m Institulo de Ciéncias Matleméaticas de S3o Carlos

ISSN = 0103-2577

Strictly positive definite Kernels on the circle

VALDIR A, MENEGATTO

Ne 10

NOTAS DO ICHMSC

Serie Matematica

BaarCagias SYSNO_805989

set, / 1993
DATA [ /

ICMC: « QRAR



Strictly Positive Definite Kernels on the Circle

Valdir A. Menegatto *

September 20, 1993

Abst_ract

A sufficient condition is given for the strict positive definiteness and for the strict conditional
negative definiteness of a real, continuous radial kernel on the circle. In addition, some necessary

conditions are also given, nearly characterizing these kernels.

1 Introduction

On the unit circle §1, let d; be the geodesic distance. The purpose of this paper is to address the
problem of finding a continuous function f : [0,#] — IR for which fod, is either a strictly positive
definite or a strictly conditionally negative definite kernel. Following [1], we say that a function
f:8!x 8§ — R is a positive definite kernel if and only if
n

Y eesf(zi55) 20

1,7=1
for all n € N, {z,22,...,2,} C 8, and {c;,¢2,...,¢,} C R. We say that the function fisa
conditionally negative definite kernel if f(z,y) = f(y,z) for all z.y € §? and

zn: c,-c,-f(a:;,zj) <0

1,5=1
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for all n > 2, {z1,22,...,2,} C S, and {e1,¢3,...,¢6,} C R with ¥7_,¢; = 0. If the above
inequalities are strict whenever z,,z3,...,2, are different and at least one of the ¢, ¢y, ..., ¢, does
not vanish, we say that the kernel f is strictly positive (resp. strictly conditionally negative) definite.

Schoenberg [5) showed that a continuous kernel f o d, is positive definite if and only if f has

the form

@)= iak cos kt

=0
in which ax > 0for all k and Y 52, ax < co. Using this result, it is not hard to see that a continuous
kernel g o d; is conditionally negative definite if and only if g has the form
oo
g(t) = g(0) + Z ax(1 — cos kt)
k=1
in which a; > 0 for all k and 352, ax < co. In view of the definitions above, if f o d; is strictly
positive (resp. strictly conditionally negative) definite then f will have a nontrivial series represen-
tation as above. In addition, the strict positive (resp. strict conditional negative) definiteness will
depend on the set of integers k for which a; > 0 and not on the magnitude of the a;.
Given distinct points z;,z5,...,Z, ON S and a strictly positive (resp. strictly conditionally
negative) definite kernel f o d), we can interpolate arbitrary data at the z; by a function of the

form

s(z) =Y _c;f(di(z,12;)).

j=1

This type of interpolation had been previously investigated in [2], [3], [4], [6], and [7]. In [7], it was
proved that if f has a series representation f(1) = 3 ,-pakcoskt, in which a; > 0 for all k and
Y kenak < oo then fod; is strictly positive definite. In Section 2, we improve this result giving
nearly optimal sufficient conditions on & function f of the form f(t) = 3°, ) ax cos ki, in which
ap > 0forall k € K and }_; .y ai < 00, in order that f od; be strictly positive definite. In Section
3, three completely independent necessary conditions are given but unfortunately these conditions
are not equivalent to the previous one. As in the usual radial basis approach to interpolation in IR",
completely monotonic functions can be used in interpolation on S?. In [3], it was proved that if f is

a nonconstant completely monotonic function then fod, is strictly positive definite. Following this



sequence of ideas, in Section 4 we fix a nonconstant completely monotonic F and find necessary and
sufficient conditions on a conditionally negative definite function g in order that the kernel Fogod,
be strictly positive definite. Similar results are obtained for strict conditional negative definiteness.
We remark that there is a natural connection among these questions, distance geometry, and metric

embedding theory but it is not our intention to explore it.

2 A Sufficient Condition

For natural numbers m and n and a set A of integers we write m + nA4 to denote the set of all
integers of the form m + na, with @ € A. An increasing sequence {cx} of nonnegative integers is
said to be prime if, for every finite set P of prime numbers there exists a ¢, not divisible by any
element in P. Equivalently, {cx} is an increasing sequence not contained in any set of the form
pINUp,INU...Up,IN, where p;,p;,...,p, are prime numbers. Any infinite increasing sequence
of prime numbers is a trivial example of a prime sequence. Theorem 2.1 below shows that if K
contains certain arithmetic sequences and f(t) = ) .y axcoskt, with ay > 0 for all k € K
and Y ici ax < 00, then fod; is strictly positive definite. We write IN; to denote the set of all
nonnegative integers not exceeding I.

Theorem 2.1. Let f(1) = 3 jcx ak coskt, in which K C IN, a > 0 for all k, and Lkek Gk <
oc. In order that f o d; be a strictly positive definite kernel it is sufficient that K have a subset of
the form Useo(bk + cxINi), in which {bi} U {cx} CIN and {c} is a prime sequence.

