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1 Introduction
Unitary groups over local rings in which 2 is invertible have been studied by
James in [5]. In this paper, we extend some of the results of James on the
generators and commutator subgroups to strongly semilocal rings, without
assuming 2 invertible, and in the setting of parameter forms as introduced by
Bak in [l] (Theorems 4.6, 4.7, 4.9 and 4.12). These results also generalize
results of Ishibashi ([4]) in the strongly semilocal case. A ring (not necessarily
commutative) is called strongly semilocal if modulo its Jacobson radical it is
a finite product of division rings (see 2.4). In section 2 we give some results
on the structure of strongly semilocal rings and in section 3, some results on
orthogonal decompositions of unitary spaces over strongly semilocal rings.
The mains results are in section 4.

2 Strongly Semilocal Rings
Let A be a (not necessarily commutative) ring with the identity 1. A is
called a strongly semilocal ring if there exist finitely many two-sided ideals
{P,-} such that each proper right idea] is contained in at least one 'P,» and
each proper left ideal is contained in at least one Pj.

We may assume that all {Pg} are maximal two—sided ideals by dropping
nonmaximal ones. Then each 79.- is maximal as a right ideal and also as a left
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ideal. Further the {P5} are pairwise oornaximal, i.e. P.- + P,- = A if i at j.
Therefore the Chinese Remainder Theorem holds for the set {11}. From now
on, by a maximal ideal we mean a maximal two-sided ideal.

Strongly semilocal rings are called semilocal rings in [4]. The usual ter-
minology (see [7]) is to call a ring semilocal if modulo its Jacobson radical it
is a semisimple ring.

Proposition 2.1 Let A be a strongly semilocal ring. Then
(i) if A is commutative, then A is semilocal;
(ii) radA = “P5, where rad means the Jacobson radical;
(iii) A is semilocal;
(iv) for any two-sided ideal I of A, A/I is strongly semilocal.

Proof - (i) follows from the definition. For (ii), the inclusion radA Q fl'P;
is clear. Let a: be an element of NP,- — radA . There exists a maximal left
ideal M of A such that z ¢ M, so A: + M = A. Since M Q ‘P; for some
i, and a: 6 ”Pg, we have A = A1: + M Q ’P,~, a contradiction. Hence we
have, as claimed, radA = rm. We prove (iii). Suppose that there exists a
maximal ideal 'P of A containing two distinct maximal left ideals M1 and
M2. Without loss of generality we can assume that exists y e M, — M2.
Then we have A = Ay + M2 Q 'P. So, if A is a strongly semilocal ring, then
A has a finite number of maximal left ideals and (iii) follows from Proposition
(20.1) in [7]. Finally, (iv) follows of the definition and the fact that. if M is
a proper left (or right) ideal of A/I, then M + I is a proper left (or right)
ideal of A. l
Remark 2.2 Semilocal does not imply strongly semilocal. For example, a
matrix algebra over a field is semilocal and clearly not strongly semilocal. In
particular a finite algebra over a commutative sernilocal ring is not necessarily
strongly semilocal.

The following converse of (iv) holds:

Proposition 2.3 Let A be a ring and I be a two-sided ideal ofA contained
in radA. Then A/I strongly semilocal implies A strongly semilocal.

Proof - Let tp : A -—> A/I be the natural projection. Let {'P,-} be a finite
set of maximal ideals of A/ I satisfing the conditions for A/] to be strongly
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semilocal. Clearly {¢“(P.-)} is a set of maximal ideals of A. Let M be
a proper left (or right) idea] of A. Then ¢(M) is a left (or right) ideal of
A/I. If cp(M) is proper, then ¢(M) Q 'P.~ for some i, and M Q gp“('P,-) for
some i. If <p(M) = 0 in A/I, we have M Q I in A. Suppose go(M) = A/I.
Then M+I = A. So, there exist a: 6 M andy G Isuch that 1 = z+y.
Since I Q radA, it follows that z is a unit in A and M is not proper. Thus
¢p(M) cannot be the full ring A/ I. It follows that the set of two sided ideals
{<p'1('P.-),I} satisfies the conditions for A to be strongly semilocal. l

A ring A is semilocal if and only if A/radA E Mm(D,) x x Mn,(D,),
where the D; are division rings for l S i S r. For strongly semilocal rings
we get:

Theorem 2.4 Let A be a ring and radA the Jacobson radical ofA. Then A
is strongly semilocal if and only ifA/radA 5 D1 x x D, for some integer
r and division rings Di, 1 S i S r.

Proof - One sees easily that the ring D1 x x D, is strongly semilocal if
the D; are division rings. Thus a ring A such that A/radA 3 D1 x - - - x D”
is strongly semilocal by 2.3.

Now assume that A is strongly semilocal and let {Pg}, 1 5 i S r, be
a corresponding set of maximal ideals of A. Since the Chinese Remainder
Theorem holds for {Pg} and radA = flf=1’P,-, we have
A/radA T—J A/'P1 x x A/P,. We claim that A/P; is a division ring for
each i = 1,...,r. Take 1 G A/‘P; such that 1 ;£ 0. If x is not invertible
in A/'P,~, then (A/'P,-):1r is a proper left ideal of A/'P,-. Choose y G A with
E 1 mod ’P.~. Then Ay + ‘Pi is a proper left ideal of A. As A is strongly

semilocal, there exists j G {1,. .. ,r} such that Ag + 'P,~ Q ’PJ-. This is an
absurd, since P; C Ay + 'P,- and ’P,~,’P_.,- are maximal. Hence x is invertible in
A/Pi and A/P; is a division ring, as required. I

Let A' the group of units of A. As an immediate consequence of 2.4 we
have:

Corollary 2.5 (i) IfA is a strongly semilocal ring with maximal ideals {Pg},
then A" = A — U'Pi.
(ii) A finite direct product of strongly semilocal rings is strongly semilocal.



Proof - (i) is immediate and (ii) follows from the fact that the radical of
a direct product is a direct product of the radicals (see Exerc. 12, § 4 in
[7]). I

The following result, about matrices over strongly semilocal rings, will be
used later.

Proposition 2.6 Let A be a strongly scmilocal ring with maximal ideals
P1,...,P,. If B E M2(A) is such that B E B, mod M2(P,~), with
B,- e GL2(A/P,-), for all i = 1, . . . ,r, then B e GL2(A).

