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l RESUMO: Neste artigo, consideramos o uso de misturas de distribuigoes normais

multivariadas para serem usadas em leis de classificagao e discriminagao. Con-

siderando 0 uso de métodos de Monte Carlo em Cadeias de Markov, obtemos

sumarios a posteriori de interesse e densidades preditivas para serem usadas nas

leis de classificagao. Um exemplo é introduzido.

I ABSTRACT: In this paper, we consider the use of mixtures of multivariate normal

distributions to be used in classification and discrimination rules. Considering the

use of Markov Chain Monte Carlo methods, we get the posterior summaries of in-

terest and the predictive densities to be used in the classification rules. A numerical

example is introduced to illustrate the proposed methodology.

I KEYWORDS: Mixture of multivariate normal distributions, classification and dis-

crimination, Bayesian analysis.

1 Introduction
Let us assume that we have interest to classify a unit to one among g groups based on

a vetor x of observed data (see for example, Cacoulos,1973; Lachenbruch,1975; Goldstein
1‘ O primeiro autor agradece o apoio financeiro da FAPESP, processo it 99/08961—0



and Dillon, 1978; or Johnson and Wichem, 1982). This problem usually appears in

different areas, as economy, medicine, ecology, archeology or physics.

Usually, x is assumed to have a multivariate normal distribution (see for example,

Anderson,1984; or Johnson and Wichern, 1982). The classification rule could be based

on Fisher’s discriminant function or using Bayesian approaches based on the predictive

density for a future observation ( see for example, Lavine and West, 1992).

For many applications, a preliminary data analysis for a trainning data set of the g

populations could indicate the need for other multivariate distributions for x, which could

improve the performance of the classification rules. Evaluation of classification rules could

be based on ”error rates”or misclassifications probabilities.

In this paper, we assume a mixture of multivariate distributions for x in each popular

tion with density,

K

f (X10) = ijflXloj) (1)
j=1

where 0,- is a vector of parameters associated to the jth component distribution and
KEjzl p] = 1'

Bayesian inference for mixture distributions is introduced by many authors (see for

exemple, Robert, 1996; or Titterington, Smith and Markov,1985).

As a special case, we consider a Bayesian approach for classification assuming a mixture
of multivariate normal distributions for each population using MCMC (Markov Chain

Monte Carlo) methods as in Gelfand and Smith (1990) to develop the classification rules

2 Bayesian Analysis Assuming a Mixture of K=2
Multivariate Normal Distributions

First of all, we assume the special case where each population have a mixture of K=2
multivariate normal distributions,

f(x|0) =ijf(x|o,-) (2)
1:1

Where x = (x1, ...,z,); 2?
tion Nq(flj, zj); 0 = {01,02}; 01 = {up 21} and 02 = {142,22}-

=1Pj = 1; fj(xl0,~) denotes a multivariate normal distribu—
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The likelihood function for 0 and p = (p1,p2) based on a random sample X1, ..., X" is

given by,
2

L(0,P) = H{ ijj(Xi|9j)} (3)
i=1 j=l

For simplification of the conditional distributions needed for the Gibbs Sampling algo-

rithm, we introduce latent variables (see Tanner and Wong, 1987), Z; = (Zn, Ziz) where

Z,, = 1 if the ith observation was generated from the jth component distribution (2,5 = 0

in other case) and 221 Zij = 1, i: 1, ...,n.
Observe that for the special case of K = 2 component distributions, Z,,~|x,0,p ~

b(1, v;,-) (a binomial distribution) with

vr ____
ijj(xi|05) 4J 25:1 ijj(xi|0j)

( )

Thus,

f (Zilx, 0, P) = fi’(1 - ”fly—z“ (5)

Considering a sample Z1, ..., Zn, we have,

H2;H2 [pjf(x,:|0j)]z'j

H?=I{Z§=lp,~f(xi|oj)}

Let us assume the following prior distribution for 0 and pl (see for example, Lavine

and West, 1992):

(6)f(zl,...,zn|x,0,p) =

M0) oc lzl|-%<q+l>|22r%‘q+“
( )7

7r(p1) ~ B(a, b); a,bknown.

where B(a, b) denotes a Beta distribution with meanfl and variance “H” lz+b+1)] .

