (1985), present asymptotic score statistics processes to
test for constant hazard p=1 against a change point alternative p # 1. Considering A known or )\
unknown, they show that the asymptotic significance level for tests based on the maximal score
statistics involve the solution to a first passage time problem of an Ornstein-Uhlefibeck process. This
solution is based on asymptotic results, assuming T known. A Bayesian analysis for model (1) is
introduced by Achcar and Bolfarine (1989), considering censored data and non-informative prior
densities for the parameters of model (1). _

In this paper, we present Bayesian inferences for the model (1) using different prior densities
and Metropolis-with-Gibbs algorithms (see for example, Gelfand and Smith, 1990 ; Chib and
Greenberg, 1995 or Smith and Roberts, 1993).



2. The likelihood function for A\, p and 7

Let 77, T3, ..., T} be the true survival times of n individuals considered as a random sample of
size n and let C,C,,....,C, be the fixed censoring times associated with each individual (type I
censoring). The observed data are given by T; = min(T?,C;). We define an indicator variable 6
such that §; = 1 if T, = T? (failure) and 6; = 0 if T; < T?(censoring). Associated with the true
survival times, we consider the model with hazard function (1). The density and survival function are,
respectively

() = {:\/e\;t,\r—px(z~r; :; tt;: (2)
and
S (t) = { e::\\iw’\(t_” zf i< 3)
e , if t>7T
Considering ¢; = 1if T; < Tand ¢; = 0 if T; > T, the likelihood function is
LM p,7) = I-_I] {(re)" [pAexp{ ~ A7 — pA(t: - r)}] 1_“}6‘.
1; { (e"\t‘)fi [ea:p{ — AT = pA(t; — T)}J l—ei}l—éi
That is,
L(X p,7) = Ahpt "‘“’erp{ - A [5'1 (1) + PS;'(T)” (4)
where,

di(7) = ;5161 , d(t) =€ , ds = iéi
1= =1 1=1

wi(7) = Y et + > (1= 6)et;
1=1 =1

wy(r) = V61— et + (1= 6)1—e)t; .
=1 1=1

wy(7) = _Zléz:(l —€)+ ) (1-6)1—€)=3(1~¢)=n—dy(7)
1= i=| i=1

Si(7) = wy (1) + 7wy (7)



Sa(T) = wo(T) — Tw3(7).

3. Bavesian inference for model (1)

Let us assume T taking discrete values 7; =t;, with prior probabilities mo(Ti = ti),
i=1,2,...,n, where n is the sample size. The prior density for A, p and T; 1s,

ﬂ()" P Ti) = W(A’p\T‘i = ti)WO(Ti = tz) . (5)

Given 7; = t;, assuming approximate independence between the parameters A and p, a non-
informative prior density for A and p ( see for example; Box and Tiao, 1973) is given by

TAP\T = t) o 3, (6)
where A, p > 0.

, the joint posterior density for A, p and 7

1
n

Assuming an uniform prior density mo(T; = t;) =
is given by

m(\p,7\D) oc Ads~1 pdﬂ*d*‘”“exp{ - A [Sl (1) + pSs (T)] } (7)

where D denotes the data set.
The conditional posterior densities for the Gibbs algorithm are given by

i) MNp,7,D ~T(ds, (1) + pSa(7)]

27,) p\)\,T,D ~ F[dg - dl(T),/\SQ(T)] (8)

i) m(T\A, p, D) o p~Mexp{ — A[S, (1) + pSa(7)]}

where I'(a, b) denotes a Gamma distribution with mean 7 and variance ;5.

Observe that, we need to use the Metropolis-Hastings algorithm to generate the variable 7.
We could monitor the convergence of the Gibbs samples using the Gelman and Rubin (1992) method
that uses the analysis of variance technique to determine if further iterations are needed.

We also could consider other prior densities for parameters of model (1). Assuming 7=7"
known, consider the following prior densities for A and p,

i)A ~ T'(ay,b,), ayand b; known,

(9)

i) p ~ I'(as, b,), as and by known.