Proof. Suppose that A has a subset as described in the theorem and let z;,z,....,7, be
distinct points on S. Write z; = (cos ¢;,sin ¢;) where the ¢, are distinct modulo 27 and let A
be the matrix with entries A;; = f(di(z;,z;)). For distinct y and v, (¢, — ¢,)/27 € R\ Z. Let
p,. be a prime number chosen in the following way: if (¢, — ¢,)/27 = m;/my with m; and m,
relatively prime we let p,, be a prime dividing my, otherwise we let p,, be any prime. It is now
seen that exp(il¢,) # exp(il¢,) whenever I € IN \ p,,IN. Define P = {p,, : 1 < p < v < n}. Since
{cx} is a prime sequence, there is an index ko such that ¢;, is not divisible by any element of P. By

enlarging the set P if necessary, we can assume that ko > n. Now, exp(ick,¢,) # exp(ick,¢,) for



1< p<v<mn,and by + ¢, Ny, C K. As a consequence of this the n X n matrix B with entries

By, = exp (i(b, + ucky)$n) = exp (i(bi, + ck, )P0 )[explick, ¢, ))* !

is nonsingular because it is a Vandermonde-like matrix corresponding to n distinct points

exp(ick, 1), exp(ick, b2),. .., exp(ick,&n)-

From the equation

n
cdAc = Y e Y apcoskd(zy,z,)
pv=1 keK

- E ax i cuc, cosk(p, — ¢,)

keK  pr=1

- Yo

keK

2

E ¢, exp(tkd,)

p=1

we now see that ¢'Ac > 0 unless the function h(t) = 3°7_; ¢, exp(i¢,t) vanishes on K. Because
of the nonsingularity of B, it follows that h vanisheson K ifand onlyif ¢; = ¢c; = ... = ¢, = 0.
Therefore, ¢!Ac = 0 only if ¢ = 0. -

Remark: The appearance of Vandermonde matrices in the proof above suggests the optimality
of the condition presented in the theorem.

The following corollary contains similar results for strict conditional negative definiteness. Since
there are no new ideas involved, we omit its proof.

Corollary 2.2. Let g(1) = g(0) + Y_pex ax(1 — coskt), in which K C IN\ {0}, a; > 0 for all
k, and 3"jck ax < oc. In order that g ody be a strictly conditionally definite kernel it is sufficient
that K have a subset of the form |JiZo(bk + cxINy), where {bx} U {cx} C IN and {ci} is a prime
sequence.

It should be noted that the hypothesis on the sequence {ci} in the previous results can be

changed into any of the following:
(H1) {cx} is increasing and there is no prime number dividing infinitely many cx.

(H2) {cx} is increasing and any two ¢, are relatively prime.



Indeed, this follows from:

Lemma 2.8. Let {cx} be an increasing sequence of nonnegative integers. The following asser-

tions are equivalent:

(A1) {cx} is a prime sequence.

(A2) {cx} has a subsequence {ci,} such that no prime number divides infinitely many c,,.
(A3) {ck} has a subsequence {c,,} in which any two c;,, are relatively prime.

Proof. Obviously, (A3) implies (A2). Assume that {cx} has a subsequence {c;_} such that no
prime number divides infinitely many cx,. If {cx} is not a prime sequence then there is a finite set
P of prime numbers such that each ¢ is divisible by at least one element of P. Since P is finite and
{ck, } is increasing, at least one element in P divides infinitely many cx,, a contradiction. Thus,
(A2) implies (A1). Finally, if {cx} is 2 prime sequence, a subsequence {cx, } such that any two ¢;,
are relatively prime can be constructed inductively in the following way: Let ¢, be any positive
ci. Let P, be the set of all prime numbers dividing every element ¢ not larger than ¢, . From
our assumption on {cx}, there is a cx, not divisible by any element of P;. Let P, be the set of all
prime numbers dividing every element ¢, not larger than c;,. Again, there is a ¢k, not divisible by
any element in P;. Because {cx} is increasing, we can proceed in this way to obtain a subsequence
{ck,,} of {ck} such that no prime dividing a c,, divides any preceeding element in the sequence.

Obviously, such subsequence has the property stated in (As). Thus, (A;) implies (A43). ™)

3 Necessary Conditions

In this section, we obtain necessary conditions for strict positive (resp. strict conditional negative)
definiteness, trying somehow to match the sufficient condition just obtained.

Lemma 3.1. Let g(t) = g(0) + Y ¢y ax(1 — coskt). in which K C IN\ {0} is a finite set of
cardinality N and ay > 0 for all k € K. Then for anyn > 2+ 2(-N + 3,k 2541) and any set
of points z;,23,...,2, on S', the n X n matriz A with entries A;; = g(di(z;,z;)) has rank not

ezceeding n /2 — 1.



