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ABSTRACT. This paper is concerned with periodic solutions to a one-parameter family of
planar differential delay equations. The concept of slowly oscillating periodic solution is
extended to this setting and we state an existence theorem of this type of solutions. Indeed,
we state the existence of an unbounded continuum of such solutions.

1. Introduction.

In the current years the scalar differential—delay equation

(1.1) 12(t) : —au(t) + af(u(t—1)), a > 0,

which by a suitable time scaling is equivalent to

(1.2)
'

i;(t) = —v(t) + f(v(t _ a)),

has becoming an object of special interest of research. Besides its mathematical signif-
icance it has been proposed as a model for a variety of phenomena in several areas of
science. Hadeler [7], who mention some similar versions of (1.1), Mallet-Paret & Nuss-
baum [10—12] and references therein give a good sample of the profusion of recent works
in this subject. Indeed, in [10,11] the authors began the study of the more general case
where the time-lag depends on the state, that is, a = a(v(t)) in the equation (1.2).

In this paper we continue the study initiated in [16] in order to extend the results
related to (1.1) to the planar equation

(1.3) i‘(t) : —az(t) + aF(:c(t — 1)), a > 0,

where x = col(:z:1,:z:2) G 1122, F = col(F1,F2) is a map from R2 to itself. Grafton [6] deals
with a two dimensional differential-delay equation, but there special features of a second
order equation are exploited.

The main results are stated in the section 2. The Theorem 2.1 gives an infinite
sequence of local Hopf bifurcations of periodic solutions to (1.3).
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A first fundamental step in this work is to define for the nonlinearity F, a counterpart
of the negative feedback condition, usually assumed in the scalar case, uf(u) < 0, if
u 96 0. This is contained in the hypothesis (H1).

Following the approach of Mallet-Paret & Nussbaum [12], we define a closed convex
set Ka C C = C([—1,0],1R2) and a return map A : Ka —~> Km which is built by following
the orbits of (1.3) with initial condition in Ka. Certain periodic solutions, the slowly
spiralling periodic solutions, are identified to fixed points of A. This is the counterpart
of the so called slowly oscillating periodic solutions of the scalar setting.

By an application of a global bifurcation theorem, the Theorem 6.1, a crucial result
due to N ussbaum [13], we accomplish the existence of an unbounded continuum of slowly
spiralling periodic solutions of (1.3) in the Theorem 2.2.
The Theorem 2.3 is an auxiliary result for the Theorem 2.2, but it has interest in

itself, since in cases where the solution 1: = 0 of (1.3) is asymptotically stable, it'gives
the existence of a uniform lower bound for the size of the basin of attraction, for a in
compact intervals Jo.
The section 3 is devoted to the study of the location of the eigenvalues of the linear

part of (1.3).
In section 4 we give some exponential estimates on the grow of the solutions of (1.3),

which are useful in the proof of the Theorem 2.3
In section 5 we obtain the existence of slowly spiralling solutions of (1.3). We use the

same approach as Hadeler & Tomiuk [8] in the scalar case. An essential tool for this is a
fixed point principle attributed to Nussbaum, the Lemma 5.3, which depends in a crucial
way on the concept of ejectivity, according to Browder [3]

Section 6 is dedicated to the proof of the theorem 2.2.

2. Statement of results.

Consider the delay differential equation

(2.10) :i:(t) = —a:c(t) + ch(a:(t — 1))

where x = col(:c1,z'2) 6 R2, F = C01(F1,F2) is a map from R2 to itself and a is a positive
real parameter.

All over this paper F is assumed to be differentiable up to order two at the origin.
For <p E C, C :: C([—1,0],R2) with the sup norm || ~ H, there exists a unique function

x(t) = x(t;a,go) which is continuous in [—1,oo), continuously diferentiable in [0,oo),
z|[_1'0] = (p and satisfies (2.10) for t 2 0.

Given a continuous function x : [T —— 1, T + a) —> IRZ, a > O, the notation 13, indicates
the function 1:1(0) = a:(t +0), —1 5 0 _<_ 0, T 5 t < T +a.

Let us define 61 = 57mm 63 = 6—I2(0). At various stages, some or all of the following

hypoteses on F will be r2equired:
1

(H1) $2F1(Z) > 0,1f112 ¢ 0;131F2(13)< 0,1f1'1 # 0 and 6 Z: \/—6162 > 1.

(H2) There exists M > 0 such that |F(:c)| S M, x E R2.

(H3) 3: - F(:c) < Izlz, ifO < |z| _<_ M.
(H4) [61+ 62| < 2.

Where “-” in (H3) denotes the scalar product of the R2.
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Remark 2.1. The condition ng1(:r) > 0, 1:2 # 0, and le2(z) < 0, 1:1 76 0, implies
(Sh—62 2 0 and imposes that a point in any quadrant is carried by F to the next one,
in the clockwise sense; this forces the orbits of (2.10) to rotate around the origin and
turns plausible the existence of periodic solutions; we can say that (H1), without the
assumption on 6, is a planar version of the negative feedback condition, current in the
literature of the scalar case. We easily see that, if F G 02 in a neighborhood of (0,0),
(H4) implies the inequality set in (H3), for x 56 0 in this neighborhood. Moreover, the
expansion of F up to the second order and the condition (H3) give

[Ax1+ 32:2]le + O(|:r]4) < z? + $3 — (61 + 62)1:1:c2,

where
162F2 62F1

— 5 (91:12
(0) +

31:13:82
(0),

162F1 anyB ‘ 262322 + 8x13x2( '

Therefore, |61 + 62| 5 2, and a sufficient condition for |61 + 62| < 2 is A 36 zlzB.

Remark 2.2. The hypotheses (H1) and (H2) imply the existence of a constant Q > 1

such that |F(:r)| S Q|x|, 1: E R2.

Remark 2.3. Suppose the hypotheses (H2) and (H3) are fulfilled and let 5 > 0. Then,
there exists 6 > 0 such that, iff 5 [ml 5 M, then |y — F(:z:)| < 5 implies re - y < |z|2.
In fact, if this is not the case, there are sequences, 5 5 x" 5 M, y", n = 1,2, . . ., with
znyn 2 |:r:,,|2, |yn — F(:cn)| < i and x" —> to, as n —> 00. Therefore, y" —> F(:c0) and,
finally, mo - F(:c0) 2 Ixol2, which contradicts (H3).

Remark 2.4. For the study of periodic solutions of (2.1a), the hypotesis (H2) can be
replaced by the more general condition:

(Hi) HEM)- c BM

where HM = {x 6 IR? I |x| 5 M}, for some M > 0. In fact, if this is the case, defining

_
__

F(:c), for [x] 5 M
F“) ' {

F(Mz/|:r|), for |z| > M,

it follows that F satisfies (H2) and, if z(t) is a periodic solution of

13(t) = —a:c(t) + aR(z(t—1)),

then |z(t)| 5 M; so z(t) is a periodic solution of (2.10).

Remark 2.5. The function F(1:) = (2 arctan zz,—2arctan 1:1). satisfies the hypoteses
(H1) — (H4)
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Definition 2.1. A solution z(t) : (2:1(1),:c2(t)) of (2.10) is a slowly spiralling periodic
solution if there are real numbers q1,q-,,q3,q4 with q, > qj_1 + l, j = 2,3,4, such that

(1)1:1(-—1)= 0, z1(t) > 0, ill 6 (-—l,qg) and z1(t) < 0, ill 6 (q2,q4).
(2) $20) > 0, ifi E (—1,f11)U 013,04) and 32W < 0, i“ G (WAR)-
(3) z(t) = z(t + «14 +1), t 6 IR.

The Figure 2.1 shows a slowly spiralling periodic solution. This term is suggested by
the fact that the orbit encircles the origin, crossing the coordinate semi-axis in times
spaced by intervals greater than the time-lag. It is inspirated in the concept of slowly
oscillating periodic solution from the scalar case. The period of a slowly spiralling solution
is obviously greater than four.

