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ABSTRACT. This paper is concerned with periodic solutions to a one-parameter family of
planar differential delay equations. The concept of slowly oscillating periodic solution is
extended to this setting and we state an existence theorem of this type of solutions. Indeed,
we state the existence of an unbounded continuum of such solutions.

1. Introduction.

In the current years the scalar differential-delay equation
(1.1) u(t) = —au(t) + af (u(t — 1)), a >0,
which by a suitable time scaling is equivalent to
(1.2) ' o(t) = —v(t) + f(v(t - a)),

has becoming an object of special interest of research. Besides its mathematical signif-
icance it has been proposed as a model for a variety of phenomena in several areas of
science. Hadeler [7], who mention some similar versions of (1.1), Mallet-Paret & Nuss-
baum [10-12] and references therein give a good sample of the profusion of recent works
in this subject. Indeed, in [10,11] the authors began the study of the more general case
where the time-lag depends on the state, that is, @ = «(v(?)) in the equation (1.2).

In this paper we continue the study initiated in [16] in order to extend the results
related to (1.1) to the planar equation

(1.3) z(t) = —az(l) + aF(z(t — 1)), a>0,

where z = col(z;,z2) € R%, F = col(Fi, F>) is a map from R? to itself. Grafton [6] deals
with a two dimensional differential-delay equation, but there special features of a second
order equation are exploited.

The main results are stated in the section 2. The Theorem 2.1 gives an infinite
sequence of local Hopf bifurcations of periodic solutions to (1.3).

(1) Partially supported by CNPq, under Processo 304042/85-4(NV)
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A first fundamental step in this work is to define for the nonlinearity /', a counterpart
of the negative feedback condition, usually assumed in the scalar case, uf(u) < 0, if
u # 0. This is contained in the hypothesis (H1).

Following the approach of Mallet-Paret & Nussbaum [12], we define a closed convex
set Ko C C = C([-1,0],R?) and a return map A : Ko — K, which is built by following
the orbits of (1.3) with initial condition in K,. Certain periodic solutions, the slowly
spiralling periodic solutions, are identified to fixed points of A. This is the counterpart
of the so called slowly oscillating periodic solutions of the scalar setting.

By an application of a global bifurcation theorem, the Theorem 6.1, a crucial result
due to Nussbaum [13], we accomplish the existence of an unbounded continuum of slowly
spiralling periodic solutions of (1.3) in the Theorem 2.2.

The Theorem 2.3 is an auxiliary result for the Theorem 2.2, but it has interest in
itself, since in cases where the solution z = 0 of (1.3) is asymptotically stable, it gives
the existence of a uniform lower bound for the size of the basin of attraction, for « in
compact intervals Jy.

The section 3 is devoted to the study of the location of the eigenvalues of the linear
part of (1.3).

In section 4 we give some exponential estimates on the grow of the solutions of (1.3),
which are useful in the proof of the Theorem 2.3

In section 5 we obtain the existence of slowly spiralling solutions of (1.3). We use the
same approach as Hadeler & Tomiuk [8] in the scalar case. An essential tool for this is a
fixed point principle attributed to Nussbaum, the Lemma 5.3, which depends in a crucial
way on the concept of ejectivity, according to Browder [3].

Section 6 is dedicated to the proof of the theorem 2.2.

2. Statement of results.
Consider the delay differential equation
(2.1a) z(t) = —az(l) + aF(z(t — 1))

where z = col(z,z2) € R2?, F = col(Fy, F») is a map from R? to itself and « is a positive
real parameter.

All over this paper F is assumed to be differentiable up to order two at the origin.

For ¢ € C, C := C([-1,0],[R?) with the sup norm || - ||, there exists a unique function
z(t) = z(t;a,¢) which is continuous in [—~1,00), continuously diferentiable in [0, c0),
z|-1,0) = ¥ and satisfies (2.1a) for ¢ > 0.

Given a continuous function z : [t — 1,7 4+ a) — R?, a > 0, the notation z; indicates
the function z;(0) = z(t+6), -1<0<0,7<t<7T+a.

Let us define 6; = 6_11_(0)’ 6o = a—zz(O) At various stages, some or all of the following
hypoteses on F' will be rzequired: .

(H1) zoF(z) > 0,if 23 # 0; 2, F5(z) < 0,if z; # 0 and 6 := /=616, > 1.
(H2) There exists M > 0 such that |[F(z)] < M, z € R%.

(H3) z - F(z) < |z]?,if 0 < |z| < M.

(H4) |61 + 62 < 2.

Where “” in (H3) denotes the scalar product of the R?.



EXISTENCE AND GLOBAL BIFURCATION OF PERIODIC SOLUTIONS 3

Remark 2.1. The condition z3Fi(z) > 0, 2o # 0, and z,F3(z) < 0, z; # 0, implies
61,—062 > 0 and imposes that a point in any quadrant is carried by F to the next one,
in the clockwise sense; this forces the orbits of (2.1a) to rotate around the origin and
turns plausible the existence of periodic solutions; we can say that (H1), without the
assumption on 6, is a planar version of the negative feedback condition, current in the
literature of the scalar case. We easily see that, if F/ € C? in a neighborhood of (0,0),
(H4) implies the inequality set in (H3), for z # 0 in this neighborhood. Moreover, the
expansion of F up to the second order and the condition (H3) give

[Az; + Bza)zizo + O([z]*!) < 2% + 22 — (81 + 62)z1 22,

where , \
_ 10°F, 0°F
= 2 8z,2 )+ 0,0z, ©),
B= 10%°F 0%F,

- 56222 )+ 61‘1622(0)'
Therefore, |6; + 62| < 2, and a sufficient condition for |6; + 62| < 2is A # £B.

Remark 2.2. The hypotheses (H1) and (H2) imply the existence of a constant Q > 1
such that |F(z)| < Q|z|, z € R2.

Remark 2.3. Suppose the hypotheses (H2) and (H3) are fulfilled and let £ > 0. Then,
there exists ¢ > 0 such that, if £ < |z| < M, then |y — F(z)| < € implies z - y < |z|?.
In fact, if this is not the case, there are sequences, £ < z, < M, y,, n = 1,2,..., with
Ta¥n 2 |Znl?, lyn — F(za)] < % and z,, — zg, as n — oco. Therefore, y, — F(z¢) and,
finally, zo - F(z¢) > |zo|?, which contradicts (H3).

Remark 2.4. For the study of periodic solutions of (2.1e), the hypotesis (H2) can be
replaced by the more general condition:

@) F(Bw) C Bu
where By = {z € R? | |z| < M}, for some M > 0. In fact, if this is the case, defining

- [ F(z), for |z| < M
FlEl= { F(Mz/|z|), for |z| > M,

it follows that F satisfies (H2) and, if z(t) is a periodic solution of
#(t) = —az(t) + aF(z(t — 1)),

then |z(t)| < M; so z(t) is a periodic solution of (2.1).

Remark 2.5. The function F(z) = (2arctanz,,—2arctanz,). satisfies the hypoteses
(H1) — (H4)
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Definition 2.1. A solution z(t) = (z;(t),z2(1)) of (2.1a) is a slowly spiralling periodic
solution if there are real numbers ¢;, 92,3, g4 with ¢; > g;_; + 1, j = 2,3, 4, such that

(1) z1(=1)=0, z4(t) > 0,if t € (=1,¢2) and z1(t) < 0, i ¢ € (g3, 4)-

(2) z2(t) > 0,if t € (—=1,91) U(g3,94) and z5(t) < 0, if t € (g1, g3).
B) z(t)==z(t+ga+1),t €R.

The Figure 2.1 shows a slowly spiralling periodic solution. This term is suggested by
the fact that the orbit encircles the origin, crossing the coordinate semi-axis in times
spaced by intervals greater than the time-lag. It is inspirated in the concept of slowly
oscillating periodic solution from the scalar case. The period of a slowly spiralling solution
is obviously greater than four.