Proof - By 2.4 we~have A: A/radA: I],-,(A[P.~), with A/P divi-
sion rings. So M2(A) E I_1Mg(A/P,-) and GL2(A)= H,_1GL2(A/P.~.)
S~inoe B E B,- mod M2(P-) with B.- e GL2(A/P-,) l S i S r, we have
B = (B1,.. .,B) G GL2(A). By Exercise 21, § 4 of [7], there exists
B' G GL2(A) such that B’= B, i..,e B':— B,- mod M2(P. ) for allz-— 1,.
As B E GL2(A) if and only if BB’1 G GL2(A ), we can assume B—= 1,7‘in
GL2(A). Put B= (b,,-), l S i,j S 2. We have b,_,- 6 radA, i 76 j, and
b,,- E 1 mod radA. It follows that b,,- 6 A' and 1—b,~,-:c G A', i719 j,1 S i,j S 2
for all z 6 A. For C = (qj) G M2(A), with cij = —b-'~lb -b' , i 94 j and‘1 JJ
c,-- ——b; , i = 1,2, we have

_ 1+ 512621 0BC_( 0 1+bz1612)’

with (1+ bijCji) G A', iaé j, and B G GL2(A), as required. I

3 Unitary Spaces and Orthogonal Decom-
positions

A unitary ring (A, Ll“) is a triple consisting of a ring A (not necessarily
commutative) with identity 1 and an involution ', a central unit A of A with
Ax—— 1 and an additive subgroup F of A such that:

(i)S_((A)={a—z\a; a€A}§F§{a€A;a+/\E=0}=S”’\(A)
(11) azaEI‘forallzGFandaeA.



For a finitely generated projective right A-module M, let Sesq(M) be the
set of sesquilinear forms on M,

Sesq'A(M) = {k G Sesq(M); k + XE = 0},

where Hay) = k(y,:r), z,y e M, and let

SesqFA(M) = {k G Sesq’A(M); k(:r,z) G F for all a: e M}.

A unitary module is a pair (M, [k]) where M is a finitely generated projec-
tive right A-module and [k] is the class of k E Sesq(M) (modulo SasqFA(M)).
The associated even A-hermitian form I: + AT: will be denoted by <, >, i.e.,
<:r,y> = k(z,y)+ Ak(y,x) for all 1,31 6 M. Thus <z,y> =AW for
all x,y 6 M. The pair (M, [k]) is a unitary space if <, > is nonsingular.

Let (M, [k]) be a unitary module. We define a ”quadratic function”
[q] : M —> A/F by [q](:r) = k(a:,:c) + P, z E M. Let [a] be the class of
a E A modulo F. Since Ema E F for all x 6 r and a 6 A, we can define
E[:c]a = [Ema] and we have

l9l(m) = 71‘[<11(z)a

for all :r G M and a G A. The quadratic function [q] and the even form <, >
are related through the formula

lql(r + y) — [<1](z) — [4100 = [< I, y >]-

This means that

<z,y> E k(:r +y,:r +y) — k(z,1') — k(y,y)mod F,

for all x, y E M.
A morphism of unitary modules 4p : (Ml, [k1]) —> (M2, [k2]) is an

A-homomorphism of right A-modules so : M1 —-> M2 preserving the quadratic
functions and the even A-hermitian forms. A morphism of unitary modules
is said to be an isometry if 50 is an isomorphism. The unitary group of all
isometries of a unitary module (Al, [k]) onto itself is denoted by L1(M, [k]) or
simply ”(M).

From now on in this section, and in the following one, we will assume
that (A,)\,l“) is a unitary ring with A strongly semilocal. All A-modules
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considered will be free right A-modules. Since a strongly semilocal ring is
semilocal, each left (or right) unit in A is a unit and the rank of a finitely
generated free A-module is well defined.

Let 'P be a maximal ideal of A with ‘P 94 75. Take A' = A/P x 14/75. The
involution of A’, induced by the involution of A, is given by (Tb) = (3,6),
for all (a, b) 6 A' and we have Af'fi g (fl/P)”, hence A’ E“ D x D”, D
a division ring with the involution (a,b°) H (b,a°). We call a ring D x D"’D

with the involution (a,b°) H (b, a") a double division n'_ng._Furthermore,
since (1,0) is a central element of A’ such that (1,0) + (1,0) = (1,1), we
have S_,\(A’) = I‘(A') = S’A(A'), where A = (Ah/h) is the image of A in
A’ and 1‘(A’) is the image of 1". By (6.7), I in [6], any unitary space over A’
has an orthogonal basis {e1,. . . ,e,,} such that [q](e,~) “5 (1,0) mod S_,\(A') =
S‘A(A’).

Let (A,A,F) be a unitary ring with A strongly semilocal and
m, '

.—. 1,...,r} be the maximal ideals of A. m A = A/radA. By
2.4, (11, X, f”) has a decomposition, as a product of unitary rings, of the form

(Zixv‘f) =(Als’\1irl) X ' ' ' X (AI’AISI‘U))

where each A.- is a division ring or a double division ring.

Proposition 3.1 Let (M, [k]) be a unitary space over (A,/\,I‘) with
rankAM = n.

(i) Ifn = 2m, then (M, [k]) z 1.21 (N,,[k,~]), where rankAN, = 2 and N,
has a basis {$;1,$.‘2} with <z;1,1;2> = 1 for each i = 1,...,m.

(ii) Ifn = 2m +1, then (MM) 2 is; (Nkafl) 1 (MM), where
(N,, (hi), 1 _<_ 1'5 771 are as in (i) and NH = znA with <1,,,z,,> E A‘.

Proof - Let A. = A/radA and suppose n = 2. If H = M/(MradA) has a.

basis {51,55} with <5],5:'§> =1 in A then, lifting 57,55 to $1,132 6 M, we
have M = xlAEBng and < I],$2> 6 A'. Thus (M, (H) has a basis {z’1,z’2}
with <:r'1,:i:'2 > = 1. By the Redution Theorem (4.6.1), II, [6] and 2.4, we
may assume that A = A1 x - -- x A, with A,- division rings or double division
rings. We have a corresponding decomposition

(M,[k])=(M1,[k1]) X >< (Mn Vol)-
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Since it suffices to prove 3.1 for each (Mailed), we can assume that A
is a division ring or a double division ring. If A is a division ring, the
Proposition follows from (6.5.3), I, [6]. If A is a double division ring and
n = 2, then by (6.7), l in [6], (M, [k]) has an orthogonal basis {61,62} such
that k(e.-,e,~) 5 (1,0) mod S“‘(A). Since (1,0) 5 (0,Ag) mod S"‘(A), we
can assume that k(e1,e1) = (1,0) and k(€2,€2) = (0,1). Now, (e, + Cg,€2} is
a basis of (M, [k]) with <e1+ 82,62> = (1,1) = l in A and the Proposition
follows from this and (6.7), I, [6]. .
Remark 3.2 Replacing division rings or double division rings by simple
rings in the proof of 3.1 and using (9.5), I, [6], one can obtain similar or-
thogonal decompositions for unitary spaces over sernilocal rings.

