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INTRODUCTION

Due to the possible complexity of infinite dimensional dynamical systems, it is of great interest for
mathematicians and applied scientists, to identify those problems that can be regarded as ordinary differential
equations.

The purpose of this work is to identify a class of reaction diffusion problems for which we are able to
reduce the study of the large time dynamics to the study of the large time dynamics of an ordinary differential
equation. An abstract theory is developed to include several reaction diffusion problems with large diffusion
and some for which the diffusion coefficient is large in parts of the region and becomes small in some other
parts of the region.

The techniques are the invariant manifold theory, a detailed analysis of an eigenvalue problem, some a
priori estimates and the converse theory for Liapunov stability as in Yoshizawa [1966].

This problem has been studied by several authors, among them we mention Conway Hoff and Smoller
[1978], Hale [1986), Hale and Rocha [1987a,b], Hale and Carvalho [1991], Fusco [1987] and Carvalho and
Pereira [1991]. Most of these authors worked in spaces with topology stronger than the uniform topology.
By working in energy spaces (the half fractional power space associated with the elliptic operator), we are
able to derive conclusions about the global asymptotic dynamics of parabolic problems.

As we will see throughout the text, there are several interesting parameter dependent reaction diffusion
problems for which the associated elliptic operator has a finite number of eigenvalues that converge and the
remaining diverge to —oo, as the parameter varies. This is an essential ingredient in obtaining invariant
manifolds that are graphs over a finite dimensional space and that become flat, as the parameter varies.

The existence stability and smoothness of such invariant manifolds is established in section 1.1, Theorem
1.2. This result is essential to the proof that, in some cases, the dynamics of the partial differential equation
is equivalent to the dynamics of the ordinary differential equation.

We are also concerned with identifying the ordinary differential equation that determines the asymptotic
behavior (as seen in the previous works). To that end, we will also need to know what happens to the
eigenfunctions associated to those eigenvalues that stay bounded. More specifically, these eigenfunctions
must converge in some sense to a step function which is associated to an element of an euclidean space.

To carry out this project we must obtain some a priori estimates which are usually obtained by the use
of an energy functional. For this reason we choose to work in energy spaces, where a well known concept of
dissipation is available.

The usual method of obtaining a priori estimates for the attractors through energy functionals is not
essential in any way in these proofs. They are presented in this way only because it is a method which
applies to a very wide class of problems. The results apply whatever method is used to obtain the a priori
estimates.

To emphasize how powerful such reductions can be, we remark that the question of finding equilibrium
points (or even determining their number) for a parabolic problem with a polynomial nonlinearity may be
very hard or even untouchable. However, if this problem can be associated with an ordinary differential
equation this question has a much better chance of being answered.

This paper is divided into three main parts, each of them containing several sections.

In Part I we introduce the basic results that will be used throughout the text and a few simple immediate
applications of these results. The examples considered in this part are reaction diffusion equations in a
bounded smooth domain of IR"”, n < 3 for which the associated eigenvalue problem has been studied or it is
a simple consequence of a known problem. When considering these examples the only technical difficultness
is to set up the problem in the correct space so that the abstract results can be applied.

In Part II we study an eigenvalue problem for a strictly elliptic symmetric second order differential
operator in a two dimensional domain and use this result to verify the spectral assumptions of the abstract
results in L.1.

In Part III we present some generalizations of the results in Parts I and IT and also make some comments
on the interesting features observed for the limiting differential equations.

Recall (see Hale [1988], for example) that, if T(t) : X — X, ¢ > 0, is a semigroup of transformations on
a Banach space X, then a set 4 is an attractor if it is a compact invariant set that attracts a neighborhood
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O of itself; that is, A is compact, T(1)A = A for 1 > 0 and there is a neighborhood O of A such that dist
(T(1)0, A) — 0 ast — oo. The set A is a global attractor if it is an attractor which attracts each bounded
set of X. A family of subsets { A, A > 0} is said to be upper semicontinuous at A = 0 if dist (A, Ag) — 0
as A — 0.

I. THE STATEMENT OF THE RESULTS AND SOME APPLICATIONS

This section is divided into two subsections. In I.1 we introduce the abstract results that will be used
throughout the text and in 1.2 we deal with a few simple examples.

§1. Upper semicontinuity of Attractors for Abstract Parabolic Equations.

In this section we introduce the basic abstract results that will be used throughout this paper. We start
by defining invariant manifolds.

Let X and Y be a Banach spaces and A : D(A) C X — X be a sectorial operator. Denote by A°, the
fractional powers of A and by X ¢, the associated fractional power spaces (see Henry [1981]).

Definition 1.1. Let f : X° xY — X, g: X® xY — Y be locally Lipschitz continuous functions. A set
S C X° xY is an invariant manifold for a differential equation

i= Az + f(z,y)

v=9(z,y),

if there exists 0 : Y — X© such that S = {(z,y) € X® xY : z = o(y)} and, for any (zo,y0) € S, there
exists a solution (z(-), y(-)) of the differential equation on IR such that (z(t),y(t)) € SVt € IR. An invariant
manifold S is said to be exponentially attracting if there are positive constants 4 and K such that

llz(t) — o (u(®))llxe < Ke™|2(0) - o(y(0))llx=,
whenever (z(t),y(t)) is a solution of the differential equation.

This is the definition that will be used throughout the text. Much more general definitions appear in
the literature, see for example Henry [1981].

Let d > 0 be a positive parameter, X4 be a Banach space and Az : D(A4) C X4 — X4 be a sectorial
operator. Denote by A§, the fractional powers of A4 and by X, the associated fractional power spaces.

Our first result is concerned with existence, stability and smoothness of invariant manifolds. The proof
of this result follows the proofs in Henry [1981]. Some extra attention is required since the spaces change
with a parameter, but the proof is significantly different and we omit it.

Lemma 1.2. Let fg: X3 xY — Xg and gg: X§ xY — Y satisfying:
Ifa(z,y) = fa(z, w)llx, < L(llz = zllxg + |ly — wlly),
”fd(:’y)“/\'d < N,
llga(z,y) — ga(z, wlly < L(llz = z|lxg + lly — wlly).
llga(z, Y)lly < N,
for every (z,y),(z,w) in X§ x Y. Assume that
lle™ A" wllxy < Me P |jul|xs, 120
lle~ A4 wllxs < Mt~ P D|u|lx,, t>0,
for any w € X§, where f(d) — oo as d — co. Consider the weakly coupled system

= Ad:+fd(z,y),}

v = g4(z,y). o
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Then, for d large enough, there is an exponentially attracting invariant manifold for (1.1)

Sa={(z,y):z2=04(y), y€Y},

where 04 : Y — X satisfies
s(d) = SUP{ye)'}””d(!/)”X:»
lloa(y) = ea(2)llxg < Ud)lly - zlly,

with s(d), I(d) — 0 when d — oo. If f4, g4 are smooth; then, o4 is smooth and its derivative Doy satisfy

sup || Daa(y)||L(y,xe) < I{d).
vey

Assume that g : Y — Y is Lipschitz continuous in bounded sets of Y and that

vy=9(y) (1.2)

has a global attractor .A. Assume also that there exists a constant M > 0, independent of d, such that the
set

B={u€e Xg xY :|lullxgxy < M} (H]

attracts bounded sets of X§ x Y under the flow defined by (1.1).

This hypothesis says that if the problem (1.1) has an attractor Ajg4, then it must be contained in B.
The ball B is not independent of d, since the space and its norm change with the parameter. However, the
fact that the radius of B is fixed will prove essential in the proof of our next result and can be usually be
obtained by using energy estimates.

Remark. To simplify the notation, we also denote by A the set {0} x A C X§ x Y.

Suppose that fg : X§ xY — X and g4 : X§ xY — Y are Lipschitz continuous in bounded sets of
X§ xY and that for any r > 0 there exist positive constants My, L;, depending only on r, such that

fa(z, )lix. < Lyllzllxg + My, [[Pa(z,9)lly < Lo(d)llzllxg + Mp(d), (1.3)

for all (z,y) € X xY, ||(z,y)llxgxy <, where Py(z,y) = ga(z,y)—9(y) and My(d), Lp(d) — 0 asd — oo.
Assume also that one of the following conditions is satisfied:
a) The flow defined by (1.1) is asymptotically smooth,
b) M; = 0 and the flow defined by y = g4(0,y) is asymptotically smooth,
¢) M; =0and M, =0.

Theorem 1.3. Suppose that [ H ] and (1.3) are satisfied and that either a), b) or ¢) above is satisfied. Then,
there exists a dy > 0 such that, for d > dg, the problem (1.1) has a global attractor Az and the family of
attractors, {44, do < d < o0}, is upper semicontinuous at infinity, where A, := A. Furthermore, if c) is
satisfied, we have that Ag = AVYd > dp.

Proof. Since (1.2) has a global attractor A there is a locally Lipschitz continuous function £ : Y — IR*
such that for any © € Y,
1) Z(O)=0 if ©€A,
i) a(d(©,A)) < Z(O) < b(d(©,.A)), where a is continuous nondecreasing, a(r) > 0if r > 0, a(r) — oo as
r — oo and b(r) is continuous with b(0) = 0.
iii) 2(1,2)(9) < —X(©), where I(; ) is the righthand derivative of T along the solutions of (1.2).
This result is classical in converse theory of Liapunov sability and we refer the reader to Yoshizawa

[1966).
For any ¢ > 0, let B, = {© € Y : £(©) < c¢}. Note that, property ii) implies that B, is bounded.
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Using the variation of constants formula (1.5) can be rewritten as

% =g(y) + Pa(z,p), (1.4)
z(t) =T4(t)zo +/0 T4(t - 8)fa(z(s),y(s))ds. (1.5)

Given ¢ > 0 and n > 0, let dy > 0 be such that, for all d > d,
¢—LL,(d)n— LMy(d) > 0,
where L is the Lipschitz constant of ¥ on B..

Let (z(t),y(t)) be the solution of (1.4), (1.5) with initial data (zo,yo). If y(s) € B. and [|z(s)||xs < n
for 0 < s < t, it follows that

2(y(1)) < = (y(1)) + Ll|Pa(z(t), y®)lly
< = Z(y(t)) + LLp(d)||z(t)|lxs + LMp(d) < =Z(y(t)) + LLy(d)n + LMp(d)

and
1
le(®llxs < Me*lagllxg +M [ (¢ )220 [L,la(e)lx; + My de.

Thus, if z(t) = eﬂzﬂ‘uz(t)ux:, we have that

1
2(t) < M||zo|lxs + ML,/ (t—8) e 502 (5)ds + MM, y 25
0

< Mllzollxs + MMy ve™ + MLy yo(t)
where v(t) = supoc, < {2(5)} and 7(d) = ) t=oe= %5714t = 0, as d — . Therefore,

M 8
< — = a ld
() < o(0) < gy [lellxg + My e 5]

and

M _29)
||:c(t)l|x: < m [”20”)(:6 T4+ My ‘7] ;

Assume that dp is chosen such that, for d > dp, 1 = MLy > % and M; v < gk . Under this condition

_8(d)
llz()llxe < 2M ||zollxee™ "2 "+ 2M M;q. (1.6)

For ||zo||xe < 737, (1.6) implies ||z(s)||xe < n and y(s) € Bc, whenever defined.

Therefore, for every 1 > 0, ||Iol|x; < 74 and yo € B, , (1.6) is satisfied and

S(y(1) < ~SW(1)) + 2LLy(d)M llzollxge™ 5 + Mya] + LMy (d) (17)

for any t > 0.

This implies that the w-limit set of the set A4 of B, . = {(z,y) € X3 x Y : ||:z:||X: < 3%, yEB.}isa
local attractor for (1.1). Since n and c can be chosen arbitrarily, assume that B C B, . and A4 is a global
attractor for (1.1). If M; = 0, M, = 0, the above computations also show that w(B, ;) C A.

It remains to show , in cases a) and b), that the family of attractors {A4,dy < d < oo} is upper
semicontinuous at infinity.



Consider (1.7) for ||zo||lx; < g}; and yo € B.. Then,

%(e‘z(y(t))) <e'T(y(t)) + e'T(y(1))

<2LL,(d)M [“20” xse~ (=11 4 Mne'] + LM, (d)e"

and
d

-5 -t
E(y(1)) < 2LLy(d)M [C—T_—Eu,,—e—u:onx: + My (1~ )]
2

+ 2LM,(d)(1—e™") + Z(yo)e~".
From (1.6) and (1.8), for every (zo,y0) € Aq,

llzollxg <2MMyy, Z(yo) < 2LLy(d)M My + 2LM,(d)

and from property ii) of T
lim sup dist((z,y),(0,4))=0.

d—00 (7 y)eAq

This concludes the proof. .

Corollary 1.4. Suppose that fq and gq are such that Lemma 1.2 and Theorem 1.3 holds. Then, there
exists an exponentially attracting invariant manifold Sy given by the graph of o3 : Y — X§ such that the
attractor Ay Is contained in Sy. Furtheremore, the flow in Sy is given by (za(1),ya(t)) = ((¢3(va(1)), ya(2))
where y4(t) is a solution of

¥ =94(o3(y),v). (1.9)

If f, g are smooth and the flow defined by (1.2) is structurally stable; then, for d large enough, the flow
defined by (1.9) is structurally stable and they are topologically equivalent.

The hypothesis [ H] is essential to guarantee that A are global attractors. If [H] is not assumed, a
similar result holds for local attractors of (1.1).

Corollary 1.5. Suppose that hypothesis [ H] does not hold but all the other hypotheses of Theorem 1.3
are satisfied. Then, there exists do > 0 such that, for all d < do, the problem (1.1) has a local attractor
Aq. Furthermore, the family of attractors {A4, do < d < o} Is upper semicontinuous at infinity, where

Asi=iA.

