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Anélise Bayesiana para dado bindrios com erros de classificagdo

Inferéncia Bayesiana para dados bindrios incluindo erros de classificagdo €
estudado como uma mistura de duas distribui¢des de Bernoulli. Como a
andlise Bayesiana geralmente implica em célculos complexos, o método de
Monte Carlos com dados ampliados é desenvolvido para obter os resumos
marginais a posteriori. Variaveis latentes foram introduzidas para indicar
qual componente da mistura gerou a informagé@o com erro de classificagéo.
Também, um procedimento Bayesiano baseado no conceito de “p-value’ e
na distincia de variagfo total foi introduzido para medir o efeito do erro na
distribuigdo marginal a posteriori. Uma ilustragdo com dados simulados é
considerada.
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Abstract

Bayesian inference for dichotomous data including errors of classi-
fication is studied as a mixture of two Bernoulli distributions. Since
a formal Bayesian analysis leads to intractable calculations, a Markov
Chain Monte Carlo method with data augmentation is developed to
compute the summary and marginal posteriors . We introduce a la-
tent variable that indicates which component of the mixture gives rise
the observation with errors. Also, a Bayesian procedure based on the
Beyes p-value and the total variation distance to measure the effect of
the errors on the data is formulated. An illustration with simulated

data is considered.

1 Introduction

In recent years much of the research on sampling practice has been devoted to
formulate procedures to analyse data with errors. These errors can produce
serious effect on the estimation of the population parameters. In this paper
we are particulary interested in dichotomous data with possible response
errors. For example, suppose we are interested in the proportion of consumers
who have seen a certain advertisement. Two types of errors are possible: an
individual who has not seen the ad might report having seen it, and someone
who has seen the ad might report not having seen it. If you do not take into
account this kind of errors the sample proportion will be very unrealistic and



the tendency is to overestimate the proportion of consumers who have seen
the ad. Gaba and Winkler (1992) introduced an exact Bayesian approach
for this problem considering conjugated priors. The purpose of this paper
is to look at this problem in a different way, that is, to see the data rising
from a mixture of two Bernoulli distributions. Since the formal Bayesian
analysis is intractable, we introduce a latent variable (Tanner and Wong,
1987) to indicate which component of the mixture the observation is coming
and based on the data and these latent variables the marginal posteriors are
obtained via Gibbs sampling. The paper is organized as follows: Section 2
the mixture model is motivated and some important relations are introduced.
The Bayesian procedure via Gibbs sampling and a divergence measure to
evaluate the effect of the errors on the data are presented in section 3 and an
illustrative example with simulated data is studied in section 4. The paper
ends with a conclusion in section 5.

2 The dichotomuous data with errors via the
mixture model.

The proportion of individuals satisfying a certain condition is of interest. For
various reasons the data is reporting with errors, for example, intentional
lying, mistakes, etc. are included in the data with serious implications for
the usual procedures (see, Gaba and Winkley, 1992). The problem is how to
use this data to make inference about the proportion of interest in presence
of these possible errors.

Let p the proportion of consumers who purchase a given product and
suppose that n consumers of a given product have been interviewed whether
purchased it or not. For each consumer we define the following dichotomous

variable with errors:

X = 1 the ith-consumer purchases the product (1)
* 71 0 the ith- consumer does not purchase the product

Let ¢ = P[X; = 1],i = 1,...,n and p = P[Y; = 1], where Y; is the di-
chotomous variable without error. The parameter p is the real proportion
of consumers who purchase a given product. Our purpose is to get informa-
tion about p, based on the dichotomous data with errors, {X;,...,X,}. To
motivate our mixture distribution for this data we introduce the following



notations:
6, =PX;=0]|Y:=1]:

probability that a purchase is erroneously recorded as nonpurchaser.
6, =P[X;=1]Y;,=0]:

the probability that the ith-purchaser is mistakenly recorded as a purchaser.
From these notations the following relation will be useful for our purposes:

q=p(1—6;) + (1 - p)be,

From the above notations we can easily find the joint ditribution of (X, Y;)
which is showed in the following way:

Table 1.: The joint distribution of (X,Y).

