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Abstract
This paper is a companion paper of Leao, Fragoso and Ruffino (1999) and Lean,
Fragoso and Ruffino (2001), in the sense that we carry out further studies on
the properties of Radon spaces, proposed in Leao (1999). For instance, we
study topological properties of these spaces and establish an isomorphism be-
tween probabilities spaces associated with these spaces and Lebesgue spaces. In
addition, we establish a general way to construct probabilities on Radon spaces.

Introduction

Although Kolmogorov’s axiomatic model for probability is widely accepted, since
its inception in Kolmogorov (1933), it is a well-known fact that a certain amount
of pathology is inherent to this model (see, e.g., Dieudonné (1948), Andersen and
Jessen (1948), Doob (1948) and Jessen (1948)). In an attempt to refine this axiomatic
model, Gnedenko and Kolmogorov (1949) introduced explicitly the concept of a perfect
probability space. It is well known that if (Q, f, P) is a perfect probability space, then
most of the pathology, above mentioned, is ruled out (see, Sazonov (1965)).
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Due to its importance, there have been a great deal of investigations on the measure
theoretical properties of perfect probability space an their relationship to other concepts
in probability theory (see, Ryll—Nardzewski (1953), Sazonov (1965), Faden (1985) and
Ramachandran and Riichendorf (1996)). In this regard, Ramachandran (1979) argues
that the perfect probability space turn out to be, technically, the most pleasing class
of probability spaces.

There have been also attempts (e.g. Blackwell (1956) and Kallianpur (1959)) in
characterizing all those measurable spaces (Q, f) having the property that for every
probability P on f the probability space (Q, 73, P) is perfect. In Blackwell (1956), it is
introduced the class of Lusin’s spaces, nowadays also known as Blackwell’s spaces(see,
e.g., Dellacherie and Meyer (1978)). For the class of separable Hausdorff measurable
spaces, Leao, Hagoso and Ruffino (1999) characterizes the class of measurable spaces
(Q, f) having this property via the concept of Regular Conditional Probability (RCP).
We call this class of measurable spaces, introduced in Leao (1999), as Radon spaces If
Blackwell’s space is Hausdorff, i.e. a Souslin space according to Dellacherie and Meyer
(1978), then it is shown in Leao, Fragoso and Ruffino (1999) that it is a subclass of
Radon spaces.

In this paper, we consider Radon spaces and their relationship to others concepts in
probability theory and topology. First, we establish several characterizations of Radon
spaces (Theorem 3.1) including an equivalence with the Lebesgue space introduced by
Rohlin (1949) (Theorem 3.1, item 8). In addition, we use the arguments of Hahnos
and von Neumann (1942), in order to characterize Radon spaces via almost isomor-
phism with the traditional Lebesgue space ([0, 1], fl([0, 1], m) (Theorem 3.2). Finally,
we establish a general way to construct probabilities that caracterize the class of Radon
spaces (Theorem 3.3).

The outline of the content of this paper is as follows. In Section 2, we study
separable Hausdorff measurable spaces and their relationship with subsets of the Cantor
space. Using some well—known results and results from Section 2, we study the class of
Radon spaces in Section 3.

2 Separable Hausdorff Measurable Space
Let (Q, f) be a measurable space. The atoms of f are the equivalence classes in

Q for the equivalence relation given by w N w’ if and only if

1A('w) = 1,4(w');

for all A E 7: where L; is the indicator function. The measurable space (Q, J?) is called
Hausdorfi if the atoms are the points of Q. If there exists a sequence of elements in fthat generates f itself, we say that .7-" is separable.



Consider (9, F) a separable measurable space, such that the sequence {En} gener-
ates .7-". Then, for each 11) e 9, we define

En ; wEEnD"(w)= {E ; web?”

and

Zw = D1('w)flD2(w)fl---

With these elements, we can establish the following result.

Lemma 2.1 Let (Q, f) be a separable measurable space such that J: = a({En}). Thus,
for every 1111, 102 E Q we have wl ~ 1112 if, and only if; Zw1 = ZM.

Proof: If wl ~ 1122, then we have that IlEn(w1) = 1113” (102) for each n 6 N or Z",1 = 2102.
On the other hand, consider that Z,”1 = sz, then llEn(w1) = llEn(w2) for each

n e N. Since a({En}) = f, it is enough to show that

Z = {ACQleA(’LU1)=]lA(’LU2)}

is a a-algebra. It is easy to see that (b E Z. Furthermore, if A E Z, then

11A(’IU1) = 1,4(102) 42> 1 — 11,1001) 2 1— 11,4(102) 42> ]1Ac(w1) 3: 11Ac(w2)

Thus, Ac 6 Z. Let A1, A2, - - - be elements of the class Z. Hence,

lnleAle) = H1An(w1) = H1An(w2) = 11n:°=1An(w2)
71:1n=1

C!