FIGURE 2.1

Remark 2. 6. The hypotheses (H3) and (H4) play a fundamental role in the lemma 6.4,
which implies that, for some 61 > 0, there is no slowly spiralling periodic solutions of
(1.3), for 0 < a < 61. This is an essential requirement to state a global Hopf bifurcation
for the equation (1.3).

In this paper the problem of finding slowly spiralling solutions is reduced to that of
finding fixed points of a return map from a subset of C into itself.

We define in the sequel, two important closed convex sets K,Ka C C. If z:(t) is a
slowly spiralling periodic solution of (2.1a), then (p : x|[_1y0] E K, where
(22) K={«=e0|so1<—1>=o, «91,90220},
moreover,

iea'dt) : ae°'F(:c(t — l)) = ae‘"F(x(t + q.;)), —1 5 i S 0.

It follows from the periodicity of x(t) that <p E K“, where
(2.3) Kc. = {so 6 K I eaogoJlB) is nondecreasing in [—1,0], j = 1,2}

We state now the main results of this work.

Theorem 2.1. If(Hl) is satisfied, there exists a sequence 0 < 010 < 011 < —» +00,
be

52 — 1’

such that the equation (2.101) has a Hopf bifurcation at a : 01k, k = 0, l, 2,

(2.4) 00 = 0 < be := arcsin1/6 < 7r/2,
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Theorem 2.2. Let us assume the hypoteses (H1)-(H4), and let
X) = {(o', go) 6 (0,00) x A" |z(t;a,<p) is a slowly spiralling periodic solution}.

Then the following conditions are satisfied:
(1) There exists 6 > 0 such that if(a,go) E 2, then a Z 61 and ”$0“ 5 M.
(2) The closure 5 of): in (0,00) x K is f = E U (ao,0)
(3) Let 20 g f be the connected component off containing (a0,0). Then 20 is an

unbounded subset of(0, 00) x K, more specifically, for each a > 010, there exists
a slowly spiralling periodic solution z(t; a,go) of(2.la) such that (a,<p) E 20 and
|x(t;a,<p)| S M, for all t.

Remark 2. 6. It will be clear later that only (H1) and (H2) are needed for the existence
of slowly spiralling periodic solutions, for a > (10. The additional hypoteses are required
for the assertions (1) and (2).

Theorem 2.3. Let Jo C (0,010) be compact. Then, there exist positive constants 6, L,
and 17, such that, ifor 6 Jo and ||<p|| < 6, the solution z(t;a,gp) of(2.1a) satisfies

Ir(t;a,¢)l S Le‘mllsOII. 12 0.

Theorem 2.2 is proved in Section 6. The proof of Theorem 2.1 is a straightforward
consequence of a description of the locus of the eigenvalues of the linearized equation of
(2.1a), as given in Section 3. Theorem 2.3 is an auxiliary result for the Theorem 2.2,
however, as we have pointed out in the section 1, it has interest in itself.

3. The eigenvalues of the linearized equation.

We state below properties of the eigenvalues of the linear part of (2.101) which are
relevant for this paper. For a general study of this subject see [2] and [15]. A linearization
of (2.1o) near the origin, with F satisfying (H1), gives:

(3.1) i(t) = —01:c(t)+ aB:c(t—1), B = (60 $1).
2

The characteristic equation of (3.1) is:

(3.2) (A + We“ = —6202

If A is a characteristic root of (3.2) (eigenvalue of (3.1)), its complex conjugate A is.
Moreover, A : 0 is the unique real eigenvalue, and it occurs for a = 0; therefore, we can
restrict our study to the upper semi-plane 8‘(A) > 0.

Lemma 3.1. There is no root of (3.2) in the lines a + ib with fixed b : (lc + 1/2)7r,
Ic=0,1,..., andaElR.
Proof. For A = a + i(lc +1/2)7r, lc : O, l, . . ., the equation (32) leads to

62°’[(a + a)2 - (k +1/2)27r2]= 62012
{

(a+a)(2k+l)7r=0,
and this system is incompatible. CI

The Lemma 3.1 asserts that the characteristic roots A 6 (3+ := {A € C|8(A) > 0}

are in the strips:

s, ={A€(C+l(lc—1/2)7r<8‘(A)<(k+1/2)7r}, k=o,1,2,...
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Lemma 3.2. In each strip Sk, k 2 0, the characteristic equation is

(3.3) (/\+o)c)‘ = (—i)"i5a

Proof. The equation (3.2) is equivalent to

(A + 00.5" = iiéa
Taking A = a + ib, one obtains:

(a+cv)cosb— bsinb: 0
{
(a + a)sin b + bcosb = i6ae'“.

The first equation implies (a + a)sinb and bcosb have the same sign. The Lemma is

proved noticing that, in Sk, the sign of bcosb is (—1)k. D

Lemma 3.3. The only pure imaginary characteristic roots are A], = ib;c e Sk, where
sin bk = (—1)kl/6, and the corresponding values a = 011, are

bk

Proof. Taking A = ib in (3.3), we obtain a = btanb and asinb+ bcosb = (—1)k6a. So
that, sinb = (—l)k/6 and cosb = (—-1)k\/6—2—_1/6, for every k 2 O. [1

Remark 3.1. The sequence (at) satisfies 0 < 00 < 01 < ag < —> +00, as ls —> +00,
since bk = be + k7r, k 21, and 0 < be = arcsin1/6 < 7r/2. The value

be

62 — 1
(3.4) do 2

has special importance in this paper.
Lemma 3.4. Each strip Sk, k 2 0, contains exactly one root of(3.2), and it is simple.

Proof. Taking A = a + ib 6 Sk, k 2 0 in (3.3), we obtain :

a + a = btanb
3.5( )

(a+a)sinb+bcosb=(—l)k6ae‘“,
wich gives

5 z: (5an : (—1)kbe“anbsecb,

so that
dfi
Eb‘ : (_1)'Ce‘”=m‘*secb[(1womb)2 + 1,2] > 0.

Phrthermore, fl = fl(b) —> O, as either b—-> 0+ or b —> (n7r + 7r/2)+, and fl(b) —> +00,
as b —-> (n7r + 7r/2)_, n : 0,1,2,. ... So that, b = 80) is a strictly increasing function
of a 6 (0,00). Consequently, a = §R(z\) is a function of a 6 (0,00) and

d_a _ a(l+a+cv)+b2
da ‘ a[(1+a+a)2+b2]'

The last part of the lemma is a consequence of

filo + a)e* — (—1)’°5ai] = e'\(1+ ,\ + (1) ¢ 0. D
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Lemma 3.5. In each strip Sr, 1: 2 0, the roots ,\ = A(a) of(3.2) satisfy §R(A) < ln6
and lime,”0° A = 1116 + i(k7r + 7r/2), k = 0, 1,2, ...
Proof. It follows from (3.5) that

c“(l + g) = (—1)"6sinb.

By Lemma 3.4, limaqoo (—1)k6sinb = 6 and, moreover, e“(1+a/a) > e“ for a large. So
that, a = a(a) is bounded as a —-> co and

6: lim e“(l + 2) = lim 6“,
0—000 a 01—000

which means that, a = §R(z\) —> In 6 as a —> 00.
The other assertions result from Lemma 3.4. D

Lemma 3.6. If M, = ak + ibk 6 5k, k = O,l,2,... are roots o{(3.2), for some a > 0,
then no > a] > ——> —00.

Proof. After the translation A + a = p, (3.2) becomes

(3.6) fie?“ = —fl2,

where fl = 0662“. Since a 6 HR, the lemma will be proved if the specified ordering occurs
for the real parts of the roots of (3.6). Taking p = a + ib in (3.6), one obtains:

(3.7) (02 + b2)e2“ : B2.

For fl : 7r, (3.7) defines b as function of a, a e (—oo,0], with

g- : —(7rze"2° + a)/b < 0,

thus, no > a] : 0 > (12 > ...> a), > ..., where pk : ak +ib;c is the unique root of (3.6),
with fl: 7r, in 5k, k: 0,1,....