- Xi=0 Xi=1
Yi=0|(1-p)(1-61) (1-p)b
V=1 pos p(l - 62)

Motivated by the joint distribution presented in Table 1., it is easy to see
that the observed dichotomous data with errors, Xj,..., X, is generated by
the following mixture distribution:

f(z | 61,02,p) = pBin(z |1 -6,) + (1 - p)Bin(z | 62) (2)

where 1 — 0, > 0. The aim of this restriction is to avoid identification
problems as it happens in the usual likelihood approach (see, Gaba and
Hinkley, 1992). The notation Bin(. | .) means the Bernoulli distribution.
This kind of formulation is totally different from that one given by Gaba and

Winkley (1992).

3 Gibbs Sampling

In this section we develop the conditional distributions used in Gibbs sam-
pling algorithm. Gibbs sampling is a MCMC technique(see, Gelfand and
Smith, 1990). The transition distribution of the Markov chain is the product
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of several condicional densities. The stationary distribution of the chain is
the posterior distribution we desire for p and q.

Since the formal Bayesian analysis for mixture model are in general in-
tractable (see Diebolt and Robert, 1994), we introduce latent variables de-
noted by I;,7 = 1,...,n, so, we can obtain the likelihood function and
the posterior distributions of p,q,6; and 6, by iteratively sampling I; from
f(L; | p,6,,0:,X), where X = (Xy,...,X,), and sampling (p,6;,60;) from
f(p,61,6, | X,I). Let [ = (I....,I,) the vector of the latent variables,
where I; = 1 if the ith observation, X;, is generated by the first component
of (3) and I; = 0 otherwise. Let us to consider the conditional density of I,
given X, p, 6,,0;, to be Bernoulli(p;) with

o Pf(z:i|0=1-6,)
P @ o=1-0)+ (=P @ 0= 6)’ ®)

where

f(zi|6) =651 —0)'=.
The likelihood function based on the augmented data (X, I) is
L[p:01102 , I,X] =
= plim (1 = pyrTim kg XK _ g ST ik
022:;1 Xil.'(l _ 02)2;1(1—)(")(1—[.-)‘ (4)

To develop a Bayesian analysis for (p,8,,8;) we consider the following priors:

p ~ Bla,b]: a,b:known ()
6; ~ Bla,b]: i=1,2, known
where B|.,.] denotes the beta distribution. Also, we assume that p, 6, and 6,

are independent parameters. So, the joint posterior distribution for (p, 6, 8>),
given the augmented data (X, I), is

lp, 01,02 | X, 1] o p+Zine (1 — p)p#n= i g FLin XL,

. (1= )t X"-’G;'”Z;l X‘(l""(l — )t L (1-X00-1) ()

The Gibbs algorithm is given by the following stages :

e Stage 1: Construct ([;,1 - 1), i=1,...,n, given p,6;,6,, from the
Bernoulli distribution with p; given by (4).
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e Stage 2:
p| X, I~ Bla+) Lin+b-> I

i=1 i=1

61| X,I~Blay+> (1-X)I;; 0 + Y X1

=1 i=1

031 X, I~ Blag + 3. Xi(1 - L)y + 31 - Xo)(1 - )]

i=1 i=1

Consumers may intentionally misreport, may not remember their behavior
acurately, or may misunderstand survey questions; and so on. These kind of
errors can have a serious effects on inferences, so, we propose in this paper a
Bayesian procedure to measure the quality of the data X. The effects of the
errors on the data can be measured in the following two stages:

e Bayes p-value:
Let us assume that 7(p | X) ~ B(as, b3) and (g | X) ~ B(aq,bs).
Our purpose in this stage is to find (as, bs3) and (a4, b4) such that the
marginal beta densities of p and g can be well fitted to their Gibbs sam-
plesp* = {p0,1=1,...,m} and ¢* = {g",l =1,...,m}, respectively.
As suggested by Gelman et al. (1995), we define the Bayes p-value for
the parameter p, B,, in the following way:

J
. I rep,J *
Bp — 2]—1 [Tn3,63(‘:’ PJ)ZTcaybg(p )] , (7)

where the sum is taken over the J replicated data p™P7 = {p[*™ ..., prePd}

generated by m(p | X) for a fixed value (a3, bs), where

*\ a3+b3
Tas.bs(p ) - Z a3b3
=1 (a3+63)2(03+03+1)

m (p(’) -— ._“_3_..)2

We choose the pair (a3, b3) which the Bayes p-value is close to 0.5. The
same procedure we apply to find (aq4, bs).

e The variational distance:( Peng and Dey, 1995)
Let us denote the marginal beta distribution for p and ¢ by m,(6) =
B(0; a3, b3) and my(0) = B(0; ay, bs), respectively, where
(ax,bx), k = 3,4, were obtained in the first stage using the Bayes-p
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value. The variational distance between these two marginal densities
is defined as:

1 mp(0)
Dy = Diry(6),m(8)] =5 [ | )~ Lm0, (8)
This distance was calibrated by Peng and Dey (1995) suggesting the
following scale :

Dy > 0.25 = a strong influence of the errors on the data

0.1 < Dy £0.25 = a mild influence of the errors on the data

Dy < 0.1 = no influence of the errors on the data

A Monte Carlo procedure to compute Dy can be found in Peng and Dey,
1995.

4 An illustrative example

Some numerical results for Bayesian inference are given in this section for
simulated data. We simulate the data, X, with n = 10, from the mixture
distribution (3) for p = 0.20,6; = 0.03 and 6. = 0.60 obtaining the following

data:
X=00,1111,1,1,10,0].

We consider the priors for p,8, and 8; given in (6) with a = 10,b = 30,q, =
2,b, = 48,a, = 30 and b, = 20. We munitor the convergence of Gibbs
sampler using the Gelman and Rubin (1992) method that uses the analysis
of variance technique to determine whether further iterations are need. We
generated 10.000 observations and "burn-in” 2.000 observations and after
that we take each every 10th draw having a final Gibbs sample of size 800.
In Table 1, we have obtained the summary posteriors for p,6;,0; and gq.
Figure 1 and 2 give the the histograms and fitted marginal densities of p
and q obtained by the Bayes-p value, respectively. The estimated divergence
measure between this two marginal densities is, Dy = 0.50 indicating a
strong influence of the errors on the data.



Table 1: Summaries of posterior inferences

25% 25% Median 75%

0.1056 0.1643 0.1989 0.3204
0.0047 0.0239 0.0404 0.0626
6; 10.4891 0.5779 0.6193 0.6658
0.5736 0.6467 0.6872 0.7285
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Figure 1. Histogram of 300 draws of posterior marginal of p
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Figure 2. Histogram of 300 draws of posterior marginal of q.
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Figure 3. Dashed line: exact posterior marginal of p;full line: fitted
' posterior marginal of p.

Figure 3 shows the exact posterior marginal of p obtained by a mixture of
beta distributions given by Gaba and Winkley (1992) and the fitted beta
posterior marginal of p obtained by Gibbs sampling via Bayes p-value. This
figure shows a very nice beta marginal approximation for the exact mixture

marginal density given by Gaba and Winkley.

5 Final considerations

The divergence measure proposed in this paper, Figure 1 and 2 and Table
1 of our numerical example show very clearly the effect of the errors on the
inference of the parameter of interest. These analysis show that errors can
have a signficant impact on inference about the real proportion of consumers.
Using standard procedures that ignore such errors can result in misleading
inferences. Our results have important implications from the computation
point of view and measure in an efficient way the lost of information we have
when introducing errors in the data. Also, it was shown that a beta.marginal
density for p is a good approximation for the exact mixture proposed by Gaba
and Winkley (1992).
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