We now discuss the existence of an orthogonal basis for a unitary space.
By the Reduction Theorem, a unitary space (M, [k]) over A~has an orthogonal
basis if and only if (M, [k]) has an orthogonal basis over A. Let (D, A,F) be
a unitary ring with D a division ring and (M, [k]) a unitary space over D.
The space (M, [k]) has an orthogonal basis if (M, <, >), the even A-hermitian
space associated to [k], has an orthogonal basis.

Proposition 3.3 With the above notations, (M, [k]) has an orthogonal basis
if and only ifD satisfies one of the following conditions:
(1) The involution ofD is not trivial.
(2) The involution ofD is trivial (D is a field), A = l and 2 3£ 0 in D.

Proof - The part ”if” is immediate from (6.2.4), I, [6]. Now, assume that
D does not satisfy the conditions (1) and (2) Then the involution of D is
trivial (D is a field), A = —1 or 2 = 0 in D. Since (M, [k]) is a unitary space
over D, from (3.1.1), I, [6], we have <I,:z> E SA(D) = {a + AH; a G D}
for all 1‘ e M. But SA(D) = (l + A)D and A is a central element of D with
AA = A2 = l, i.e., A = :i:1. If A = -—1 then SA(D) = 0 and <:r,:r> = 0 for
all I e M. If A z] and 2 = 0 in D, we also have SA(D) = 0. Thus in both
cases, (M, [k]) does not have an orthogonal basis. .

The next proposition is now immediate.

Proposition 3.4 Let (A,A,I‘) be a unitary ring with A strongly semilocal
and (A,A,F) = (A1,A1,F1) x -- - >< (A,,A,,F,), where each A; is a division
ring or a double division ring. A unitary space over A has an orthogonal
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basis if and only ijA, satisfics (1) or (2) in 8.3 for all A, which are division
rings.

Let (M, [k]) be an unitary space over A with rankAM = 2. By 3.1 the
space M has a basis {11,32} with < $1,$2> = 1. So <,> is represented by

an 1
the matrix

A , where a,~,- = <:r,-,z,~>, i = 1,2. Since
022

1 —0_u an 1
_ (ll—713022

0 1 A 022
—

A an ’

we have 1— Efiagg G A' and A — anon = A(1—Ffian)€ A'.
' We may assume that [q](:rl) n A‘ 94 0: the fact that [q](xl) (“I A' ii 0 is

equivalent with the existence of B = (b,,~) E GL2(A) such that

011 = Ekubn + E1712 + 515221712 6 A'

and
02 = 5011521 + E1722 + “$521 + 512022522 6 A',

where (If; = < z;,z,~ > and k“ = k(:r,,:r,-), since x', = zlbu + 12612 and
:z:’2 = $1521 + 12522 will be a new basis of M, with 01 E [q](:c’1) 0 A' and
<x'l,z’2> G A'-

Lemma 3.5 Let (M, [k]) be an unitary space over A with rankAM = 2. Let
P be a maximal ideal oLA. There exists B = (bi) E M2(A), B invertible
modulo M2(P) and M2(P), such that 01012 9! P U P (01,02 as above).

Proof— If kn Q PUP (or 1:22 é PUP), we take b,,- = land b,,- = 0, tab] (or
b,-,- = 0 and bgj = 1, i#j), l S i,j S 2. So we can assume kn, km E PUP.
If kn, kn G P OP, then bu = 622 = bl? = l and bu = 0 are as required. In
the case that kn e” P n P or kg? € P 0 P, changing the index if necessary,
we may assume k“ g P HP and, without loss of generality we can asume
km 6 P — P. We claim that there exists b 6 P — P such that 1 + ban Q P
and, in this case bu = bn = 1, bgl = 0 and bu = b are as required. The
claim is equivalent with the existence of 6 G P —P such that 1 + ba22 Q’ P. If
1+ba22 E Pfor all b E P—P wetakeb G A—P. Ifbé P, then l+b022 G P.
Ifb Q P, since P+P = A, we have 6 = b] +b2 with b, 6 P—P and b2 6 P—P
and 1+ba22 E l +b1a22modP. Thus 1+bazz GPforall b 6 A—P. As
kn E P —P, we have 6 = —a_u G A —P and 1 —a—11022 6 P a contradiction,
since 1 — a—fiazz is a unit. I



Proposition 8.6 Let (M, [k]) be a unitary space over A with rankAM = 2.
Then (M, [k]) has a basis {x',,z',} such that <x',,:r’2> = 1, [q](z',)r'1 A‘ a! G

and (A— <z;,z;><x'3,z'2>) e A'.

Proof - By the remark before Lemma 3.5, it suffices to find B E GL3(A)
such that 01102 e A'. Let {'P.~; i G J} be the maximal ideals of A. We define
a permutation ' on J by i' = j if and only if fi, = ‘Pj. Let J’ be a set of
representatives of J modulo the action of '. By Lemma 3.5 there exists, for
every 5 G J', B,- = ((bg),-z) 6 M2(A) such that B,- is invertible modulo M2('P.-)
and M2(fi),

an = (1101116110011 + (bi)11(bi)12 + (bi)12k22(bi)12 9! Pi Ufi'

and

0152 = (bi)llall(bi)2l + (501107022 + A(bi)12(bi)21 + (bi)12022(bi)22 9! Pi U 5;-

We take, for each i 6 J', C; 6 A such that E, E 1 mod ('P.~) and (fi), and
c.- s 0 mod (n), j aé i.i'- Putting bu = age-(ban, biz = E.e1'6e(b.-)u.
b21 = zeal 5417021 and 522 _= 2.61, §i(b.')22 it is easy to see “in
011012 E alum-2 mod (2) and (’P,~), and B E B.- mod M2('P.~) and M2095)
for all i 6 J’. Thus 0102 G A — Uiejp,’ = A' and B e GL2(A) by 2.6. I