Combining (3) with (6) and the prior distribution (7) assuming independence, the
joint posterior distribution for 0 and pl is given by

7r(a,p1|x, z) oc |zll-%“’*" H{[f1(x,~|ol)r“}lzz W“ fi{[f2(xi|92)]w}
i=1 (8)

psf+a>—1<1- pow-M
where r = 23:1 Zn e T2 = n — 7‘ = 2:21 zi2'
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The conditional posterior distributions for the Gibbs Sampling algorithm are given by,

(i) P1|01,92,X,Z~B(a+r;b+n—r);

(ii) p1|21,p1,02,x,z ~ Nq(i1; $21);

(iii) 21|u1,pl, 02,x,z ~ Inv -— Wishart,_1(Vl‘1); (9)

(iv) F2l22,P1,01,X,Z N Nq(i2;n—1_—,22);

(v) 22Ip2,p1, 01,x, 2 ~ Inv — Wishartn_,-_1(V{1);

where 51: 52:11 251m; 22—— _Zi—1rzzizx'; V1: E?=1 Zn (xi—11:1)(xi—x1)‘ , V2 =

23:1 Z.-2(x.~ — x2)(x,- — $2)’ and Ino —— WishartAS1) denotes a Inverse-Wishart distribu-

tion with 1) degrees of freedom with density

1 1
f(W) cc IWI-f<”+q+1’ exp{‘5trlSW‘ll},

S is a q x q symetric positive-definide scale matrix and W is positivedefinide.
To generate samples from the joint posterior distribution (8), we follow the steps:

i— Start with initial values p§°l,u§°’,,1‘°’,z‘°> and 2“);

(1)ii- Generate a. sample Z1 .,.Z$,1) from a binomial distribution with success probability
11,5 (4).

iii— Generate a sample of 111, 11.2, 21 and 22 from the conditional distributions (9).

We also could consider a informative prior distribution for 0. A conjugate prior dis-

tribution for 0 is given by,

7r—(0)— lzll (EL—2
zexP{1——tTlG121-H+l)

1—l %(I‘F1 ‘ ml)’21—1(fl1 _ mll}

fl (10)
|22|-“—”2—’+" exp{—47-10-2251] -—(u —m2)'2;‘(n2 — ma}

where gj and kj are known constants; Gj is a matrix of known constants; m,- is a vector

of known constants, j = 1,2.



With prior (10) for 0 and the same Beta prior for pl given in (7), the conditional

posterior distributions for the Gibbs algorithm are given by,

(i) P1|01,02,x,z ~ B(G+T;b+n— T);

(ii) flilzhpi, 02,122 N Nq(ai; fit);

(iii) Ellphpl: 02,X, Z N In’u _ Wighartg1+r(G;11); (11)

(iv) u2lz27p17017x’z N Nq(a‘2;fix
(v) 22|u2,p1, 01,x, z N Inv — Wi.<>'hartgz+,,_r (Gig;

_ _ - kg 2.
—1

___Where 31 — r+—k_1x1 + r+klm1; 3,2 — n—r+k2x2 + "__r+k2m 2, Gal G1 + V1 +

(£15)(i1 — m1)(x1 — m1) and (1,3 = G2 + v2 + (fig—j) (x2 — m2)(i2 - mzy.

Similar results could be obtained considering K > 2.

3 Classification for two Populations
Let us classify a new object to one of two populations based on q measurements as-

sociated random variables X’—— (X1, ,X,,) assuming a mixture of normal distributions
f<1>(x|a“>) = EH pll’f}1’(xl0§ ’) for population 1 and f‘2’(XI0‘2’)—— Ej_1p,~’f‘2’(x|0‘2’)

for population 2 where 0§)= (My), 2?) and fly) (x|o§.") denotes a multivariate normal dis-

tribution N(up; 29>); j = 1,2; l = 1,2.

The predictive density for a vector x is given by,

f<‘>(x) = [ f"’(x|0"’)7r(0“’IX)d0“’ (12)

where l = 1 or 2 (l indexes populations 1 and 2).

A Monte Carlo estimate for f(1)(x) based on the generated Gibbs Samples is given by,

f")((x)= gzmxlow’) (13)
53:1

where S is the number of generated Gibbs Samples.



To classify a new object with observed measurements x, we consider the following

allocation rule:

i- Allocate x to p0pulation 1 if,

Hi 2 [28133] [if] (14)

where c(1|2) is the missclassification cost when an observation from population 2 is

incorrectly classified in population 1; c(2|1) is the missclassification cost when an

observation from population 1 is incorrectly classified in population 2; pl and p2 are

the prior probabilities of classification to populations 1 and 2, respectively.

ii— Allocate x to population 2, otherwise.

In the special case of c(1|2) = c(2|1) and p1 = pg, the allocation rule (14) is given by,

i— Allocate x to population 1 if,
“(1)f (x) z 1 (15)
f (2) (X)

ii— Allocate x to population 2, otherwise.

4 A Numerical Illustration
As an illustrative example, let us consider the data of two simulate samples of size 100

generated from populations 1 and 2 with mixtures of two bivariate normal distribution
with density (2).