If (Q, f) is a separable Hausdorff measurable space, we obtain from Lemma 2.1 that
wl ~ wz if, and only if, wl = Zw1 = sz = 102. Hence the sequence {En} separates
points in (Q, f),i.e.,

i. f = asap
ii. For every ml, 102 E Q (1111 = 1112) there exists a m G N such that 113m (wl) =

IlEm(w2).

Lemma 2.2 A measurable space (9,7?) is Hausdorflr and separable if; and only if,
there exists a sequence {En} that separates points in (Q, f).



In the sequence, we shall define a suitable topology m on Q such that J: = U{Tn}-
Consider (Q, 7) a separable Hausdorfi" measurable space. Then, there exists a sequence
{En} that separates points in Q. Let V0 be the class of subsets of Q that contains En
and E3. We denote by V1 the class obtained by finite intersection operation of elements
of V0. Hence, the class V1 defines a base for the topology

Ta = {0CQsz€O, EIBEV1 suchthat weBCO}
It follows from Blackwell (1956, theorem 2) that the function pg : Q x Q ——> [0, 00),

defined by
1

k(w1,w2) ; wl : w2
109001, 1.02) z {

0 ; 11.11 =U)2

where k(w1, w) is the smallest n e N for which llE"(w1) = 115" (wz), defines a metric
on Q. Furthermore, it is easy to show that the topology generated by the metric
pg coincides with 79. Since V1 is a base for m and generates f, we conclude thatf = (f(m).

Given an abstract set Q with a class of subsets C, we say that C is a compact class
if for every sequence {On : n 2 1} in C with intersection 07,210” = (0 there exists
an integer no such that 07,900" = (2). For a probability space, we say that the triple
(Q, T, P) is compact if there exists a compact class C C f such that

P(A) = sup{P(C):CcA,CeC} ; A6]:
For instance, if (Q,T, P) is a probability space where Q is a topological space, 7 the
Borel a—algebra and P a regular probability, then obviously (Q, .7-', P) is a compact
probability space. In addition, a probability space (Q, f, P) is said to be perfect if for
any measurable function f : Q —+ R there exists a Borel set B such that B C f (Q) and
P(f‘1(B)] = 1. If the a—algebra f is separable, it is well known that perfectness and
compactness are equivalent, see e.g. Tortrat (1977, Proposition 3).

Next, we shall establish a homeomorphism between a separable Hausdorff measur—
able space and a subset of the Cantor space. Let S be the space composed by the
elements 0 and 1, and

S°° : SxSxSx---
The space S°° is known as Cantor space. Consider 7r;c : S°° —> S the coordinate
projections (k: E N), defined by

flk(w) = wk; w=(w1,w2,---)€S°°ek€N.
With these projections, we can define the class of cylinders sets of S°° with base in S,
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S = {7r,;1({i});ies, keN}
It is easy to show that 8 satisfies the following properties: it is compact, separates
points in S°° and it is enumerable.

Let D be the collection of all finite subsets of natural numbers. The class

A ={1rm({w1,,})fl-~-fl7r,;1({wvn}):(v1,---,vn)6 D, (wv,,wv2,---,w,,n) e S",n 6 N}

of subsets of S°° contain S and it is obtained from finite intersection operation of
the elements of S. Then, we conclude that A is a compact class. For every 1) =
(111, v2, - - - , on) e D with n E N, the coordinate projection 1a, is given by

7130610) = (111.01,‘ ' ' ’wvn) ; w =(’1U1,’LU2,' ' > G S°°

Hence, the algebra of cylinders sets is defined by

C = {7r,,‘1(B):v=(v1,---,vn) E’D, B CS" andnEN}
Since C is obtained from finite union of pairwise disjoint elements of A, we conclude
that C is also a compact class. It follows from the compactness of the algebra C that,
every additive set function 6 : C —> [0,1] such that 600) = 0 and (5(S°°) = 1 is also
a—additive. Thus, there exists a unique probability P on the a-algebra A generated by
C, such that

P(B) = 6(B) ; VBEC

If we denote by 8 the class of subsets of S°° composed by enumerable intersection
operation of elements of C, we have that

P(D) = nli_)rr)1°5(C’n) ; VD 68
where {On} is a decreasing monotone sequence of elements of C such that D = flCn,
and

P(A) = sup{P(K):KCA, Keg} ; VAEA
Furthermore, we have that 8 is a compact class (since it is obtained from enumerable
intersection of elements of C).