FIGURE 2.1

Remark 2.6. The hypotheses (H3) and (H4) play a fundamental role in the lemma 6.4,
which implies that, for some & > 0, there is no slowly spiralling periodic solutions of
(1.3), for 0 < o < @. This is an essential requirement to state a global Hopf bifurcation
for the equation (1.3).

In this paper the problem of finding slowly spiralling solutions is reduced to that of
finding fixed points of a return map from a subset of C into itself.

We define in the sequel, two important closed convex sets K, K, C C. If z(t) is a
slowly spiralling periodic solution of (2.1a), then ¢ = 1’|[_1,o] € K, where
(2.2) K={p€Clei(-1)=0, p1,p2 > 0},

moreover,
‘%e‘"z(t) =ae™F(z(t—1)) = ae®F(z(t 4+ ¢4)), —-1<t<0.
It follows from the periodicity of z(t) that ¢ € K,, where
(2.3) Ko = {p € K | e*®p;(0)is nondecreasing in [-1,0], j = 1,2}
We state now the main results of this work.

Theorem 2.1. If (H1) is satisfied, there exists a sequence 0 < ap < a1 < ... = 400,
bo

62 -1

such that the equation (2.1a) has a Hopf bifurcation at o = o,k =0,1,2,....

(2.4) ap = , 0<bo:=arcsinl/é < /2,
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Theorem 2.2. Let us assume the hypoteses (H1)-(H4), and let
Y ={(a,p) € (0,00) x K |z(t;a,p) is a slowly spiralling periodic solution}.
Then the following conditions are satisfied:
(1) There exists & > 0 such that if (a, ) € T, then o > & and ||¢|| < M.
(2) The closure ¥ of T in (0,00) x K is ¥ = T U (0,0)
(3) Let o C X be the connected component of ¥ containing («,0). Then £y is an
unbounded subset of (0,00) x K, more specifically, for each o > «g, there exists

a slowly spiralling periodic solution z(t; «, ¢) of (2.1a) such that (o, ) € £y and
|z(t; o, )| < M, for all t.

Remark 2.6. 1t will be clear later that only (H1) and (H2) are needed for the existence
of slowly spiralling periodic solutions, for & > ay. The additional hypoteses are required
for the assertions (1) and (2).

Theorem 2.3. Let Jo C (0,aq) be compact. Then, there exist positive constants 6, L,
and n, such that, if a € Jo and ||¢|| < 6, the solution z(t; o, ¢) of (2.1a) satisfies
lz(t; a, )| < Le~"[lell, t>0.

Theorem 2.2 is proved in Section 6. The proof of Theorem 2.1 is a straightforward
consequence of a description of the locus of the eigenvalues of the linearized equation of
(2.1c), as given in Section 3. Theorem 2.3 is an auxiliary result for the Theorem 2.2,
however, as we have pointed out in the section 1, it has interest in itself.

3. The eigenvalues of the linearized equation.

We state below properties of the eigenvalues of the linear part of (2.1a)) which are
relevant for this paper. For a general study of this subject see [2] and [15]. A linearization
of (2.1a) near the origin, with F satisfying (H1), gives:

(3.1) z(t) = —az(t) + aBz(t - 1), B = (60 %] ) .
2
The characteristic equation of (3.1) is:
(3.2) A+ 01)262)‘ = —6%a?

If X is a characteristic root of (3.2) (eigenvalue of (3.1)), its complex conjugate A is.
Moreover, A = 0 is the unique real eigenvalue, and it occurs for @ = 0; therefore, we can
restrict our study to the upper semi-plane S(A) > 0.

Lemma 3.1. There is no root of (3.2) in the lines a + ib with fixed b = (k + 1/2),
k=0,1,...,and a € R.
Proof. For A\ =a+i(k+1/2)7, k=0,1,..., the equation (3.2) leads to
e2%[(a + a)® = (k + 1/2)*7?%] = 62a?
{ (a4 a)(2k+1)7 =0,
and this system is incompatible. O

The Lemma 3.1 asserts that the characteristic roots A € C4 := {A € C|S(A) > 0}
are in the strips:

Se={AeCy|(k=1/2)7 <S(N) < (k+1/2)7}, k=0,1,2,...
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Lemma 3.2. In each strip Sk, k > 0, the characteristic equation is
(3.3) (A+a)e* = (-1)kisa

Proof. The equation (3.2) is equivalent to
(A + a)e* = +iba
Taking A = a + ib, one obtains:
(a4 a)cosb—bsinb =0
{ (a4 a)sinb+bcosb = bae™°.

The first equation implies (a + a)sinb and bcosb have the same sign. The Lemma is
proved noticing that, in Sy, the sign of beosb is (—1)¥. D
Lemma 3.3. The only pure imaginary characteristic roots are A\, = iby € Sy, where
sin by = (=1)*1/6, and the corresponding values a = a} are
by

ak:T__l k=0,1,
Proof. Taking A = ib in (3.3), we obtain a = btanb and asinb+ bcosb = (—1)*sa. So
that, sinb = (—l)k/é and cosb = (—l)k\/é2 —1/6, for every k > 0. O
Remark 3.1. The sequence (a}) satisfies 0 < ag < a3 < @3 < ... — 400, as k — 400,
since by = bo + k7, k > 1, and 0 < by = arcsin 1/6 < m/2. The value
bo
62 -1

(3.4) agp =

has special importance in this paper.
Lemma 3.4. Each strip S, k > 0, contains exactly one root of (3.2), and it is simple.
Proof. Taking A = a+ib € Si, k > 01in (3.3), we obtain :

a+a=btanb
(6 {(a +a)sinb+bcosb = (—1)6ae?,
wich gives
B := bae® = (—1)¥bet*® bsech,
so that

‘Zl—ﬁ = (=1)ke** b sech[(1 + btanb)? + b2 > 0.

Furthermore, 8 = B(b) — 0, as either b — 04 or b — (n7 + 7/2),, and B(b) — +o0,
asb— (nm+7/2)_,n=0,1,2,.... So that, b = J(X) is a strictly increasing function
of a € (0,00). Consequently, a = () is a function of & € (0,00) and

da _ a(l+a+a)+bd’
do  af(14+a+a)+b2)

The last part of the lemma is a consequence of

%[(A +a)e* — (=1)*6ai] = e*(1+A+a)#0. O
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Lemma 3.5. In each strip Sy, k > 0, the roots A = A(a) of (3.2) satisfy R(A) < Iné
and limy_, oo A =Iné+i(kn+7/2),k=0,1,2,....

Proof. 1t follows from (3.5) that

e?(1 +§) = (—1)*6sinb.

By Lemma 3.4, limg—co (—1)"ésinb = 6 and, moreover, e’(1+a/a) > e° for a large. So
that, a = a(«a) is bounded as o — oo and

§= lim e®(1+ =) = lim €°,
a—00 [0% a— 00

which means that, a = (1) — Iné as @ — oo.
The other assertions result from Lemma 3.4. O

Lemma 3.6. If A\ = a; +ibp € Sk, k = 0,1,2,... are roots of (3.2), for some a > 0,
then ag > a; > ... — —o0.

Proof. After the translation A + o = py, (3.2) becomes
(3.6) ple = — g2,

where 8 = ade?®. Since a € R, the lemma will be proved if the specified ordering occurs
for the real parts of the roots of (3.6). Taking y = a + ib in (3.6), one obtains:

(3.7) (a® + b%)e? = g2
For 8 = =, (3.7) defines b as function of a, a € (—o0, 0], with

% = —(r*e™** +a)/b < 0,
thus, ag > a3 = 0> as > ... >ar > ..., where yp = ap + ib; is the unique root of (3.6),
with f=x,in Sk, k=0,1,....