Suppose temporarily this ordering is false for some value of [i > 0. Since each a;c

depends continuously on fl, there is some fl : B for which (3.6) has the roots pk E 5k
and u; 6 SI, with ch = a, z a, k > 1. But (3.7) implies bk = b,, a contradiction. D

The foregoing lemmas assure that, if6 > 1 and a increases from 0 to +00, once upon it
reaches each ark, k = 0, 1, . . ., given in lemma 3.3, a unique pair of conjugate eigenvalues
M, = Mark) and :\k crosses transversally the imaginary axis , from the left to the right.
The Figure 3.1 shows the locus of the characteristic roots in the several strips for

6 = x/i When a varies from O to +00, the real part of A varies from —00 to ln V5, with
the Ak’s on the indicated curves, obeying the ordering of the Lemma 3.6.

Since all the eigenvalues of the linear part of (2.10), 0 < a < 00, have negative real
parts, the following lemma is a standard result in the stability theory of differential—delay
equations.
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FIGURE 3.1

Lemma 3.7. Assume the hypothesis (H1) and 0 < a < 010. There is a number 11 > 0
such that, for any 6 > 0, there exists 7} 2 0 such that, ifllgoll < u, the solution z(t; 0, 4p)

of(2.la) satisfies
sup |z(t;a,<p)| < 5.
QT,

Theorem 2.1 is a consequence of the Hopf Bifurcation Theorem for retarded differ-
ential equations, according to [9], because the above lemmas guarantee the following
hypotheses:

(1) The pure imaginary eigenyalues A), = Afloat), k = O,1,... of (3.1) are simple
and, for any k, if Aj ¢ AhAk, then A, 95 mAk, for any integer m.

(2) fii§R(’\kl(alla=ak if 0-

The periodic solutions which appear at a = 01), have period close to 27r/bk, with bk

defined by

(3.8) b, = [arcsin(—l)kl/6] 6 (hr — 7/2, hr + 1r/2) n (0, 00), k : 0,1, ...

Remark 3.2. Although this is not our main concern, we state a result, without proof, for
a < 0:

If] < 6 < V713 +1, there exists a sequence (oh), 0 > 011 > a? > —> —00, such
that the equation (2.10) has a Hopf Bifurcation in a = 0k,

ak := —ck/\/62 — 1; C], = [arcsin(—l)k+ll/6] E (k7r— ngr—i- g), k =1,2,... .

The proof can be done by studying the location of the roots of (3.2), with a < 0.

4. Uniform exponential estimates.

In this section we study a one-paremeter family of linear diferential delay equations,
which includes the linearization of (2.10) near the origin. We obtain uniform exponential
estimates for the solutions increase, for a in compact sets. When the real parts of the
characteristic roots are negative and bounded away from zero, therefore, x = 0 is an
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asymptotically stable solution of (2.101), we assure the existence ofa uniform lower bound
for the basin of attraction, for a in compact sets.

Consider the linear autonomous equation

(4-1) W) = fix/(i) + By(t — a).

y 6 HR", 0 > O, which after a rescaling of time can be written as

(4.2) i:(t) = aAz(t) + aBz(t — 1)

It is known that the solution za(<p)(t) E C([—1,+oo),lR") of (4.2), xa(<p)|[_1’0] = go,

satisfies

(“0 Ixa(so)(t)| S a(a)€"b'|99l. t 2 0

where a(a) = 1+a|B|, b = |A| + |Bl, with H denoting a norm in IR" as well as a matrix
norm.
The characteristic equation of (4.2) is:

(4.4) detHa(/\) = 0, Ha(/\) z: A] — aA — ane-A

where I is the n x 71 identity matrix.
Since

(4.5) det Ha(’\) = A" + PKG—“dbl + . . . + Pn—1(€_'\)/\ + pubs—A),

with p;(s) being polinornials of degree less or equal to i, i = 1,2, . .. ,n, there exists an
infinity of characteristic roots with arbitrarily large negative real parts, see [15, Th.l].
We state this more precisely as an extension of the Lemma 4.1 in [9, Chap.1], as follows:

Lemma 4.1. Let (Aj) be a sequence ofroots of(4.4) such that |Aj| —» +00 asj —> +00.
Then §R/\j —> —oo asj —» +00 and there exists only a, finite number of roots of (4.4) to
the right ofany line ERA = a, a 6 IR.

Lemma 4.2. Let Jo C (0,+oo) be compact and suppose the roots of(4.4), for a 6 Jo,
are simple. Then {ERA | det Ha()l) = 0, a 6 Jo} is upper bounded.

Proof. According to Lemma 4.1 we can define

(46) flu := max{§RA | det Ha(,\) : 0}.

Since Jo is compact, it is sufficient to prove that be depends continuously on a > 0.

Let us take 5 > 0 and prove that flu is continuous in a = 6. If b 6 IR satisfies

Fb={z\|detHa(A)=0,§R/\>b} 966,

F1, is finite and fig, : max{§R/\ | /\ 6 F5}.
Since the roots of (4.4) are simple and the right side of (4.2) is continuously differen-

tiable in 01, we have §Rz\j(a), j = 1,2, . .. ,m, continuous in a E [6 — 6,61 + 6], for some
6 > 0, see [9, Chap.7]. Consequently, flu is continuous in a e [a — 6, a + 6]. D
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If 1:3](t), aria), . .. ,:cg(1) are solutions of the equation (4.2) for some a > 0, the matrix
YOU) : (rut), . .. ,r2(1)) is called a solution matrix of (4.2). Fort 2 —l, XQU) is said
to be the Fundamental Matrix of (4.2) if it is the solution matrix of (4.2) such that
Xa(t)|[_1,0] E \I'(t) , where

0 t<0‘1’(t)={1 t=0
0 and I are the zero and identity n x n matrices, respectively. Xa(t) is of bounded
variation in compact subsets of [—1, co) and the following exponential estimate holds:

(4.7) man s a(a)e°"‘|\1l|, ta 0,

where a(a) = 1+ a|B|, b: |A| + |B|.
The results below are stated in [9, chap. 7] for the scalar case, and request some

elementary facts from the theory of Laplace Transforms. The estimate (4.7) guarantees
the existence of the Laplace transform, £(z)()\), of solutions :c(t) to (4.2), for §R(/\) > ab.

For any real number c, we denote

1 C+1T/ = lim ——. -

(c) T—*+OO 27” c—iT

Theorem 4.1. For each a > 0, the fundamental matrix Xa(t) of (4.2) satisfies

£(Xa)()‘) = HEW)

for any A E C such that ERA > ca = max{ab,fla}, with flu and b given in (4.6) and (4.3),
respectively. Moreover, for any constant c > ca,

Xa(t) =/ H;1(,\)e“d,\, t> 0.
(6)

Corollary 4.1. Let Jo C (0,00) bounded, with 70 :: sup{§R/\ |det Ha(/\) = 0, a 6 Jo}
finite. Then, for every 0 6 Jo,

£(Xa)(,\) = H;1(,\), m > E

and

Xa(t)=/ H;1(,\)e“d,\, t>0
(C)

where c is a real number greater than 6 := max{70, (|A| + IBI) sup Jo}.

Theorem 4.2. Let Jo and 70 be as in the Corollary 4.1. Then, for any 7 > 70, there
exists K = K(7) > 0 such that the fundamental matrix X0,(t) of (4.2) satisfies

(4.8) |X0(t)| 5 K6”, t Z 0, a 6 Jo.