Since the measurable space (S°°, A) is separable and Hausdorff, we can define a
metrizable topology on S°° using the class of cylinder sets. For this, we observe that



the class A separates points in the Cantor space and it is closed by finite intersection
operation, then we obtain that A is a base for the topology

7- : {OCS°° : VweO, ElBGA,suchthatw€BCO}
If we endow the space S with the discrete topology, we have that T coincides with the
coarsest topology for which all coordinate projection in, is continuous. Furthermore, it
follows from Tichonov Theorem that S°° is compact.

Lemma 2.3 A subset A of S°° is open and closed in 7- if, and only if, A 6 C.

Proof: Suppose that A C S°° is open and closed in 7'. Since A is open, for each to E A,
there exists B“, e A such that w e Bu, C A. Hence,

wGA

is a covering of A. Using the fact that A is also closed and S°° is compact, there exists
a finite subcovering {Bh - - -

, Bu} C C satisfying

BizA
n

=12

Hence, we conclude that A 6 C. D
If we consider the metric introduced by Blackwell (1956, Theorem 2), we conclude

that the topology generated by this metric coincides with T.

Lemma 2.4 The Cantor space endowed with the T topology is a compact metrizable
space such that

8 = {K C S°° : K is compact}

Proof: It is‘enough to show that {K C S°° : K is compact} C 5. Suppose that K is
a compact subset of S°°. Since KC is an open set, there exists a sequence {Bn} C A,
such that

KC 2 UBn
n=1

and hence,

K = flBc
n=1



where Bf, 6 C for every n E N. Thus, we conclude that K E 8. D
It follows from the above results that for each probability P on (S°°, A),

P(A) = sup {P(K) : K C A,K is compact} ; A 6 A

Furthermore, it is easy to show that

r = {UBn : {Bu} C A} = {UCn : {Cn} CC}

Since (S°°, A, P) is a perfect probability space, we obtain that

P(A) = inf{P(O):AC0,0€T} ; AEA
Two measurable spaces are said to be isomorphic if there exists a bijection between

them which is measurable and has a measurable inverse. Such a bijection is called
a measurable isomorphism. Let (Q,.7-') be a separable Hausdorff measurable space
such that the sequence {En} separates points in Q. Marczewski (1938) introduced the
function

Wu”) = (“E1(w)1nE2(w)7nE3(w)v'") ; 11169

which associate the elements of Q with the elements of the Cantor Space. This function
establish a measurable isomorphism between (Q, f) and (U, fi(U)) where U C S°° and
fl(U) is the trace a-algebra [Marczewski (1938), Dellacherie and Meyer (1978)]. We
shall call lIl the Marczewski characteristic function (MCF). Next, we shall show that
\11 establish a homeomorphism.

Lemma 2.5 Let (Q,f) be a separable Hausdorfi measurable space. If we endow Q
with the 7-9 topology, we have that the MCF establish a homeomorphism between Q and
U, where U (C S°°) is endowed with the topology induced by 7' on U. Furthermore, the
elements of the sequence {En}, which separates points in Q, are open and closed in T9.

Proof: We know that the MCF \Il : Q ——> S°° establish a measurable isomorphism, then
it is enough to show that lIl is continuous and it has continuous inverse. Consider {wk}
a sequence of points in Q such that wk —> w in m, we shall show that \Il(wk) ——> \Il(w)
no S°°

Since wk —+ w, for every j e N, there exists nj 6 N such that

1
pn(wk,w) < 3 ; 16271,-



Hence, we conclude that 13, (wk) = 11g, (10) for every I = 1, 2, - - - ,j e k 2 nj. Then,
1

PC [W(wk),\11(w)] <
3“

; k 2 n,-

Since j E N is arbitrary, we conclude that lI/(wn) —> \Il(w). In order to show that lI/‘l
is also continuous, it is enough to observe that

ME”) = W;1({1}) 0 U

for every n e N. E]

Consider K the set consisting of real numbers as of the form a: = 2 2&1 x,- /3’, where
each x, equals zero or one. Since every such series converges, K is a collection of real
numbers which we may metrize by the usual metric. Furthermore, it is easy to show
that K is homeomorphic to S°° [Pervin (1964), Theorem 8.3.2]. Hence, we conclude
that for every separable Hausdorff measurable space (Q, IF), if we endow Q with the
Tg topology and K with the usual topology, we obtain that Q is homeomorphic to a
subset of K (or [0,1]).

Let (Q, f) be a separable Hausdorff measurable space, then we can define a sepa-
rable metrizable topology (7g) on Q such that \11 : Q —» U establish a homeomorphism
between Q and U, where U is endowed with the topology induced by 7- on U. Next,
we shall characterize the class compact subsets of Q.