With this choice of prior density for A and p, and assuming independence between the
parameters, the joint posterior density for A and p is given by,

W(A»P\T',’D) o Ad3+ﬂl-|pda“dl(T')+az—l (lo)

exp{ — Alby + S1(77) + pS2(77)] — pb2}

The conditional posterior densities for Gibbs algorithm are given by
i) A\p,7", D ~T'(ds +ay, by + S, (77) + pSa(7") ]

(11)
it) p\A, 77, D ~ I['[d3 — di(77) + ag, by + AS2(77) ]

4. Comparison for two treatments

In the comparison of two samples, let Tiy, T}a, ..., Ti,, be a random sample of size n; from a
treatment | and T3y, Tao, ..., T5,, be a random sample of size n, from a treatment 2.

L)

Assume that the hazard function is given by

A if t,'j < T

wheret =1,2;7=1,2,..,n;; z; =0 for treatment 1 (i = 1) and z; = 1 for treatment 2 (i = 2).

As it was considered for model (1), define an indicator variable 6;; = 1 if T,; = Tz‘; (failure)
and 6; =0 if T,-j<T£~ (censoring), i =1,2; j=1,2,...,n; Assuming ¢; =1 if T;; <7 and
€;; =0 if T;; > 7, , the likelihood function is given by

T

L p,B,1,7) =[] { (/\e "\“1)(“ [p)\ea:p{ = ATy — pA(t1; — 7 )}J | %l]}b‘l]‘

[
[[e)"esn 3~ it )] A }H" )

2

YA £y I—tgj rS“‘
l{()\e M-,) [px\e*’exp{ — ATy — pAe? (ty; — 713)}] }

] {(e‘“?J) N [ez:p{ — ATy — pAe’ (ty; — T-z)}} HQJ}]—%

f

—
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—
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That s,



LN, p. B, 1y, 73) = A8 3=t (11.7) A5 =)= NS (i m) e Sa(mm )} (14)
where,
d;i) (Ti) =2 6ijfij ) d] (Tl ,Tz) = dgl)(Tl ) + dgz)(’rz)

J=1

(1) _
d, (Ti)—zlfij ,
J:

dy'=y. 6 dy=dy ' +d3”

Ty

() = Zl%fz'jtij 2 (1= 8ij)eiti
j= j=

) ’.ﬂg no '
wy (1;) = Zléij(]- —€5)ti; + Z] (1= 6;)(1 — )t
‘]: =

J
1=1,2
Sy(r,m) = w(]“(Tl) +w(12)(T2) + 7i(ny — dél)) + 7a(ny — dé‘”)
Sa(T1, 70, B) = @;I)(Tz) —11(ny — dé”) +€ﬁ[w-(22)(T2) + To(ng — dfgz))]

Assuming independent samples with 7, and 7» known, consider a non-informative prior
density given by

Tp,B) o ;1/— (15)

where A, p >0 and -oco<f<co0.

With this choice of prior, the joint posterior density for A, p and [ is given by

(X p,0\7}, 75, D) x Ads—1 ,0'1"’“'1'(T"‘T'2')~1 (16)
exp{Bdy’ — ") = AlSi (7], 75) + pSa(ri, 73, A}

The conditional posterior densities for the Gibbs algorithm are given by

i) MN\p.B, 77,75, D ~T{dy, Si(17,75) + pSa(y, 75, 0)]

i) p\NB T, T3, D~ Tds — dy(11,73), AS2 (77,73, B) ] (17)



2 2 (2)
i) P, 75D~ —diP Aplwy! —ma(ne - d; ]

where ¢ = .

Also assuming 7; and 7> known, consider now the following prior densities for A, p and 5.
i) A ~I'(ay,b,), a1 and by known, |
i) p ~ ['(az,b,), az and by known, _ . (18)
i1i) B ~ N{po, 03], po and of known,

where N (p, 02) denotes a normal distribution with mean o and variance o§.