From Corollary 1.5 one can see that the family of local attractors Ayg is such that, for dy < d < oo and
u € Aq,
llullxexy <M,

for some M > 0. Therefore, one can cut the nonlinearities f4, g4 to satisfy the hypothesis of Lemma 1.2
and a local version of Corollary 1.4 holds.

Corollary 1.6. Assume that (1.2) has a global attractor A and [H ], (1.3), b) are satisfied. Assume also
that, for some ¢ > 0, M > 0 independent of d, the semigroup generated by A; satisfies

lle= 44 wllxs < Me™“|lwllxg, 120

“e—Adtw“X‘a S Mt_ae_ctnwux") t > O)

for any w € X§. Then, there exists do > 0 such that (1.1) has a global attractor Ay and limg—o. Ag C A.
Furthermore, if Mp(d) = 0, there exists dy > 0 such that A; = A for d > d;.

2. Applications to Parabolic Partial Differential Equations.
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Supposc § is 8 bounded smooth domain in IR", n < 3. Consider the scalar parabolic partial differential
equation

u¢ =dLlu+ f(u), inQ (2.1)

Ou .

=0 W N (2.2)
where L is defined by

~ i Ou

b= 0 ) (23)

with az; € C*(Q, R). Here
- Ou Ou

Q;[Q:
s e

(akla—zl,"',akna——)-

n

3
—_
e
=N
~

k=1

and 7 is the outward normal.
We assume that L is strictly elliptic in ; that is, there exists a positive number 6 such that

n

Y- an(@)erli > 0

k=1
for every z € , £ € IR".

Due to homogeneous Neumann boundary condition, the above problem can be reduced to the ordinary
differential equation

b = f(v), (2.5)

when restricted to the subspace of constant functions. We will use the results of previous section to give
information about the global dynamics of (2.1), (2.2); that is, we prove that equation (2.5) dictates the
asymptotic behavior of (2.1), (2.2).

Results of this kind have been studied by many authors (see, for example, Conway, Hofl and Smoller
[1978], Hale [1986], Hale and Rocha [1987a,b] and Carvalho and Hale [1991]). However, as a consequence of
their choice of space, these authors only give information about the local dynamics of the problem. Working

1
in the energy spaces X/ we intend to provide some information about the global dynamics of (2.1), (2.2).

To better describe the results, some additional notation is needed. Let X = L?(Q); then the operator
Ag: D(Ag) C X — X, defined by Agp = —d Ly, where

%zo on 0Q}.

D(Ad)={p€ HQ) : 5

is a sectorial operator. We borrow the notation of the previous section for the fractional powers of A and
the associated fractional power spaces. It is assumed throughout that a = 1. unless stated otherwise.
It is well known that,

X3ICLYQ) Vg>1, ifn=2, (2.6)4
X:c159), ifn=3, (2.6),

with continuous inclusion (see Friedman [1983], Theorem 10.1). It is easy to see that for d > 1 the embedding
constant in (2.6)4 is independent of d, since (A3, ¢) > (A7¢,¢) for d > 1.

Let X be the first positive eigenvalue of —L with boundary condition (2.2) and assume that Ad > 1.
Then, for any a; > a; > 0 and ¢ € XJ*, we have

(Ag'¢.9) > (A3°¢,9)
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and if ¢ 11
(A°1¢ ¢) AO)dOI(q() ¢)

To use the results in the previous section the class of nonlinearities in consideration is restricted to those
that satisfy some dissipativeness condition and for which the above problem is locally well posed. Suppose
that f : IR — IR is a Lipschitz continuous function satisfying

If(u) = f(0)P <e(1 4 e 4+ M) u—v]’, 7 <1, ifn=2

()= S(0)| < el + v +vD)u—v] ifn=3 (27)
and the dissipativeness condition

lim sup f(u)

Jul—ec U

< -4, (2.8)

for some 6 > 0.

We will concentrate on the case when n = 2, since the case n = 3 is much simpler and its proof can be
easily carried out from the proof for the case n = 2.

Lemma 2.1. Let R = [a,b] x [a,b]. For any p > 1 we have
HY(R) C LP(R),
with embedding constant proportional to p; that is, there exists a constant K > 0 such that
l6llLrr) < A pll6llay Ry,
for all ¢ € H§(R).

Proof. Let ¢ € C}(R); then,

¢(z1,22)| =

T, 6@
[, 61‘1 5 1:'1 ‘ / | |d5 = f2(1‘2)

b ;
6(an,2)| < [ 152 (en,)lds = fea).

and in the same way

Therefore,
lo(z1.72)|" < fi(z1)f2(22)
and =
”é“LZ(T) < “ ”]_l ‘R)Hal ”L‘(T‘)

Let ¢t > 1. If we apply the above inequality to ¢ = |u|""?v we have that

du Bu
“u“IL"('R) SilHu]I ! “[_1(72)|H [t ! ”1_1(r
1 811 )
<wwu“”n T
Choose 2t = ¢'(t = 1). Then, t = ;{—2 and
q/
“U“L?g__ 2 ”61 ”Lq(n)u ”Lq(';z)

{



Since ||6]lLer) < IRI* ¥ ||6llL2(r), for all ¢ € L(R), it follows that,

l_
“‘U” 39 ) |RI “3 ||L2(1;)” ”L’(‘R}

q’ IRI'
<73 || ”L (‘R)+”"_“L’(‘R)

The result now follows by making p = ?9_’—.‘, and from a density argument.

Corollary 2.2. Let Q be a bouded smooth domain in IR?. For any p > 1 we have
H'(Q) C L7(Q),
with embedding constant proportional to p; that is, there exists a constant K > 0 such that

l18llLs ) < K plidlla ),

for all ¢ € H'(R).

Proof. Let R be a rectangle such that @ C R. Then, there exists a linear operator E : H(Q) — H(R)
such that E¢|, = ¢, and

lESlHa(R) < €llélle(ay,

for all ¢ € H*(Q) and for some e > 0. This implies that, for all ¢ € H}(),

ll6llzrn) < IEGllLr(R) < Rp”Ed’”H;(‘R) < K epliélla o)
and the result is proved.

Lemma 2.3. Under the previous growth assumption on f, the function f€ : Xj — X, given by
f(o)(z) = f(é(z))

. ;
is Lipschitz continuous in bounded sets of X ; that is, for any r > 0, there exists a constant Ly = L;(r)
such that

1£(@) = FWlix < Lyllé = vll_y,
d
whenever ||¢HX% <, ”ﬁ,“,\‘% <r
3 d

Proof. The proof is based on the embeddings (2.6)4 and on Corollary 2.2. Let » > 0 and ¢.¢ € .\'d% be
such that ”d)”);% < ® ||1,"||Xé < r. Then,

d d

15<(e) = F*(¥)lF 2, <¢ /r [1 4+ 819N 4 W g(2) — (2)|7de

<e ( / [1+ "HEN" 4 (W2 df) 5 (/ () - ¥(2)[* d’) 3
] i1}

vy
& § ¥ 4
SCHQ _ t'/”i‘(ﬂ) (/Q[I o €0l¢(1)l + eﬂl‘l(-‘!‘)l ]2 dl‘)

;!

E ; /]  / 2
<16 K'.’C”é . ¢‘”§l‘(ﬂ) (/ i = fle@” 4 cflv(=)l ]2 dl‘) .
Q

8



Therefore, we only need to prove that
”f‘M’)P”L’(n) <C(r),
for ||¢||X,5 < r, where C(r) depends only upon r. This follows from the following
d

o c©

Z Hu'w7 ”L’(ﬂ) E “u”un(n)
n=0 n= 0
oo

||ef1eEN

:sl%

I3y <

o

2n7]\||u||H1(n) z—'— (2rp9 1\)

:|%

and we only need to prove that the radius of convergence of the series

-3

>
n

n=0

is infinity. This follows from the fact that, if a; = then

kl)

-
=(n+1)!7 (1 - %) — o

Qn41
as n — oo. The lemma is now proved.

By standard arguments one can prove that the semigroup associated to (2.1),(2.2) is globally defined

5 . . . . ,3 S
and bounded dissipative; that is, there exists a set Og in X that attracts bounded sets. The aim is to find
a constant M > 0, independent of d, such that

llull 3 <M
x?

for every u € O4, d > dy > 0. Once above constant is found, by Theorem 1.3, the following result follows.

Theorem 2.4. There exists dy > 0 such that, for any d > do, the attractor of (2.5) considered as a subset
1
of the space of constant functions in X} is a global attractor for the problem (2.1),(2.2).
To prove that the constant M can be chosen independently of d > dy the standard proof that the

semigroup associated to (2.1),(2.2) is bounded dissipative is repeated, keeping track of the constants involved.
For convinience, we only prove the case L = A. The general case can be easily reproduced from it.

Consider the Liapunov functional, E : Xd% — IR, defined by
, d o, b, 5
Ea@)= [ | 5IV0(a)f + 360" - Flota)) | da
Q

where F(u) = [} f(s)ds and b > 0.
From the dlSSlpatneness condition it follows that F(s) < —% s2+ ce for all s € IR and from the growth

condition that |F(s)] < r(1+ €®"1") for s € IR and some 7 > 0.

This implies that,
d o 6 + b Q
Eq(¢) 251IVoll72 + ——ll6lIZ: — 5l

>k “9‘5”1? —~t§ |Q|

and

£u(6) < C (lélwra) < C (6l 3).



where C(-) : IRY — IR? is a continuous and increasing function.

Also, if u(t) is the solution of (2.1), (2.2) satisfying u(0) = u; € }.'j,

d
SEu(®) = ~llulls ~blIVuls +b [ wf)s
a

)
< =bd[Vu(t, s = b3 ul}s + beg 21 < =bkalfl? , + beg .
d

The above inequalities imply the following result.

Lemma 2.5. There exists a constant M > 0, independent of d, such that for any d > 0 and bounded set B
Py
in X} 31 =1to(d, B) such that fort > 1o, uo € B

u(t, uo) € {u € X7 : [lull_y < M),
d

where u(1,up) is the solution of (2.1), (2.2) satisfying u(0, uo).

This proves that (2.1), (2.2) defines a global semigroup which is bounded dissipative. And since Ag
is a sectorial operator with compact resolvent we have that the problem (2.1, (2.2) has a compact global

attractor Aq4 in X} which from the above estimates must satisfy
AaC{ueX]:|lull 3 <M).
d

Similar computations show the following result.

Corollary 2.6. Let Q C IR" be a smooth domain and a : 0Q — IR be a continuous function. Consider the
scalar parabolic partial differential equation

uy = Lu+ f(u), (2.1
Ou
7 = au, (2.2)

where L is as before. Assume that f satisfies the dissipativeness condition (2.8) where é is strictly bigger
then the first eigenvalue of L with boundary condition (2.2'). Then, the problem (2.1),(2.2') has a global
attractor in H*(Q).

The fractional power space XJ can be decomposed as
X$=ZeZ}, (2.9)

. . . = 1
where Z is the subspace of constant functionsin X§, 0< o<1 fu€e X andu=v+w, v€Z, we Z};
then, v is given by :

v= Q! /;Iu(:t)dz €R (2.10)

and

w=u-—v, / w(zr)dr = 0. (211}
Q
Let Ty(t) denote the analytic semigroup generated by Ag. Then,
||Td(1)w||2; < Kf'd”llwllz;, >0

ITe(tulzy < Kt 3¢ jullze, >0,
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Suppose that u(t,-) is a solution of (2.1),(2.2) and decompose the equation according to (2.9); that is,

u(i,-):v(t)+w(l,~), (2]2)

v(t) € Z, w(t,-) € Zi. Then,
2

dv
= =|Q|'JAu,(t,z)dr = |Q|~? /n(dLu(t,z)+f(u(i,z)))d:c

=[]~ /n F(0(t) + w(t, z))dz,

or i
v
5 = Flvw), (2.13)
with
P(v,w) = |Q|™! -/nf(v + w)dz. (2.14)
The variable w satisfy
wy = dLlw + Q(v,w)
@ e } (2.15)
ov
where
Qo w(e) = S0+ w(z) = 1217 [ 10+ wlw)ay
Let Q¢ :Xf — X be defined by
Q“(v, w)(z) = Q(v, w(z)). (2.16)

The following results can be easily proved using the embeddings (2.6)4 and the growth assumptions on
f, as in Lemma 2.1.

Lemma 2.7. The function Q¢ : Z & Z{ — X defined by (2.16) is Lipschitz continuous in bounded sets of
2
Z@Z%+; that is, givenr > 0 (v,w) € Z & Z%", there exists a constant Lo = Lo(r) such that

Lq
lQ“(v, w)|lx < 3 lwllz+,
2 3

2

for ”(U,u’)Hze,z;}L <.

Lemma 2.8. If P is given by (2.14), the function P : Z & Z} — IR defined by P(v,w) = P(v,w) — f(v) is
2

Lipschitz continuous in bounded sets of Z & Z3 ; that is, givenr > 0 (v,w) € Z= Z1. there exists a constant

Lp = Lp(r) such that

-~ LP
P(v,w < — ) 4,
1P, w)llm < 2 iz

for ||(v,w)llzgz+ < T
2

Remark 1. It has been shown (see Moser [1971]) that f¢ is a bounded operator from H? into L? for p < 2.
The proof of this result is very hard, therefore the contribution in this section is the simplicity of its proof.

1]



Indeed, it has been shown (see Hale and Raugel [1992]) that the operator f¢ is a8 bounded operator from H'
into W1 for s < 2, but their proof strongly uses the results of Moser [1971].