Lemma 2.6 Let [Cg be the class of compact subsets of Q. Then, we have that

[Cg : {lil‘l(K) : K C U, K is a compact subset of SW}

Proof: Consider C’ a compact subset of Q. Since ‘Il is a homeomorphism, the restriction
\Il : C’ ——> S°° is a continuous function. It follows from the compactness of C that ‘II(C)
is also compact [Royden (1988), prop. 4, pg. 191]. Hence,

[Cg C {W‘1(K) : K C U, K is a compact subset of Sm}

On the other hand, let K C U be a compact subset of S°°. Using the same arguments,
we conclude that \I"1(K) is a compact subset of Q. C!

Let Y be a compact metric space endowed with its Borel o—algebra ,B (Y) Consider
U C Y endowed with the a—algebra trace of MY) on U denoted by fi(U) and the
topology inherit of Y.

Teorema 2.1 For the measurable space (Q, .7-"), the following statements are equiva-
[eats

a. (Q, f) is a separable Hausdorfi measurable space;
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b. There exists a measurable isomorphism between (Q, f) and (U, fi(U)), where U is
a subset of a compact metric space;

0. There exist a topology 69 on 9 that generates f and a homeomorphism (b : $2 —> U,
where U is a subset of a compact metric space endowed with the topology inherited
Of Y;

d There exist a separable metrizable topology 69 on 9 such that J: : a(rg);
Proof: First, we have that (a) implies (b), (c) and (d) [Lemma 2.5] . Since (U, fi(U))
is separable and Hausdorff, we conclude that (b) implies (a). Next, we shall establish
that (c) implies (d). Using the fact that U is separable and metrizable and there exist
a homeomorphism between Q and U, we conclude that (d) is valid. Finally, it is easy
to see that (d) implies (a). III

3 Main Results

Given a measurable space (E, 8), we denote by 8" the completion of 8 with respect
to a probability /\ on this space. The universal a—algebra 8* is defined by

9 = my
A.

where the intersection is taken over all probabilities A on (E, 8). The sets contained
in 5* are called universally measurable.

Let Y be a compact metric space endowed with its Borel a—algebra MY). We say
that (Q?) is a Radon space if there exists a measurable isomorphism ¢ : (9, f) —~>

(U,fi(U)), where U 6 fl(Y)* and MU) = {An U: A G fl(Y)}, the trace ofMY) on U.
Note that

fl(U)* = {BflUiB €fl(Y)*}

The next theorem provides a characterization of Radon spaces which helps to un—

derstand this concept and to realize how rich the structure of this space is.

Teorema 3.1 Consider (Q,]:) a measurable space, then the following statements are
equivalents:

1. (Q?) is a Radon space;

2. (9,7?) is a separable Hausdorff measurable space and for each probability P, the
probability space (Q,.7-', P) is compact (or perfect);
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3. There exist a sequence {En} that separates points in (Q, f) and the MCF establish
a homeomorphism between Q (endowed with the 7-9 topology) and a universally
measurable subset U of S°° endowed with the induced topology;

4. There exist a topology on on Q that generates J: and a homeomorphism d) : Q —) U,
where U is a universally measurable subset of a compact metric space Y endowed
with the topology inherit of Y;

5. There exist a sequence {En} C 7: such that the MCF establish an isomorphism
between Q and U, where U is a universally measurable subset of S°°,'

6. There exist a separable metrizable topology m on Q that generates J: and for each
probability P on (Q, f), we have that

P(A) = sup{P(K):KCA, K iscompact in 7-9} ; AEf;
7. There exist a separable metrizable topology m on Q that generates f and for each

probability P on (Q, f), we have that

1 = sup{P(K): K is compact in T9} ; A EF;

8. (Q, T) is a separable Hausdorflr measurable space and for each probability P and the
MCF \Il : Q ——> U, there exist a subset B C U with B 6 A and P[\Il‘1(B)] = 1.

Proof: It follows from Theorem 2.1 in Leao, Fragoso and Ruffino (1999) that (1) and
(2) are equivalent. If (Q, f) is a Radon space, then (Q, f) is separable and Hausdorff.
Hence there exist a sequence {En} that separates points in (Q, .7-') [Lemma 2.2]. Now, if
we endow Q with the m topology we obtain that the MCF establish a homeomorphism
between Q and U, where U is endowed with the topology induced by S°°. Furthermore,
it follows from Corollary 2.1 in Leao, Fragoso and Ruffino (1999) that U is universally
measurable. Thus, we conclude that (1) implies (3). Moreover, it is easy to show that
(3) implies (1).