Assuming independence among the parameters, the joint posterior density for A,p and [ 1s
given by

R\ A\ 75, D) o Nl gt (b (19)
: 2 2)/_»
exp{ ~ (8 - wo)? Jep{p(d” - a? (73)]

exp{ = Aby +51(77,73) + pSu(7, 75, B)] } exp{ — pba}
The conditional posterior densities required for the Gibbs algorithm are given by

l)/\\p1ﬁ;D ~ F[d3+al ) bl +Sl(7—r>7-5) +pS‘.’.(Tr)T‘;)IB)]

”)p\)‘aﬂer ~ F[d3 - dl(T{arz) +a‘2a b‘.’ +Sg(T{,T5,ﬂ)] (20)

i) O\, p, D) exp{ - _,—‘l):(ﬁ ~ 1y ) }ezp{ﬁ(df) - d(lz’(rj)}
erp{ - ApSz(Tf,'ré‘,ﬁ)}

Observe that, we need to use the Metropolis-Hastings algorithm to generate the variable §.

5. Some examples




5.1) An example with one sample.

In table I, we have the remission times of 84 patients with acute nonlymphoblastic leukemia
(data in Matthews and Farewell, 1982). We have n=84 and d3 = 51( the number of uncensored
observations).

Non-censored observations (51 patients)

24 82 111 152 197 249 270 304 487 534 1160
46 89 117 166 209 254 273 332 510 608
57 90 128 171 223 258 284 341 516 642
64 90 143 186 230 264 294 393 518 697
65 90 148 191 247 269 304 395 518 955

Censored observations (33 patients)

68 182 182 182 182 182 182 182 182 1310 1908
119 182 182 182 182 182 182 182 182 1538 1966
182 182 182 182 182 182 182 182 583 1634 2057
Table I - Survival times in days.

Considering a non-informative prior density (see (5) and (6)) with an uniform prior density
for 7, = ¢;, 7 = 1,2, ...,n, the conditional posterior densities (8) are given by,

i) A\p, 7, D ~ L[5, wi(7) + pwa(T) + 7(1 — p)(84 — da(7))]
it) p\A, 7, D ~ T'[3, wa(7) + A7(84 — da(7))] 2D

iti) m(T\\, p, D) & p~Vexp{ = A[S,(7) + pS2(7)]}

We generated 5 separate Gibbs chains each of which ran for 2000 iterations, and we
monitored the convergence of the Gibbs samples using the Gelman and Rubin (1992) method that
uses the analysis of variance technique to determine if further iterations are needed.

For each parameter, we considered the 515" 530", ..., 2000!" iterations, which for 5 chains
yields a sample os size 500.

In table 1I, we have the obtained posterior summaries for the parameter \, p and 7, and in
figure I, we have the approximate marginal posterior densities considering the 500 Gibbs samples It

is mterestm5 to observe that the maximum likelihood estimators for A, p and T are given by A=
0.00204, p =0.21046 and 7 = 697.



Mean Mode SD. 95% Credible Interval
7 | 752.0304 | 738.3420 | 57.5157 | (628.1459, 855.0770)
X | 0.0020 | 00020 | 0.0003 | (0.0016, 0.0026)
p | 0.1602 0.0961 0.1077 (0.0149, 0.4175)

Table II - Posterior summaries (non-informative prior)
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Figure 1 - Marginal posterior densities for A and p ( non-informative prior)
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Assuming 7" = 697 known, consider now the prior density (9) with a; = 4, b, = 2048,
as = 18 and by = 86. The conditional posterior densities (11) for the Gibbs algorithm are given by,

i) A\ p, 7", D ~ T'[55,25559 + 6982p ]

W)\ A, 7, D ~ I'[21, 86 + 6982 \]

(22)

In table 111, we have the obtained posterior summaries for the parameters A and p, and in
figure 2, we have the approximate marginal posterior densities considering 500 Gibbs samples.