Let (M, [k]) be a unitary space over A with rankAM = 1. Assume
|A/'P| 2 3 for every maximal ideal ’P of A such that 'P 79 7. By 3.1, M = 1A
with <z,:c> e A'. Let (Alf) = (A1,,\1,F,)><---><(A,,A,,I‘,), where each
A, is a division ring or a double division ring, and k = k(i, 55) = (kl, . . . , k,),
with k; 6 Ag, i= 1, . . . ,s. If A,- is a division ring, then A; = A/'P for some
maximal ideal ’P of A with 'P = 73 and k,- E k mod 'P. Since <:r, :r.> = k+/\f
and ‘P = 5, we have It,- 76 0 in A,, i.e. k, 6 A;. If A, is a double division ring,
then A,- = A/'P x A/f, for some maximal ideal ”P of A with 'P 7£ f, and
k,- = (01,02) where a] .=_ k mod 73 and (12 _=. kmodT’. If a, 75 0 for i = 1,2,
then k,- E A}. Since < :c,:c > E A', we have a], a; are not both zero. Hone
of them is zero, changing ’P by 5 if necessary, we may assume a] = 0 and
02 gé 0, i.e. k e 'P — f. Since |A/f| 2 3 and 'P 75 7P_, there exists a G A
such that a(k — a) Q” 'P U7. For such element a and b = M? — 6) we have
In, E (b,a) mod F.- and (b, a) e A‘,’. Thus, there eidsts ii 6 (A)‘ such that



TEE ii mod 1“. Now, it is easy to see that k(z,z) E u mod 1" for some u G A‘,
i.e. [q](z) 0 A' 94 9.

Proposition 3.1 and the above discussion show that, for every unitary
space of rank n over (A,/\,l"), one has a decomposition

(M, [k]) z 1.5, (zuA + 1,214) if n = 2m

and

(M, [k]) a: 17; (1,144 + 1,214) .1. LA if n = 2m +1,
with <z,1,z,-g> = 1, (z\— ($51,341 ><.'r,~2,:r,-2>) 6 A’, [q](:r,~,) OA' 75 0 for
all i = 1,...,m and <:r,,,:z:,,> E A'. Further, ifn is odd and |A/’P| Z 3, for

every maximal ideal ’P of A such that 'P 94 7—3, then [q](z,,) n A‘ ¢ 0. We call
the corresponding basis of M a special basis of M.

4 Generators for the Unitary Group
Throughout this section we will assume that A is a strongly semilocal ring
with |A/'P| Z 3, for all maximal ideals 'P, and that (M, [k]) is a unitary
spaoe over (A, AI), with hyperbolic rank 2 1 and rankAM 2 3. We fix a
splitting M = H i N where H is a hyperbolic plane with basis {u,v}, i.e.
< u,v > = 1 and [q](u) = [q](v) = 0, and (N, [k]) is a unitary subspace of
(M, [k]) with rankAN _>_ 1.

We now introduce special elements of the unitary group. We define
A E U(M) by A(u) = v, A(v) = u} and A(z) = z for all z e N. For
each unit 6 in A, we define ¢(e) E U(M) by ¢(£)(u) = ue, d>(e)(v) = v?"
and ¢(e)(z) = z for all z E N. For c e T we define the transvection Tc(u) in

mm by _Tc(u)(z) = z + ucA<u,z>, z 6 M.

For a: E N and a e A with a E k(:c,.1:) mod F, the Eichler transvection
Eu,” in U(M) is defined by

Eu,” (z) = z + u<z,z> —:rx<u,z> —uXa<u,z>, z 6 M.

We have Tc(v) = ATc(u)A'1 and E“; = AEWWA‘l and the following
identities can be easily verified.
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(1) [¢(€),A] = <i’(f':)A¢(€)“A‘1 = Met), ¢(€)“ = ¢(€")
(2) T¢(u)T¢(u) = Tc+4(u), T¢(u)‘l = Tz(u)

(3) TAM) = Ted“), 0 6 A

(4) ¢(€)Tc(u)¢(€") = chi(“)

(5) ¢(€)Ta(v)¢(€") = Ti"c¢"(v)

(6) (FE-“mp" = w(u)-°,¢(=)v V so G ”(M)
(7) Tc(u)Eu.a,zTc(u)" = Eu,M

(8) Euszuya'm = u.a+a'+<x.xl>.z+v = u.k(z+v.r+y),:+yTC(u)s

c = k(y,z) — Ak(y,z) E I"

(9) (Eu.a.:)—] = Eu.<r,z'>-a.—= = Eu,a,—3Tc(u), c = a — A6 6 F

(10) [Emma BMW] = Tc(u), c = <y,:r> — <:r,y>€ F

(11) Eur,a,r = Eu,ra?,z?, r e A

(12) ¢(E)Eu,a,z¢(€—l) = Eu,¢a?,::i

(13) ¢(E)Ev,a.r¢(€_]) = Eu,?']az“,xz"1

Let x be an unimodular element. of (M, [k]) , i.e. < M,x > = A. We
can write 1 = ua' + vfi’ + 2’ with a', B’ G A and z’ 6 N such that
A0' + Afl’+ <N,z'> = A. For every w G N and a 6 [q](w) we have

Eu,a‘w(x) = an + vfi' + 2,

with a = a’+ <w,z’> Jiafl’ and z = z’ — wXfl’.

From now on, we fix a special basis {1h . . . ,z,,} for N. We put
aij = <z;,:cj> and kij = k(:c,-,:r,~) for all 1 S i,j S n, so aij = k;,— +A75; and
agj=/\?1;, ISLan.

For w = EL] ziw; e N we have

k(w, w) E zfikfiw; + Z Waijwj mod F.
i=l 15i<j5fl
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1-403t a = 23.1 Wkecwi'l'sigqgn 117505510,- 6 MW), where Lu.- 6 [91030 0 A.
if i is odd, it is possible since {In . . . ,:r,,} is a special basis of N. We have

(14) a = a'+2?=1W-' < zitz, > “T 2:21 takeaway-7215505" Waijwjfl',

with Aa'+A<:r,,z’> + ---+A<:r,.,z’> +Afl' = A (since 1 is unimodular).
We now want to show that there exists w = 2&1 2,10." 6 N, as above,

such that a is a unit in A. We start with some lemmas.