Suppose temporarily this ordering is false for some value of § > 0. Since each a;
depends continuously on 3, there is some § = § for which (3.6) has the roots pr € Sk
and y; € S;, with ap = ¢y = a, k > I. But (3.7) implies b; = b;, a contradiction. O

The foregoing lemmas assure that, if § > 1 and « increases from 0 to +00, once upon it
reaches each aj, k = 0,1,..., given in lemma 3.3, a unique pair of conjugate eigenvalues
Ar = May) and \i crosses transversally the imaginary axis , from the left to the right.

The Figure 3.1 shows the locus of the characteristic roots in the several strips for
6§ = v/2. When « varies from 0 to 400, the real part of A varies from —oo to In /2, with
the A\i’s on the indicated curves, obeying the ordering of the Lemma 3.6.

Since all the eigenvalues of the linear part of (2.1a), 0 < a < ap, have negative real
parts, the following lemma is a standard result in the stability theory of differential-delay

equations.
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FiGURE 3.1

Lemma 3.7. Assume the hypothesis (H1) and 0 < o < ag. There is a number v > 0
such that, for any € > 0, there exists T, > 0 such that, if ||¢|| < v, the solution z(t; a, ¢)
of (2.1a) satisfies

sup |z(t; , )| < €.
1>T,

Theorem 2.1 is a consequence of the Hopf Bifurcation Theorem for retarded differ-
ential equations, according to [9], because the above lemmas guarantee the following
hypotheses:

(1) The pure imaginary eigenvalues A\ = Ap(ax), k = 0,1,... of (3.1) are simple

and, for any k, if A; # Ak, Ak, then Aj # mAg, for any integer m.

(2) %[E}E(Ak)(a)]C':ak #0.

The periodic solutions which appear at o = a; have period close to 27 /by, with by
defined by

(38) by = [arcsin(—1)¥1/6) € (kr — /2, kx +7/2)N (0, ), k=0,1,...

Remark 3.2. Although this is not our main concern, we state a result, without proof, for
a < 0:

If 1 < é < /7?41, there exists a sequence (ax), 0 > a3 > as > ... — —o0, such
that the equation (2.1a) has a Hopf Bifurcation in a = o,

m

k=
2)) 1)2)

ap = —cx/ V62 = 1; ¢ = [arcsin(—=1)k+11/6) € (kn — g,kn’+
The proof can be done by studying the location of the roots of (3.2), with a < 0.
4. Uniform exponential estimates.
In this section we study a one-paremeter family of linear diferential delay equations,
which includes the linearization of (2.1a) near the origin. We obtain uniform exponential

estimates for the solutions increase, for @ in compact sets. When the real parts of the
characteristic roots are negative and bounded away from zero, therefore, z = 0 is an
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asymptotically stable solution of (2.1a), we assure the existence of a uniform lower bound
for the basin of attraction, for a in compact sets.
Consider the linear autonomous equation

(4.1) y(t) = Ay(t) + By(t - a),
y € R", a > 0, which after a rescaling of time can be written as
(4.2) #(t) = aAz(t) + aBz(t — 1)

It is known that the solution zo(p)(t) € C([-1,400),R") of (4.2), za(¥)lj-1,0 = ¥,
satisfies

(4.3) lea(@) ()] < a(a)e™g], 120

where a(a) = 1+ a|B|, b = |A|+|B|, with |- | denoting a norm in R" as well as a matrix
norm.
The characteristic equation of (4.2) is:

(4.4) det H,(A\) =0, Hgy()):= Al — aA — aBe™?
where I is the n X n identity matrix.
Since
(4.5) det Ha(A) = A" + p1(e= A" & ...+ pu_s(e=*)A + pu(e=),
with p;(s) being polinomials of degree less or equal to 7, 7 = 1,2,... ,n, there exists an

infinity of characteristic roots with arbitrarily large negative real parts, see [15, Th.1].
We state this more precisely as an extension of the Lemma 4.1 in [9, Chap.1], as follows:

Lemma 4.1. Let (A;) be a sequence of roots of (4.4) such that |A;| — 400 as j — +00.
Then RA; — —oo as j — +oc and there exists only a finite number of roots of (4.4) to
the right of any line R\ = a, a € R.

Lemma 4.2. Let Jo C (0,400) be compact and suppose the roots of (4.4), for a € Jo,
are simple. Then {R)\ | det H,(A) =0, € Jo} is upper bounded.

Proof. According to Lemma 4.1 we can define
(4.6) Ba = max{RA | det Hy(A) = 0}.

Since Jp is compact, it is sufficient to prove that 3, depends continuously on a > 0.
Let us take @ > 0 and prove that £, is continuous in a = &. If b € R satisfies

Fy = {/\IdetH&(/\)ZO,%/\ >b} #@,

Fy is finite and Bs = max{RA | A € F;}.

Since the roots of (4.4) are simple and the right side of (4.2) is continuously differen-
tiable in a, we have ®);(«a), j = 1,2,... ,m, continuous in & € [& — §,& + 6], for some
6 > 0, see [9, Chap.7]. Consequently, S, is continuous in o € [&@ — 6,a+6]. O
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If zl(t),22(t),... 2 (t) are solutions of the equation (4.2) for some a > 0, the matrix
Yolt) = (z4(1),... ,2(1)) is called a solution matrix of (4.2). For t > —1, X, (1) is said
to be the Fundamental Matrix of (4.2) if it is the solution matrix of (4.2) such that
Xa(t)|[-1,0 = ¥(t) , where

0 t<O0
\I’(t)z{] =0

0 and I are the zero and identity n X n matrices, respectively. X,(t) is of bounded
variation in compact subsets of [—1,00) and the following exponential estimate holds:

(4.7) IXa(t)] < a(a)e™|¥], 120,

where a(a) =1+ a|B|, b= |4| + |B|.

The results below are stated in [9, chap. 7] for the scalar case, and request some
elementary facts from the theory of Laplace Transforms. The estimate (4.7) guarantees
the existence of the Laplace transform, £(z)(X), of solutions z(t) to (4.2), for R(A) > ab.

For any real number ¢, we denote

1 C+iT
) T—+o00 271 c—iT
Theorem 4.1. For each a > 0, the fundamental matrix X ,(t) of (4.2) satisfies

L(Xa)() = HZ'(N)
for any A € C such that R > cq = max{ab, B}, with B, and b given in (4.6) and (4.3),

respectively. Moreover, for any constant ¢ > cq,

Xo,(t)z/ H7Y(M)erMdA, t>0.
()

Corollary 4.1. Let Jo C (0,00) bounded, with v := sup{RA | det Ho(A) = 0, a € Jo}
finite. Then, for every a € Jy,
LX)N)=HI'(N), RA>¢

and
Xo(t)= | H7'(N)eMdr, t>0
(<)

where c is a real number greater than ¢ := max{vyo, (|A| + |B|)sup Jo}.

Theorem 4.2. Let Jy and v, be as in the Corollary 4.1. Then, for any v > 7, there
exists K = K(y) > 0 such that the fundamental matrix Xo(t) of (4.2) satisfies

(4.8) |Xa()| < Ke, t>0,a€Jo.