Remark 2. One also can consider systems of weakly coupled parabolic partial differential equations. Some

additional hypotheses are necessary to guarantee that the system is gradient and bounded dissipative. As-
sume that f : IRN — IR" is a C'-function satisfying

fi(z)

limsup — < -4,

|z =00 L
for 1 < i< N and for some 6§ > 0. Assume that the Jacobian matrix of f is symmetric; that is,

9fi _8;

61,’ 62',' '
for 1< 4,57 < N. Assume also that f satisfies the following growth condition
|£(u) = £(0)] < e(jul® + [vf* + 1)]u - o],

for every u,v € IR". Under these hypotheses, Theorem 2.4 holds for systems of weakly coupled parabolic
equations.

Examples.

Example 1. Consider the theory of superconductivity of liquids proposed in Abrahams and Tsuneto [1966].
For the case of small smooth domains and Neuman boundary conditions the proposed mathematical model
becomes ) )

u = dijAu+ (1 —u” —v)uy,

vy = daAv+ (1 — u? — v¥)v.

Using Theorem 2.4, if d = max{d;,d>} is large enough, then the above system has a global attractor
which is the attractor for

2

u=(1-u?=-1v?)u

2

v=(1-u?-v)

when considered as a subset of the constant functions in H(2). This ODE has the closed unit circle in
IR? as attractor, (0,0) is an unstable equilibrium point and each point in the unit circumference is a stable
equilibrium point.
Example 2. The second example comes from mathematical ecology (see for example Conway and Smoller
[1977]). In a three dimensional smooth domain 2 consider the following system of parabolic partial differential
equations

u; = aAu + f(u,v)u

v = fAv+ g(u,v)v
with homogeneous Newman boundary condition, where it is assumed that f, g satisfy quadratic growth

condition, uf,(u,v) = vgu(u,v), ¥(u,v) € IR? and

limsup f(u,v) < =6, limsupg(u,v) < -8,

|lu|— oo jv]—o0

for some 6 > 0.
By Theorem 2.4, for values of a and 3 large enough, this system has a global attractor which consists
of the attractor for
u= f(u,v)u

v =g(u,v)v

when considered as a subset of the constant functions in H!(Q).

12



Remark 3. The results in Carvalho and Hale [1991] can also be considered as an application of the results
in Section 1. More specifically, under some conditions on the nonlincarity, one can obtain results similar to
the ones in this section, for reaction diffusion equations with dispersion, using Corollary 1.5.

3. Spectral Assumptions and Upper Semicontinuity.

Let Q be a bounded smooth domain in IR", n < 3 and d > 0. Let L, be a symmetric, strictly elliptic,

second order differential operator given by (2.3), where the coefficients axi(z,d) = ajx(z,d) are real valued
continuously differentiable in €2, for each d.

Let X = L%(Q) and consider the self-adjoint operator
Ag :D(Ag))CX = X

defined by "
D(Aq) = {¢ € H*(Q) : B_i =e(z,d)¢}, Aad=-Lso V ¢ € D(As),
where e(z,d) is real valued and continuous in 62 and %ﬁ 1s defined by (2.4).

Let £ be a positive integer and Q;,-- -, be disjoint open subdomains of Q satisfying Q C U§=1§,~.
Assume that the Lebesgue measure of Uf_,Q2; /2 is zero. Denote by X, : @ — IR the characteristic function
of Qj ¢

Let X;(d) be the j'* eigenvalue of A4 and ¢;(d) be a corresponding normalized eigenfunction. Assume
that there are real numbers €; < --- < £ (without loss of generality, £; = 0) such that

Aid) =&, 1SS KL,
as d — 00, and that for some pu > 0,
Ay 2 pd.

Assume also that the corresponding eigenfunctions ¢, - - -, ¢, satisfy
l6;(d) = &jllL2n) — 0,

as d — oc, where each &; is associated with a vector k; € IR' in the following way

4
A = Z k}.«l’n,.
i=1
From the requirements above and from ||¢,(d)||z2(n) = 1, we clearly have that ||X}||L2(q) = 1.

Consider the following parabolic partial differential equation

uy=Lgu+ f(u) z€Q
@ =e(z,d)u, z €09
ov

Due to technical difficulties that arise in the proofs of Lemmas 3.2 and 3.3, we assume that f : IR — IR
globally Lipschitz continuous. Then. f¢ : X7 — X defined by f*(¢)(z) = f(é(z)) = € Q, is globally Lipschitz
continuous and takes bounded sets of X:’ into bounded sets of X'. This implies that for any ug € Xd%, there

exists a unique solution u(t.ug) of (3.1) in some maximal interval [0,1,), satisfying u(0, up) = ug, and either
1, = oo or |]u(t.uo)|!l\_% —ocast—17.

(3.1)

d " . .
Assume that the nonlinearity f satisfyv the dissipativeness condition (2.8) with —é replaced by &; — 6.
The a priori estimates necessary to guarantee that [ H ] is satisfied can be obtained, as in the previous
1

section, by considering the Liapunov Functional, V : X}‘ — IR, defined by

Ll o B p / 2 _/1
V(¢) = - /‘72: a“6;rk 811d1+/¢;960 dS + n<1>(:zc) dr i F(¢(z))dzx

where F(u) = fou f(s)ds. That is, the following results holds.
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Lemma 3.1. There esists a constant M > 0, independent of v, such that for any v > 0 and bounded sct B
in )‘4g there is a to = to(v, B) such that, fort > 1y, up € B

u(tuo) € {u € X§ : flull_y < M),

where u(t, ug) is the solution of (3.1) satisfving u(0, ug) = up.

Let v = (vy, --,v) € R', ®s = (¢1(d), -, ¢¢(d)) and 4 v = 2;:1 #;(d)v;. Consider the following
decomposition of Xd% .
Xi=we Wi, (3.2)

where N
W =spanes,-, ¢, Wi, ={6€X]:(4,94-v)=0, veR),

©9) = [ 6(a)0(a)ds
o
If u(t,z) is a solution of (3.1) in Xd%, it can be written as

u(t,z) = ®4(z) - v(t) + w(i, z) (3.3)

where v(t) € IR and w(t,-) € Wll.
'2
Using the decomposition (3.2) the equation (3.1) can be rewritten as

% = —diag()q,'~~.,z\z)v+/ F(@4(y) v+ ult, ))diag(é) (v), . du())dy, |
1}
wy = Law + f(®4(z) v+ w(t,z)) - Pa(z) - /n Ba(y)f(Pa(y) - v+ w(t,v))dy, ¢ (34)
ow _
T ew. 4

From the hypotheses on the eigenvalues of A4 one expects that the component w does not play much
role in the asymptotic behavior of (3.1). Therefore,

L
v ~ =Aj(d)y; +/nf (Z v‘-du(y)) ¢;(y)dy, 1<j<E

i=1]

From the assumptions on the eigenfunctions ¢;(d), one expects that

. L
'i?J ~ —/\j(d)lfj + ZL f (Zl oi(y ) (y)dy ~ =&v; + Z/ (Z kfv,) kjdy
et ) s=1
4
"’_le’j'*'Z!QqU (Zk?v;) B. I=d<i
g=1 i=1

Therefore, the following limiting ordinary differential equation is associated to (3.1)
U = =§vj + fi(v,--,v). 1S5 <4, (3.5)

where

L L
)= 19lf (Z kfv,-) K, 1<j<t (3.6)
g=1 i=1

14



Under the previous assumptions of f, it is not hard to sec that the system of ordinary differential

equations (3.8) has a global attractor A. For example onc could consider the Liapunov function

V(vy, - tp) = 12[1+E.]v —Z|Q |F (Zv, )

=1 i=]

to prove the existence of such global attractor.

Next we verify that hypothesis (1.3) of Theorem 1.3 is satisfied.
Let
P ReW;, — 1<j<t

I
P,-(v,w)=/nf (}:w(y)w(y)) 6 (W)dy - fi(v), 1<j<t

=]

and
Q ReWi —R, Q(v¥)z)=Q,v(z))

L L
Qv,¥) = f (Zm(z +¢x)) Z / (Zv,-¢,-(y)+w(y)) ¢;(v)dyd;(z).

s=1

The following results can now be proved from the hypothesis on the nonlinearity f and on the eigenvalues

and eigenfunctions of Ag.
Lemma 3.2. For ||(v,w)||)r;2 < r there exist Lp (r,d), Mp,(r,d) such that
d

|I|P; (v, w)|lm < LP,llwllxg + Mp,(r,d)
d

where Lp,(r,d), Mp,(r,d) — 0 asd — oo.
Proof. For ||(v,w)|[xé <r
d

L L L
—Pj(v,w) = Z 1% 1f (Zuh) / (Z v (1)dk(y) + uT(t,y)) ¢;(y)dy
i=1

1 k=1
t t
= Z/ [f (E Ukkk) k} - (Z vk () ¢k (y) + w(t, y)) ¢j(y)] d
i=1 7/ k=1
L 4 L )
= [f( vkk')k ~ (va(y)) k;] dy
i=1 Y k=1 k=1
¢ . t
+ Z/ [f vk Ok (y ) ki — f (Z vk¢k(y)) ¢j(y)} dy
1 k=1 1
t ‘ ‘
+ Z/ [ ( vk¢k(y)> é;(v) — (Z vk (t ) + w(t, y)) Qj(y)] d
k=1
Let M = {sup{sem) |f’(s)|}, Then,
l
|P; (v, w KMZ/ 1m > vedr(y)| Ik Idy
M k=) k=1

+C(r)/n|x,-( — by |dy+2/ M1uw(y)|16; (3)ldy

=1

< Mllw(y)llLa) + Mp,(r,d)
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From the hypotheses on the eigenvalues of Ag4, it follows that

|Pj(v,w)] < Mp=3d=4|ju(y)|| é+M,= (r.d)

and the lemma is proved.

Before we state the next result we need the following facts. Let K = (ky,--- k¢), ki = (k},--- k)T,
1 <i< €and M = diag(|Q],---,[Q]); then, from the orthogonality of the normalized eigenfunctions ¢; it
follows that

/4
| s @etaie - ; / ] =) [ 16:@eix) - 2+ Iy 2) = Ay )

< |1gi = AillLaay + 185 = A5 l|L2)

therefore,
L
= /n 8i(2)6i(z)dz — 3 9, KK
p=1

and }::a=1 |2 |kP P = 6;;. With this information we have KT MK = MKKT = I, and

¢ L
Y1951 Kk =1 (3.7)
j=1 p=1

Defining X' (z) : J lfn y)dy&;(z) we have, from (3.7), that X(z) = 1.

We are now in position to prove the following lemma.

Lemma 3.3. For ||(v,w)||x§ < r there exist Lg(r,d), Mg(r) such that

d

1Q°(v, w)llza(a) < Lo(r.d)llwll, 3 + Mo(r)
d

where Lo(r,d) — 0 as d — 0.
Proof. Let v = (vy,---,v¢), ¢ = (¢1,---,¢;) and denote v- ¢ := 21:1 v; 0. Then,

{
Qv w) = F(v-6(2) + () = 3 /n Filw =il il dusi ()

L
=3 [ 17w 6ta)+ (@) = 13- 60) + w(w): 50)dus ()

I

— f(v-¢(z) + w(z)) Z[/ ¢;(v)dyé;(z) - AR}(y)dyk'j(r)]

y=1
From these computations, it is easy to see that, for H(v,w)lIxi < r, there exist constants L(r), Mg(r)

d

such that
[1Q° (v, w)llza) £ L{r)llwllzacn) + Mg(r).
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By the hypothesis on the eigenvalues of Ag4, it follows that
1Q° (v, w)llzaay < L{r)u™3d™ 3 jull_y + Mq(r)
d

and the lemma is proved.
From Theorem 1.4 the following result holds.

Theorem 3.4. There exists a dg > 0 such that, for d > dy, the problem (3.1), has a global attractor A4.
Furthermore, the family of attractors {Ag4, d > dy} Is upper-semicontinuous at infinity, where Ay, := A.

From Corollary 1.5 and the remarks following it we obtain the result.

Theorem 3.5. There exists an exponentially attracting local invariant manifold Sy given by the graph of

o4 : R — Xj such that the attractor Ag4 Is contained in Sg4. The flow in Sy is given by (v(1),w(1)) =
(v(1),04(v(t))), where v(t) is the solution of

fi(v)
b = —diag(hs, - M+ | ;| + Palv,oa(v)), (3.8)
fe(v)

where Py(v,w) = (Py(v,w), -, Pi(v,w))T. If f is smooth and the flow defined by (3.5) is structurally
stable, for d large enough, the flow defined by (3.8) is structurally stable they are topologically equivalent;
in addition, the family of attractors {Aq4, d > do} is continuous at Infinity.

4. Applications to the Results of Carvalho and Pereira [1991]

It happens in some applications that the diffusion coefficient is large in part of the region and be-
comes small in another part of the region. In this section we consider a class of diffusion coefficients
a € C'([0,1],IR*) that are large except in a neighborhood of a finite number of points where they become
small. This problem has been studied previously by Fusco [1987] and Carvalho and Pereira [1991]. We
obtain that the global asymptotic dynamics is described by an ordinary differential equation that as in 1.3
can be given explicitly.

In what follows we describe, more precisely, the diffusion coefficients a.

Let N™ C IR" be defined by

N adg= (e en) ER 1520, 1 €i< n},
with the partial ordering defined by € < fiff e; < fi, 1<1<nandlet ./\'C"'H C IR"*! be the set defined by
Né’“ ={€=1(€e1," " ,€n+1) ER"M =6 <ty < -y € Gy = 1]
For € € A™, ¥ € N7*! and continuous increasing functions I’.a’ : [0,00) — A™*1, we say that a

I
function a : [0,1] x (0,oc) — (0,00) is a Cl(&, I a".%,v) function if. for each v, a(-,v) € C*[0,1] and the
following 1s satisfied

€4 / s
a(z,v) > —, for zi+vhi<z<zipy-vl,, 1<i<n

v
a(z,v) >va;, for z;—vlij<z<z;+vli 1<i<n+1 (4.1)
a(z,v) <wva;, for z;—vli<z<zi+vli 1<i<n+1

where @ = a’(O), = I’(—O), a = a’(u) and I' = 1’(-1/).