Lemma 4.1 Let P be a maximal ideal of A with IA/Pl 2 3. There exist

w1,...,w,, G A such thata ¢P.
Proof - If a' i O (P), we take w; = 0, 1 5 i 5 n, so we may assume
that a’ E 0 (P). If fl’ E 0 (P) there exists i G {1,...,n} such that
< z,,z’ > i 0 (P) (since a: is unimodular). We take w, = 1 and w, = 0
for j 95 i. Thus we may assume that a' E (P) and B’ se‘ 0 (P). Since
kn E A', putting w, = 0 for l < i S n in (14), we get

0 E Til—1 <$1,Z'> —X Wknwlfll (P).

Ifcl = <x1,z’> 50 (P),wetakew1 = 1. lfcl $0 (P) andP=Pwe
take w, E A such that w; i 0 (P) and c] — Xkuwlfl' i 0 (P) (such a w]
exists since |A/P| 2 3). If P 94 P, using the Chinese Remainder Theorem,
we take w] e A such that w] E 0 (P) and w, i 0 (P). l
Lemma 4.2 Let P be a maximal ideal ofA with |A/P| 2 3. There exist
w1,...,w,, e A such that a ¢PUP.
Proof - The case P = P is the Lemma 4.1, so we can assume P 96 P. If
a' e” P UP, we take w, = 0, l 5 i S 11. Without loss of generality we may
assume a' E 0 (P). Let c, = <:r,-,z’>, 1_<_ i S n.

(a) We first assume that there exists i E (1, . . . ,n} such that

(026.33) $ (0,0,0) (P) and (P)-

Observe that c,- = < xi, z’>, where z,- is an element of a basis of a subspace
N, of N with rankANj S 2. If rankANJ- = 1, then 1' = n is odd. Taking
w1 = = wad = O in (14) we have

a = a' + w—ncn — X w—nknnwnfili
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where km. 6 [q](:r.,.) n A' and the proof is in this case similar to the proof
of Lemma (4.2) in [4]. If ranchNj = 2, without loss of generality, we can
assume n = 2. So

(15) 0 E 0' + “7101 +WC: - X Wiknwifl' — X Wakzzwzfl' — X Wu’s/7,

modulo (P) and (P), and with (a',c1,fl’) -;é (0,0,0) (P) and (P) or
(a’,o;,fl’) i (0, 0,0) (P) and (P). Again, we may assume (a’,cl,fi’) i
(0,0, 0) (P) and (P). But, we cannot assume that kn is a unit. We will
consider two cases:

Case 1 - c; $0 (P).
If a' sé 0 (P), then w; = 0 and w; G P — P are as required. Assume

a’ 50 (P). Let km 6 POP. Ifcl ¢ 0 (P),w1 = 1 and w; = Oareas
required. If C, E 0 (P), we have c] e P—P and fi’ ¢ 0 (P). For w; e P—P
we get

= { mwwzcz (f)
— —X-U)_IUJ2flI (P).

Wetaketil GP—Pifcg¢0_(P)andwl =1ifc220 (P). Ifku ¢P
0T km 6 P — 7) 30d 01 $2 0 (P), then (Chkufl') i (0,0) (P) and (75)- For
1.02 = 0 in (15) we get

a 5 WHO] — anwiflll (P) and (5)

and we can find w] 6 A with the property a Q’ P U P, as in case (i) of
Proposition (4.2) in [4]. Let km 6 P—P and c] E 0 (P). If c2 i 0 (P) then
to] EP—P and w? 6 P—P are asrequired. Ifc2 50 (P), for w; e P—P
in (15) we get

0 z { w.(c1_—anw.fi') (P)' ‘zm—szfl’) (5).

Now,_ it is enough to find 101 G A such that w] g P U P and
cl — Aknwlfl’ it 0 (P). Such a w] exists since IA/PI 2 3.

Case 2 - c] E 0 (P).
In this case we have fl’ i 0 (P) and

13



(16) a = E352 ‘ X Wknwlfl' ‘ 1- 'w—zkzzwzfl' - X iD—iwzfl' (P)
_ o’ + 10—161 + “iv—262 — X Wkuwlfl' ._ X szzwzfl' _ “X szfl, m)

If a’ i 0 (P), then for w, 6 P — P in (16), we have

a ___
"10—262 - X W’izzwzfl' — X iii—110217 (P)

_ 0/ + 10—262 — A 17216221023 (73)

Ifcz 5.4 0 (P)(or Cg G POP), then to: e P—P(orw2 eP—P) isas
required. We may assume C: G P—P. It suffices to find 102 e P—P such that
a’ +Tv—2c2 sé 0 (P). Suppose that no such w; exists. Then a'+-1I)702 E 0 (P)
for all w’ e P — P, or equivalently a' + w'cz E 0 (P) for all w' G P — P.
Using that a',cg E P — P, we obtain w' .=_ (P) for all w' E P — P. Let
w' E A—P.1fw’ GP, then w”—_‘1(P).Ifw' ¢P,wehave w' ¢PUP
and since P +P = A, we can write w’ = w; + w; with w; E P —P and
w; G P — P. So w’ E w; E 1 (P) and we get |A/P| = 2, a contradiction.
Hence, there exists w; E P — P such that a’ + meg it 0 (P).

Now we assume that a' E 0 (P) in (16). If c] if 0 (P), we can find
the required elements as in Case 1, when a’ 5 0 (P), changing P by P. If
c1 50 (P) wehavefl'gPUP and

C! E iD—QCQ — X TDTkuwlfl, — X Wknggfl, '— X 10—1102fll (P) and (73).

If Cg i 0 (P), we do as in Case—1, replacing the index 1 by 2. If C2 6 P — P,
then mg 6 P —P and w] 6 P — P are as required. Thus we may assume that

a E —-X Eknwlfl’ — X w_2k22w2fl’ — X w_1w2fl’ (P) and (P).

Since A E A' and B’ Q P U P, it is enough to find w], 102 e A such that
w_1knw1+ -‘ll)_2k22u72 + 10—1102 g P U5.Ifk11 g P U? (or kn Q P U if), then
for w] = l and w; = 0 (or w] = 0 and 1.02 = 1) we have a .,=é 0 (P) and (P).
If k,.- E P UP, i = 1, 2, then, without loss of generality, we may assume that
km E P. If kn 6 P —P, then 1111 = 1 and 1.02 E P—P are as required. If
km 6 POP and kn E P (or kn G P), we take wl =1 and 102 ¢PUP such
that w_2k22 + 1 gé 0 (P) ( or w_2k22 + 1 if 0 (P)). This can be done since
|A/P| 2 3 and |A/P| 2 3, and the proof of Case 2 is completed.