Proof. First of all we prove that , for o € Jo and v > o,
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FIGURE 4.1

(4.9) Xo(t)= | HI'(NeMd), t>0.
(€2)

Consider the integral of H;1(A)e* along the boudary L; M;L,M, of the box B in the
complex plane, see Figure 4.1, in the indicated direction, where

Li={ctir|-T<T<T}, Mi={o+iT|y<ose),
Ly={y+ir|-T<7<T}, My={o—-iT|y<o<c}
Since Hq()) is invertible and H;'(A)e is analitic in ®®A > 49, we have
/ H;'(M)eMdr = 0.
B

To prove (4.9), it suffices to show that

H7'(NeMd), [ H7'(M)erdh — 0, as T — +oo.
M, M,
It follows from (4.4) that
(4.10) (1Al = alA] = ae™™|B])|HZ (V)| < 1,

for every A such that A > o, @ € Jo.
If A € M; and «a € Jy, taking & = sup Jo,

I\l = a|A| — ae™™}|B| > (¢ + T?)/* — & (|A| + ¢7"|B]) .
Then, under this condition, there exists Tp > 0, independent of «, such that, for T > Ty,
(4.11) |A\| — a|A| — ae™®|B| > T/2, a€Jo, A€M,

and (4.10), (4.11) lead to
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/ H;](’\)C/\td'\) <2 c=9)/T =0, as T — +o00.
M,

Similarly, one shows [, HZ'(A)erd) — 0, a8 T — +oo.
If \=+v+ir and a € Jy, we define

(412)  GaW)=HI' (M) = (A=) = (A=) (A= 70)] = Ha(V]HZ'(A).
Let Tp > 0 is chosen in such a way that 7' > Tp implies (4.11), thus

1[ [T
= Em — (i
- J1Geiar =t oo{ [ Gty +iners

To T
+/ IGa(7+i7')|dT+/ |Ga('y+ir)|dr].

- To TO

Being G, () analytic in A € L, and continuous in «, there exists K; > 0 such that

To
(4.14) / |Ga(y +i7)|dT < 2K, Ty, a € Jo,
—-To
therefore, (4.10), (4.11), (4.12) imply
. 2 _ oy —
(415)  [Galy+in)| < = (ol +@lAl+a|Ble™),  |r| 2 To, @ € Jo,
and (4.13), (4.14) lead to

< Kj, «a€Jy,

/ IGa(N)ld)
()

with Ky = -217; 2K,1To + %(|70| + alA| + d|B|e"')] , independent of a and, consequently,

(4.16) < KoM,

/ G ) d)
(7

Standard arguments from complex integration theory lead to

(4.17) (A = 7o) teMdA| < 4me™?,
™
and (4.16), (4.17), together with (4.12), gives
| Xa(t)| = HZ'(V)eMd)\| < Ket,
(€0
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for t > 0, a € Jo, with the constant X' = N’ () independent of . O

Theorem 4.3. Let Jo C (0,00) and % as in the Corollary 4.1. Then, for each v > 7,
there exists a constant K = K(7y) > 0, independent of a, such that the solution z4(¢)(1)
of the equation (4.2) satisfies

(4.18) za(@)(t)| < Ke'p|, t>0,a€ Jp.

So that, if vo < 0, the condition vy < v < 0 implies the origin is exponentially stable.
Proof. The solution z4(¢)(t) of the equation (4.2) can be represented by

(4.19) za(9)(t) = Xa(t)p(0)+ B /_01 Xa(t — 0 = 1)p(8)ds, ¢ > 0.

This and the exponential boundedness of X, (t) in Theorem 4.2 assure the result. O

An exponential decay like (4.18) is transferred, locally, to the nonlinear equation
(4.20) z(t) = aAz(t) + aBz(t — 1) + af(z(t),z(t - 1)),

where z = col(z1,...,z,), A, B are n x n matrices and f : R" x R" — R" is continuously
differentiable at 0, f(0) = 0, f/(0) = 0,and & > 0. We will prove that, although the global
character of the stability is lost, there is a uniform lower bound for the basin of attraction
of the zero solution of (4.20), for o in compact sets. Let z4(¢, f)(?) be the solution of
(4.20) with initial condition ¢ € C, defined in its maximal interval of existence.

Theorem 4.4. Let Jy C (0,00) and 7o given in the Corollary 4.1, with 7o < 0. Then
there are constants 6, L,n > 0 such that the solution z, (¢, f)(t) of the equation (4.20)

satisfies
lza(e, £)(B)] < Le™™ e, t2>0,a € Jo,|lo]| < 6

Proof. Denoting by [—1,b4) the maximal interval of existence of z, (¢, f), the variation-
of-constants formula gives

(4.21) Zalior )(t) = 2a(@)(1) + /0 Xa(t = )f(2(s), 2(s — 1))ds,

0 <t < by, where z4(¢p) is the solution of (4.2) with initial condition ¢.
It follows from (4.8) and Theorem 4.18 that, for v9 < v < 0 and & = sup Jo,

(4.22) |lza(, ()] < Ke|lel| + 51\"/0 "9 |f((s), 2(s — 1))|ds.

Given 0 < €y < let 6o > 0, such that |f(u,v)| < eo(|u] + |v]), if

|u] + |v] < éo. Let

~
aK(1+e)’

. [ 6o o
ol <= min{ 2. o—rotrrems |
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and suppose there is a 1y € (0,b4) so that |24 (e, f)(t0)] = b0, |za (e, N <é,0<t <
to. Then, (4.22) implies

1 1
e"'lza(w,f)(t)l51\"II<,°II+&1\"60/ e"’lr(5)|d8+dls’60/ e~ |z(s — 1)|ds,
0 0

for 0 <t < g, and
t
e fzale, OIS Kl + aKealt + ¢ [ e Tla()lds.
—1

Consequently,
(4.23) lza(p, (O < Le™lpll, 0< <t

where L = Ke®K¢o[1 + ¢ and n = —y — aKeo[l + e7].
But, the choice of § implies |z (¢, f)(t)| < 60/2, 0 < t < to, a contradiction. O

Proof of the Theorem 2.3.

The equation (2.1a) is as (4.20), being —A the 2 x 2-matrix identity and B given in
(3.1).

Moreover, the analysis of the characteristic equation of (3.1) done in section 3 shows
that yo < 0, for each compact set Jo C (0,ap). The result is now a straightforward
consequence of the Theorem 4.4. O

5. Existence of slowly spiralling periodic solutions.

In order to accomplish the existence of slowly spiralling periodic solutions of (2.1a),
for o greater than ag > 0, we need the concept of ejectivity, according to Browder [3].
However, the global Hopf bifurcation depends on some uniformty assumptions on the
parameter. That is why we formulate the following stronger definition of ejectivity. The
existence of slowly spiralling solutions can be stated under weaker conditions than those
of the theorem 5.1, see [16], for instance. We keep the present formulation because the
alm of this section is a preparation for the results of section 6.

Definition 5.1. Let X a topological space and H = { H,, o € £2 } a family of continuous
functions H, : X — X. The point zo € X is said to be a uniform ejective point of H, if
there exists an open neighborhood, zp € W C X, such that, for every 2 € W — {z(} and
a € £2, there is an integer n = n(a,¢) for which H,"p ¢ W.

Remark 5.1. For the constant family H, = H, a € 2, the above definition reduces to
that of Browder’s ejective point.

The Lemma 5.2 below gives a sufficient condition for the ejectivity of the origin for
certain return maps H, defined by families of autonomous equations. Our proof differs
from that given by Téboas in [16], since there the ejectivity is not required to be uniform.

Consider the autonomous equations:

(5.1) z(t) = aLlz; + af (z¢)
(5.2) y(t) = aLy,
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where L : C — R? is a linear continuous map, f is completely continuous, continuously
diferentiable, f(0) = 0, f(0) = 0 and a > 0. Let us keep the notations z,(-; @, ¢) and
Yi(+; a, ) for the solutions of (5.1) and (5.2), with initial condition ¢ € C.

If To(t), @ > 0,t > 0, is the solution map, To(t)p = w(.;a,¢), ¢ € C,, for any
eigenvalue A = A(a) of (5.2), the space C is decomposed as C = Py & Q,, with Py and
Q) invariant under T4(t), and the eigenspace P) finite dimensional, see [9, Chap. 7].

Let 11y be the projection with range P, given by this decomposition,

(53) H)\(p = @)\b
where @) = (1%,...,p4) is a basis of Py and b is a d-vector.