Consider the scalar parabolic problem

u, = (aus ), + f(u), 0<z<1,1>0 (4.2)
pu—(1=plau, =0, z=0,1>0 (4.3)
ou+(l1—o)au, =0, z=1,1>0 (4.4)

where 0 < p,0 < 1.
Next we describe some of the results of Carvalho and Pereira [1991] that will be used in this paper.

First we consider the eigenvalue problem for the operator
A, :D(A,) C L*(0,1) — L*(0,1)
defined by

D(A,) = {u € H*(0,1) : pu(0) = (1 = p)a(0,1)u-(0) = ou(1) + (1 - 0)a(1,v)u (1) = 0},
Ayu= (a(z,v)ur)z, u€ D(A,),

where 0< p, 0 < 1,a € CA(&,1,d', Z,v).
Let B be the tridiagonal symmetric matrix

"m) ] 0 0 0 0 0 7
™ mo ro 0 0 0 0
0 ra m3 T3 0 0 0
0 0 r3 mgqg 14 0 0
B=|: z
0 0 0 0
0 0 0 rp3 mp_y rpo2 0
0 0 0 0 Th—2 Mp_] Tp_)
L 0 0 0 0 0 Ta—1 Mg J
where e ap +2 s a_,,+ An410
L= Hy b agd =gy * Blg’ o T O T Ol gl a
a Qj 41
= — - k=2 ... — 1.
—0ak41
S - N TSN, Y
" 2l "

If M is the matrix M = diag(L;,---,Ln), L;i = ;31 — z; . 1 <1 < n, consider the inner product

(y.2)m = (My,2)

where (-.-) stands for the usual inner product in IR".

Consider the matrix A := M~'B. Since A is a tridiagonal matrix with non-zero product of the off-
diagonal entries, it has n distinct eigenvalues . In addition, its eigenvectors have the Sturm property; that
is, the first eigenvector can be chosen with all components positive, the second has one change of sign in the
components, the third has two changes of sign and so forth (see Gantmacher [1959]).

With this notation we can state the following result.

Theorem 4.1. Suppose the above hypotheses are satisfied. Let A be the matrix defined above, py < pa <
-+ < pn the sequence of its eigenvalues, 21,23, - -,z the corresponding sequence of eigenvectors. Writing

18



— (Z.‘),"'|:|n) we have:
Ak = pik 4 o(1),
An+l 2 {7’

zki +0(1), IE[I,'+V1,',::.'+1—VI;+]], i=1,---,n
di(z) =
0o(1), z € [0,1].

where (M, ¢x) is the k'" eigenpair of A, , 1< k < n.

The next lemma will play an important role in avoiding the technicalities that cause us to assume strong
growth hypothesis on the nonlinearity in I.3.

Lemma 4.2. If (p,0) # (0,0), there exists a constant E independent of v such that
(49,9) 2 El6ll2
for every ¢ € X¥. If (p, o) = (0,0); then, for every ¢ € X% such that ¢ L 1 we have

(A,¢) > ElIgl1%.

Next we use Theorem 4.1 and Theorem 1.3 to obtain the results of Carvalho and Pereira [1991].

Assume that the function f is locally Lipschitz continuous and that it satisfies the dissipativeness
condition (2.8).

Lemma 4.3. The function f€ : X.,% — L*(Q) defined by f¢(¢)(z) = f(¢(z)), is Lipschitz continuous in
bounded sets of X .

Consider the Liapunov Functional V' : X.? — IR defined by

A 3} 1|
V(q‘;):%[/o a(s)¢r(s)?ds+1+'a¢(1)2+ﬁ¢(0)2+/0 ¢>(s)2ds] —/0 F(8(s))ds

where F(u) = fou f(s)ds. Proceeding as in Section 3, we can prove the following result:

Lemma 4.4. There exists a constant M > 0, independent of v, such that for any v > 0 and bounded set B
1
in X? there is a tq = 1o(v, B) such that. fort > tg, up € B

u(t,ug) € {u € XJ : lull 3 < M),

where u(t, ug) Is the solution of (4.2), (4.3). (4.4) satisfving u(0, ug) = ue.

Let A,. A and M be as before, and denote by u; < ps < -+ < p, the sequence of eigenvalues of A,

by 21,29, -, 2z, the corresponding sequence of eigenvectors, normalized with respect to the inner product
(.’ )M
Writing z; := (21, -, 2in) We have, by Theorem 4.1,
Ak = pi +0(1)

zki + o(1), z€[zitvl,zig1 —vily), 1<i<n
ér ==
o(1), ze[0,1]
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where (Ax, ¢k ) is the k'* eigenpair of 4,,1 < k < n.
Let AS denote the fractional powers of A, and X' the associated fractional power spaces. Let

W =span[¢), 6], We={¢v€X?:(6,0')=0,Vde W]
Then if u € X,,% it can be decomposed as
u= E vi¢; +w
=1
where

1
viz‘/ wolaids, 1€icn
0

w=u-— Zv,-(ﬁ,-.

=1

This decomposition of the space induces a decomposition in the equations (4.2), (4.3), (4.4) as follows.
Suppose u(t,z) is a solution of (4.2), (4.3), (4.4); then,

u(t;z) = Zv;(t)q&;(z) +w(t, z)
i=1
and
v.(i):—/\ vi + Pi(v1,- -, vp,w), 1<i<n
= (awz): + Q(v1,- -+, vn, w)

(0) (1= p)aw:(0) =0

ow(l)+ (1 -0)aw (1) =0.
where

i=1

Q(v1, -+, vn,¥)(z) = (ZL, (z) + ¢¥(z )

i=1

-Z/ ( ;65 ( )+tf’(y)) ¢:(y)dy ¢:i(z).

i=1 1=1

1 n
P.-(vl,'--,vn,w)=/o I(Zvaés(wa(y)) bi(y)dy, 1<i<n

With this information it is possible to guess that the ordinary differential equation that determines the
asymptotic behavior is,

N

(1) = =0 (1) + E[liﬂ — zi]f(v1(t)z1i + v2(1))z2i + - + va(t)zni) 224,
(1) = —pz v2(t) + lem = 2)f (v ()21 + va())22 + - + v (D)20i) 724,
(4.5)
Un(t) = —pn va(t) + Z[$i+l — zi]f(va(t)z1i + va(t))z2 4+ Un(t)2ni)2ni.
i=1 J

It is not hard to see (using the dissipativeness condition 2.8) that the system of ordinary differential
equations (4.5) has a global attractor A. For example one could consider the Liapunov function

Vi) = § i -3 - 1m0 (S

j=1 i=1
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to prove the existence of such global attractor.

Define Q° : X.? — L%(Q) by Q¢(v,u)(r) = Q(v, w(z)) and P, :X} — IR by Pj(v,w) = Pi(v,w) - f;(v).
1 < j < n. To apply Theorem 1.4 the following lemmas are needed.

The following results can be proved in the same way as in Section 1.3

Lemma 4.5. For ||(v,w)||x§ < r there exist Lp (r,v), Mp,(r,v) such that

1750, w)llm < Lpllull 3 + Mp,(r.v)
where Lp (r,v), Mp (r,v) — 0 asv — 0.

Lemma 4.6. For ||(v,w)||x,§ < r there exist Lo(r,v), Mq(r) such that

IQ(v, WllLa) < Lo(r)llwll 4 + Mo(r)
where Lo(r,v) — 0 asv — 0.

From Theorem 1.3 the following result holds.

Theorem 4.7. There exists a vy > 0 such that the problem (4.2), (4.3), (4.4) has a global attractor A,.
Furthermore, the family of attractors {A,, 0 < v < vy} is upper-semicontinuous at zero, where Ay := A.

From Corollary 1.4 and following remarks, we obtain the following result.

Theorem 4.8. There exists an exponentially attracting local invariant manifold S, given by the graph of

o, : IR" — X.:’}‘ such that the attractor A, is contained in S,. The flow in S, is given by (v(1),w(t)) =
(v(t),0,(v(t))), where v(t) is the solution of

v = —diag(Ay,- -, An)v + P(v,0,(v)), (4.6)

where P(v,w) = (Pl(v,w),--‘,P,,(v,w))T. If f is smooth and the flow defined by (4.8) is structurally
stable, for v small enough, the flow defined by (4.6) is structurally stable they are topologically equivalent;
in addition, the family of attractors {A,, 0 < v < vo} is continuous at zero.

Next we introduce a first extension of the results of Carvalho and Pereira [1991] to a two dimensional
domain. To present the problem, we start with the simplest nontrivial example, leaving the more general
cases for I and III . Let Q = (0,1) x (0,1) and consider the parabolic problem

u = (a(2)us)e + (B@W)w)y + f(W),  (2.y)€Q 130 (4.7)
% =0, (z,y) €09, 1>0. (4.8)

where a € C%(e-"’,l‘:',a—’,i,u) and b € C%(e%,lb',&,ﬁ,u)

We expect that the solutions of this problem converge to a constant on each of the rectangles R;; =
(zi, Zi+1) X (Y5, Yj+1), 1,5 = 1,2. We prove that this is indeed the case.

Using Theorem 4.1 we can prove the following theorem

Theorem 4.9. Let A be the operator
A:D(A)C L}(Q) — L¥}(Q)
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defined by

D(A) = {u € H*(Q): %“‘ =0 in 09),

Au = —(a(7)uz)r — (b(y)uy)y.

Denote b.\' A]] = A? + /\?, A]Q = Ag <+ Ab, /\21 = A‘]’ + /\g, A'}? = A; + /\g, /\5, AG,

eigenvalues of A and ¢11 = 6% @8, é12 = ¢5¢%, b2 = 6% &%, b2 = B3 0L, &5, @6, -
. . . — — a 1 -y b ]

sequence of normalized eigenfunctions. Then A;; = 0, Aj2 0 ==y A2 o oTi=7)

the sequence of
a corresponding
and Ay, —

b ] ~
-1"_"13 x:(ll-z,) + 5,2; i & vV 0. Also, there exists p > 0 such that, Ay > £. Furthermore, we can choose

¢11 =1 and @12, ¢21, ¢22 to satisfy

! ;:2 +0(1), (z,y) € [x1 + VI8 2, — i3] x [0,1]
é12(z,y) = 0(1), (z,y) €[0,1] x [0,1]
_ lf2z2+o(l), (z,y) € [z2+ vi5, 23 — vi] x [0,1],
B o), (zy) €01 tva — vl
" , (2,9) €[0,1) x [y + vli,y2 — i)
¢21(z,y) = o(1), (z,y) €[0,1] x [0,1]
- T—ﬂzy—ﬁo(l), (z,y) €[0,1] x [y + vib, ys — vi3]

and

| [1-—z2 [1-w
— +0o(1), : R
o . o(1), (z,y) € Ry
[1—z2 [y2
zy 1_y2+0(1)1 (Iay) € Rl?
0o(1)

(z,y) € [0,1)?

] %2 [1-y

- +O] ’ ] e R'?

1 =gy v (1), (z.y) 21
[_Z2_ [_¥

! 1-2z, ]_y2+0(1)1 (-'t-.y) € Roo

where RY; = [zi + VIf, zig1 — Vg ) x [yj + vi},y501 — v 4], 45 = 1,2,

¢22(z,y) = ﬁ

With this information we proceed to guess the ordinary differential equation that carries the asymptotic

behavior.

Let A° denote the fractional power of A and X© denote D(A®) endowed with the graph norm.

Consider the following decomposition of X, a > % Let W = span[¢1;,012,021,022] and W its

orthogonal complement in X ®. Then if u € X° it can be written as
U = V1) + V12012 T V21021 T V22022 + U,

where
B! :/u(:r,y)d:rdy,
Q
vn=/u(r‘y)¢1z(r,y)d1dy=/U(Tey)@S(r)og(y)(ry)drdy,
Q Q
Q

e /ﬂ u(z, y)én (2, y)dz dy = / (2, 9)65(= )b () (=, y)dz dy,

v = [ ulz,y)eale.v)de dy = /n u(z,y)¢%(2)64(v) (2, y)dz dy,
Q
w = u-— v — V12012 — V21021 — V22022,

22

(4.9)



This decomposition of the space induces a decomposition in the equations (4.7). (4.8) as follows. Supposc
u(,z) 1s a solution of (4.7), (4.8); then,

u(t,z,y) = vi1(1) + vi2(t)o12(7,y) + voy ()21 (7,y) + vaa(l)on(r,y) + w(l,z,y)

and
iy = / w(t,£,9)didj = [ f(u(t,7,9))d7 dj
0 fy
e / w(t, 2,9)612(2, 9)d7 47 = — Argviz + / F(ult, &, §))ér(7, §)d2 d,
o) 0
2] =/ u(t,Z,9)621(Z,9)dzdy = = Azvy +/f(" 1,2,9))¢2(2,9)dz dy,
o)
bor = [ wlt,5,9)0(5, D) 4G = = darvas + / Fult, 2,§))on(z, §)dE 43,
0
we= (aws)e + (0w, + ) - [ f(uli,D)ez i - /f (2,8))b12(2, 5)d2 d b1z
/ F(u(2,9))621 (2, §)d2 df 621 — / F(u(2,§))b22(3, 5)dZ 43 622,
@ =0, (z,y) € 09.
on
Proceeding as in the previous section we conclude that the limiting equation should be
v1; = f11(v11,v12,v21,v22)
1:)12 = —5: vi2 + f12(v11, v12,v21,v22) (4.10)
v21 = — € va1 + fa1(v11,v12,v21,v22)
Vg2 = — € Vo2 + fo2(v11,v12, V21, v22).
where

fi1(v11, v12, v21,v22) :=zoya f(vn) + V12 K¢ + vy K2 4+ va KEK?)
+22(1 = y2)f (vis + v12 KT + v (= K3) + v K (- K3))
+ (1= z2)y2f(v11 + vi2(=K3) + va1 K3 + vaa(— K35 )K})
+ (1= 22)(1 = y2)f(vn1 + vi2(=K3) + var (- K3) + v K5 K3)
fr2(viy, viz, v21,v22) =K {z2ya f(v11 + 012 K] + 021 K3 + vpo K{KY)
+ K{’rg(] — y2)f(v11 4 v12 K 4 v (—K2) 4+ v K&(— K1)
]\-,) 1 — 22)yaf(v1) + v12(=K2) + vo; KE + vaa (- K2)K?)
VSN = 22)(1 = y2) (1) + via(=KE) + voy (=K2) + vas KERY),
fa1(v11,v12,v21. v22) =K 11"1/ (v11 + v12K§ + vy K5 + voa KERY)
).r (1 = ya)f(vyy + v AT + ‘021(—]\:,) + z'gg]\'f(—]\"_t;))
+ }\1(1 — 29)y2f(v11 + via(—KE) 4+ vy K + vao(—~KE)K?
+ (=K3)(1 = 22)(1 = y2)f(v11 + vi2(—K35) + var (—K3) + vas K§ K3),
fa2(v11, V12,21, v22 =K { K 2oy fv11 + v12K§ + v K3 + vo KEKY)
+ K (=K3)z2(1 = y2) f(v11 + vi2K{ + voy (—K3) + voo K (= K3))
+ (—K$)K1(1 = 22)yf (vi1 + v1a(—K3) + var K3 + vaa(~ K5 ) K}
+ KSKy(1 = 22)(1 = y2)f(v11 + via(=K3) + var (—K3) + va2 KS K3)),
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with K} = \/l;—:‘ k) = ,/3{;—9 k= \/1—;:“, l\'% = -]{-?E‘ = 231?”“’_“)‘ {“ = %ﬁm and
=6 +6.