Proof. First of all we prove that , for a E Jo and 7 > 70,
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FIGURE 4.1

(4.9) Xa(t): H;1(A)e"'dA, t>0.
(1)

Consider the integral of H;’(A)e’“ along the boudary LlMngMg of the box B in the
complex plane, see Figure 4.1, in the indicated direction, where

L1={c+iT|—T§r§T}, M1={U+1.T|7SUSC})

L2=i7+iT|—TSTSTl, M2={U—iT|7$a§c}.
Since Ha(/\) is invertible and H;1(z\)e’“ is analitic in §Rz\ > 70, we have

/ H;1(,\)e“d,\ = 0.
B

To prove (4.9), it suffices to show that

H;1(,\)e“d,\, H;1(A)e’\'d,\ _+ 0, as T _, +00
M1 M2

It follows from (4.4) that

(“W (|f\|—Q|A|—ae'm|BI)IHJl(/\)I S 1,

for every A such that %A > 70, a 6 Jo.
If/\ G M1 and a 6 Jo, taking 61 = sup Jo,

|A| — alAl — ae“’“IBI z (a? + To”? — a (IAI + e-*|B|)-

Then, under this condition, there exists To _>_ 0, independent of a, such that, for T 2 To,

(4.11) IAI—aIAI—ae'mlBl >T/2, ae Jo, ,\ EM],

and (4.10), (4.11) lead to
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H;1(z\)e’\'d)\’ S 26”(c — 7)/T ——> 0, as T ~ +00.
M,

Similarly, one shows sz H;l(/\)e'\’dz\ —> 0, as T —> +00.
IfA = 7+ if and a 6 Jo, we define

(4-12) Ga(f\) = HEW) — (A — 7o)'11 = (A - 70)”’l(/\ — 70)1— Ha(/\)lH;1(/\)-

Let To > 0 is chosen in such a way that T 2 To implies (4.11), thus

_T0
[Y |G¢,(z\ )—|dA.- Tlim 2—1[/ IGO,(7 + if)|d‘r++00 7I'

(4.13)
T

To T

+/ IGa(7+iT)|dT+/ |Ga(7+ir)|dr].
— To To

Being Ga(/\) analytic in A 6 L2 and continuous in a, there exists K1 > 0 such that

To

(4.14) / |Ga(7 + ir)|dr 5 2mm, a 6 Jo,
._T0

therefore, (4.10), (4.11), (4.12) imply

.
2 _ _ _(4-15) IGm + zr)| s 3 (Ivol + alAl + aIBle 7), M 2 To, a 6 Jo,

and (4.13), (4.14) lead to

SA}, QEJQ,[Ga(/\)ld/\
7)

with K2 = 2—17; 2K1To + 731507“ + &|A| + dIBIe‘7)] , independent ofa and, consequently,

0.0ny(4.16) 5 ngw.
(7)

Standard arguments from complex integration theory lead to

(4.17) / (x\ — 70)_le’“dz\ 5 47m”,
(1)

and (4.16), (4.17), together with (4.12), gives

|Xa(t)| = ;1(/\)e’“dA 5 Ke'”,
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for t 2 0, o 6 Jo, with the constant K : 1\'(7) independent of a. E]

Theorem 4.3. Let Jo C (0,00) and 70 as in the Corollary 4.1. Then, for each 7 > 70,
there exists a constant Ii" = K(7) > 0, independent of a, such that the solution xa(<p)(t)
of the equation (4.2) satisfies

(4.18) xa(<p)(t)| < Ke'"|go|, t> 0,01 6 Jo.

So that, if7o < 0, the condition 70 < 7 < 0 implies the origin is exponentially stable.

Proof. The solution xa(<p)(t) of the equation (4.2) can be represented by

(4.19) Mom) = Xa(t)<,a(0) + B/_01Xa(t— 9 —1)¢(9)d0, ta 0.

This and the exponential boundedness of Xa(t) in Theorem 4.2 assure the result. E]

An exponential decay like (4.18) is transferred, locally, to the nonlinear equation

(4.20) 1':(t) = an(t) + osz(t — 1) + af(:c(t),:c(t—1)),

where z = col(a:1, . . . ,:c"), A, B are 11 x11 matrices and f : IR" x R" ——> IR" is continuously
differentiable at 0, f(0) = O, f'(0) = 0,and a > 0. We will prove that, although the global
character of the stability is lost, there is a uniform lower bound for the basin of attraction
of the zero solution of (4.20), for a in compact sets. Let xa(¢p,f)(t) be the solution of
(4.20) with initial condition 90 E C, defined in its maximal interval of existence.

Theorem 4.4. Let JO C (0,00) and 70 given in the Corollary 4.1, with 70 < 0. Then
there are constants 6, L,n > 0 such that the solution xa(<p,f)(t) of the equation (4.20)
satisfies

Iza(so,f)(i)| S Le‘mllsdl» tZ 0,0 6 Jo, ||90|l < 5

Proof. Denoting by [—1,b+) the maximal interval of existence of $000, f), the variation—
of—constants formula gives

(4.21) xa(<,o,f)(t) = x0,(<p)(t) + 0/0 Xa(t — s)f(z(s),:c(s —1))ds,

0 5 t S b+, where xa(gp) is the solution of (4.2) with initial condition so.

It follows from (4.8) and Theorem 4.18 that, for 70 < 7 < 0 and 6 = sup Jo,

(4-22) Iza(so,f)(t)| S Kel'IISOIH riff/0 e’("’)|f(x(8),t(s —1))|d3-

let 60 > 0, such that |f(u,v)| < 60(|u| + |v|), if. “7Given 0 < 60 < c‘vK(l+e'7)’ _
|u| + hi] 5 60. Let

. 50 50
”90” < 5 = mm{75W}
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and suppose there is a to 6 (0,14) so that Izo(¢p, f)(to)| = 60, |1-,,(ga,f)(l)| < 60, 0 _<_ t <
to. Then, (4.22) implies

t 1

e""'|1:,,(ga,f)(t)| S Ii'HgoH + dKEo/ e""’lx(s)|ds + dKeo/ e""’|z(s —1)|ds,
o o

for 0 S t S to, and

z

e-“lza(¢,f)(t>| s KHsOII + 5K€011+ en] / wounds.
—1

Consequently,

(4-23) Ira(so,f)(t)| S lie—“Hr”, 0 S t S to

where L = KeaKmll + e‘7] and 7) = —7 ~ cili’soll + e'Wl.
But, the choice of 5 implies |xa(<p,f)(t)| 5 60/2, 0 _<_ t S to, a contradiction. El

Proof of the Theorem 2.3.
The equation (2.10) is as (4.20), being —A the 2 x 2-matrix identity and B given in

(3.1).
Moreover, the analysis of the characteristic equation of (3.1) done in section 3 shows

that 70 < 0, for each compact set Jo C (0,010). The result is now a straightforward
consequence of the Theorem 4.4. D

5. Existence of slowly spiralling periodic solutions.

In order to accomplish the existence of slowly spiralling periodic solutions of (2.1a),
for a greater than an > 0, we need the concept of ejectivity, according to Browder [3].
However, the global Hopf bifurcation depends on some uniformty assumptions on the
parameter. That is why we formulate the following stronger definition of ejectivity. The
existence of slowly spiralling solutions can be stated under weaker conditions than those
of the theorem 5.1, see [16], for instance. We keep the present formulation because the
aim of this section is a preparation for the results of section 6.

Definition 5.1. Let X a topological space and 'H = {Hm a E Q} a family of continuous
functions HQ : X —> X. The point are E X is said to be a uniform ejective point of H, if
there exists an open neighborhood, to E W C X, such that, for every x E W — {mo} and
a E (2, there is an integer n = n(a,<p) for which Hango ¢ W.

Remark 5.1. For the constant family Ha = H, a E Q, the above definition reduces to
that of Browder’s ejective point.
The Lemma 5.2 below gives a sufficient condition for the ejectivity of the origin for

certain return maps Ho, defined by families of autonomous equations. Our proof differs
from that given by Taboas in [16], since there the ejectivity is not required to be uniform.

Consider the autonomous equations:

(5.1) 1:(t) = (1th + af(:c,)
(5-2) y(t) = aLyi)
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where L : C —» 1182 is a linear continuous map, f is completely continuous, continuously
diferentiable, f(0) = 0, f’(0) = 0 and a > 0. Let us keep the. notations z,(-;a,¢) and
y¢(-;a,np) for the solutions of (5.1) and (5.2), with initial condition 90 E C.

If Ta(t), a > 0,t 2 0, is the solution map, Ta(t)<p = y,(.;a,go), 90 E C,, for any
eigenvalue A = A(a) of (5.2), the space C is decomposed as C = P,\ GB Q,\, with P,\ and
Q,\ invariant under Ta(t), and the eigenspace PA finite dimensional, see [9, Chap. 7].