Lemma 5.1. Let Jo C (ao, 00) be compact and suppose that, for each a € Jy, there
exists an eigenvalue A = A(a) of (5.2) such that R\ > 0. Then, for any a € Jo, there is
a positive definite quadratic form in C, V,(p) = b7 Dob, for some matrix D,, where the
vector b is defined by IT5p = @5b, which satisfies the following property:

For any p > 0, there is a 6y > 0 such that, for any §, 0 < § < &y, if ¢ satisfies ||p|| < 6
and V,(p) > p%62, then

1
o Va(p) >0

for some constant vy, > 0. Moreover, &y is independent of o and the scalar function
Va() is continuous in (a, @) € Jo x C.

. Sl
Va(p) := lim inf 2 [Va(z:( 0, ) = Va(p)] >

The proof of this lemma is an adaptation of Lemma 3.1 by Chow and Hale in [4]. The
continuity of V,(¢) and the fact of 6y being independent of « follow from the continuity
in a of the involved quantities, according to [9, Chap. 7).

Lemma 5.2. Let Jy C (g, 00) be compact and suppose the following hypoteses hold:

(1) For every a € Jo, there exists a eigenvalue X = Ma) of (5.2) with RA > 0.

(2) For every a € Jo, there exists a convex and closed set S, C C, 0 € S,, and
a continuous function 74 : Sy — {0} — [p,0), for some p > 0, such that the
function A, : So — C, given by

Aa(‘)") — Iro(go)(';a'x‘P)y p#0
Aq(0) =0,
is completely continuous and A, S, C S,.
(3) For any a,0 < a < M,
inf { |11750)21(50,@)l| | @ € Jo, ¢ € S, llgll 2 0, 0t < malp) } >0

(4) For any open set G, 0 € G C C, there exists a neighborhood V of 0 in C such
that z:(;a,9) € G, fora € Jo, pEV NS, o #0,0 <t < 7a(p).
Then, 0 is a uniform ejective fixed point of {As, @ € Jo}.

Proof. For any a € Jo, let us take an eigenvalue :\(a) of (5.2) with positive real part,
denote I1o = IT5(,y and define b(t) such that

Tt

1EA

= ¢:\(a)b(t)
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where z; = z;4(+; @, ), ¢ € Sa — {0}.
Considering the function V,(¢) of Lemma 5.1, it follows that

Ve (H) = b)) Dab(t) > |b(1)282

with 42 := min {67 Dob | |b| = 1}. Therefore,

5.4) a2 < ”%)sz( ) <, (122)
“Teql <78 Ve \[far] T

max II%(Q)II )
Tp5_ is well defined, because ¢A( ) and f3, are continuous.
a€Jg

Letting z; = z(; a, ), it follows from (5.4) and hypotesis (3) that

where p? =

ll'lf{ (l” “)IO'GJOa!‘PGSaa ”30”—(1 0<t<7‘0( )}=T2>O
Tt

If pis fixed, 0 < p < T, and 6, independent of a, is like in Lemma 5.1, let us define,
for each a € Jp, and 0 < 6 < g

Ga(6) = {p € C | lell < &, Va(p) < p?6%}.

It follows from Lemma 5.1 that G, (6) is open, 0 € G4(8) and there exists an open set
Os such that Os C G4(6), for any « € Jo.

The hypotesis (4) ensures the existence of a neighborhood 0 € U C Og, such that
z,(+;a,¢) € Os,, if @ € Jg, p € UNS,—{0} and t € [0, 7(¢)]. This and the Lemma 5.1
imply Va(z:(+; e, ¢)) is strictly increasing in ¢ € [0, 74(¢)] for a € Jo, ¢ € UN(Sa—{0}),
in such a way that the derivative V,(z:) is bounded away from zero, that is,

; 1 1
R > — s
Va(:B,) > 270 Va(x,) 2 270 Va((,o)

If Aa(p) = z,,(,)(;a,¢) still belongs to U N Sa, we can repeat this reasoning to
ensure that V,(z;) behaves in the same way in 7,(¢), 7a(¢) + Ta(Aa(p)), and so on.

Suppose temporarily that A%(¢) € UNSa, n = 1,2,.... Then, Vo(z;) is strictly
increasing in t, Va(p) < p*63 and V,(z¢) is bounded away from zero for ¢ > 0. Hence,
there exist a first to such that V,(z,) = p?62 and a greatest no such that ATy = z7,

Since z4, ¢ Os,, the choice of U implies AL°(¢) ¢ U N S,, a contradiction. Therefore,

a€Jy, peEUN(Sa—0) = AL(p) ¢UNS,,

for some n, and the proof is over if one takes W from Definition 5.1 as W =UNS,. O

The ejectivity is essential in our approach to the existence of nontrivial periodic so-
lutions of (2.1a), by way of the Lemma 5.3, due to Nussbaum [14]. The uniformty in o
will be used in proving a global continuation of a Hopf bifurcation.
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Lemma 5.3. Let A" be a Banach space, S C X a closed, bounded, convex, infinite
dimensional set, A : S — {0} — S a completely continuous map and 0 € S an ejective
point of A. Then, A has a fixed point zg € S — {0}.

Let us retake the closed convex sets K and K, given in (2.2) and (2.3). Our first aim
is to construct in K, a return map A, associed to the equation (2.1a) satisfying the
hypoteses of Lemma 5.3. From now on, we assume the hypoteses (H1) and (H2) hold all
over this section.

Lemma 5.4. If (H1), (H2) hold, a > 0, and ||p|| < M, then the solution z(t;a, p) of
(2.1e) remains in By = {z € R? | |z| < M}, for t > 0.

Proof. From the equation (2.1a) one obtains
2(t) - (1) = —ale (O + aF(a(t - 1)) - 2(t),

where “-” denotes usual inner product in R?. Being M a bound for |F|, this equa-
tion, together with the Cauchy-Schwarz inequality, gives d%l:c(t;a,tp)| < 0, whenever
lz(t;a,0)| > M. O

It follows from the proof of Lemma 5.4 that |z(t;a,¢)| < M, t € R, for any periodic
solution z(t;a, ¢) of (2.1a).
It is convenient, sometimes, to denote z = (z1,z2) and rewrite (2.1a) as:

(5.5) z1(1) = —azy(t) + aFy (z(t - 1)),
(5.6) Ty(l) = —azy(t) + aFy(z(t — 1)).
Defining the quadrants
Qi={z€R?|2:>0,2220}, Qo={zeR’|z;>0,2,<0},
the lemmas 5.5-5.9 are proven in [1] and, with minor adaptations, in [16].

Lemma 5.5. For any a > 0, there is a continuous map t1, : K, — {0} — [0,00) with

z(tia(p);a,9) € 0Q1, z1(tia(p)ia, @) > 0, and z(t;a,p) € intQ2, if t1a(p) < t <
t1a() + 1, for some n > 0 sufficiently small.

Lemma 5.6. If G is open, 0 € G C C, there is a neighborhood U C C of 0 such that
z4(;0,p) €EG, forany a >0, p EUNKq, 9 #0,and 0 <t < t1a(p) + 1.

For any a > 0, given ¢ € Ko — {0}, let ¢ = 2, (4)41(;; @, ¢). So that, by (2.1a),
(5.7) (X’ $(8)" = ae®* Fz(tia(p) + 6;0,9)), 6 €[-1,0].

Since z(t1a(p) + 0;0,¢) € Q1 for =1 < 6 < 0, (5.7) and (H1) imply e*®¢,(0) is
nondecreasing and e¢*?1,(#) is nonincreasing. If R is the rotation

0 1
==(J o)
and RK, := {R¢ | ¢ € Ko}, then ¥ € RK, and the map Aj, : Ko — RK, is given by

Ald(‘p) = zt:u(¢)+1('; a,cp), p#0

(5.8) 4=
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Lemma 5.7. For each a > 0, the map A, is completely continuous.