14



(b) There is no i 6 {l,...,n} such that

(aficmfl') i (0,0,0) (P) and (75)-

Sinoe Aa’+ Ac1+~~+ Ac“ + Afl’ = A, there exist i,j 6 {l,...,n}, i:,6 j,
such that

, , $(0,0,0) (P) , , E(0,0,0) (P)(aiciifl){ E(0,0,0) (f) and (0,6j,fl){ $(0’0,0) (75)

This implies a',fl' 6 P075, c,- E f — 'P and c,- 6 P—f. Taking w, = 0 for
194 i, j and w,- = w,- =1 in (14) we have a ¢ 0 (P) and (5) as required. I
Proposition 4.3 Let (M, [k]) be a unitary space over A, with M = H _L N,
H = uA + vA a hyperbolic plane and rankAN 2 1. If: = ua' + vfl’ + z',
a', fl' e A and z' E N, is an unimodular element of M, then there exist
w G N and a E [q](w) such that the coefficient ofu in Eu,a,w(-T) is a unit of
A.

Proof - It is enough to show that there exists w1,. ..,w,, 6 A such that
a e A‘, where a is as in (14). We consider the permutation ‘ on J and J’ as
in the proof of Proposition 3.6. For each i G J’, by Lemma 4.2, there exist
w,1,...,w.~,, 6 A such that

0; = a' + 25.767 — xzw—irkrrwirfl, '- X Z w—iranwisfl’ ¢ P." U 7:
r=] r=l l$r<05n

Take, for each i E J', {g G A such that f, E 1 (’P.-) and (73?) and
5,- 5 O (’P_,~) forj -+‘ i,i'. Putting w, = EieJ' £,~w,~,, 1 5 r 5 n, it is easy to
see that a E a,- ('P,~) and (’P,-) for all i E J’. Thus a e A — U,EJ‘P,- = A' as
required. .

Proposition 4.3 does not hold in general for semilocal rings, as showed
by the following example.

Example 4.4 Let A = M2(F2) with the involution

W413)-
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Let) =1€A.Wehave

SA(A)={X+7; XeA}={(a;d 02d); a,der}.
Over (A,A,S,\(A)), we consider the unitary space M = H .L N,

H = 14A + vA a hyperbolic plane and (N, [k]) the unitary subspace

N=zA; k(z,z)=(1 0 and <z,z>=l.0 0
We have [q](z) n A‘ = 0. In fact if [q](x) n A‘ # 0, then k(:c,:t) is

a b
E A such that

c d
1 0 a b l + a b

ad+bc=1and<0 0 E
c d)modS,\(A),so( c d)€SA(A).

We have (1+a) = dand b = c: 0. Thus we get ad =1= a+d in F2, which
is absurd and, as claimed, [q](z) n A' = 0.

The element v E M is unimodular and we have

congruent to a unit modulo SA(A), i.e., there exists

Eu,a'w(v) = u(—-Xa) + v — Xw

for any w e N and a G [q](w). Thus there is no to E N such that the
coefficient of u in Eu,a,w(v) is a unit of A.

Let E(M) be the normal subgroup of L1 (M ) generated by all transvec-
tions E“, with x e N and a G [q](w).

An ideal I of A is called involutary if? = I (in particular I is two-sided).
For such an idea] I , let E(M, I ) be the normal subgroup of Z! (M ) generated
by the transvections Eu,“ with a E [q](x) and I 6 NI =
{Zy,-a,~; y,- E N, ag e I] and by U(M,]) = {so 6 U(M); 50 E lmod I}.
Clearly U(M,I) is a normal subgroup ole(M) and E(M, I) Q Ll(M,]). Let
U(H,I) = {so 6 U(M,I); cp fixes N}.

Since Tc(u) = Eu,_c_0 for all c G T, we have Tc(u) G E(M,I) for all
c 6 F 0 1.

Lemma 4.5 If (M, [k]) is a unitary space over A with rankAM = 2 and
{$1,132} is a special basis of M, then [q](z] — 12a“) 0 A' 75 0, where
011 = (151,171 >.
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Proof ' Take k = ii171922011 - km E [q](zx — $2011), where kfi’ = “tn-ti)
for i = 1,2. We want to show that k E u mod F for some u G A'. Let

(iii) = (A,,A1,I‘,) x - -- x (4~,,;\,,I‘.), where each A.- is a division ring
or a double division ring, and let k = (k1,...,k,) with k; 6 Ah i=1,...,s.
If k.- G A; for all i = l,...,s, then I: G A'. Suppose k; Q’ A: for some
i = 1,. . . ,s. If A,- is a division ring, then A, = A/P for some maximal ideal
P of A with P = P and k.- = 0 in Ag, i,e, afikggau — kn = k G P. As
P = P, we have “a“fianau — an = k + XE E P, where an = ($2,322 >. But
man — l e A' (since {11,32} is a special basis of M). So an e P and
km E Efikggau .=_ 0 mod P, a contradiction since km 6 A'. Thus, if k, ¢ A:
for some i = 1, . . . ,s, then A,- is a double division ring, i.e. A,- = A/P x A/P
for some maximal ideal P of A with P 94 P and k,- = (01,02) 6 A,- with
01 E kmodP and (12 E kmodP. Ifk G POP (i.e. a, = a; = 0), then
(E022 —1)au = k+A7€ E POP and as imam—1 G A', we have an 6 POP.
Thus kn = ‘a‘ffknau -k E POP, a contradition since k" e A‘. Then al, a;
are not both zero and without loss of generality, we can assume that a] = 0
and (12 94 0. Now we can complete the proof of 45 by the same arguments
as given after Proposition 3.6. .
Theorem 4.6 Let (A, A, P) be an unitary ring with A strongly semilocal such
that IA/P| 2 3 for all maximal ideals P of A. If(M, [k]) is a unitary space
over A as assumed in Proposition 4.3, then L1(M, I) is generated by U(H,I)
and E(M,I).