Let 17>, be the projection with range PA given by this decomposition,

(5.3) HMO = dab

where (by = (<p1", . .. ,<,od'\) is a basis of P,\ and b is a d-vector.

Lemma 5.1. Let Jo C (an, 00) be compact and suppose that, for each a 6 Jo, there
exists an eigenvalue :\ = :\(a) of (5.2) such that dbl > 0. Then, for any a 6 Jo, there is
a positive definite quadratic form in C, V0,(<,o) = bTDab, for some matrix Du, where the
vector b is defined by 17550 = ¢;b, which satisfies the following property:
For anyp > 0, there is a 60 > 0 such that, for any 6, 0 < 6 5 60, if<p satisfies ”ng 5 6

and Va(<p) 2 p262, then

mo) t=li,r3,i,r+1f%[Va(mt(-za,sp) - vow > —
for some constant 70, > 0. Moreover, 60 is independent of a and the scalar function
Va(tp) is continuous in (amp) 6 Jo x C.

The proof of this lemma is an adaptation of Lemma 3.1 by Chow and Hale in [4]. The
continuity of Va(go) and the fact of 60 being independent of a follow from the continuity
in a of the involved quantities, according to [9, Chap. 7].

Lemma 5.2. Let Jo C (00, 00) be compact and suppose the following hypoteses hold:

(1) For every a 6 Jo, there exists a eigenvalue ;\ = :\(a) of(5.2) with 8b) > 0.
(2) For every a 6 Jo, there exists a convex and closed set So, C C, 0 6 Sn, and

a continuous function To, : SO, — {0} —> [p,oo), for some p > 0, such that the
function A0, :Sa ——> C, given by

140109): 17°(tp)(’ia)90)) 90 ¢ 0

Aa(0) = 0,

is completely continuous and AQSa C S“.
(3) For any a, 0 < a < M,

inf{||17;\(o)$t(';a,so)|| | a e Jo, so e 50. ||¢|| z a, o s t 5 we} > o

(4) For any open set G, O E G C C, there exists a neighborhood V ofO in C such
that z,(-;a,<p) E G, for a 6 Jo, gp E V 05a, 4p 9b 0,0 5 t 5 Ta(tp).

Then, 0 is a uniform ejective fixed point of {Am a 6 Jo}.

Proof. For any a 6 Jo, let us take an eigenvalue :\(a) of (5.2) with positive real part,
denote Ho, :: Him) and define b(t) such that

: ‘I’i(a)b(t)
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where 11: z,(';a,gp), so 6 Sa — {0}.
Considering the function VOW) of Lemma 5.1, it follows that

_ Tv, (“2I!)- b(t) Db(t)_> |b(t)|2

with 133, := min {bTDab | |b| = 1}. Therefore,

z, 2< ”(Rim)”2 2(5.4) ”170V < Va
“xiitu”- flf, " uin " nIn

pea} "MM”
‘where “2 ='—:mTi-?Z_ is well defined, because ¢,'\(a) and [30 are continuous.

uEJo
Letting z,—— z(-; (1,90), it follows from (5.4) and hypotesis (3) that

inf{V (IT—l”;H)IaeJo,,soESm||<Pll=a o<t<fa(¢)}=,z>0.It
H1) is fixed, 0 < p < T, and 60, independent of a, is like in Lemma 5.1, let us define,

for each a 6 Jo, and 0 < 6 S 60

Ga(5) = {so 6 C I Ilsoll < 5, vow) < 1962}-

It follows from Lemma 5.1 that Ga(6) is open, 0 e Ga(6) and there exists an open set
05 such that 05 C Ga(6), for any a 6 Jo.

The hypotesis (4) ensures the existence of a neighborhood 0 E U C 050 such that
zt(-;a,<p) E 050, ifa 6 Jo, (p E UflSa—{Ol and t E [0, Ta(gp)]. This and the Lemma 5.1
imply Va(xt(-;a, go)) is strictly increasing int 6 [0, Ta(<,o)] for a E Jo, cp E Ufl(Sa — {0}),
in such a way that the derivative Va(xt) is bounded away from zero, that is,

ma) > 5mm 2 into).
0 27a

If Aa(¢p) = x,a(¢)(-;a,<p) still belongs to U D So, we can repeat this reasoning to
ensure that Va(:rt) behaves in the same way in TOW), reap) + Ta(/la((p)), and so on.

Suppose temporarily that AZUp) E U 050, n : 1,2,.... Then, Va(z,) is strictly
increasing in t, Va(<p) < 17263 and Va(x,) is bounded away from zero for t 2 0. Hence,
there exist a first to such that Va(z:¢u) = 13263 and a greatest no such that A2°<p : 1:71,

With T S to.
Since 310 ¢ 050, the choice of U implies A2°(<p) ¢ U 0 Sa, a contradiction. Therefore,

aEJo, <p€Ufl(Sa—O) => A"(<p)¢UflSa,

for some n, and the proof is over if one takes W from Definition 5.1 as W = U 0 50. D

The ejectivity is essential in our approach to the existence of nontrivial periodic so-
lutions of (2.101), by way of the Lemma 5.3, due to Nussbaum [14]. The uniformty in a
will be used in proving a global continuation of a Hopf bifurcation.
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Lemma 5.3. Let X be a Banach space, S C X a closed, bounded, convex, infinite
dimensional set, A : S — {0} —* S a completely continuous map and 0 G 5 an ejective
point ofA. Then, A has a fixed point 1:0 6 S —- {0}.

Let us retake the closed convex sets K and K0, given in (2.2) and (2.3). Our first aim
is to construct in KO a return map A0, associed to the equation (2.10) satisfying the
hypoteses of Lemma 5.3. From now on, we assume the hypoteses (H1) and (H2) hold all
over this section.

Lemma 5.4. If (Ill), (H2) hold, a > O, and My)” 5 M, then the solution z(t;oz,(,o) of
(2.111) remains in BM = {z E R2 | |1:| 5 M}, for t 2 0.

Proof. From the equation (2.101) one obtains

an - at) = -a|z(t)|2 + area — 1» at),
where “ -

” denotes usual inner product in R2. Being M a bound for |F|, this equa-
tion, together with the Cauchy-Schwarz inequality, gives d%|z(t;a,go)| 5 0, whenever
|z(t;a.<p)l2M- D

It follows from the proof of Lemma 5.4 that |:c(t;a,<p)| 5 M, t 6 IR, for any periodic
solution z(t;o,<p) of (2.101).
It is convenient, sometimes, to denote a: : (11,12) and rewrite (2.10) as:

(5.5)
' an) = —az.<t) + anew — 1»,

(5.6) i2(t) = —a:82(t) + aF2(z(t — 1)).

Defining the quadrants

Ql={rem¢2|zlzo,z220}. Q2={-‘0€1R2|2120.12S0},
the lemmas 5.5—5.9 are proven in [1] and, with minor adaptations, in [16].

Lermna 5.5. For any a > 0, there is a continuous map tlo : KO, — {0} —+ [0,oo) with
z(tla(go);o,go) E 8621, z1(t1a(go);a,<p) > 0, and x(t;a,<p) E inth, iftla(<p) < t <
t1a(<p) + r), for some 7) > 0 sufficiently small.

Lemma 5.6. KG is open, 0 e G' C C, there is a neighborhood U C C ofO such that
x,(-;a,<p)€ G, for anya> O, 906 UflKa, cp¢0, andO §t§t10(go)+l.
For any a > 0, given (p 6 KC, — {0}, let ll) = x,la(¢)+1(~;a,<p). So that, by (2.1a),

(5.7) (camel = aeaf’mumw) + may», a e [4.01-
Since x(t1°,(go)+ 0;a,<p) E Q1 for —-1 5 9 5 0, (5.7) and (H1) imply east/aw) is

nondecreasing and ea” $209) is nonincreasing. If R is the rotation

0 lR — (-1 o)

and RKa := {R<p I (p G K0}, then 1/) E RKO, and the map Ala : KO, —~> RKO, is given by

A10(‘P) = ztla(¢)+1(‘;01,30), (P # 0
(5.8) A140) = 0
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Lemma 5.7. For each a > 0, the map A“, is completely continuous.