The rotational symmetry of our hypotheses ensures we might repeat our arguments
to define continuous maps ¢ — t;a(y), from R?=' (K, — {0}) to [0, +o0), j = 2,3,4, and
the completely continuous maps,

Aja :RI7'K, = RIK,, j=23,4.

Now we define the map A, : Ko — RYK, = Kq4 by

AU(‘p) = (A40 0 Azq © Azq 0 Ala)(‘/’)» pE Ky - {0}

) Aa(0) = 0.

For any ¢ € Ko — {0}, if 74(yp) is the first time that A4(p) = 2, (4)(-; @, ), then

(5.10) Ta(®) = t1a(P) + t2a(A1aP) + t3a(A2a A10P) + taa(Asa A2aAr1ap) + 4

and this implies the continuity of the function 7, : Ko — {0} — [4, 00).
The Figure 5.1 helps to understand the map A,.

FIGURE 5.1

Notice that, from the definition of t1a, ¥ = 24, (p)+1(:; @, p) satisfies 11(6) > 0
for =1 < 0 <0, ho(=1) = 0, () < 0 for =1 < § < 0. Furthermore, the solution
z(t;a,¢), ¢ € Kq, rotates around the origin, in the clockwise sense, crossing transversally
two successive semi-axis at instants spaced by a lag greater than one. If ¢ = (¢1,¥2)
is a fixed point of A,, giving rise to a nontrivial periodic solution of (2.1«), one has
p1(0) >0, -1 <60 <0, pa(8) > 0.

The Lemmas 5.6 and 5.7, with the symmetry of our hypotheses, imply immediately
the next two lemmas.

Lemma 5.8. Let G be an open neighborhood of zero in C. There exists a neighborhood
U C C of zero such that, if « > 0, ¢ € UN Kq, ¢ # 0, then z4(-,a,¢) € G, for
0 <t < Talp)
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Lemma 5.9. For each o > 0, there is a continuous function 7 : K, — {0} — [4,00)
such that the map A, : K, — C, given by

AO(SD) = zra(tp)(';a)so)’ Y # 0
Aqa(0)=0

is completely continuous and A, K, C K.

Returning to the hypoteses of the Lemma 5.2, one sees that (2) and (4) follow from
Lemmas 5.9 and 5.8, respectively, with S, = K. If we take the compact Jo C (e, o0),
ag = bp/V6*—1, 0 < by = arcsinl/é < m/2, then (1) is satisfied, according to the
analysis of the characteristic equation in the Section 3. It remains to prove that the
projections on P5oy of z4(-;a,¢), with a € Jo, llell > a, t € [0,74(p)], stay uniformly
away from zero. For this purpose, the following lemma assures that z;(?14(¢); @, ¢) has
an upper bound independ of a, if a € Jy and ||p|| is sufficiently large.

For a compact Jo C (0,00), let a; = min Jy, az = max J.

Lemma 5.10. Let d > 0 and Jy C (0, o), compact. There exists a constant ¢ > 0
such that if o € Jo, ¢ € Ka, ||l¢|| 2 d, then z1(t1;,¢) > ¢ and z;(t;a, ) > ce~*? for
t € [t1,t1 + 1], where t; = t14(p) > 0 is defined in the Lemma 5.5.

This lemma results from the three subsequent ones, which describe the evolution, in
Q1, of the orbits z(-;a,¢) of (2.1a), a € Jo, ¢ € Ka, ||| > d, 0 < t < t14(p). The
Figure 5.2 can be helpful in following the proofs.

FIGURE 5.2

Lemma 5.11. Letd > 0 and J, C (0,00) a compact set. There exists k > 0, o > 0 such
that if « € Jo, ¢ € Ka, ||p|| > d, ¢1(0) < o, then z,(11;0,¢) > 0 and z3(t;a,¢) > k,
t € [0,71], for some 1 € (0,11a(¢p))-

Proof. Near z = 0 € R?, the hypothesis (H1) imply
Fy(z) = 6921 + 21 [azy + bzy + O(|z[?)] .
Thus, for 0 < 7 < —82, there is an open set 0 € V C R? such that, if z € V, 21 > 0,

(5.11) Fy(z) < (62 + n)z1.
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Let € > 0 such that R = {(z,22) € R? | =€ < 21,22 < €} C V. Defining

. d
(512) k:=mm{4—g§;,§},
there exists ¢’ such that, if z € Q;, =5 > k,
(5.13) Fi(z1,22) > max {o', i} .
aj
_ d .
Moreover, given 0 < € < yprs there is a 6 > 0 such that
(514) —e< Fz(l‘l,l‘z) <0,
ifz € Q and z; < 6.
Defining

' . fb(e) o 1

(5.15) g = mm{ s ,?,k, 2602},

if p € Ko, [lpll 2 d, 1(0) < o, one has 93(0) > zs > &.

Since z5(t;a, ) is decreasing in Q;, there exists {, 0 < 1 < t14(¢), for which
zo(t;a,p) = k and zo(t;a,9) >k, 0< t < 1.

Suppose for a moment that z,(t) < o, ¢ € [0,]. So that (5.6) and (5.14) imply

(5.16) z3(t) > [p2(0) + €le™ " — ¢, te[0,1].
Since the right side of (5.16) is greater than k for ¢ = 2, it follows that £ > 2. But
(5.5) and (5.16) imply

/

:i:l(t)z-—ao+ama.x{a’,z—}20 te[0,1]
1

and, therefore, z,(t) > o, for some ¢ € [0,1], a contradition. O

Lemma 5.12. Let d > 0, Jo C (0,00) a compact set, k and ¢ as in (5.12) and (5.15).
If the solution z(t;a,¢) of (2.1a), @ € Jy, ¢ € K,, Is such that z,(m;a,9) > o,
zo(T1;0,¢) > k for some 7 > 0, then there exists 73, 1 < T3 < t1a(¢p), such that
0 < zo(m;0,9) < k and z1(t; o, 0) > 0™ %2, 1 € [11,T2).

Proof. Since z1(m1; @, ) > o, it follows from (5.5) that
z1(t; o, ) > 0e™ 2, t€[rn,n +1].

If 0 < zo(t; @, ) < k for some t € [r1, 71 + 1], we let =t If zo(t; a, 0) > k, for all
te€[n,n+1),letf, n+1<1i<t1,(p) such that zo(f;a,9) = k and z(t;,¢) < k,
{ <t <tja(p). Then (5.5), (5.13) and (5.15) imply

z1(t) > oe™*?, ten+1,i+1].

Consequently, there exists 7 according to the lemma. 0O
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Lemma 5.13. Let d > 0, Jo C (0,00) a compact set, k and o as in (5.12) and (5.15).
There exists ¢ > 0 such that, if the solution z(t;a,¢) of (2.1a), a € Jgy, ¢ € K, satisfies
z1(72;0,0) > 0€™%, 0 < za(T2;,) < k, for some 13 > 0, then z,(t1a(p);a,p) > c.
Proof. If z,(t;,p) > oe™*2, 1 € (t_, —_6,t1), t1 = tia(p), for some § > 0 we take
c = oe~?2, If this is not the case, let { = {(a, ), 7 < 1 < t;, the last instant ¢ for which
24(t;0,0) = 0e™ %,

Ift; <141, we can take ¢ = oe™2°2 since, by (5.5), z1(t1;a, p) > ce™2.

In the case t; > 1+ 1, (5.6) and (5.11) imply, for t € [{ + 1,¢; + 1],

) ) t

zo(t;a,p) < e~ ==V @+ 1) + a(62 + n)e” / e z1(s — 1, p)ds.