For population 1, we assume,

u1=(2.5 4.5); 21— 1_04
0.3 1 5

2.0 0.4
[£2 = (4.0 10.0) ; 22 = ; p2 = 0.6

0.4 25
For population 2, we assume,

1 0 0.3
n1=(3.5 5.5); 21— 1_05

0.3 20



2.0 0.4
u2=(6.5 14.6); 22:

04 30
; p2=0-5

In figure 1, we have the plot for the data x = (2:1, 3:2) from both populations.
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Figure 1: Data from populations 1(o) and 2 (x).

In figure 1, we clearly observe two clusters of data for both samples, which indicates

the mixture of two bivariate normal distributions for each sample.

If we consider the usual linear discriminant function assuming multivariate normal

distributions for each population with same covariance matrix 2 (see for example, Johnson

and Wichern, 1982), same missclassification costs and same prior probabilities, we have

in table 1, the classification table for all data set.

Table 1 - Classification table (linear discriminant function )

Predicted membership

Popl Pop2 Total

Actual Popl nlc =70 mm = 30 nl = 100

membership P0p2 77,2", =40 ngc = 60 71,2 =100

In table 1, me is the number of Pop1 items correctly classified as Popl items; nlm is

the number of Popl items missclassified as Pop2 items; nae is the number of Pop2 items



correctly classified; 712," is the number of Pop2 items missclassified; n] and 722 are the

total of actual items in each population.

The apparent error rate is given by

n1m+n2m_ 30+40 =035
n1+n2 ”100+100 ‘ 'APER =

Considering a quadratic discriminant function assuming multivariate normal distribu—

tions for each population with different covariance matrices 21 75 22, same missclassifi-

cation costs and same prior probabilities, we have in table 2, the classification table for

all data set.

Table 2 - Classification table (quadratic discriminant function )

Predicted membership

Popl Pop2 Total

Actual Popl nlc =76 mm = 24 nl = 100

membership Pop2 ngm =41 712C = 59 17,2 =100

Using the quadratic discriminant function, the apparent error rate is given by APER =
(24 + 41) /200 = 0.325.

We observe from the values for APER considering a usual linear discriminant function

or a quadratic discriminant function that a large proportion of items are missclassified,

which indicates that the used classification rules are not appropriated for the data set.

Considering a mixture of two bivariate normal distributions (2) with a?) = (all), El")
and 0g" = (pg), 25") where,

(l) (l) (l) (l)
l a a a a”l )

__. (I‘ll): pg), fig) ___ (All), (0), 2?) = 111 112
’ 2g) 2 211 212

22 (l) (l) (l) (l)U 121 0122 0221 0222

for l = 1 (Popl) and l = 2 (Pop2) and the prior distributions (7) with a = 2,b = 3

for Popl and a = 2,1) = 2 for Pop2, we generated 10000 Gibbs Samples for the joint
posterior distribution (8) using the conditional posterior distributions (9). We monitored

the convergence of the Gibbs Samples using the Geweke (1992) method.

The results were generated using Ox package version 2.10 (see Doomik,1999). For each

parameter, we discarded the 4000 first iterations (burn-in-samples) and we considered

the 20th,40th,... iterations. Therefore, we have a final sample of size S = 300.



In table 3, we have the posterior summaries for all parameters. We also have in table

3, the convergence values for the Geweke (1992) criterium GW. We observe convergence

for all parameters since |GWl < 2.

Considering Monte Carlo estimates for the predictive densities for x in both popula-

tions based on the S = 300 generated Gibbs Samples, we use (15) to classify the items to

both populations 1 and 2.

Table 3 - Posterior summaries (mixture of two bivariate normal
distributions; prior distributions (7) for 0)

Parameter Mean SD. 95% credible interval | CW I

091) 2.2180 0.20796 (1.8231;2.5952) 0.0187

1412) 4.7413 0.36945 (4.1906;5.6530) 0.0312

63), 1.2288 0.33482 (0.70499;2.0119) 0.0256

632 2.0556 1.1650 (0.79698;5.2064) 0.0104

092 0.38458 0.32913 (-0.22956;1.0659) 0.0864

Popl p?) 0.38848 0.069225 (0.26940;0.54735) 0.0455

pg) 4.0117 0.28724 (3.4918;4.7025) 0.0163
1192) 10.0520 0.40065 (9.1946;10.722) 0.0523

6.33 2.5543 0.50716 (1.6696;3.7523) 0.0164

6322, 4.1283 1.4710 (2.0013;8.0003) 0.0704

3932 1.1125 0.5469 (0.15604;2.3419) 0.0175

33> 3.1585 0.1700 (2.8474;3.5063) 0.0497

pg) 5.5554 0.18671 (5.1742;5.9197) 0.0539

63). 1.2615 0.28094 (0.82515;1.9301) 0.0025

Pop2 653 1.6764 0.43747 (1.0427;2.5983) 0.0131

63; 0.18441 0.2566 (-0.31451;0.7831) 0.0327

p?) 0.44199 0.046343 (0.3554;0.52604) 0.0075

pg? 6.5406 0.2432 (5.9708;7.0236) 0.0036

pg) 14.80 0.2556 (14.250;15.305) 0.0310

as} 2.4759 0.49652 (1.7055;3.5964) 0.0055
6922 4.4486 1.0596 (2.7541;7.0163) 0.0112
6.53; 1.2344 0.55629 (0.19226;2.5609) 0.0174

In table 4, we have the classification table for all data.