In what follows we introduce a change of variables that simplify significantly the above equations and
arises naturally.

In the equations derived by Fusco [1987] the variables are the average on each of the intervals, we adopt
a similar approach by taking the average on each rectangle; that is,

1 T2 ya
= [ [Tut viran
2Jo 0
1 Ty 1
)= ——— 4
212( ) 12(1 _ yQ)A /yg u( 111y)dzdya

: e dzd
)= ———— t
0= o ) e vy

1 1 1
== = [, ), e

whereas the variables in (4.10) are
vi1 = |Rilzn + |Ri2|z12 + |Ra1|z21 + |Razl222,
vi2 = K{|Ri1|z11 + K{|Ri2|z12 — K3 |Ra1l221 — K3|Ra2|222,
voy = K}|Rulz11 = K3|Ry2|z210 + K |Rai 221 — K§|Rag|220,
vg2 = K11|Rui|211 = K12|Rizlz12 — Kag|Rai|z21 + Koa|Raz|220.

where Ki; = K¢K? and [R| = (21 — 2) (g1 — 35, for i, = 1,2
Or in matrix notation

Un 211
V12 Z12
=B R
V23 221
V22 z22
where B = AM with
! 1 1 1 7

L}\'n —-Ky» —Ka Ko

and M = diag(|Ry1|, |Ri2|. |Rai1l, [Ra2|)-
Note that AT A = M~!. Therefore, B~! = AT and

Zn n
212 | _ AT V12
2 V2]
222 V22
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With these results we obtain

.;]1 l.’” 0 0 0 0 '
212 T i)];) T 0 _{0 0 0 12 T
. =A . =A
29 V2 0 0 -¢ 0 vy > AM
292 22 0 0 0 ¢ )
0 0 0 0 in f(zn)
0 -¢ 0 0 212 T f(z12)
= AT AM + A"AM
0 0 -¢ o0 27 f(za1)
0 0 0 = 222 f(izz)
o f(zn1)
s | 212 f(z12)
=-A +
22 f(z21)
222 f(z22)
where rez 1 by 1 by 1 a2 1
Wz Tk ~atys ) 0
b, 1 1 by 1
R AT T S 0 ~h
A=
1 1 by 1 by 1
~TE T 0 WTs T ~at
[ l b 1 b
L 0 —.:.’_IE ]-x; _EIEW; 501%]-1:2 + EIE
and the above equations become
ar 1 bz 1 )
m 208 75 11-&21)—51-%;:;(41—-12)+f(~11)
a; 1 b 1
212 = —ﬂzg 2(212 299) 212% Iy (z12 = 211) + f(212) }
v as 1 b’_) 1
221 = —ml_—rz(zm —Bn )~ 2—13—(221 - 222) + f(221)
. as 1 bg 1
Zag = —2—15,1_—12(42 — 213) - 2—121_—‘%(‘22 — 291) + f(222).

/

S(z13)
J(212)
f(z21)
f(222)

(4.11)

From the expression of €2, €' and from the fact that A§ — £°, A} — €% we observe that if 25 and y., are
close to zero or close to one, then there is a large gap between A;; and the remaining eigenvalues, hence it
is expected that vy2(?). v2;(?). and voo(?) will not play an important role in the asymptotic behavior and in

that case the limiting equation should simply be

11 (1) = f(vn(1)).

This is in agreement with Hale [1985] where he considers the diffusion coefficient to be large everywhere.
The next step is to prove that the equations derived indeed carry the asymptotic behavior of the

parabolic problem (4.7), (4.8).

We start by proving that under suitable conditions on the nonlinearity f the problem (4.7), (4.8) has
a compact global attractor .4, that lies in an invariant manifold which is a graph over W, furthermore we
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prove that this invariant manifold is closc to W and W is closc in some sense (sec Theorem 4.5) to the space
of functions
E = {12 4 A2z1z + A2y + A2222 1 (21,212,223, 222) € IRY),

where &% = Al r041)xly,5,41)» 1:J=1,2 denotes the characteristic function of the rectangle [z;,z,4,] x
[y;,y;+1). The space E is isomorphic to IR®.

We are interested in nonlinearities f for which the problem (4.7), (4.8) has a global attractor. Assume
that f satisfies the dissipativeness condition (2.8) and, for simplicity, that f is globally Lipschitzian.

Some apriori estimates can be obtained to guarantee that [ H] is satisfied by considering the Liapunov

Functional, V : X,‘,% — IR, defined by
V(¢) = / [a §)o-(s t) + b(t)dy (s, t)? + ¢(s,1 2] dsdt — / (é(s,1))ds dt
ol

where F(u) = fou f(s)ds.

Remark. We prove, at the end of this section, that the attractor A, is bounded in L*(S2), uniformly in
v. This enable us to cut the nonlinearity without affecting the flow in the attractor, allowing us to assume
“that the nonlinearity is globally Lipschitzian.

_ Also, the equations (4.10) have a global attractor A; that is, the equations (4.11) have a global attractor
A. To see that equations (4.10) have a global attractor we recall condition (2.8) and introduce the following
Liapunov function

wl»—-

V(vi1,v12,v21,v22) =

2
Z 1+ &ij]v; Z |Rirl F Z vij Keijyan |

& l=1 f. =1

where K(;jyxi) = limy—o ¢ij(z,y) for (z,y) € Rit, 1,5, k,1=1,2and &3 =0, §12 = €°, € = €%, €0 = €.
Consider the decomposition of (4.7),(4.8), given by (4.9), which we rewrite as

V11 = Pn(vn,vlz,vz],vn,w),

12 = — A12012 + Pia(v11,v12,v21, 022, w),
, (4.12)
21 = — A21021 + Pai(v11,v12, 21, v22, W),
Vg2 = — A22V22 + Paz(v11,v12, V21, Va2, W),

wy = (aw:): + (bwy)y + Q(v11,v12,v21, v22, W),

; 4.13
oy =0, (z,y) € 09. ( )
On

where

2
Pri(v11,v12,v21, V22, 0) = / f (Z vij 045(Z,9) + w(z, 17)) ou(z,y)drdy. k.1=1,2
Q

and

2 2
Q(v11,v12,v21,v22,w) = f (Z i 0ij + w) = Z Pri(v11,v12,v21,v22, W) Gt

ij=1 k=1
We are now in position to state the theorem that prove our claims.
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Theorem 4.10. Suppose that (4.10) has a compact attractor A. Then, there exists vy > 0 and a Lipschitz
continuous function o, : IR* — W+ for v < vy, such that a,(v) — 0 uniformily for v := (vy;. 059,09, v92) €
IR*, and the sct

2
M, ={u= E v 5 + o,(v), ve W)}
=1
is an exponentially attractive invariant manifold for (4.7), (4.8). Furthermore, the flow in M, is given by
u(t,z,y) = E?,j:l vi;(1)¢ij(z,y) + o, (v(t))(z,y) where v(t) is the solution of

v = Pi(v,0,(v)),

v12 = = Apvi2 + Pra(v, 0, (v)),

Vg1 = — Ao1v21 + Poy(v,0,(v)), (4.14)
U2 = = Axva2 + Poy(v,0,(v)),

The attractor A, must lie in M, and the family of attractors
{AV) 0 S v S VO}

. . . . 4
is upper-semicontinuous at zero in IR".

Corollary 4.11. Suppose { is smooth. Then for v small the equations (4.14) have a compact attractor A,
and lim,_oA, C A. If the flow defined by (4.10) is structurally stable on A; then, lim,_oA, = A, the flow
defined by (4.14) is structurally stable on A in U and they are equivalent.

We now prove that the attractors A, are uniformly bounded in L™ (Q). We start with the following
lemma.

Lemma 4.12. Suppose ¢ € C*(2) and that %f;’ = 0in 0. Then, there exists (£,7) € Q such that

(€, m)! > l6(z,9)l, (2,y) €,
Vé(§.n) =0,
¢(§,m)9z2(€,m) <0,
o(€,m)dyy(§,m) <0.

Proof. Let (§,7) € Q be a point where the maximum of |¢| is attained.

Assume that (§,7) € 0. There are several different possibilities, we assume that ¢ = 0, 7 € [0, 1], all
the others are similar. For this case firstly consider the case £ = 0, € (0,1). and define

¥(y) = ¢(0,v);
then, if ¥*(n) > 0 we have that 7 is a point of maximum for ¢* and ¢""() < 0. Therefore.

¢’y(£*77) =0, ¢(Evrl)oyy(5-77) <0.

Also ¢-(€.n) = 0 from the hypothesis that %f; = 0in 09 and ¢,-(£,n) < 0, since for the maximum to be
attained the concavity must be non-positive. A similar analysis apply for the case ¢(n) < 0.
Secondly consider the case (£,7) = (0,0); then, from the fact that % = 0 we obtain that ¢,(0,0) =

#y(0,0) = 0 and for ¢(0,0) > 0 the concavity of

¥1(y) = 6(0,y), y€[0,1]

and
1'(!2(2‘) = ¢(I)0)) T € [0‘ 1]

27



must be non-positive, since (0,0) is a point of maximum. Similarly for ¢(0,0) < 0.

The case (€,9) = (0.1) follows in a similar way.

Finally assume that (€,7n) € Q. The result follows from the fact that if ¢(£, ) > 0 it must be a maximum
and if ¢(£,7n) < 0 it must be a minimum.

Theorem 4.13. There is a number E_ > 0 such that, for 0 < v < vy, u € A, satisfies

llullcogn, < €
Proof. Let £ be such that
f(§)¢ <0
for |€] > €. Then, if u(t,z,y) is a solution of (1.4), (1.5) with initial data in X® we have

0
Etﬂ(f’r,y) =2{a(z)uzz (1, 2,y) + b(v)uyy (2, 9) + f(ult, z,y))]u(t,z,y) +

(4.15)
2[a’(z)uz(t,z,y) + b (y)uy(t, 2, ¥)] u(t,z,y).

Thus, if u is an equilibrium, max|u(z,y)| > €; then, ‘86'1“2 = 0 and the right hand side of (4.15) is strictly
negative, at the point where max|u| is attained, by Lemma 4.12. This is a contradiction and the lemma is
proved for the case when u is an equilibrium point.

If u is not an equilibrium point; then, if for some ¢ € IR, max|u(t,z,y)| > €, from (4.15) we have that

u(r,&,n) 2€ for <
therefore, since u(7,z, y) approach an equilibrium point @ we have that ||u|co(q) > ¢, which is a contradiction
and the lemma is proved.

We now make the cut in the nonlinearity in such a way not to affect the flow in the attractors A,,
0 < v < vg. Also we choose the cut in such a way as to preserve the dissipativeness and not to affect the
attractor for the ODE. Then there exists an attractor A, for the parabolic problem with the new nonlinearity.
Since the flow is not affected in the attractor .4, , we have that A, C 4,. With this we obtain that there
exists a constant M independent of v such that for any v € [0,1q], such that

lull, 3 < M,

for every u € A,.
. N . - . . e . o
We can now cut the nonlinearity f in X2 and make it uniformly Lipschitz without affecting the flow in

a neighborhood of the attractor. Also, the cut can be made smooth and the equivalence between the flows
is established.

II. A SELECTED APPLICATION IN [0,1]x[0.1]

§1. An eigenvalue problem.

Let Q= (0,1) x (0,1). We want to study the eigenvalue problem for the operator
A: D(A) C LX) — LYD)
defined by

D(A):{uem(.o);%:o in BQ}.