The rotational symmetry of our hypotheses ensures We might repeat our arguments
to define continuous maps 4p —> tja(qp), from 721‘](1\"o, — {0}) to [0, +00), j = 2,3,4, and
the completely continuous maps,

A”, :Rj'11\"a —> RjKa, j = 2,3,4.

Now we define the map A0, : KO, —> R4Ka = K0 by

A°(So) = (A40 0 A30 0 A20 0 Alanio)! 90 E A’a — {0}
(5'9)

Aa(0) = 0.

For any so 6 K0, — {0}, if ‘ro,(<p) is the first time that Aqua) = z,°(¢)(-;a,¢>), then

(510) 7&0?) = tla(‘P) + tZa(Alaio) + t2301042011410?) + t4a(ASaA2aAlaio) + 4

and this implies the continuity of the function Ta : KO, — {O} —-> [4,00).
The Figure 5.1 helps to understand the map A0.

FIGURE 5.1

Notice that, from the definition of tla, w = z,m(¢)+1(-;a,go) satisfies wlw) > 0
for —l 5 0 5 0, 1/)Z(—l) : 0, 11409) < 0 for —1 < 0 5 0. Furthermore, the solution
:c(t; a, (p), <p 6 K0, rotates around the origin, in the clockwise sense, crossing transversally
two successive semi—axis at instants spaced by a lag greater than one. If (p : (<p1,502)
is a fixed point of A0, giving rise to a nontrivial periodic solution of (2.101), one has
(p1(0) > 0, —1 < 0 5 0, (p2(0) > 0.

The Lemmas 5.6 and 5.7, with the symmetry of our hypotheses, imply immediately
the next two lemmas.

Lemma 5.8. Let G be an open neighborhood of zero in C. There exists a neighborhood
U C C of zero such that, ifa > 0, (p E UflKa, (p 36 0, then z,(-,a,go) E G, for
0 S t S 701W”)-
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Lemma 5.9. For each a > 0, there is a. continuous function Ta : K0 — {0} — [4,00)
such that the map A0 : A}, —— C, given by

AA?) = zra(¢)(';ai‘P)t (P ¢ 0

Aa(0) = o

is completely continuous and AOKO, C K“.

Returning to the hypoteses of the Lemma 5.2, one sees that (2) and (4) follow from
Lemmas 5.9 and 5.8, respectively, with SD, = K0. If we take the compact JO C (cm, 00),
on = bo/x/é2 — 1, 0 < be = arcsin1/6 < 1r/2, then (1) is satisfied, according to the
analysis of the characteristic equation in the Section 3. It remains to prove that the
projections on PM!) of z,(-;a,go), with a 6 Jo, ”(pH 2 a, t G [0,Ta((p)], stay uniformly
away from zero. For this purpose, the following lemma assures that m1(t10(<p);a,<p) has
an upper bound independ of a, if a 6 Jo and ||<p|| is sufficiently large.

For a compact Jo C (0,00), let a] = min Jo, 02 = max Jo.

Lemma 5.10. Let d > 0 and Jo C (0,00), compact. There exists a constant c > 0
such that ifa 6 Jo, <p 6 K0, ”so” 2 d, then z1(t1;a,<p) 2 c and 11(t;a,gp) 2 ce"°’2 for
t 6[t1,t1 +1], wheretl = t10(<p) Z 0 is defined in the Lemma 5.5.

This lemma results from the three subsequent ones, which describe the evolution, in
Q1, of the orbits z(-;a,gp) of (2.1a), a 6 Jo, cp E Km ”90” 2 d, 0 5 t S t10(<p). The
Figure 5.2 can be helpful in following the proofs.

FIGURE 5.2

Lemma 5.11. Let d > O and JO C (0,00) a compact set. There exists k > 0, a > 0 such
that tfa e Jo, 90 e Km “9°” 2 dt<P1(0)S a, then $1(7’1;01,80) > a and new) 2 t,
t 6 [0,11], for some T] E (0,t1¢,((p)).

Proof. Near z = 0 E R2, the hypothesis (H1) imply

F2(:c) = 62:31 + x1[a:cl+ bxz + O(|z|2)].

Thus, for O < 1; < —62, there is an open set 0 E V C R2 such that, if 1: G V, t] > 0,

(5.11) F2(:r:) < (62 + n):cl.
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Leté > 0 such that R = {(x1,z:2) E R2 I —E < 11,12 < f} C V. Defining

(5.12) k:: min{4e%,£},
there exists a’ such that, if z E Q], 132 > k,

(5.13) F1(:1:1,:c2) > max {0’, i}.011

. d .Moreover, glven 0 < E < [RT-fl there IS a 6 > 0 such that

(5.14) —E S F2($C1,1’2) < 0,

iszQl ands; 56.
Defining

._ . 6(5) 0’ 1

(5.15) a ._ m1n{em2 ,?,k,2602},

ifqp E 1\'0,||<p]|2 d, <p1(0) S a, one has 502(0) 2 Kai—2 > k.
Since 1:2(t;a,<,o) is decreasing in Q1, there exists 5, 0 < f < tiaW’), for which

£2(t_;a,<,o) = k and x2(t;a,¢>) > 13,0 5 t < f.
Suppose for a moment that 1:1(t) 5 a, t 6 [Of]. So that (5.6) and (5.14) imply

(5.16) 122(i)2[§02(0)+ €]€—m — E, 16 [OJ—1.

Since the right side of (5.16) is greater than k for t : 2, it follows that t— > 2. But
(5.5) and (5.16) imply

i1(t)2—aa+amax{a',§—}ZU tE[0,t_]
1

and, therefore, z1(t) > a, for some t 6 [OJ], a contradition. El

Lemma 5.12. Let d > 0, Jo C (0,00) a compact set, k and a as in (5.12) and (5.15).
If the solution x(t;o',<p) of (2.1a), a 6 Jo, 90 6 Km is such that x1(7'1;a,<p) > 0',
z2(T1;a,<,o) Z k for some T1 2 0, then there exists T2, 71 < 72 < tla((,o), such that
0 < x2(7'2;a,<p) < k and zl(t;a,<p) > ae‘”, t 6 [71,72].

Proof. Since zl(rl;a, so) > a, it follows from (5.5) that

zi(i;a,¢)>0€'°’, t€[r1,r1+l].
If 0 < x2(t;a,<p) < k for some} 6 [71,71 + 1], we let 12 = t. If 1:2(t;a, cp) > k, for all
t G [71,1'1+ 1], let t., T] +1 < t < t10(go) such that 1:2(t';a,(p) = Ic and z(t;a,<p) < k,
t~< t < t10(<p). Then (5.5), (5.13) and (5.15) imply

z1(t)>de'“2, tE[7'1+1,t~+1].

Consequently, there exists 72 according to the lemma. D
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Lemma 5.13. Let d > 0, Jo C (0,00) a rompact set, k and a as in (5.12) and (5.15).
There exists c > 0 such that, ifthc solution 1:(l; onto) of(2.1o'), a E JO, (p E K“, satisfies
1:1(1'2;a,<p) > ae'°7, O < zg(rg;a,go) < k, for some T2 2 0, then 1:1(t10(gp);a,go) 2 0.