In order to prove that (3) implies (4), it is enough to define 59 = 79. On the
other hand, if (4) is valid, we have that (Q, T) is a Radon space. Hence (4) implies
(3). In order to Show that (1) and (5) are equivalents, it is enough to see that (3)
and (5) are equivalents. Next, let (Q, f) be a Radon and P a probability. The MCF
lII establish a isomorphism between (Q, f) and (U, 6 (U )), Where U is a universally
measurable subset of S°°. Consider (\II*P) the image probability on (U, fl(U)). Since
U is universally measurable, we can extend (\II*P) on (Q,A*), where A" corresponds
to the universal o—algebra. Thus, we obtain that
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(‘II*P)(A) = sup{(\Il*P)(K) : K C A, K compacto no S°° }

for each A E A*. Hence, it follows from Lemma 2.6, that

P(B) = sup {P(C) : C C B, C compacto} ; B 6 f
The equivalence of statements (6) and (7) follows from the remark of Definition 1.1 in
De La Rue (1993).

In the sequence, we shall Show that (1) and (8) are equivalents. Consider (9,1?) a
Radon space, then the MCF \Il : Q ——+ U establish a measurable isomorphism, where U
is a universally measurable subset of S °°. Let P be an arbitrary probability on (Q, I).
Hence, there exist a probability p on (U, [3 (U)) such that

MB) = P[w-1(B)] ; Bemv)
Since U is a universally measurable subset of S°°, we can extend it on (S°°, A*), such
that

u1(D) = ulDflU] ; B€A*

Moreover, there exist 0 6 A with C’ C U, satisfying

M0) = M0) = MU) = MU) = 1

Hence, we obtain C E A with C C U, such that

1 = “((1) = P[\Il‘1(C)]

On the other hand, assuming that (8) is valid, we shall show that U is universally
measurable. Let p be a probability on (S°°,A). Suppose that ,u*(U) > 0, otherwise
there is nothing to do. Hence, we can define

MB) = fig ; Beam
where M denotes the exterior probability of u. Thus, there exist a probability P on
(9, f) satisfying

PM) = M1l‘1’(A)l ; A E 7:

Since (8) is valid, there exist C’ E A with C’ C U such that
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Then, we obtain that

me) = WU)

Since u is arbitrary, we conclude that U is universally measurable.
CI

Let (Q, f) be a Radon space, then the following version of the MCF

\Il(w) = igfilEn(w) ; 1069
11:1

establish a homeomorphism between Q (endowed with m topology) and V, where V is
a universally measurable subset [0, 1] with the inherit topology. Thus, a similar result
of Theorem 3.1 could be obtained replacing S°° and U by [O, 1] and V, respectively.

Consider P a non atomic probability on a Radon space (Q?) (i.e., P({'w}) = 0,
for any 11) 6 Q) and

Fm) = P[\II‘1([O,x])] ; m€[0,1]

the accumulated distribution function of \If. Thus Fq, is continuous and increasing
function such that Fq,(0) = 0 and Fq;(1) = 1. Let g : [0,1] —> [0,1] be a function
defined by

901) = inf {a 6 [0, 1] :171140) 2 11}

Hence, we'have that g is strictly increasing and left continuous. Furthermore,

Fg(y) = m{w 6 [0,1] : 906) S y} =

m {33 6 [0,1] : {inf{a E [0, 1] qu,(a) 2 $}} S y} = Fq,(y)

where m denotes the Lebesgue measure on ([O,1],fl([0,1])). Since Fg and Fq, are
distribution function defined on the same measurable space ([0, 1], fi([0, 1])), we obtain
that

(‘1’*P)(BflU) = (g*m)(Bflg([0a1])) ; B€fi([0, ll) (1)

12



Using the fact that U = ‘II(Q) is universally measurable set, there exist a Borelian
set D 6 fl([0, 1]) such that (‘II*P)(U) = (‘II*P)(D) == 1 (D C U). Hence, we have
that Q’ = \II‘1(D) G J: and

P(Q') = P(\p—1(D)) = P(Q) = 1

On the other hand, it follows from the measurability of g and the perfectness of the
probability space ([0, 1], fl([0, 1]), m) that, there exists a Borelian set F C g([0, 1]) such
that (g*m)(F) = (g*m)[g([0,1])]. If we define E’ = g‘1(F) (E fi([0,1])), we have
that

m (E') = m(g-1(F)) = m([0,11) = 1

Consider R = (F — D) U (D —— F), hence

V105” — D) C [W_1(D)]C

Thus,
P[\II“(F—D)] 5 P{[\Il'1(D)]°] = o

It follows from Equation (1), that

m [g-1(F— D)] = P [lI/"1(F — D)] = 0

Using the same arguments, we can show that

P [if—1(D— F)] = m [g"1(D — F)] = 0

Hence, we conclude that P[\P‘1(R)] = m[g‘1(R)] = 0. If we denote by (20 : Q’ —

‘IJ‘1(R) E 7: and E0 = E’ — g_1(R) e fl([0, 1]), we obtain that

Moreover, the functions ll! : 90 —> F F] D and g : E0 —» F n D are measurable
isomorphism with the same range. Then, the function g" 0 \Il : (20 ——> E0 establish a
measurable isomorphism, and for every A e f,