Au = (a(z)uz): + (b(y)uy)y, u € D(A),

where a € C},(e’a,l‘;’,a-’, Z,v),be C,ln(e-b,lg', b, y,v) (see 1.4 and specially formula 4.1). More specifically we
want to study the behavior of the eigenvalues and eigenfunctions of A as the parameter v tends to zero. We
start with a lemma.
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Remark. The eigenvalues Ay are sum of eigenvalues and the e:gmfunct:om ¢k arc producr of eignefunc-
tions, for the corresponding scalar problems; that is, Ay = Af + Al and ¢4i(z,y) = ¢2()é!(v)

Lemma 1.1. Consider the unbounded linear operator A defined above. Let Ayy, -+, Aim, A2y, -, Ao, -+
Anis  y Anm, Anm+1, Anm42.- - be the sequence of its eigenvalues and @1y, -, @1m, 021, -, 2m, -+, On1,
 @ams Pam41, Pnm+2, - - - @ corresponding sequence of normalized eigenfunctions. Then,

A1l * %5 Ay N30 ¢ * *5 A 3ma = * 3 Ml 1“3 A

remain bounded and there exists ¢ > 0 such that Aypyx > £, for all k > 1, as v — 0. Furthermore the
eigenfunctions ¢y , k=1,---,n I =1,--- m satisfy:

ori(zi + vl y; +v1§)+ o(l), (z,y)€Ry, 1<i<n, 1<j<m
éri(z,y) =
0(1), (z,9) €Q,

where RY, = (zi_y + VI{_y,zi = VIP) x (yj—1 + vI_y,y; — vl}).

To proceed we need to introduce some notation. Let Ry = (zx-1,Zk) X (yl_],_yz) and R}, = (z4-1 +
vig_ 1,z =vig) x(vi-1 +vl_,y1=vl?). Let ¢4 be a continuous function defined in Q such that ¥(z,y) = 0
for (z,y) € Rk, Yu(z,y) = 1 for (z,y) € R}, linear elsewhere and satisfying the boundary condition.
Let KJbI = lirnu—O‘t?(y) for y € (wi-1,m), Kii = limy—0¢{(z) for z € (zk-1,2k), L = (zi - zi-1),
L} = (y; — yj-1) and K = K§ K. '

We define Q : IR™ — IR* by

m-1

Q(Kx) = Z L“
Jj=

m n-1
T I S S AT s

J=1 i=1

. 21; 21"

where (Kj1)i; = }\;CJ,, 1<i<n,1<j3j<m.

We will show that the eigenvalue problem for A isrelated to the minima of @ in the ellipsoid (y, y) =1,

where M = diag(|Ru1l, -, |[Rim|, [Ra1l,- -, [Rom|, -+, [Rmal, - [Raml) and (y,y)p = (My,y), with (-,)
being the standard inner product in IR*™ . We want to study this relation in more detail.

It is desirable to find the symmetric matrix associated to the quadratic form @. Consider the matrix,

[ T(11)(a1) 0 Tanam)  Tai}en o Tanemy o 0 Taiysl) o 0 TQl)nm)
T(im)(11) " Tam)(im) Tim)21) “°° Tam)2m) -~ Tm)(nl) “°° T(m)nm)
T21)(11) - T1)am)  T(21)21) 0 T(21)(2m) 0 T(21)(nl) °° T(21)(nm)

B =
T(2m)(11) " T(2m)(1m) T(2m)21) " T@2m)(2m) ~°° T(@2m)(nl) ~°° T(lm)(nm)
T(n1)(11) " T(nl)(am) T(n1)21) ~°° Tmi)}2m) ~°° T(nl)nl) “°° T(nl)(nm)
LT(nm)(11) " T(am)(im) T(am)(21) - Tiam)(2m) - T(am)(nl) ~°° T(nm)(nm)-
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where,

ai-) . .
Taj)-1j) = LfQ;,,). 2€icn.1<iEm
TrieiVe .___La b)’ 1<i< 29¢ i<
(33)15=1) = f 2lb \ StsSsn, 87 m
-1

) b;
ai)ij) = Li (( 51:)2;5 (1—5mj)2—;,,)+

3= J

b _ ai-1 R B : ;
LJ( '])210 (1 6'")21?>» 1€1<n; 1<j<m
o b . .
rai)a+) = — L4 ﬁ 1<i<n,1<j<m-1
a; . .
T(ij)i+15) = LJW, 1<i<n-1,1<j<m

raij) k) =0, otherwise.

One can easily see that B is symmetric with respect to the usual inner product (-,-) in IR"™.
We now proceed to prove that B is the matrix associated with the quadratic form Q. Consider the
following vector in IR"™, K = (K11, -+, Kim. K21, -+, Kom,* -+, Kn1,- --,K,,m)T. Then,

(ZZT(.J)(H)}\H) (Kij)) = Z Z rajykny K Kij
k=1 =1 =1j=1k=1i=1
~ n m Lb de 5 N - n m . =
i Z(_ J) 219 i s=13 i ZZ L QIb s) 1 I\s_y +
i=24=1 £= 3=1 §=2
n m b
S Le ((1 61,) lb + (1—5mj)ﬁ) Kij? +
=1 j=1 -1 J
n m a; a
L=l i pis 2D
2L ((1 b)gge (1—6,-n)27) Kij? +
1=1 3=1 :
n m-1 b. n-1m b
S S T(-L8) LK K + Y Y (-L8) L Kija Ky
i=1 j=1 21] i=1 =1 21
n n

m m
a;— - 7 2 a bi— , »
=> 2L ~ |Kij — Kioa® + > L 2L |Kij - Kijoa? +
e £ n : :

=2 j=1 r= =1 y=2 Ji=1
nom 5 Giel s n-1 m ) G
ZZLJ ?Ia ‘A‘_lJ A‘.7 ZLJ Ich"’]J A'J +
i=2 5=1 i1 i=1 j=1 !
nooom n m-=1
bi—1 b
ZZL:I 2.112’ A‘J—l ]\'J L:‘ 5#]\1]4-1 ]\1] +F
i=1j=2 J=i i=1 j=1 J
n-1 m Lb a; 2 n m Lb a;_; ]‘2
Z J 9leT Ty ZZ J 9la i-1;
i=l 3=1 i=2 j=1 '
-1
Y L & K% - Zn:f:L e g
1 le 1 215 ij-1
i=1 j=1 1=15=2 3=1

By changing variables to make all the sums start at one we obtain that the last four lines in the previous
expression are zero and the remaining terms are the quadratic form Q at K.
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Define A := M~!B. Observe that the matrix A is symmetric with respect to the inner product (-, )y
in IR"™.
Our main result in this section can now be stated as follows.

Theorem 1.2. Suppose that the hypotheses of Lemma 1.1 are satisfied. Let A be the matrix defined above,

11,y Himy B21, s M2mycty Bnl.c o, Bnm the sequence of its eigenvalues, 21y, -+, 21m, 221, 29m. -+,
21, 2nm a corresponding sequence of normalized eigenvectors. Writing zx; := (z}},---, gim, ;'i’} oy zf;n’
2P, o+, 23™) we have:

Akt = pi + O(v3),

s 40(1), (z,y)€RE, 1<i<n, 1<j<m

¢H(I’,y) =
0(1)1 (I,y)EQ

where (A1, ¢x1) Is the ki** eigenpairof A,1<k<n 1<I<m.

Proof: From Theorem 3.1 in I, we only need to prove that the eigenvalue uy; of A can be chosen to satisfy
pi; = p+ 4,

and the corresponding eigenfunction zy; can be written as

z,';I =25 z;i,.
in fact, if z;; is as defined above
(/il’ij)pq = (ZZ |qu|_l7'(pq)(kl’)zfjl>
k=1 I=1
bg
= |Rp, ™! (1-6 ~:P10_[3(1-6 A

| Rpg | [ P1)21p_] ij p(l = lq)zlg_lzu ki
Rogl-1L8 { (1 = 610) 221 4 (1= bmg) 28 | 220

Roel Ly LT mlgp ) 5T

p—1

- a
|Rpg 1L} ( 1-«5,n1)2l“jz : +(1—6pn)2—é) & -

_ a
IRyl I[L;(l— mq)7 SAMSES A0 6pn)2—ﬁ,rﬁ+”J
F

[ B T ap— a a a\— a' a a
= :;q {(Lr) AL~ bp1) . ]] (%p - :x'P—l) +(Ly) ‘(1 ‘5pn)2—1ra (:ip - Zir+1)}
P

by b
0 by-1 1 /b b by— b N
+ 25 (Lq) (1= 6ql)ﬁ: ("J'q — 5y q-l)+(l‘q) 1(1 _6‘1"‘)2192 (‘jq_‘:qﬂ)]
— zbq(fiazf)p Ab b)q = 4”/1. tp + ZIP'UJ Jq

)
= (ui + l‘j)zfj *
Therefore Az,-_,- = (pf + p?):,'j = pyj2;;. Since the family of eigenvectors z;; is an orthonormal basis
for IR"™ with the inner product (-,-)as we have that these are the only eigenvalues of A. The proof is now
completed.
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Next we consider the question whether or not the results in this section apply only in the case when
the diffusion cocflicients have the particular form described. We are concerned mainly with the case when
the diffusion coeflicients satisfy the same kind of estimates, but depend on both variables. It is intuitively
expected that exactly the same behavior would be observed. Our primary goal is to justify mathematically
these intuitive expectancies.

We start by describing the diffusion coefficients that we are going to consider in this section. Assume
that a,b € C’__(ﬁ,_R), where Q = [0,1] x [0,1]. Assume also that a(-,y) € C,’,(e.a,l‘-"',a-',i,u) Vye[0,1] and
b(z,-) € CL(et, 1V, b, §,v) ¥ z €0,1).

We want to study the eigenvalue problem for the operator

A:D(A)C L*}(Q) — L¥}Q)
defined by

D(A) = {u € HY(Q): ot

3n=0 in 69},

Au = (aur): + (buy)y, u € D(A).

More specifically we want to study the behavior of the eigenvalues and eigenfunctions of A as the parameter
v tends to zero.

Theorem 1.3. Suppose the above hypothesis are satisfied. Let A be as before, i € fls £ 505 € g

the sequence of its eigenvalues, z1,22, -+, znm & corresponding sequence of normalized eigenvectors. Writ-
. e TS 1 21 22 .nl . ; . }
ing zj := (23}, -,z 28,y 2@y a2p .o, 2p ) we have that there is a sequence of eigenfunctions

¢1,¢2, @3, - such that:
Ak = pr +o(1),

llox — Xicy ey Xr, 2 |IL2 @y = o(1)

where (i, ¢) is a k'* eigenpair of A, 1 < k < nm.

(1.1)

Proof. We start by proving the propertles of the eigenvalues. To do that consider the functions a*t
€ CM(éd, 19, @, %,v), b+, b~ € CL(€, I¥ ¥, §.v) and

o

“(7)

a a(z,y) <a*(z),
b~ (y)

<
< b(z,y) <67 (y),
for every (z,y) € Q.

Let Ay be the k' eigenvalue associated to the problem of 1.3 with a(-). b(-) replaced by a=(-), b~ (")
and A~ be the corresponding sectorial operator. Let Aj be the k'* eigenvalue associated to the problem

of 1.3 with a(-), b(-) replaced by a*(:), b*(:) and A* be the corresponding sectorial operator. Then, by
Theorem 3.2 in I,

Ap =k +o0o(1),

By the max-min property of eigenvalues. we have that Ay , A} , A7 can be written as

Ar = 3 in (Ad,d),

k {;&i}?@ | {21"5‘}( $,9),

A+ = . +

k { L X 1;}112](44 ¢,9),
dimS=k-1

Ap = in (A7¢,0).

=, ) A
dimS=k-1
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respectively.
Therefore, we have that
oSN

and the claim for the eigenvalues is proved.

To prove the claim for the eigenfunctions we first assume that the eigenvalues of the matrix A are simple.
1t follows from the fact that the first mn eigenvalues of A converge to the eigenvalues of A4 that the first mn
eigenvalues of A are simple for v small enough.

We prove the result by induction. We know that the claim is verified for the first eigenfunction, since (0
is the first eigenvalue for A and for A. Assume that the result is true for the first k — 1 eigenfunctions. Let
¥« an the eigenfunction of A~ associated to its eigenvalue A . Then we can write,

A+ 0(1) = (A” ¥k, ¥x) ZZc.cp (1,6p) = ic.?x.-

i=1 p=1 i=1
From the induction hypothesis we obtain that ¢; = o(1) for every 7 < k. Therefore we have
Ae+o0(1) > ciAe + (1= c})(Ae +6)

where Ay + 6 = Ar41 . From the assumption that the eigenvalues of A are all simple we obtain that § is
bounded away from zero. And we have that

o(1) = (1-c})

we choose ¢y = 1+ o(1). This also implies that
Z c?j =o(1).

This proves that
l6x — ¥rllL2(n) = o(1).
The result now follows from Theorem 1.2, in this section.

Next, we consider the case when the matrix A has multiple eigenvalues. Let p; be the first multiple
eigenvalue of A and assume that its multiplicity is m. Proceeding as before we have that, for 0 < j < m -1

oo ) k+m-=1 k+m-1
M +0(1) = (A kg, i) = D ()X 20 D () + (1 - Y () ) (A + 6),

i=k =K =k

where Ay + 6 = Ar+m and 6 is bounded away from zero.
This implies that

k+m-1 )
1- > (d)P=o(l). 0<j<m-1
i=k
and that o
Y (d)Y=o(1)
i=k+4m
Therefore,

Yees= Y cdito(l), 0<j<m-1.

Let c-J’:(ci,--‘,cj

t+m—1) We have that

(P ct) = b9 + o(1).
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11 O := col(c®, -, ¢™=1); then, 07 = 0! + o(1). And, if (Vky - Vikamo1)T = O (Voo -, Viam-1)7, we
have that they are eigenfunctions of A~ and that they satisfy [[654, — '47'k+j”1.=(m = o(1).

Now we redefine the sequence of eigenfunctions substituting ¥ 4, by ¥44;. This together with Theorem
1.2 proves the result.

§2.Applications to dynamics.