"Mean | Mode | S.D. 95% Credible Interval
A 000201 00018)|84x1]0 " (0.00]579 , 0.00263 18)
p | 02099 | 02404 | 1.99x 107 | (0.12215 . 0.29894)

Table I11 - Posterior summaries ( prior density (9) )
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Figure 2 - Marginal posterior densities for A and p ( prior density (9) )

5.2) Anexample with two samples

In table IV, we have the survival times of patients submitted to two different treatments. For
treatment 1, we have n, = 40 patients and for treatment 2, we have ny = 50 patients.

Treatment 1: (ny; = 40)

0.2 14 23 50 78 112 150 489 121.1 230.6
0.5 1.5 32 54 838 1.5 395 63.0 121.2 2535
0.7 16 40 70 94 13.8 444 715 198.5 303.0
08 2.1 46 73 100 140 468 1154 2186 365.9

Treatment 2: ( ny = 50)

015 126 181 600 720 105 287 1288 1909 3551
016 148 203 620 770 146 450 1361 1951 3946
082 155 290 640 850 169 860 1433 2531 5721
092 171 410 680 910 212 1041 1560 3004 6050
1.24 172 580 700 980 250 1246 1670 3045 6083
Table IV - Survival times in days.

In figure 3, we have the plot of log[ — I:T(t)] versus log (t), where ﬁ(t) = — log[g(t)],

g’(t) is the Kaplan and Meier (1958) estimator of survival function. We observe that the model (12) is
appropriated for the data. From figure 3, we also obtain approximate estimates for 7, (treatment 1)
and 7 (treatment 2) given by 7, =~ 15 and 7T, ~ 25.

Treatment | Treatment 2

togl-H(v)| logl-H(1))
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2 A 0 1 2 3 4 S 6 lOg(t) -2 0 2 4 6 8 10 log(t)
Figure 3 - log[-I/-\I(t)] versus log(t).

Assuming 71=15 and T7,=25 known, and the non-informative prior density (15) the
conditional posterior densities (17) for the Gibbs algorithm are given by

i) A\p,$,D ~ T'[90, 1064.65 + (2016.9 + 48487¢)p]

ii) P\\, ¢, D~ T[37, (2016.9 + 48487¢)A] (23)
i55) G\\, p, D ~ ['[ 27, 48487)p |

where ¢ = €.

We generated 5 separate Gibbs chains each of which ran for 2000 iterations. For each
parameter, we considered the 515" 530", ..., 2000%" iterations, which for 5 chains yields a sample of
size 500.

In table V, we have the obtained posterior summaries for each parameter A,p and § and in
figure 4, we have the approximate marginal posterior densities considering the 500 Gibbs samples.

The maximum likelihood estimators for A, p and 3 are given by §=0.04978, p =0.1594 and ,3 =-
2.9079.

Mean Mode S.D. 95% Credible Interval
A | 0.04962 | 0.04722 | 0.00664 | (0.03616, 0.06291)
p | 01639 101352 | 0.0484 | (0.04729,0.18227)
G| -2.9149 | -3.0349 | 0.3470 | (-2.9108 , -1.4325)

Table V - Posterior summaries (non-informative prior)

" n

L E T N 4 }‘\‘. ,.._\

\
N,

s Ll

A Gz GiF .5 ‘xp ) 00 M ah 9 1 12 aig .zu.qs

Figure 4 - Marginal posterior densities for A, p and ¢ = e” (prior density (15))
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Also assuming 7, = 15 and Ty = 25 known and the prior densities (see (18)),
i) A ~ T 53, 1065.9]
it)p ~T[12,77] (24)

1) B8 ~ N[ —29079, 0.11],

The conditional posterior densities (20) required for the Gibbs algorithm are given by
i)A\p, 8, D ~ ['[143,2130.65 + (2016.9 + 48487¢")p|
i) p\X, B, D ~ T [49, 77 +(2016.9 + 48487e" )\ | (25)
i46) B\\, p, D ~ N[ —2.9079,0.11] 4 (), p, B)
here ¢ (A, p, B) = exp{215 ~ (2016.9 + 48487e”)\p }

In table VI, we have the obtained posterior summaries for each parameter \,p and g,
considering 500 Gibbs samples generated from (25).