P(A) = pm n 90) = m [(g—1 o \IJ)(A n gm]

We say that two probability spaces (Q, f, P) and (E, 5, u) are almost isomorphic,
if there exist subsets 90 E J: and E0 6 5 with P620) = ”(E0) = 1 satisfying

a. There is a measurable isomorphism (I) between (90, fig) and (E0, 80), where 7:0 (80)
corresponds to the trace a—algebra of f (S) on 90 (E0);
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b. For any A 6 f, we have that

Teorema 3.2 The separable Hausdorfir measurable space (Q, T) is Radon if, and only
if, for each non atomic probability 1/ , the probability space (Q, 73, V) is almost isomorphic
to the ([O,1],fl([0,1]),m).

Proof: If (Q, F) is a Radon space, it is enough to define <I> = (g‘1 o \I’). By the other
hand, if there exist Q0 6 J: and E0 6 fi([0, 1]) with 1/(Q0) = m(E0) = 1 satisfying
(a) and (b), we obtain from Ryll-Nardzewski (1953, Theorem VII, pp. 129) that the
complete probability space (Q,f”, V) is perfect. Moreover, it is well known that a
probability space (Q,.7-', V) is perfect if, and only if, the complete probability space
(Q,.7-"’, V) is also perfect [Sazonov (1965), Prop. (d), pp. 239]. Then, for every non
atomic probability P on (Q,.7-'), the probability space (Q, 93 , P) is perfect (or com-
pact). Next, we shall extend this property for an arbitrary probability. Consider P a
probability on (Q, f), then for each a > 0, the set

{w 6 Q: P({w}) > a}

is finite. Moreover, the collection of all points 11) 6 Q such that P({w}) > 0 is finite
or enumerable infinite. Then, we can enumerate w1,w2,- - - such that P({w1}) 5
P({w2}) S -- -. For each n 2 1, we define

Mn : P({wn})

and
00

M0 = 1 — 2 Mn
n=1

Consider Mn“ = 0 if there is no more than n points with positive probability. We
denote by Q0 = Q — Un21{wn}, we shall admit that MO > 0, otherwise it is trivial.
Since Q0 6 f, we obtain that

P(A 0 Q0)
_

M0 ’

defines a non atomic probability on (Q, f). Then, the probability space (Q, 17, P0) is
perfect (or compact). Moreover, we can split the probability P into two parts

P(A) = P(AflQo) + P(Anog) = P(AflQo) + Z P({wk})
{wk}€Aflflg

P0(A) = Aef

Thus, the probability space (Q, f, P) is compact. Since P is arbitrary, we conclude
that (Q, f) is Radon [Theorem 3.1]. D

From the above arguments, we can obtain the following result.
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Corollary 3.1 The separable Hausdorfi measurable space (9, f) is Radon if, and only
if, for every non atomic probability P, the probability space (Q,]-', P) is perfect (or
compact).

Let I be the probability defined on (S °°, A) such that

z[7r,-1({w1}) n - - - nw;1({wn})] = 2L

where (w1,-- -,w,,) E S" and n 2 1.

Corollary 3.2 The separable Hausdorff measurable space (Q, f) is Radon if, and only
if, for every non atomic probability P, the probability space (Q, .7-', P) is almost isomor-
phic to the probability space (S°°, A, l).

Proof: It is easy to show that the dyadic expansion establish an almost isomorphism
between the probability spaces (S°°,A,l) and ([0,1],fl([0,1]),m) [see, Lear) (1999),
Chapter 2]. Then, we conclude from Theorem 3.2 that (Q, f) is Radon if, and only if,
for every non atomic probability P, the probability space (Q, f, P) is almost isomorphic
to the probability space (S°°, A, l). El

Corollary 3.3 The separable Hausdorjjr measurable space (9, f) is Radon if, and only
if, for every probability P, the probability space (9,1'", P) is almost isomorphic to the
probability space (91,71, P1), where

i. 91 = [0, M0] U {an} such that an = 1 + i
it fl = 0 WHO, M01); {3713}

iii. P1 corresponds to the Lebesgue measure on ([0, M0], fi([0, MOD) with P1({:rn}) =
Mn for all n 6 N.