Proof— Let {z,,...,:c,,} be a special basis of N and let {y1, . . . , yn} the dual
basis. Let «p e U(M, I). We assume that gp(x,-) = z,- for 1 5 i S m —1 ( if
go(:rl) 96 x1 take m =1). Since up 5 1 mod I, we can write

go(:rm) = uo' + vfi' + z',

where a',,B' E I and z' 5 mm mod I. We claim that there exist w e N,
a G [q](w) such that:

(i) Emmwcoum) = uo‘ + vfl’ + 2, with a E A', a E <w,z’ > mod I and
z 5 mm mod 1.

(ii) if m > 1 then Eu,a,w(:c,~) = z,- for l 5 i S m —- 1.
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To prove the claim we consider the following two cases:

Case I - m is odd.
If m > 1, then N = No .L M} where N0 is the unitary subspace of N

generated by {z1,...,z,,._1}. Since <z.~,¢(zm)> = 0 for 1 5 i 5 m -— 1, we
have z’ e Nol. Thus cp(z,,.) is an unimodular element of Mo = H .L N6" and
by 4.3, there exist w e N01 Q N and a G [q](w) satisfying (i) and (ii). If
m = 1 the claim follows from Proposition 4.3.

Case 2 - m is even.
In this case, N = N, _L NIL, where N1 is the unitary subspace of N

generated by {zm_1,zm,...,z,,} and z' E N1. It is enough to find w e N1,
a 6 [q](w), such that a = a’+ <w,z'> —Aafl’ e A‘ and <zm-,,w> = 0.
Writing w = ?=m_l zgw; and putting mm“ = = w" = 0, we may
assume that m = 2, i.e., N1 = 11A + 32A with < 11,12 > = 1, km E
[q](zl) n A' and (A — 011022) 6 A' where a;,- = < 35,1,- >, i = 1,2. Since

<xl,w> = 0, we have w = (z; — 122011)w1 and [q](w) = E7[q](:sl — $2011)w1.
Take a e [q](xl — 1:20") 0 A', which there exists by 4.5. It follows from
< zhz’ > = < $1,(P($2)> = 1, that z' = 1121+ 1'2(1— auzl), for some
21 E A, and <w,z'> = W1(l—— a_11a22)(l — auzl). Thus we get

a = a' + ”w‘lc — A Wawlfl',

with a e A" and c = (1 — a_na22)(1 —— auzl). Observe that the condi-
tion (P($2) unimodular implies (a',c,fl’) 5.6 (0,0,0) (P) for every maximal
ideal ”P of A. In fact, if there exists a maximal ideal 'P of A such that.
(a',c,fl’) 5 (0,0,0) (P), then aux] 1 (P) and an 5 < 2’,z’ > 5
A21 (P). Thus anon E Aauzl A (’P) which is absurd since
A — 011022 6 A'. Hence (cr’,c,fl’) 315 (0,0,0) (P) and w] G A such that
a 6 A' can be found as in the proof of Proposition 4.3 above. This com-
pletes the proof of the claim.

Let now w e N and a G [q](w) be such that Eu'a'wcptrm) = uo + vfl’ + z,
where a E A‘, z = z’—Awfl' (so z 5 mm mod I) and Eu'a‘wcp fixes 1:1, . . . , zm_1
(if m >1). We have <w,zm > —a _=_ <w,:cm > —a'— <w,z’> +Aafl’ E
<w,xm — z’> E 0 mod 1. Taking al G [q]((z — xm)a‘1), we get

Ev,a;.(z—zm)a‘1Eu,a,w(io($m) = “a + Ufl + 33m,
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for some fl E I. It is easy to see that flu" e Inf and

Ev.c,0Eo.¢;.(x-s..)a"Eu,a,w‘P(zm) = “a + 3m,

where c = fla". Let 02 6 [q](ym(<w,a:m> -a)). Then

$771 = (Eu,a,w)—1Eu,¢, .ym(?u—1,m)E0’C.0EV'¢1'(l-3m)a" Eulalw

is an isometry of M such that, in this expression, all factors other than Em“,
and (EMMY1 are in E(M,I). Thus 1b". 6 E(M, I). Further tbmcp(:cm) = x".
and temp fixes z],...,a:m_1 (note that (z — mm,:r.-> = 0, 151'5 m — 1).
By induction on m, we conclude that there exists a!) in E(M, I) such that tlup
belongs to U(H, I). I

Let (I>(M,I) = {¢(e); e G A‘ with e E 1 mod 1}.

Theorem 4.7 Let (A,A,F) and (M, [k]) be as in 4.6. Then U(M,I) is
generated by E(M, I), <D(M,I) and allfl E “(M,I), such that 0 is the identity
in H J. (x1A + - - - + mud/1).

Proof - Let (p E U(M,I). By 4.6 there exists 11) € E(M,I) such that dup
is the identity in N. Hence ¢~<p(H) g H. Write ¢v<p(u) = ua’ + vfi', with
a' E 1 mod I and 19' G I. If n is odd, t/xp(u) is an unimodular element of
H .L zen/i, where am, 6 A‘. By 4.3 there exist w 6 LA and a E [q](w) such
that Eu,a,wt/)Lp(u) = no + vfl' —_Xwfl’ with a 6 A', a E 1 mod I and B’ E I.
If n is even, t/up(u) is an unimodular element of H _L (In-1A + zenA) where
<:rn_1,:r,, > = 1, (A —— a(,._1)(n-1)a,m) G A‘ and k(,,_1)(n_1) € [q](rn_1) 0 A'.
To simplify the notation, we assume n = 2.

Take to 6 (11A + 132A) with < 1:1,w > = 0. So it = (I) — 12a11)w’ for
some w’ e A. For a' 6 [q](zcl — 12a11)fl A' (see 4.5), we have

Eu,a,wtr/)‘P(u) = ua + ”B, _ xwfllv

where a = Wa'w’ E [q](w) and a = a' — X Ua’w'fl’. Since a’ E A' and
(a’,fi’) i (0,0) (’P) for all maximal ideals ’P of A, we can find w’ E A such
that a e A‘ as in Proposition 4.3. Th_us there exist in G JV and a E [q](w)
such that Eu,a,wt/)go(u) = no + vfl' — Awfl’, with a e A‘, oz 5 1 mod I,
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fi' 6 I and <z.~,w> = 0 for 1 S i 5 n -— 1. For a; E [q](-Xwfl’) we have
E _Xwfil e E(M, I) and”1010