41
Since e*'z;(t) increases in Qy,
zo(t;0,0) < €T [kt ay (62 + p)oe 2 (t — T 1)),
and notice that the right side of this inequality vanishes in { = 6, where

ke*?

5.17 = —— 4+ 141
( ) ay(=by —n)o
According to (5.5),
(5.18) z1(t; o, p) > oe~22e~2(=1) te[t,t+1],

and, since t; < 6, it follows from (5.17) and (5.18) that z,(t1;@,¢) > ¢, where ¢ :=

k
o exp (—2 -+ -a,(ea);%?,—?)v 012)-
Ift; <i+1,(5.18) imply z;(t;a,9) > ge~2%2. O

Proof of the Lemma 5.10.
According to (5.5), it suffices to prove the first inequality. If ¢2(0) > 0, this follows
from Lemmas 5.10-5.12. If ¢5(0) = 0, then ¢;(0) > de=*? and z({1; a, ) > de~ 22, O

Letting y = col (y1,y2), the linearized equation of (2.1a) at z =0 is

(5.19) y(t) = —ay(t) + aBy(t — 1), B := (6(1 601) .
Let G4 be the infinitesimal generator of semigroup {7, (1), { > 0} defined by

Te(t)p = yi(a,9), ¢€C, t>0.

If @ > ao, there is a unique eigenvalue A = A(e) in the strip So such that RA(a) >0
and it is simple. Therefore, the generalized eigenspace P; of A\, N(A] — G4), is one-
dimensional and the projection operator with range Pj is

0 -
75 = {91(0) — ippa(0) + @ / e MEHD) [6105(€) — 162101 (€)] dE}pas

where p,(0) := exo_p, 6 € [~1,0], and  is a non trivial solution of Ho(A)u = 0, Ho(}) :=
(Al — @A — aBe™?).
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Lemma 5.14. Let d be a constant, 0 < d < M, and Jo C (ag,oc) a compact set. Then

m = inf{||752:(; 0, 9)|| |a € Jo, p € Ko, d < |lp|| < M, 0 <t < t14(p) +1} > 0.

Proof. Suppose for a moment m = 0. Then there exists sequences a,, € Jo, ¢, € Kg,,
d< |lenll £ M, tn €[0,t10,(pn) + 1], n = 1,2,..., such that z,(t) = (21n(t), z2n (1)) :=
Bt 0, Pn )i An: = Alon, ) and

ll75, Znta |l = lZ1n(tn) — inzon (tn)+

5.20 o .
(5-20) an/ e D61 200 (1 +€) — ib2uz1n(tn + €))dE| — 0,
=

as n — oo. Taking A, = ap + bni, with a, >0, 0 < b, < %, we have

175, Znta ]| = |Z1n(tn) + an /0 e~ CHD[5,250 (1o + €) cos by (€ + 1)—
— bapuz1n (tn +€)S_irll bn (§ + 1)JdE + i {—pzan(ta)+
2 g /0 e D[ §ouz 1, (tn + €) cosbn (€ + 1)—
— 8 xz_n](tn +&) sinbn (€ +1))d¢} .

Since d < ||¢n|| < M, the proof of the Lemma 5.4 implies ||z, (1)|] < M, t
n=1,2,.... Then, by taking a subsequence, if necessary, we can assume z,(1,)
(L1,L;) and a,, — a. Lemmas 5.11-5.13 imply (L;, L2) # (0,0).

If Ly >0, Ly > 0, we have ®73_zn¢, positive and bounded away from zero, for n
large. If L; = 0, Ly > 0, then S7; zn, s negative and bounded away from zero for n
large. Both cases lead to a contradiction with (5.20).

Suppose now Lo < 0. Surely, Ly > 0, since 114, (¢n) < tn < tia,(pn) + 1, for n large
and, by the Lemma 5.10, z1(tn;an, ¢n) > ce™%2.

If n is large, (5.20) imply z1,(tn) > %‘-, Ton(1n) < %2, and the curve in C, given by

= =1
—-)L:

pn(€) = 61220 (tn + &) — tbapz1n(tn +€), £ e-1,0]

is in the sector {re’ | 0 < 6 < 7, r > 0} and e~ €+ ¢ € [-1,0], is in the sector
{z=re | 1> %, 5 <—B<0<0},forany B € (0,%). Defining

07’) — —ll’réaé)éoarg [C—A"(€+l)pn(£)] 5
it might be seen that the curve e~ e+, (€), € € [-1,0], is in the semi-plane determined
by the line with slope 6,,, which contains the positive x real semi-axis .

Ifo < 0: < 5, then ||75 Znq, || 7‘»9

If £ <0, < 7, defining w, = 5 — 0n, one arrives to the same result. O

Notice that the Lemma 5.14 remains valid if K, is replaced by R7 K, and [0,14(¢)+1]
by [tJa(‘p) = l,t(j+1)a(§0) n g 1]1 J =1, 2) 3.
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Lemma 5.15. For every compact Jo C (ag,00) and every constant 0 < a < M,

Tr= iﬂf{llﬂ,i(a)x:(';a,sp)ll la €Jo, ¢ € Ko, |lpll 2a,0<t < Ta(‘P)} >0

Proof. Let 0 < a < M. The Lemma 5.14 implies
inf {||752¢(;0,9)|l | & € Jo, ¢ € Ka, llell 2 a, 0 <t < tia(p) +1} > 0.

The Lemma 5.4 and the existence of d; > 0 according to Lemma 5.10 imply

M Z ”xho(‘PH’l(';aa‘P)” _>. dl)

for all « € Jo, ¢ € Ka, ||¢|| > a. Then, by the Lemma 5.14,
inf {[|752:(;0,9)|l | & € Jo, ¢ € K, llpll 2 a, 0 <t < toa(p) +1} > 0.

The result follows now by successive applications of the same reasoning to the intervals
[t2a(9) + 1,t30(p) + 1], [taa(p) + 1, 7a(p)]. O

As an immediate consequence of the above lemmas, the hypotheses of the Lemma 5.2
are satisfied, with respect to the map A, defined in (5.9). So that we can state:

Theorem 5.1. Let ag := bo/Vé?—1, 0 < by = (aresinl)/é < =/2. If (H1), (H2)
are satisfied, then the equation (2.1a), @ > ag, has a nonconstant periodic solution,
z(; o, ), p € Ko, with period T > 4 and p € K,.

Proof. According to the Lemma 5.4, if S, := K, N Bum, AaSa C Sa, @ > ag. It is now
a matter of routine to show that all the hypotheses of the Lemma 5.3 are fulfilled for
Aals, :Sa = Say @ >0 O

6. The global continuation.

The purpose of this section is to prove the Theorem 2.2, which is motived by the
existence of periodic solutions of the equation (2.1a), according to Theorem 5.1, and by
the local Hopf bifurcation at @ = ag. Although it is deeply inspirated in the results
by Mallet-Paret & Nussbaum [12] for the scalar case, it presents some features and
difficulties inherent to the planar problem.

The main tool we need is an abstract global bifurcation theorem due to Nussbaum
[13], the Theorem 6.1 below.

Definition 6.1. Let X be a topological space and A : X — X a continuous map with
a fixed point zo. We say zo is an atiractive fized point of A if there exists an open
neighborhood U of z such that, for every open neighborhood V' of zg, there exists an
integer n = n(V) such that A7(z) € V, for all j > nand z € U.
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Theorem 6.1. Let Y be a Banach space, S C Y a closed, convex set, 0 an extreme
point of S, S # {0} and J = (a,0), a > —o0. Suppose F : J x S — S satisfies the
following hypotheses:

(1) F(a,0)=0, for a € J,

(2) F is completely continuous,

(3) There exists ag € J such that, for every compact Jo C J — {ay}, there exists
€ = €(Jo) > 0 such that F(a,z) # z, for a € Jo, 0 < |z| <€,

(4) There exists an open interval Iy 3 ag such that 0 is a atractive point of F(a, ),
for a € Iy, @ < ap, and 0 is an ejective point of F(a,-), for a € Iy, @ > ag, or
conversely,

(5) There exists ey € J such that F(a,z) = z, with ¢ # 0 implies a > a.