Mean Mode S.D. 95% Credible Interval
A 100501 |0.0482 | 0.0045 | (0.0422,0.0592)

p | 01579 | 0.1630 | 0.0258 | (0.1107,0.2116)

G| -2.8974 | -2.9293 | 0.1035 | (-3.1048 , -2.6923)
Table VI - Posterior summaries (prior density (24) )

In figure 5, we have the approximate marginal posterior densities considering 500 Gibbs
samples.
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Figure 5 - Histograms for A, p and G (prlor densnty (24) ).
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APPENDIX
The Gibbs Sampling and Metropolis-Hastings Algorithms

The Gibbs sampler is a Markov chain Monte Carlo (MCMC) technique for generating random
variables from a distribution without calculating the density itself (see for example, Gelfand and

Smith, 1990).
Given a collection of k random variables § = (6,0, ..., 0 ), we want to generate a random

sample from their joint distribution p(6, 6, ..., 0x) or p(@). By suppressing the dependence on the
data, we need the complete conditional distributions p(6s,8,)), 8 = 1,2, ..., k where §,) denotes the
random vector of k — 1random variables with s random variable being deleted. Given the initia\l
values of Hgo) , 6‘(_50) Ve cho), the Gibbs sampling algorithm proceeds as follows: generate a value 9(1] '
from the conditional density p(61\6§0),6(30),...,Hffo)).Similarly, generate a value 0%” from the
conditional density p(_02\9§”,9§0), ...,cho)) and continue up to the have Bf(]) from the conditional
density p(6i\0,' ', 6, ", ..., 04 1).

Then, replace the initial values with the new realization 8 of @, and iterate the above
process ¢ times, producing 8“). Geman and Geman (1984) showed that the k-triple produced at the
tt" iteration of the sampling scheme, B{it), 9%”, e 65:), converges in distribution to a random variate

from p(6,,0y,...,0)) if t is sufficiently large. Further Gfk) can be regarded as a simulated observation
from p(6;), the marginal distribution of 6;.
Replicating the above process B times, we obtain B many k-tuples {952,0;2,...,9}3 ,

g=1,2,..., B}. Upon convergence of the Gibbs sampler, any characteristic of the marginal density
p(6;) can be obtained. In particular, if p(6,,,,,) is available in closed form, then

B
f)(ee) = prs,ﬁ(.g)g), S = 1,2,...,k.

g=1

The Gibbs sampler involves drawing random samples form all full conditional densities of

p(@). When the conditional densities are not easily identified, such as in cases without conjugate
priors, we can employ the Metropolis-Hastings algorithm.

Suppose we desire to sample a variate from a nonregular density p(6;,8;,). Observe that

p(6;,8)) only needs to be known up to a constant and we denote p(6) as the target density,

suppressing the subscript, and the conditional variables for brevity. Let us define a transition Kernel
q(6, X) which maps § to X. If 8 is a real variable with ranges in (-00,00), we can construct g such
that X — 6 +0Z, with Z being the standard normal random variable and o° reflecting the
conditional variance of 8 in p(f). If 6 is bounded with range (a,b), we can use a transformation to

map (a,b)to (-00,00), then use the transition kernel g and apply the Metropolis algorithm proceeds
as follows:

i) Start with any point 6% and stage indicator j = 0;

11) Generate a point X according to the transition kernel g(6'7, X);

iii) Update 6'7to 697! = X with probability p = min{l,p(X)/p(0"))}; stay at 6Y' with
probability 1 — p.

ivjrepeat (ii)and (74i)by increasing the stage indicator until he process reaches a stationary
distribution.
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