Eu,a,,-'Xwfl'Eu.c.W'/"P(“) = no + vfl

for some fl E I. So c = flu" G I n F and Ev,c,0 E E(M,!) is such
that p = (Eu,a,w)'lEu,c,oE..,,,,_XwgrEu,o.w'/’ G E(M,!) and ¢(a")p<p fixes
11,31, . . . ,z,,-1. Hence, we can write

¢(a")p<p(v) = W + v + 2,

withq’ELz EN; zEOmodIand <2;,z>=0,15i5n—1.For
a; 6 [q](Az), we have EM“, 6 E(M,!) and Eu'az'x,¢(a'1)pgo(v) = 117 + v,
for some 7 E I. It is easy to see that 7 6 INF. Then A7 E fimod F
belongs to I n l‘, Em,” 6 E(M, I) and EmhpEmhhfla“)pcp(v) = v.
Since <z.~,z> = 0, 1S i _<_ n — 1, we have

0 = Eu,X'y,0Eu,ag,¢\z¢(a—l)p‘p e “(M’ I)

and 0 fixes u,v,:r1, . . . ,:t,,_1, which proves the theorem. l
Lemma 4.8 Consider (A,)\,F) and (M, [k]) as in 4.6. Then

E(MJ) Q [U(M),U(MJ) 1-

Proof — Since |A/’P| 2 3 for all maximal ideals ’P of A, there exists 6 6 A'
such that E —1 G A'. Let 5 G A' with £(E— l) = 1. For I G N] and
a e [q](:r) we have Edge}, 6 E(M, I) g U(M,I) and by formula (12) we get

l¢(5)3 Eu,€a{,z{l = Eu,a,:rEu,c,0

with c = Ea — A20 6 F O I. Take y’,z' 6 N such that < y’,z' > = 1

(such y',z’ exist since (N, [k]) is a unitary space). So, for y = y’§ and
z = z’a e N], we have c = < y,z > — < z,y >. By formula (10) we get
Eu'cp = [Eu,a1.y,Eu,a2,zl G [E(M), E(M,I)] Q [U(M), U(M,I)], for some
a] 6 [q](y) and 0.2 G [q](z). Hence EM; 6 [LI(M), U(M,I)] as required. I

If M = M ' _L 2A for some unimodular element x in M, then, for each
central unit a e A with afi = 1, the linear map T: defined by 1305) = ma and
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r: = l in M’ is an isometry on M with (r:)" = f. If a = -1, we write 7,
instead of r:. If there exists a’ G [q](:r) n A' with a' = X57, then 1, is also
given by the formula

T,(z) = z — ata"l <z,z>.
Nevertheless, we observe that for the definition of T, we do not need that out
is a subspace of M, i.e. that <z,x> E A'.

Theorem 4.9 IfN = (31A + ' ' - + 17,1414) l znA with n 2 1 and ifA is
commutative or M has hyperbolic rank at least two, then

E(M,!) = [u(M),u(M,1)].

Proof - By 4.8 it is enough to check that [ll(M), U(M,I)] Q E(M,I).
By Theorem 4.7, we know that U(M) is generated by {E((M) ¢(e),‘r,
and U(M,I) is generated by {E(M,I), ¢((1511),x }, where 6,17 6 A‘, a, b

are central units in A with a'd = bh = 1 and 1]-= b== lmod I. Since
[U(M), E(M,I)] Q E(M,I), it suffices to show that [U(M),¢(17)] Q E(M,!)
and “(MLTznl g E(M1I) NOW, [Eu,,(oz1¢(”n = Eu,a(l—17)+/\(17—1)EEra-5)
is in E(M, I) and [EnamfTa] = qufifig"’..(’1>-"T° (r) G E(M, I). Then
[E(M), ¢(17)] c E(M, I) and [E(M),T,,,] c" E(M 13. We now check that
[{¢(E),1‘°}, {¢( 11,7)bn}] C E(M, I). Since a, b are central we have
[1:n,1':n]=16 E(M, I) and [‘r:17",¢( )] = [¢(e),r£n] = 1 G E(M,I) is ob-
vious. We finally show that [¢(e),¢(17)] E E(M, I): if A is commutative
[¢(e),¢(17)] = 1 is in E(M, I). Suppose M = H .L H’ _L N’, or equivalently,
N = H' _L N' with H' = u'A + v’A a hyperbolic plane. Let ¢’(e) be defined
on H’ as ¢(e) on H. We have the relation

Eu.0,v'/\Ev,0.u'(z—1)¢I(€)Eu.0,u’,\ = Er,0,u’(l—t")¢(5)

for all 6 E A'. For 17 6 A‘, with 17=._ 1 mod I we obtain d>(1] )E ¢>’(n) mod
E(M, 1). So [¢(6)¢ (n)]=— [¢(a) ¢' (17)] mod E(M 1) and [¢(e ) ¢'(n)] = 1. It-

follows that [d>(6), ¢17( )] E E(M, I). l
Lemma 4.10 Let x be a vector in N such that there exists a E [q](:c) O A”
with a = A6. Then

EuNJE,u firth—1130,” = A¢(—a)7,.
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Proof - Immediate. n

Lemma 4.11 If there exists at least one vector 2 in N such that there exists
a e [q](:r) n A' with a = A5 and a central in A, then dc!) lies in E(M) for
all 6 6 A‘.

Proof - By the previous lemma, we know that 11) = A¢(—a) r, is in E(M).
For 5 E A', [¢(e),¢v] = ¢(et) ( since a is central). So def) is in E(M). I
Theorem 4.12 Assume that IA/‘P| > 4 for all maximal ideals ’P ofA and
that N contains a vector x as in 4.11. Then

E(M, I) = [E(M), E(M, 1)].

Proof - Since E(M, I) is a normal subgroup of Zl(M), the inclusion
[E(M), E(M,I)] Q E(M,I) is clear. We check the converse. It follows
from |A/'P| > 4 for all maximal ideals ‘P of A, that there exists 5 E A' such
that e? — 1 is a unit. Take 6 6 A‘ such that E(eE -— 1) = 1. For E“;
in E(M,I) we have Eden: 6 E(M, I) and [¢(eE),E‘za€:€] = Emmep,
where c = Ea —— AEa is in I‘ n I. As in the proof of Lemma 4.8, we have
Eu“; e [E(M), E(M,I)] and from 4.11, we have ¢(£?:) 6 E(M). Thus, we
get E(M, I) Q [E(M), E(M,I)], as required. I
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