Define the set E by
E={(e,z)€J xS |z#0and F(a,z) = z}

and denote by E, the connected component of the clousure E of E, which contains
(ep,0). Then Ey is not empty and unbounded.

According to the results of section 5, z(¢; «, ¢) is a slowly spiralling periodic solution
of (2.1a) if, and only if, ¢ € K, is a fixed point of the map A, : Ko — C, defined in the
Lemma 5.2. So, we can represent the set ¥ in the Theorem 2.2 as

(6.1) T ={(e¢) €(0,00) x K | p € Ko — {0}, Aa(p) = ¢}

Remark 6.1. Under the hypotesis (H1) and (H2) one has:
(1) £ (0,00) x By, )
(2) For every a > ag, there is ¢ € K N By, ¢ # 0, such that (a,¢) € .

We construct now a function F satisfying the hypotheses of Theorem 6.1.
Let ' C R x C given by

(6.2) I'={(a,p) € (0,00) x K | p € Ky}
and A: T — K, given by
(6.3) Ale,9) = Aa(p).

It is not difficult to prove that A(a, ¢) is completely continuous.

Lemma 6.1. There exists a continuous retraction p : (0,00) x K — T, such that

p(a, SO) = ((!, Pa(‘p))

for all (a, ) € (0,00) x K, where p3'(0) = {0}.
Proof. The function hqp : Ko — Kp, given by

hap (¢)(0) = e°=PXp(0), -1<0 <0,

for any a, 8 > 0, is a homeomorphism with inverse hgq.
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Let Hop : K — K the homeomorphism given by the extension of hap to K:

Hap(p)(8) = e p(0).
Because Ko = {¢ € K | ¢;(0) is nondecreasing, j = 1,2}, the map po : K — K such
that
pole)(0) = col _mzx o1(6), a0

-1<s

is a continuous retraction from K to K, and p5'(0) = {0}
Defining po : K — K, by

Pa(p) = hoa(po(Hao(¥))),

it follows that p, is a continuous retraction from K to K, and p71(0) = {0}. O

Let us define now an extension of A, A* : (0,00) x K — K, by

(6.4) A*(a, ) = A(p(, 9)),

and A% : K — K, by
(6.5) Ao(p) = A%(, ).

One easily sees that ¢ is a fixed point of A% if, and only if, it is a fixed point of A,
hence

Z={(a,p) € (0,00) x K | A5(¢) = ¢ and ¢ # 0}.
Remark 6.2. The continuity of A and p, () lead to £ C TU[(0,00) x {0}JU [{0} x K].
Lemma 6.2. . A* is completely continuous.

Proof. The map p in Lemma 6.1 takes bounded subsets of (0,00) x K to bounded subsets
of T'. So, the lemma follows from the continuity of p and the complete continuity of A. O

Lemma 6.3. Assume that F satisfies hypoteses (H.1) and (H.2). Then 0 is attractive
point of A% for 0 < a < a and it is ejective point for a > ay.

Proof. If 0 < & < ag, the Lemm 3.7 implies that 0 is a attractive point of A%, with the
neighborhood U of the Definition 6.1 being U = {¢ € C | ||¢|| < v}.

If « > ag,the ejective of origem for A, according to the Lemma 5.2 as well the
inclusion A%(K) C K, and A" (p) = AL(palp)) for every integer n > 1 guarantee the
afirmation. 0O

Lemma 6.4. Assume F satisfies the hypotheses (H1)-(H4). There exist constants
€ > 0 and o’ > 0 such that for every slowly spiralling periodic solution z(t) = z(t; «, ¢)
of (2.1a),0 < a < o,

|lz(D)] = _ max |z(t)] > ¢.
Proof. Suppose the assertion is not true. So, there are o, > 0, n = 1,2,..., a, — 0,

and slowly spiralling solutions (z,(t)) of (2.1a,) n =14,2,..., such that
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|2n(tn)] := _ max |zn(1)] — 0, as n — oc.

Furthermore, with z,(t,) # 0, n=1,2,... and (|z,(tn)|), (an) decreasing.
According to remark 2.2,

Zn(tn) = an[=2n(tn) + F(@n(tn — 1))] = O(an|zn(ta)]), as n — co.
Furthermore,
(6.6)  F(zn(tn — 1)) = col(81zn(tn = 1), 6221 (tn = 1)) + 0[zn(tn)]), as n — oo,
where,
(6.7) Zin(ta = 1) = Zin(tn) = Zin(Tn) = Zin(tn) + O(an |z, (ts)]), as n — 00, i =1,2.

Taking subsequences, if necessary, (6.6) and (6.7) imply

(6.8) F(zn(tn—1)) = col(8122n(ln), 6221n(tn))+O0(an|zn(tn)])+0(|2a(tn)]), as n — oo

From the equation (2.1«) it follows,

1 .
(6.9) —[zaltn) - 2a(tn)] = ~l|2a(ta)l® + 2a(tn) - F(2n(ta — 1)),
so that,

1dt|2—|t|266t-t

Eo—,,_d_tlzn( I = =lza(tn)l” + (81 + 62)z1n (tn)z2a (tn)+
(6.10) + O(an|za(ta)?) + o(|2n(tn)[?), as n — oo.
Consequently,
(6.11)
1 d

PTGl [(—1 + M‘%'SQI) Jen (tn)|? + O(anlza(tn)|?) + o(|:c,,(t,,)|2)] ,

as n — oo. Since |6; + 62| < 2, (6.11) implies |z (t,)|* < 0, for n sufficiently large,
and this is a contradition. O

Lemma 6.5. Assume F satisfies (H1)-(H4). For some & > 0, there is no slowly spi-
ralling periodic solution to (2.1a), 0 < a < a.

Proof. Let £ as in Lemma 6.3 and € > 0 as in remark 2.3. If v = v(¢) > 0 is chosen in such
a way that z,y € By, |z — y| < v imply |F(z) — F(y)| < ¢, let 0 < & < min{v/2M, '},
where o’ is defined in Lemma 6.3.
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We claim that there is no slowly spiralling periodic solution z(t) of (2.1a), for 0 <
a < @. Actually, if we suppose the contrary, let { as in Lemma 6.3. Thus,

lz(@) —z(f-1)| =« —/{_ﬁt(.ﬁds—i—/{ F(z(s—1))ds

-1

<2Ma<2Ma < v.

Consequentelly, |F(z(f)) = F(z(f — 1))| < € and this implies (see Remark 2.2) z({) -
F(z(T-1)) < [e(D]".
Therefore,

1 d -
o 1D = ~le@F + F(a(i - 1) - 2(D) <0,

which is a contradition. 0O

Remark 6.3. The previous lemma gives a sharper inclusion than that of the remark 6.2:
L CcZU[(0,00) x {0}]

Lemma 6.6. Assume F satisfies hypoteses (H1), (H2). Then, for any compact interval
Jo C (0,00) — {ag}, there exists € = €(Jo) > 0, such that A%(yp) # ¢, for @ € Jo,
0<|p|<e.

Proof. For Jo C (ap,00), this is a consequence of the uniform ejectivity of 0, for the
family {A%, o € Jo}, assured by Lemma 5.2. For J, C (0, @), the assertion follows from
Theorem 2.3. O

Proof of the Theorem 2.2.

The Lemma 6.5 imply the assertion (1). The assertion (2) is consequence of the
Remark 6.3 and Lemma 6.6.

Finally, the function A* : (0,00) x K — K such that A*(a,¢) = A(p(a, p)) satisfies
all the hypoteses of Theorem 6.1 and gives (3). O
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