Proof: Let P be a probability on (Q, SF), suppose that the probability space (Q, .7-', P) is
almost isomorphic (91,771, P1). Since (S21,.7:1,P1) is compact, we obtain that (Q, T, P)
is also compact [Ryll—Nardzewski (1953), Lemma, pp. 126]. Thus, we conclude that
(9, f) is Radon (Theorem 3.1).

On the other hand, consider (Q, f) a Radon space. If P is a non atomic probability,
it is enough to apply Theorem 3.2. Consider 90 = Q — Un21{w,,}, we shall admit
that MO > 0, otherwise it is trivial. Using the fact that 90 E f, we obtain that
f0 = {A E f : A C 90} corresponds to the trace o—algebra of J: on (20 and

P(AflQO)
. AG?POM) =

M0 ,

15



defines a non atomic probability on (90,1:0). Since 90 E f, the probability space
(90, 750, P0) is compact. Hence, the probability space (90, 770, P0) is almost isomorphic
to the ([O,1],fl([0,1]),m). Thus, there exist Q6 6 7:0 and E0 6 fl([0, 1]) with P(Q6) =
m(E0) = 1 and a measurable isomorphism h : Q6 —> E0 such that

PMmQu)among): .T m'WAflflH ; Aer.
Hence,

PM 0 96) = Mo m[h(A 0 99] = m [(Moh)(A 0 920] ; A 6 $0

where (Moh)(w) = M0h(w) for all w 6 Q6. Hence, ifwe denote by E6 = {Mow : a E E0},
we have E6 E fl([0,Mo]) and (Moh) : Q6 —-+ E6 establish a measurable isomorphism
satisfying

P(Q6) = m(E6) = M0

Then, we conclude that the probability spaces (QO,.770, P0) and ([0, M0], fl([0, MOD, m)
are almost isomorphic. Finally,wwe conclude that the probability spaces (9, f, P) and
(91,331, P1) are almost isomorphic.

El

Consider (9, f) a separable Hausdorff measurable space and let {En} be a sequence
such that J: = o({En}). Next, we shall characterize Radon spaces via properties
of set functions defined on the algebra generated by {En}. First, we shall establish
a conection between universally measurable subsets U of the Cantor space and set
functions defined on the trace of the algebra of cylinders on U. Then, we shall use this
result to characterize Radon spaces.

Lemma 3.1 Consider U a subset of S°°, then the following statements are equivalent

a. U is universally measurable;

b.For each probability P on (S°°, A), we have that

P(U) : sup{P(K) : K C U, K is compact} = inf {P(0) : U C 0,0 6 7'}

c. Consider CU the trace of the algebra C on U (CU = {C O U : C E C}). Every set
function a : CU ——-> [0,1] which is finite additive and MU) = 1 is also a-additive.

Proof: Since S°° is a compact metric space and A is the Borel o—algebra, we conclude
from Theorem 3.1 that (a) and (b) are equivalents. Next, we shall show that (b) and
(c) are equivalents. Suppose that (b) is valid and consider the set function

16



m0) = menv) ; Gee
defined on C. Then, M is finite additive and [1,*(S°°) = 1. It follows from the com-
pactness of C' that W is also a—additive. Hence, using the Caratheodory Extension
Theorem, we obtain an unique probability P on (S°°, A) which extends fl*- Next, we
shall show that P(U) = 1.

Let F be a closed (or compact) set such that U C F. Then, there exists a decreasing
monotone sequence {On} C C such that 00" = F. Hence,

P(F) = ”lgrgonn) = giggle u*(Cn) = 33ng u(Cn 0 U) = 1

Thus, if U is closed we obtain that P(U) = 1. For every open set 0, there is a sequence
{CH} C C such that

U Ck = O
k=1

Suppose that U C O and O = U, then there is no G N satisfying

UCUC’sznO eC
k=1

Hence, we have that

P(O) Z P(Sno) = u*(5no) = MSMHU) = MU) = 1

Thus, we conclude that P(O) = 1 for every open set 0 such that U C O and U = 0.
Using this fact, for every universally measurable set A such that U C A and A = U,
we have that

P(A) = inf{P(O) : A C O, 0 open} = 1

Since U is universally measurable, we obtain that U1. = U U {x} is also universally
measurable, for every x 6 UG. Then, we have that

P(Uz) = 1; $€U°
Hence, we conclude that P(U) : 1. Thus, the restriction PU of P on (U, AU) satisfies