Table 4 - Classification table (mixture of two bivariate

normal distributions. )

Predicted membership

Popl Pop2 Total

Actual Pop1 nlc =83 nlm = 17 nl = 100

membership Pop2 71,2", =19 ngc = 81 17,2 =100

Considering a mixture of two bivariate normal distributions for both populations, the

apparent error rate is given by APER = (17 + 19)/200 = 0.18. That is, we observe a

great improvement in the classification rule using the mixture of two bivariate normal

distributions, since we get a very small value the APER in comparison with the obtained

values for the APER using linear or quadratic discriminant functions.

We also could assume the conjugate prior distribution (10) for 0. Considering

m1 = (2.5; 4.5); m2 = (4.0; 10.0); [cl = [Q = 3;gl = 92 = 7; a = b = 10;

1 0.3 2.0 0.4
G1 = and G2 =

0.3 1.5 0.4 2.5

m1 = (3.5; 5.5); m2 = (6.5; 14.6); k1 = 192 = 3;91 = 92 = 7; a = b = 10;

1 0.3 2.0 0.4
G1 = ( and G2 =

for population 1 and

0.3 2 0.4 3.0

for population 2, we have in table 5, the posterior summaries for all parameters based

on S = 10000 Gibbs Samples generated from the conditional posterior distributions (11).

The used simulation procedure was similar for the case considering the prior distribution
(7)-
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Table 5 - Posterior summaries (mixture of two bivariate normal

distributions; prior distributions (10) for 0)

Parameter Mean SD. 95% credible interval | GW I

1191) 2.2626 0.19234 (1.8744;2.6433) 0.0019

Mg) 4.5904 0.22286 (4.2052;5.0603) 0.0116

63} 0.94689 0.2639 (0.55589;1.6046) 0.0736

6932 1.3017 0.47161 (0.70885;2.5620) 0.0588

692 0.3243 0.20275 (0.004668;0.81366) 0.0719

Popl pg» 0.39912 0.052701 (0.29853;0.50799) 0.0189

7191) 3.9721 0.22622 (3.5397;4.4167) 0.0531

fig) 10.054 0.28728 (9.4443;10.579) 0.1254

61131 2.233 0.39157 (1.616;3.0994) 0.0404

6522 3.6273 0.95053 (2.0555;5.8916) 0.0801

63; 0.99682 0.42114 (0.26592;1.9683) 0.0718

A? 3.2034 0.16598 (2.8589;3.5076) 0.0114

”$3 5.6200 0.1778 (5.2761;5.9473) 0.0023

afi’, 1.0981 0.2387 (0.71551;1.5960) 0.0348

552; 1.5455 0.35837 (0.98285;2.3600) 0.0296

59. 0.20325 0.19768 (-0.20371;0.63515) 0.0405

Pop2 A” 0.45774 0.044559 (0.37268;0.53877) 0.0274

693 6.5791 0.20661 (6.1442;6.9367) 0.0154'

15.3) 14.811 0.23635 (14.385;15.286) 0.0009

63} 2.1137 0.41496 (1.4666;3.1241) 0.0266

egg). 3.7948 0.72236 (2.559;5.3511) 0.0649

5.592 1.0023 0.41995 (0.26454;1.8881) 0.0542

In table 6, we have the classification table for all data.

Table 6 - Classification table (mixture of two bivariate normal

distribution and the priori distributions (10) for 0. )

Predicted membership

Popl Pop2 Total

Actual Popl ”1c =86 nlm = 14 711 = 100

membership Pop2 712m =18 77.26 = 82 712 =100

In this case, the apparent error rate is given by APER = (14 + 18) /200 = 0.16.
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We observe a better performance for the classification rule assuming a mixture of

bivariate normal distributions for both population and the conjugate prior distribution

(10).

5 Concluding Remarks
For many problems of classification and discrimination, the use of standard linear or

quadratic discriminant functions could not be appropriate. Usually, a preliminary analysis

of existing trainning data could indicate different shapes for the multivariate distribution

to be used in the classification rules in place of the usual assumption of multivariate

normal distribution for the data of each population.

In this case, the use of mixture of multivariate normal distributions could be very

useful to be used in the classification rules.

It is important to point out that the use of MCMC methods to get the posterior sum—

maries of interest does not require sophisticate computational expertise and this approach

could be extended to mixtures of more than two multivariate normal distributions with

higher dimensions.
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