Let 2 = (0,1) x (0,1). In this section we consider the parabolic equation

ur = (a(uz): + (buy)y + f(u), (z,9) €N, 1>0 (2:1)
Ou
e 0, (z,y)e€d, t>0. (2.2)
Let A be the sectorial operator and A and M be the matrices defined in the previous section, and denote
by 11, HimyH21,° s H2m,cy Bnly o, Bnm  the sequence of eigenvalues of A, by 211, -+, 21m, 291, -,
Zoam, "y 2n1, ", 2nm the corresponding sequence of eigenvectors, normalized with respect to the inner
product (-, ) p-
Writing zg; := (231, -, za, 28], -, 28, -+, 20}, - -+, i) we have, by Theorem 1.3 II.1,

Akt = pi + O(VY?)
2 +0(1), z€Ry, 1<i<n 1<j<m
==

o(1), reQ

where (Ak1, ¢x1) is the ki'* eigenpairof 4,1 <k <n, 1 <1< m.

With this information we can proceed to obtain the ordinary differential equation that determines the
asymptotic behavior.

Let A° be the fractional power of A and X° be D(A?) endowed with the graph norm and consider
the following decomposition of X®. Let W = span[¢x;, 1 < k < n, 1 <1< m] and W its orthogonal
complement in X©. Then if u € X*/? it can be decomposed as

n m
u= szwﬁu +uw

£=11=1
where
wi= [ u(e.)éule.v)dzdy, 1Sk<n 1<I<m,
9]

n m
w=u-— E kald’kl-

k=1i=1

This decomposition of the space induces a decomposition in the equations (2.1), (2.2) as follows. Suppose
u(t,z,y) is a solution of (2.1), (2.2); then,

3

u(t,z) = ZvH(I)o“(r,y)-.Lu=(i.:t.y)

k=11=1
and
vpi(t) = / ut(i.i)éu(i)di=—/\mu(1)+/ flu(t.z))ori(7)dz. (2.3)
o) Q
for1<k<n,1<Ii<m,
wy = (awg)r + (bwy)y + fu(t, z,y)) - ZE/nf(u(t,i))éH(?r)di ori(z,y)
k=11=1 (24)
o =0 (z,y) € 09
on
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As in 1.3 we guess that the limiting ordinary differential equations are,

vri(t) = —prva(t) + ZE |Rpgl f Z Z vii(t) =07 ] 24

i=] j=1

for1<k<n, 1<I<m

p=1g¢=1

We now introduce a change of variable that we believe simplify the above equations significantly and
allow more accurate interpretation of the results. Let

n m -
Vg = EZ \Razle s

i=ly=1

(2.6)

where &;;, 1 <1< n, 1 <j < mis the set of variables related to the average on each of the rectangles in

the partition.
Introducing the notation,

S
o
A
SR
S
an e,

2m
mn

2m

z%m

m
221

2m
Zom
2m
nl

2m
nm

I =diag(un,~--,ulm,ll'n,"',li'zm,

1

Uim

V21

Vo2m

Uni

Unm

we can rewrite (2.5) as

Since the eigenvectors zi; are
we have

&n

El‘m
&n

b

Es

Enn‘.

.nl Nm
11 #11
zf;] Znm
1m im
2l e g
e 2D
al o g
..n.l .,r;m
nm “nm J
oty Hnly e aﬂnm)
( f(vi) \
f(vim)
f(var)
Fl)=| .
f(r’2m)
f(l'nl)
f(rnm)

b= —pv+ ZTMF(2v),

v= 2T ME.

(2.7)
(2.8)

an orthonormal base for JR"™ with respect to the inner product (-,-),

Z2T™MZ=2"MTZ = 1d,
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and thus
22T =M"".

Therefore,
Zv=22TME=¢

and writing the equation (2.7) in the variable £, we obtain,
E=Zv=-ZpZ"ME+ ZZTMF(§).

Now, observing that

AZ - (Az“,---,Az]m,A221,~--,Azzm,--~,A:n1,---,Aznm)
= (l‘]l:lls"'al‘]mzlmyf"ﬂzZl""aﬂ2mz2ms"‘alln12n]-'"al‘nmznm) =2y,
we have

£ =—-AZZT M + F(€) = —A¢ + F(¢).

. b
Ex = —|Ru|™? [ YA 20{,, L (Eut — Ex—11) + (1 - 615) :#L(EH -fu-:)] +
-1

—|Rk|™ [(1 —b6mi) Lg 21,, (€1 — Eki1) + (1 = 6kn) L} ;;a (€xi —Ek-m)] + f(&xr)

for1<k<n,1<I<m.

Assume that the function f satisfies the dissipativeness condition (2.8), where —§ is replaced by p;; — 6.

This implies that the parabolic problem (2.1), (2.2) has a global attractor .4, and also, one can verify
that the hypothesis [ H ] is satisfied.

By considering a Liapunov function (which can be obtained as in 1.3) one can prove that the equations
(2.5) have a global attractor A.

Consider the decomposition (2.3), (2.4) of the problem (2.1), (2.2), which we rewrite as

vki(t) = =Anvi(t) + Pa(v, w), (2.9)
for1<k<n,1<j<m and

wy = (awg): + (bwy), + Q(v, w) (z,y) €Q }

2.10
i =0 (z,y) €09. il
dn
where
n m
Pri(v,w) =/ f (ZZ%‘U)@‘,’(@@) 2 U’(-’?,Q)) ox1(z,y)dzdy,
Q i=1j=1
Qv w)(z.y) = f (Zzw(omz,y) + w(:r.y)) =3 Pulv.w)éu(z,y).
1=l j=1 k=1 =1
Using the variation of constants formula we rewrite (2.9) as
1
w(t) = e 4wy + / e~ AU=9Q(v(s), w(s))ds. (2.11)
0
The semigroup T(t) := e~ 4! when restricted to W+ satisfy the following properties:
ITwllws < K172 B0 ju||y, .,
i/2
o (2.12)
IT@ullws, < K e® il

where R is independent of v. This can be done easily since the generator A is selfadjoint.
We are now in position to state our main theorem in this section.
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Theorem 2.2. Supposc that (2.5) has a compact attractor A and V' C IR"™ is a neighborhood of A such
that w(V') C A. Then, for any neighborhood U of A such that U/ C V' there exists a vy > 0 and a Lipschitz
continuous function o, : U — W+, for v < vy, such that o, (v) — 0 uniformily for v € U, and the set

M ={u= szud’.j +0,(v), ve U}

i=] j=I

is an exponentia]l_y attractive invariant manifold for (2.1), (2.2). Furthermore, the flow in M, is given by
vtz = Y 12, —y Vij(t)éij(z,y) + 0, (v(t)), where v(1) is the solution of
Ukl = —pr v+ Pu(v,0,(v)). (2.13)

for 1 < k< n, 1< j<m. The attractor A, must lie in M,, and the family of attractors

{As, 0 < v < wo}
is upper-semicontinuous at zero in IR"™.

The proof of this result is essentially the same as the proof of Theorem 1.3 and we omit it.

Corollary 2.3. Suppose f is smooth. Then for v small the equations (2.13) have a compact attractor Ay
in U and lim,_oA, C A. If the flow defined by (2.5) is structurally stable on A in U then lim,_oA, = A
and the flow defined by (2.13) is structurally stable on A in U and they are equivalent.

III. SOME COMMENTS AND GENERALIZATIONS

1. An Eigenvalue Problem in a Two Dimensional Domain.

In this section we consider the case of a domain Q C IR? which is not a cartesian product. Let Q be an
open bounded smooth domain in IR? and assume that the intersection of Q with (zo,z2) x IR is the rectangle
(z0,z2) % (¥1,y2), where 2o < z are constants.

Let ay,€;,1;,, be positive constants, z, € (zo,22) and v be a positive parameter. Let a{(-),/;(-) : RT —
IR* be continuous and increasing functions of the parameter v satisfying a}(0) = a;, 15(0) = ;. Assume
that a,,b, : @ — IR are functions in C}(Q) satisfying

a(z,)2 =, Yy e

a,(z,y) > ayv, Y(z,y) €Q

a,(z,y) < djv, Y(z,y) € Q\ Ui,

y(x,y)Z;, V(z,y) € Q,
where Q' = {(z,4) € Q:z < 71—V}, Q= {(2,0) €z <2y -}, U = {(z,9) €Q: 2 > 2 +01])
and Q4 = {(z,y) € Q:z > z; + vl }.

Consider the symmetric, second order elliptic differential operator

¢ 0 3]
(Luo)(z,y) = e (81/(2’14)5‘5’(1,1,’)) + o (by(Ly)a—iIGﬁ(Ly)) :

Let X = L%(Q) and consider the operator A, defined by

D(A,) = {¢ € H}(Q): g =0 in 6Q}

(A.,d>)(z,y) = —(Lyé)(z,y), Vo € D(4u)
It is known that A, is an unbounded, self adjoint operator with compact resolvent. Let {),(v)} be the
ordered sequence of eigenvalues of A, and {¢,(v)} be a corresponding sequence of normalized eigenfunctions.

Our goal is to study the behavior of the eigenvalues and eigenfunctions of A, as v — 0. Our first result
says that the first two eigenvalues of A, stay bounded whereas the others blow up as v — 0; that is,
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Lemma 1.1. Let {\.(v)} and {¢.(v)} be as above. Then, A,(v) = 0

-9 ¥ -

and A3(v) — oo as v — 0. Furthermore, for any sequence {v;}, v; — 0 as j — oc, there exists a subsequence
{v;,} of {v;}, such that ||¢2(v;,) = X||L2(a) — 0 as jix — oo, where

2
X =Y kxq,

=]
with k;, i = 1,2 satisfving | k1% + [Qlk2® =1,  |Q]k; + |Qa]k, = 0.

Proof: Consider the functional J, : H*(2) — IR defined by

ne= [ [a,(zy)( xy))2+b,(z,y)(6_‘z¢(z,y))2]dzdy.

It is easy to see that A\;(¥) = 0 and ¢;(v) = ||~3. Also, we know that the second eigenvalue A2(v) must
satisfy

Jvo
ll9l17
Therefore, to prove that Ay(v) remains bounded as v — 0 we must exhibt a family of functions ¢, €

HYQ), |[¥vllL2(ny = 1 such that J, 4, remains bounded as v — 0. Let ¢, : @ — IR, ¢, L ¢;(v) be
continuous and such that

() = min { SEH@), 6L ).

Ki+o(1), (z,y)€]
Kz +0(1), (z,y)€Q;

0 K- K 0 -
G @) == +ol), Zh(@,9) =0, (2, €NUL T

where K; = — Q|3 (i%:—})% and Ky = |Q|"% (f%;—l) Then,

L.,t/)u=/n\up1 [ v(2,9) ( Uu(z y)2+ b,(z,y) <ay¢ (I,y)>2] dzdy

:/mu: - zy)( w(zy)) dz dy

l—l

Ko — K,
= (z,y)dz dy ( ) dz dy
/n\u?=,ﬂr g

(K2 - K1 \? ) Ki- K \?
< ajv IQ\U, 1S | (-———22 I ) +0(1) = aiv2vly (y2 — v1) ( 22”1 ]) +o(1)
1

ay Y2
=0 Ba—lhoany ,
= 2ty 2+ o0,

d)"(zv y) =

and ||y||z2¢n) = 1+ o(1). This implies that

ku a1 Yo —
A < —
() S [ S 3 oo

=19 +o(1)
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and l(i)m sup, _pA2(¥) < gf;lﬁfﬁﬁ;‘ ||, proving that there are at least two eigenvalues that stay bounded as
v—=U\.

To prove that there are only two eigenvalues that stay bounded we must study the behavior of the
eigenfunctions associated to those eigenvalues that stay bounded. Let A(v), ¢(v) be an eigenpair such that
8UPo<y<1 A(v) < co. Then, there are constants k; and k; such that

ll¢(v) = XllLa) — O,

as v — 0, where X = E'?:l k;Xq,. To prove that notice that there is a constant m > 0 such that,

/n [ay(z,y) (%M:,y))'z +b,(z,y) (%tﬁ(r,y))?] dzdy < m.

/n.v’ [(%ﬂz,y))z + (a%tﬁ(:r,y))z] dzrdy < gu_

This implies that for any 0 < v < vy we have

Therefore,

m
v! < -
160, oty S 1+ 00

which implies that there is a sequence v; and a constant k; such that

19065) = kill ot = O s 35 =0,

Next we want to prove that given v; < vy we have that ||¢(v;) — ki| — 0. It is easy to see that

3"
for j large ”¢(Vj)”H‘(ﬂ:",’) < 1+ 2. Therefore, there exist a subsequenLce_f‘:/'.,jl — 0 and constant k; such
that

16(5) = Eill , i) = 0 3 15, —0.
Since
9005) = killy sy = O 88 33, =0
we have that k; = k;. Hence, the limit does not depend on the subsequence and we have that

l6(v;) — ksl|

v —0 as v; —0.
La(n‘l)
Remark: So far, we have not proved that the constants k;, i = 1,2 do not depend upon the sequence v;.
We have only proved that the constants do not depend upon vg.
Assume that,

||¢u||1,=(n\uf=]n:") -0 (1.1)

as v — 0. Then k; must satisfy

Q1 1k1? + [Q2]k2® =1, [Qulky + [Qlkz = 0. (1.2)
Therefore if A3(v) stays bounded we have that there exist a sequence v; — 0 and constants k;, k;, i = 1,2
such that for any v; > 0
192005) = kil ot =0 25 %5 =0
and

ll6a(v;) — k] —0 a v; —0.

L’(ﬂ:")

39



Since ¢, L ¢3, we have a contradiction since (1.2) implies
lQIIkli"l <+ |92|k2’-€2 #0.