Proof. If z;(t;a,¢) > (re—“2, t 6 (t1 —— 6,t]), t] = tla(<p), for some 6 > 0 we take
c = ae'afi. If this is not the case, let i: {(a, go), 72 < t—< t], the last instant t for which
z1(t;a,<p) = ae‘a’.
lftl 5 (+1, we can take c : (re—2“? since, by (5.5), x1(tl;a,¢) 2 (re—“2.
In the case i] > t—+ 1, (5.6) and (5.11) imply, for t G [t—+ l,t1 + l],

t

x2(t;a,<p) S e'"(l"'1)zz(t+ 1) + a(62 + n)e’°‘t/ easz1(s —1;a,<p)ds.
t+l

Since ea‘z1(t) increases in Q1,

1:2(t; 0,90) _<_ e'au—i—‘ll [k + a1(62 + 17)cre“°"(t -— t—— 1)],

and notice that the right side of this inequality vanishes in t = 0, where

(517) 9— he” +t‘+1. —
(Yd—52 — 7])0’

'

According to (5.5),

(5.18) 1:1(t;a,<p) 2 ae_°’e“°(l‘a, t E [t,tl +1],
and, since t1 5 0, it follows from (5.17) and (5.18) that 1:1(t1;a,<p) 2 c, where c :=

kMp (4+TLr -

Iftl 5 5+ 1, (5.18) imply “(MW 2 06-2” D

Proof of the Lemma 5.10.
According to (5.5), it suffices to prove the first inequality. If (pg(0) > 0, this follows

from Lemmas 510—512. If (p2(0) = 0, then (p1(0) _>_ de‘“2 and zl(t1; amp) 2 (is—2°”. El

Letting y 2 co] (y1,y2), the linearized equation of (2.1a) at :c = 0 is

. 0 5
(5.19) y(t) : —ay(t) + (13310 — 1), B :: (67 01).

Let Ga be the infinitesimal generator of semigroup {Ta(i), i 2 0} defined by

Ta(t)<p = yz(-;a,<p), <P G C, tZ 0-

If a > 010, there is a unique eigenvalue :\ = :\(a) in the strip 150 such that §RJ\(a) > 0

and it is simple. Therefore, the generalized eigenspace P; of x\, N(/\I — Ga), is one—

dimensional and the projection operator with range P; is

0 -
wisp = {(p1(0) — ifl§02(0) + a [_1 €_>‘(€+l) [61‘P2(€) — i62fl‘Pl (Ell df}pcn

where paw) := exgjt, 9 6 [—1,0], and u is a non trivial solution of HO,(X);1 = 0, Ha(:\) :=
(:\I — 01A -— aBe‘A)
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Lemma 5.14. Let d be a constant, 0 < d < M, and Jo C (00,00) a compact set. Then

m =inf{||7r;:c1(-;a,go)|| l a E JO, (PG Kai d5 ”90” 5 A410 5 I _<.. lla(‘P)+ 1} > 0-

Proof. Suppose for a moment m_— 0. Then there exists sequences on 6 Jo, 90,1 6 Kan,
d < ||<pn||__< M, in E [0,t1an(gon)+l], n: 12,. ,such that xn(t) = (z1n(t),z2n(t)) :=
z(t; amgon), An—_ Man) and

”Harm” = Illnan) — il‘~732n(tn)'i'

5.20 0 -( )

an/ e—A“(E+1)[5122n(tn +45) — i52l‘zln(tn + flldfl __, 0a
—1

as n —> 00. Taking A" = a" + bni, with an > 0,0 < bn < g, we have

”ninzmnfl = |z1n(tn) +an /0 e-°~(f+1)[61z2n(tn +€)cosb,,(£'+ 1)—

— 52fl$1n(tn + 05211an +1)ld€ + i {—#12n(tn)+

+ an /° e-an(e+1)[_52,m,,(tn + 5) cos b,,(£ + 1)-
— 61x;(tn +6) sinbn(€+1)ld€}|-

—1,Since d 5 H<pn|| 5 M, the proof of the Lemma 5.4 implies Hxn(t)|| 5M ,t
n : 1,2, . . .. Then, by taking a subsequence, if necessary, we can assume xn(t :,)
(L1,L2) and an —> a. Lemmas 5.11—5.13 imply (L1,L2) 96 (0,0).
If L1 > 0, L2 2 0, we have $73"an positive and bounded away from zero, for 11

large. If L1 = 0, L; > 0, then wanzmn is negative and bounded away from zero for n
large. Both cases lead to a contradiction with (5.20).

Suppose now L2 < 0. Surely, L1 > 0, since hangar.) 5 in 5 t10“(cp,,)+ l, for 11 large
and, by the Lemma 5.10, zl(t,,;an,<pfl) 2 cf”.
lfn is large, (5.20) imply x1n(t,,) > 52-1, mama") < £22, and the curve in (C, given by

2L—
_,

pn(£) = 611711011 +§)—i62,ux1n(tn +6), {6 [_1’0]

is in the sector {rem I 0 S 0 5 7r, r _>_ 0} and C_'_\"(E+l), f E [—l,0], is in the sector
{2 = re’o | r _>_ %, g < —B S 0 5 0}, for any B E (0,%). Defining

_ —7\ (6+1)Gn— _"ég’éo argle Pn (Ol

it might be seen that the curve e—X(f+1)pn (5), f 6 [—1,0], is in the semi—plane determined
by the line with slope 0", which contains the positive x real semi—axis .

IfO < 0" 5"2, then ”W; 37m.” 7L» 0
If”2 < 0" < 7r, defining wn—_ 321 — 0", one arrives to the same result. [1

Notice that the Lemma 5.14 remains valid if KO, is replaced by Rf Km and [0, t10,(go)+l]
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Lemma 5.15. For every compact Jo C (00,00) and every constant 0 < a < M,

T = inf{||nx<.>zt(-;a,¢)n |a e Jo, so e If... Hell 2 a, o s t s we} > 0

Proof. Let 0 < a < M. The Lemma 5.14 implies

ll’lf{“7l':\1t1(-;a,90)” l a 6 JO) 80 E Afar ”(pH 2 a» 0 S t S t1a(‘P) + l} > O'

The Lemma 5.4 and the existence of d] > 0 according to Lemma 5.10 imply

M Z llzho(w)+l(‘§ai¢)ll 2 d],

for all a E Jo, (p E Km |l<p|| Z a. Then, by the Lemma 5.14,

inf{||vr;zr(-;a.w)|l I a 6 Jo, w ek’m llsoll 2a, 0 Sis tza(s0)+1} >0-

The result follows now by successive applications of the same reasoning to the intervals
[t20(<p)+ 11t30(90)+1li [13a(<P)+ 1,Ta(90)]. D

As an immediate consequence of the above lemmas, the hypotheses of the Lemma 5.2
are satisfied, with respect to the map A0 defined in (5.9). So that we can state:

Theorem 5.1. Let em := bo/V62— 1, 0 < bo : (arcsinl)/6 < 7r/2. If (H1), (H2)
are satisfied, then the equation (2.10), a > 00, has a nonconstant periodic solution,
z(~;a,¢), 90 6 Km with period T > 4 and (p 6 K0.

Proof. According to the Lemma 5.4, if 50, := Ka n BM, AaSa C 50, a > 00. It is now
a matter of routine to show that all the hypotheses of the Lemma 5.3 are fulfilled for
Aa|5u :Sa —+ So, _a > ac. E1

6. The global continuation.

The purpose of this section is to prove the Theorem 2.2, which is motived by the
existence of periodic solutions of the equation (2.10’), according to Theorem 5.1, and by
the local Hopf bifurcation at a = 00. Although it is deeply inspirated in the results
by Mallet-Paret 85 Nussbaum [12] for the scalar case, it presents some features and
difficulties inherent to the planar problem.

The main tool we need is an abstract global bifurcation theorem due to Nussbaum
[13], the Theorem 6.1 below.

Definition 6.1. Let X be a topological space and A : X —-> X a continuous map with
a fixed point 1-0. We say 2:0 is an attractive fixed point of A if there exists an open
neighborhood U of to such that, for every open neighborhood V of 1:0, there exists an
integer n = n(V) such that Aj(x) E V, for all j Z n and x E U.
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Theorem 6.1. Let Y be a Banach space, S C Y a closed, convex set, 0 an extreme
point of S, S ¢ {0} and J = (0,00), (1 2 —00. Suppose F : J x S —> S satisfies the
following hypotheses:

(1)F(a,0)= 0, for a E J,
(2) F is completely continuous,
(3) There exists (10 E J such that, for every compact Jo C J — {do}, there exists

6 : 6(J0) > 0 such that F(a,:r:) ;6 z, for a 6 Jo, 0 < ]x| 5 6,
(4) There exists an open interval 10 9 do such that 0 is a atractive point ofF(a, -),

for a 6 10,0 < do, and 0 is an ejective point ofF(a, -), for a 6 IO, 01 > an, or
conversely,

(5) There exists 01 E J such that F(a,z) = x, with a: 96 0 implies a 2 a].
Define the set E by

E:{(a,:c)€JXS|z¢0andF(a,:c)=z}
and denote by E0 the connected component of the clousure E of E, which contains
(cm, 0). Then E0 is not empty and unbounded.