Pu(CflU) = P(C’flU) = P(O) = y,*(C') = ”(CQU) ; 066
17



Thus, we obtain that PU is a probability on (U, AU) which extends it.
Next, we shall establish that (0) implies (b). In order to prove it, we shall use the

notion of regular conditional probability. Consider P a probability on (U, AU) and
T : (U,AU) —> (E, 8) a measurable function, where (E, 8) is an arbitrary measurable
space. Hence, there exists a conditional probability I/ : E x J: —+ [O, 1] such that

P(AflT‘1(B)) = [B V(3:,A)(T*P)(d:c)

for every B e 8 and A 6 AU, where T*P corresponds to the image probability of P
on (E, E) with respect to T. We shall establish a version ,u : E x f —-> [O, 1] of the
conditional probability 1/ that is regular,

i. For every x E E, we have that ”(x, -) is a probability on (U, Au);

ii. For every A 6 AU, we have that u(-, A) is a measurable function.

It follows from the properties of conditional probabilities that 1/(-; U) = 1 (T*P) —

(1.6. and for each sequence {An} C AU of pairwise disjoint sets, we obtain that

”(y/in) = fit/(3A) ; (T*P)—a.e.

Hence, the set M1 = {x e E : 1/(x, U) = 1} belongs to 8 and (T*P)(M1) = 1.

Furthermore, for each finite sequence Cl, - - - ,Cn of elements of CU, the set

M(C’1,~v,Cn) = {w G E: u(:1:,U Ci) = Zu(m,Cz~)}
i=1 i=1

belongs to 8 and (T*P)[M(C’1,-- -
, Cn)] = 1. Then, if we denote,

M2 : UM(Cl7 WC")

where the union is taken over all finite sequence of elements of the algebra CU, we
obtain that M2 6 AU and (T*P)(M2) : 1. We define M = M1 U M2 and a function
quxCU—>[O,1]by

u(:1:,C) ; xeMM130) ={ P(C) ; xeMc
for all C 6 CU. Then, for each 11: e E, the set function Mm, -) : CU —+ [0,1] is finite
additive and ,u,(:r, U) = 1. It follows from the hypothesis (c) that ”(my ) is o—additive
on CU. Thus, these set function could be extended to a probability on AU, also denoted
by Mac, -). For any 0 6 CU and B e 8, we have that

18



P(CflT‘1(B)) = Lawrence = /B uwxwxdw)
Since CU is a algebra that generates AU, we conclude that the above Equation is valid
for all A 6 AU. Hence, ,a is a regular conditional probability. Finally, it follows from
Theorem 3.2 in Leao, Fragoso and Ruffino (1999) that U is universally measurable.

D

Teorema 3.3 Let (Q,f') be a separable Hausdorfi measurable space and {En} a se—

quence such that J: = o({En}). The algebra generated by {En} is denoted by 9. Then,
(Q, .7-') is a Radon space if, and only if, any finite additive set function u : g —> [0, 1]

satisfying ,a(Q) = 1 is also o-additiue.

Proof: Consider (Q, .7-') a separable Hausdorff measurable space, then, the MCF estab-
lish a measurable isomorphism between (Q, f) and (U, fl(U)), where U is a subset of
S °° (Theorem 2.1). Furthermore, for each n E N, we have that

ME") = fl;1({1})flU

Hence, we conclude that \II(Q) = CU and \Il‘1(CU) = g. Using this fact, for each set
function ,u defined on g, we can define a set function \Il*u on CU induced by u, satisfying

MAD) = u[‘1"1(D)] ; DeCU

Furthermore, ,u is finite additive if, and only if, 14a is also finite additive.
Now, if (Q, 77) is a Radon space, we conclude that U is universally measurable

(Theorem 3.1). Then, it follows from the Lemma 3.1 that llaa is U-additive. Thus, we
obtain that a is also o—additive. '

On the other hand, suppose that every finite additive set function a : g ——+ [0,1]
with total mass equals 1 is o—additive. Let 1/ : CU —> [0,1] be a finite additive set
function such that 1/(U) = 1. Then, we can induce a finite additive set function iffy
on (Q, f). Since every finite additive set function with total mass equals 1 is o—additive,
we conclude that u : CU ——> [O, 1] is also a—additive. Hence, it follows from the Lemma
3.1 that U is universally measurable. Finally, using Theorem 3.1 we conclude that
(Q, .7-') is a Radon space. E]
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Resumo: Neste trabalho, estudamos propriedades topologicas dos espacos de
Radon e estabelecemos um isomorfismo entre espagos de probabilidade associados a
este espaco e 05 espagos de Lebesgue. Além disso, introduzimos urn método para
“construcao” de probabilidades sobre o espaco de Radon.
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