Therefore it only remains to prove (1.1). To do this we consider two points (z,y), (,s) in the set Q\U}_1 Q:".
Then the following is satisfied -

l6(z,y) — é(s,1)|* < 2|6(z,y) — &(z,1)|* + |é(z,1) — ¢(s.1)|*
y z
= 2|/ ¢y(I,T)dT|2+?I/ ¢-(0,1)d8?
1 s

Ya z)4vl]
< 2ys - u1) / (6y(z,7))2dr + 401} / (6:(6,1))%d6

Vi ]—Vlll

Va2 Y2 1'|+Ulll
/ / / l6(z,y) — é(s,1)|*dz dy di
W vi z;=vl]

va pya pratvly opys
2(!/2‘1/1)/ / / (¢y(z,7))*drdz dy dt

Ty~- VI

Y2 Y2 r,+ul
+ 4vl} / / / / (6:(6,1))*dbdz dy dt
75 73] Ty=vl} z,-vl]

I;+VI va
2y —wn )3/ (¢y(.r, 7))2drdz

1wl

y2 o4yl
+4vii(y2 — v1)2v 1] / / (0-(6,1) 2dOdt
F vI

< [2(!/2 = yl)se—1 + 81'12(.1/2 - y])a_l] v

and

Thus,

1

vz pritvly ) 3 V2 3
(/ / lé(r,y)l'drdy) = (21’13/ I¢(s,i)|2di)
y1 Jri-vl] v
2 2 3
S[m[Q(yz—yl) +&] u} .
€] a

Next we consider the case when s = z; — vl] which, for convenience. we contmue to denote by s and the

following holds

Y2 Y2 £ * v2
/ / / IO(I,y)—é(s.f)]"drdydi<?(yz—y1)3/ / (oy(:r,r))")drd;r
Ya v To
+2(zo — $)*(y2 — v1) / / )2d6 di

< [2<y;,—y1)3’" +2(z0 - )*(v2 —yn?] v
1

This implies that

< 1

1 - 2.\ _ ! oy i 2 : 3
(y;:—yl V/;! |o(s,1)] di) ((s—zo)(y = ./;, /xo lo(z,9)| d:rdy) < 0O(v2) (1.4)
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)

2(v:-y:)’-,m+2(ro—n)’fl] v]?

4 L and
(e=z0)(y2-¥1)

where O(v?) = [[

! v 2 E ! 1 3
(yz—m /v: 86 di) S Owh)+ [(s—zo)(yz-yl)] ' (1.9)

The inequality (1.5) combined with (1.3) implies that there is only two eigenvalues that stays bounded.
The next step is to prove that

o a; Y2 — U
liminf Ao (v) > — Q.
gf %20 2 31 e

We start by proving a few estimates for the second eigenfunction. which for convenience we denote

¢ =o(v),

ry+vl

Y2
/ﬂ (8 (¢:)? + by (6y)?]dz dy > / / a, (¢.)2dz dy

1=viy V1

Ti+vhy pya g a Y2 14w, 2
o [ [Terdrayz gt [T [T 6idz) ay
zy=-vly Jyy 2l Vi ,-vl
a,

Y2

|¢(zy + v, y) — é(z; — Vll,y)|2 dy
v

v . ,% v2 '% 2
25t ([ a) - ([ on =) |

T

and, if v; — 0 is such that

ky, e

) — X in L*(Q), wh X =
é(v5) in L*(2), where {k% Sy

with ky, ko satisfying (1.2). Then, from (1.6), we obtain

] /ya /! 9 2
,y)dzdy — k
(yz—yl)(S—IO) vy £ d)(z y) e '

which by (1.4) implies that

1 Y2 g .
[ et - vty — .
Y2—u: v1
In the same way
1 v 5 o
/ o(zy + vl y)dy — k2"
Y2 = Y1 v,

Therefore,

v—0

liminf/n [a,(2,9)(02(2.¥))7 + bu(z,¥)(6y(2,¥))?] dz dy > ;’—;1<yz — 9)(ka — ky)?

20 [ ][9]

_al yQ_yll |

and the result is proved.

If b, is assumed to be large everywhere in €2, one cannot expect to have a curve I' different from a
straight vertical line separating the regions ; and Q,. One solution to that problem would be to make b,
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small along I'. However, the proof given in Lemma 1.1 does not apply since, in this case, we were not able
to prove the convergence (1.1).

This observation seems to indicate that, by fixing the elliptic operator, we somehow fix the type of
partition of the domain that we can allow.

§2. Some Comments on Bifurcation.

Consider the scalar parabolic problem

u; = (auz), + f(u), 0<z<1l, 1>0 (2.1)
u(0)=u(1)=0, t>0. (2.2)

Assume that a € C?%([0,1],IR), a(z) > 0, z € [0,1]. We also assume that a is large except in a
neighborhood of a point where it becomes small. To describe the coefficient a,let 0 = zo < z; < z;=1be a
partition of the interval [0,1] and let I, be a positive constant and /i be a function of a positive parameter v
that approach /) from above as v — 0. Then if €;(v), e2(v) are positive functions of the v that go to infinity
as the parameter goes to zero, if a;(v) < a}(v) are positive functions of v that go to zero as the parameter
goes to zero (and v is sufficiently small), let a be such that

a(z) > e;(v), for zo<z<z—vl,
a(z) > ex(v), for z;+vli <z<zy

a(z) > ay(v), for zy—vl} <z <z)+vl, ad)
a(z) < aj(v), for z;-vl <z <z +vl.
We also assume that
I: = I,' = 0(1),
a; — a; = o(1). (24)

We borrow the notation of I.4 and concentrate in the generalization of the results for the case when the
diffusion coefficient has two bumps and one well. However similar generalizations follow, in the same way,
for the more general situations.

e} (v 2 mi p)i= .
Lemma 2.1. Assume that V_W?f(%)ﬁ = o(1) and that ~ m'"{:'((y))' L2} = O(1). Consider the oper-
ator

A: D(A) c L?%0,1) — L?%0,1)

defined by
D(A) ={u € H*(0,1) : uz(0) = uz(1) = 0},
Au = —(auz):.
Let A\ < A3 < A3 < - -+ be the sequence of its eigenvalues and ¢;, ¢2, d3, - - - a corresponding sequence of

normalized eigenfunctions. Then A; = 0,

.. ca(v) 1 . . . ai(v) 1
f < liminf Ap(v) < 1 < ———
Bt ool ol =) i Aalp) S lmap dae) < linatp —eoh Sy

and A3 — oo as v — 0. Furthermore, we can choose ¢, = 1 and ¢, satisfying

o + o(1), z €[0,z; — vli]
I
é2(z) = o(v™%), z € [z, — v}, z, + vl
)
b +0o(1), T € [z, + v}, 1]
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The proof of this results is similar to the proof of Lemma 1.1 in Carvalho and Pereira [1991] and we
omit it

Assume that liminf, o 52';(,—':) = limsup, o %‘? = a; and consider the following system of ordinary
differential equations

> a
=g (- n) + f(2),

? (2.5)
gﬁ(zz - 21)+ f(22).

We proved that it determines the asymptotic behavior of (2.1), (2.2) for small values of the parameter v.
Consider now the the following cases:
1) 2 o as v —0.

By Lemma 2.1, A\, — oo as v — 0 and the limiting equation must be

v = f(v), (2.6)
where v is identified to the average of u in the interval [0, 1].
2) 2_1.52) —0 as v—0.

By Lemma 2.1 we have that A, — 0 as ¥ — 0. In this case, the limiting equations must be

2 = f(zn1),
23 = f(22),

where z; is identified to the average of u in the interval [z,_;,z;], i = 1,2.

An interesting phenomenon is observed in this two cases. Suppose f(u) = u—u®. According to the rates
of growth (decay) of the coefficients defining a, we can obtain a single equation with three equilibrium points
or a system of two decoupled equations with nine equilibrium points as limiting equation. If we introduce
the case when the second eigenvalue converges, we obtain the system (2.5) as limiting equation. By varying
a; we can go from case 1) to case 2); that is, from three equilibrium points to nine equilibrium points.

To illustrate this, consider z; = 1/2 and rewrite the equations (2.5) as

5n=r(za—2)+ f(z), }

4;.2-':

(2.7)

. 2.8
29 = —r (20— 21) + f(22), (28)
where r = %‘1 In this case we can compute the equilibrium points explicitly and they have simple expressions,

namely:
(21,22)=(0,0), (21)22)‘:(111)) (7'1’22)=(_11"'l):

(21,22): ( —V1—21‘,V1-—27‘), (21,22): ( \/1—27‘,—\/1—21‘),

b ) = _\/l—r—-\/l—2r—3r2 V1—r++/1=2r-3r2
1,42) — \/§ ’ \/5 3
( [ V1-r=V1-2r—3r7 _\ﬁ-r+\/l 2r — 3r2
z1,22) = 7o ;

( = _\/1 r++v1-2r—3r2 \/l—r—\/l 2r — 3r2
21,22) = \/5 ’

(20,22) = V1—r+V1-2r—3r \/l—r—\/l 2r — 3r2
21,%22) = \/5 A
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We observe that for r > 1/2 the only possible equilibrium points must satisfy z; = z; which implies that
the only equilibrium points are (0,0), (1,1) and (-1,-1). Note that as the parameter r varies from zero to 1/2
we observe a bifurcation at r = 1/3 where four roots cease to exist and a bifurcation as r = 1/2 where two
roots cease to exist and there is no bifurcation for r > 1/2. All the bifurcations are pitchfork bifurcations.

Remark. Lemma 2.1 can be generalized to include any number of wells. It implies that the rate at which
the deep well goes to zero is critical in the case considered by Fusco [1987] and Carvalho and Pereira [1991].

§3.Systems.

The results in 1.3 can also be carried on for systems of weakly coupled parabolic equations. To ilustrate
that, consider the following problem

u; = (auz): + f(u,v), 0<z<1, t>0
uz(0)=u(1)=0, t>0
vy = (bvz)z + g(u,v), 0<z<1, t>0
v-(0) =v,(1)=0, t>0.

(3.1)

where a € C%(e'a,l"',a_;,xl,v) and b € C%(cb,lb',l?,yl,u). We assume that z; < y,. Let A§,AS,--- 49,43, .-
be the eigenvalues and a corresponding sequence of eigenfunctions of A°u = —(au;)z with homogeneous
Neumann boundary conditions and A8, A8, -- ¢4, 4%, - - - be the eigenvalues and a corresponding sequence of
eigenfunctions of Abu = —(bu.)z with homogeneous Neumann boundary conditions. With the operators A®
and A®, we associate the corresponding fractional power spaces X and X§. By Theorem 3.1 in I we have

that

a =)\ = a_, 6 1 b_, b 1 as p° b r
MEMS0 M-k zain 2o R ¥2v k2§
1—21 1=
. == z ) 26(0,31) - _yyla yG(O,y1)
$i=di=1 ¢f— o

1
1
T z € (z1,1) \/1_—3/? Y € (1)

By projecting the equations on the eigenspaces associated to the eigenvalues that converge we obtain the
following set of limiting ordinary differential equations.

2=z f(21 + k22,6 4 K262) 4 (31 — 21) (21 — k522,61 + k26o) 1
+ (1= y1)f(z1 — kS20,6 — k3E3),

a 1
1 20+ k$z, f(z1 + k§ 22,61 + k1E2)

T2 i (1-2)
— k3 (1 — 21)f(21 — k§ 22,60 + k1€2) — k5 (1 — 1) f (21 — kS 22,61 — k3Eo),
& = z19(21 + k22,61 + k162) + (1 — 21)g(21 — k522, &1 + k1€2)
+ (1= y1)g(z1 — k§ 22,6 — k3éa),

20+ kbzyg(z) + k829,64 k26))

z9 =

ﬁ 1
208 1 (1= 1)
+ k(v — 21)9(21 — k522,61 + k1€2) — k5(1 — v1)g(21 — kS 22,€1 — k3E2). J

b =

By introducing the change of variables

m=z+kfz, 6, =& +kE
n =1z —k3z 6, = & — kB¢,
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we can transform the above equations into

m = 210 (’72 m)+ f(m,6,), |

= W(;a_l—m(fh -m)+ yll—:zi:'f(ﬂg,ol) + ::—:f(rh‘a?),

b= 5,';37(02-91“ 2 gt 09) + L g 00), ' 54
6, = W(}P_j—m‘)("z = 61) + g(n2,62), J

These results can be proved for an arbitrary number of bumps and wells and for an arbitrary number

of weakly coupled equations.
We remark that if the system of parabolic equations is gradient, then the system of ordinary differential

equations that we obtain will also be gradient. Suppose we start with the system (3.1) and that we impose
the following additional hypotheses

fwo)

lim sup lim sup M <-4

|u|—o0 u lv|=oo v
for some 6 > 0, and

of _ Yy 2
av(s,t) = a(s,t), V(s,t) € IR".

Then, the system (3.1) is a gradient system and the functional V : Xa% X Xb% — IR" defined by

1
V(g ¥) = /0 % [a(2)¢'(2)? + é(2)” + b(z)¢'(2)" + $(2)* = F(4(z), ¥(2))] da,

where F(u,v) = [’ f(s,v)ds + [; ¢(u,s)ds, is a Liapunov Functional for (3.1).
By decomposmg u and v in the usual way, by taking the limit and then changing variables we obtain
the following functional for the equations (3.3)

= A 1 . 0 1
V(7,6) =< (z—lfh + :‘1"72) +-— (- 172)2+

D) 2z,(1-1,)

1/1 1 1 a1
= =Gy 0) —— (6, - 62)°+

2(yl . 1—3112 2y11—y1) 2

1ay 1 1k 1 -
e e s - S TN < (. 2 =
e T g O ) -6,

where (77,6) = (1, 72,61,62) and

G(7.6) = [ / fsel)ds+(y1—:1/ £(5,61)ds + ( 1—y1)/ f(sgz)ds]

1

5

1 6, 6, 62

i [ /0 9(m,s)ds + (n —31)/0 g(nz,s)ds+(1—y1)/0 y(flz‘s)ds] ;
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