According to the results of section 5, a:(t;a, go) is a slowly spiralling periodic solution
of (2.10) if, and only if, cp 6 KO is a fixed point of the map A0 : K0, —> C, defined in the
Lemma 5.2. So, we can represent the set E in the Theorem 2.2 as

(6-1) 2 = {(cwp) 6 (0,00) x K I 90 6 K0 — {0}, Aa(s0) = 90}

Remark 6.1. Under the hypotesis (H1) and (H2) one has:

(1)2C(0,oo)xBM,
_

(2) For every (1 > are, there is go 6 K n BM, go 96 0, such that (a,<p) E 2.
We construct now a function F satisfying the hypotheses of Theorem 6.1.
Let F C HR x C given by

(6-2) F = {(a,<p) 6 (0,00) X K In E Ka}

and A : F —> K, given by

(6-3) A(a,<p) = Ache)-

It is not difficult to prove that A(a,g0) is completely continuous.

Lemma 6.1. There exists a continuous retraction p : (0,00) x K —-> P, such that

p(cr,<p) = (ax/70169»

for all (01,50) 6 (0,00) x K, where p;1(0) = {0}.

Proof. The function hap : KO, —> K5, given by

han(w)(0) = cam—”Mot —1 s 0 s 0,

for any a,fl > 0, is a homeomorphism with inverse hpa.
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Let Hap; : K —+ 1x" the homeomorphism given by the extension of hop to K:

Hao(90)(9) = e<°—fi)"<p(0).

Because K0 = {90 E K |<pj(0) is nondecreasing, j = 1,2}, the map po : K —> K0 such
that

po(so)(9) = col (52:13 MS), 41153? $02(5))

is a continuous retraction from K to K0 and p51(0) = {0}.
Defining pa : K —» K0, by

pa(<p) = h0a(p0(H00(‘P)))’

it follows that pa is a continuous retraction from K to Kc, and p;1(0) = {0}. [1

Let us define now an extension ofA, A* : (0,00) x K —> K, by

(6-4) A*(a,so) = A(p(a,<p)),

and A}; : K ——> K, by

(5-5) Amp) = ”(easel

One easily sees that so is a fixed point of A’; if, and only if, it is a fixed point of Am
hence

E = {(a,so) 6 (0,00) X K I A200) = so and so at 0}-

Remark 6.2. The continuity of A and Pa(‘P) lead to f C E U [(O,oo) x {0}] U [{0} x K].

Lemma 6.2. . A* is completely continuous.

Proof. The map p in Lemma 6.1 takes bounded subsets of (0, 00) x K to bounded subsets
of F. So, the lemma follows from the continuity ofp and the complete continuity ofA. D

Lemma 6.3. Assume that F satisfies hypoteses (HI) and (H2). Then 0 is attractive
point of A2 for 0 < a < 00 and it is ejective point for a > (10.

Proof. If 0 < a < cm, the Lemm 3.7 implies that 0 is a attractive point of A’;, with the
neighborhood U of the Definition 6.1 being U = {cp E C | ”90” < V}.
If a > a0,the ejective of origem for A0, according to the Lemma 5.2 as well the

inclusion A§(K) C K0, and A§"(<p) : A2(pa(<p)) for every integer n 2 I guarantee the
afirmation. [1

Lemma 6.4. Assume F satisfies the hypotheses (H 1)—(H4). There exist constants
E > 0 and a’ > 0 such that for every slowly spiralling periodic solution z(t) = x(t; a, (p)
of(2.1a),0 < a < a',

Iz(t7l == _°gg§°° Iz(t)l > 5-

Proof. Suppose the assertion is not true. So, there are an > 0, n : 1,2,,,., an —+ 0,
and slowly spiralling solutions (zn(t)) of (2.1an) n = i,2, . . . , such that
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l-Tnanll 3: _°£n<§§°o l17n(t)l —> 0, as 71 —~ 00,

Furthermore, with zn(l,,) 36 O, n = 1,2,... and (|:c,,(tn)|), (an) decreasing.
According to remark 2.2,

Min) = anl-rnUn) + F(xn(tn —1))l= 0(a'n|zn(tn)|), as n —' 00-

Furthermore,

(6-6) F(xn(tn —1))= col(6lzzn(tn -1),62w1n(tn —1))+ Olzn(tn)l), as n -» 00,

where,

(6.7) man — 1) = man) — via-"(m = mean) + 0(an|xn(tn)l), as n —» oo, i = 1,2.

Taking subsequences, if necessary, (6.6) and (6.7) imply

(6.8) F(:rn(tn—l)) = col(61r2n(tn),62x1n(tn))+0(aeIr,.(te)|)+o(|xn(tn)l), as n —> 00

From the equation (2.10) it follows,

(69) ilxnan) 'in(tn)l = —|:c,,(t,,)|2 + Ina") ' F(1:n(tn —1)))

so that,

l d 2 2mfilxnun” = “lznanll +(51+62)xln(tn)£2n(tn)+

(6.10) + 0(an|xn(tn)|2) + o(|:c,,(t,,)|2), as n —'» 00.

Consequently,
(6.11)

{Tails/w")? s [(—l + M—QU) new")? + 0<an|xnan>lz> + 0(|zn(tn)|2)],

as n —-> 00. Since |61 + 62| < 2, (6.11) implies %|:z:n(t,,)|2 < 0, for n sufficiently large,
and this is a contradition. D

Lemma 6.5. Assume F satisfies (Hl)—(H4). For some Ev > 0, there is no slowly spi-
ralling periodic solution to (2.1a), 0 < 01 < 6.

Proof. Let f as in liemma 6.3 and E > 0 as in remark 2.3. Ifi/ : l/(E) > 0 is chosen in such
a way that z,y E BM, Ix — yI < u imply |F(z) — F(y)| < 6, let 0 < Ev < rnin{u/2M,a’},
where a’ is defined in Lemma 6.3.
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We claim that there is no slowly spiralling periodic solution x(t) of (2.1a), for 0 <
0 < 6. Actually, if we suppose the contrary, let las in Lemma 6.3. Thus,

—[i :r:(s)ds+/t_i1 F(:o(s —- l))ds
t—l

|z(D—z(t—l)|=a §2Ma<2MEt<u

Consequentelly, |F(x(t)) — F(:o(t—— 1))| < e and this implies (see Remark 2.2) :c(t) -

F(x(t—1))< MOI?-
Therefore,

I d —moor = new? +ma — 1» - sea“) < 0,

which is a contradition. El

Eemark 6. 3. The previous lemma gives a sharper inclusion than that of the remark 6.2:
E C E U[(0,oo) x {0}].

Lemma 6.6. Assume F satisfies hypoteses (H1), (H2). Then, for any compact interval
Jo C (0,00) — {am}, there exists 6 = E(J0) > 0, such that A§(<p) 96 so, for a 6 Jo,
0 < M S 6-

Proof. For Jo C (010,00), this is a consequence of the uniform ejectivity of O, for the
family {A}, a 6 Jo}, assured by Lemma 5.2. For Jo C (0, 00), the assertion follows from
Theorem 2.3. D

Proof of the Theorem 2.23.

The Lemma 6.5 imply the assertion (l) The assertion (2) is consequence of the
Remark 6.3 and Lemma 6.6.

Finally, the function A* : (0,00) x K ——> K such that A*(a,go) : A(p(a,go)) satisfies
all the hypoteses of Theorem 6.1 and gives (3). D
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