Proof. Assume the hypotheses and let z;,z,,...,2z, be points on S’. For each k in K put
gx(t) := 1 — cos ki. By elementary trigonometry, there are real numbers by;, bk2. ..., bk such that
gk(t) = TF_o bir cos' t. Hence,

k
ok(dr(zirzj)) = D bui(zi,zj),  1<4,5,<n.
=0
The Gram matrix with entries (z;, ;) is nonnegative definite and has rank not exceeding 2. Hence,
each matrix ((z;,2;)), 0 < I < k, has rank not exceeding 2'. Thus, each matrix (g,(d;(z:, z,))) has
rank not exceeding Y Fo2' = (2¥*1 - 1). Since A has entries given by g(0) + Skek akgk(di(zi,2;)),
its rank cannot exceed 14 ¥ pex (254! — 1) = 14 (=N + Tpei 2H4). E

Lemma 3.1 reveals that if g o d; is strictly conditionally negative definite then the series repre-
senting g cannot be a finite sum. A refinement of this fact is now obtained. The ideas for this line
of proof can be found in [4].

Theorem 3.2. Let g(t) = g(0)+ 2_32; ax(1 — cos kt), in which a; > 0 for all k and 352, a <
00. A necessary condition in order that g o d; be a strictly conditionally negative definite kernel is
that ax > 0 for infinitely many odd and infinitely many even integers k.

Proof. We first assume that ay; > 0 for only finitely many k and prove that god, is not strictly
conditionally negative definite. Set M := max{k : azx > 0} and let N denote the cardinality of the
set K := {k:0 <k <2M, a; > 0}.Let n be any positive integer such that n > 1—- N+ 3, 5 2F+1.
Choose 2n distinct and pairwise antipodal points z1,22,...,22, on §* and define matrices 4, B,

and C by

Aij = = Z akcoskdm(-'ti,lj))
k>2M
B = 90+ 3 ai+ 3 ai(l-coskdn(si,;))
k>2M keK

Cij = A+ By

If 1 <i< j< 2n,the vector v/ € R*™ having 1 as its i" component, —1 as its j'* component,
and 0 components elsewhere is in the null space of A. Hence, the rank of A is not larger than n.
By Lemma 3.1, the rank of B does not exceed n — 1. Thus, C has rank not exceeding 2n — 1, or

equivalently, C is singular. This implies that g o d; is not strictly conditionally negative definite.
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The other half of the proof when aj;4y > 0 for only finitely many k is similar, and we omit the
details. B

The condition in the previous theorem is not sufficient to guarantee strict conditional negative
definiteness. Indeed, consider g(t) = 3 ¢ k(1 — coskt), in which K = 3IN, ax > 0 for all k, and
Y kek ak < 00. If z; and z; are two points on $? such that dy(z;,25) = 27/3 then the 2 x 2 matrix
with entries g(di(zi,z;)) is the zero matrix.

Lemma 3.3. If n is a positive integer and ¢ s not an odd multiple of = then

2n
(-1 exp(ij¢) = isin ngsec(¢/2)exp(i(2n + 1)¢/2).
1

=

Proof. By elementary trigonometry we have

2n 2n
Z cosj¢p = E sin(n¢/2) cos j¢ csc(¢/2)
=1 =1

2n

= 3 5ln((2) + 1)6/2) - in((2; - 1)9/2) esc(/2)
=1

- ;[Sin(@n +1)¢/2) - sin(¢/2))csc(¢/2)
= sin(ng)cos((2n + 1)¢/2) csc(¢/2).

Similarly,
2n
Zsin Jj@ = sin(n¢)sin((2n + 1)¢/2)csc(¢/2).
J=1
Hence,
2n
Zexp 1j¢ = sin(n¢) csc(@/2) exp(i(2n + 1)¢/2).
J=1
The result now follows by changing ¢ into ¢ + 7 in the last equation. ™

Theorem 3.4. Let g(t) = g(0)+ Xsck ak(1—coskt), in which K is a subset of IN\ {0}, ax > 0
Jor allk, and 3,y ar < 0o. In order that g o dy be a strictly conditionally negative definite kernel
it is necessary that for each positive integer n, the set n(1 + 2IN)N K be infinite.

Proof. Assume that g o d; is strictly conditionally negative definite. We first prove that for
each positive integer n the set n(1+ 2IN)N K is nonempty. Suppose on the contrary that there is a

7



positive integer n such that (14 2IN)N A" = 0. In view of Theorem 3.2, we can assume that n > 2.
Choose 2n distinct points 3,23,...,22, on §? such that dy(z;,z;41) =7/nfor 1< j<2n-1.1f
B is the matrix with entries B;; = g(dy(zi,z,)) and c is the vector in IR*" having (-1’ as its 5tk

component for 1 < j < 2n, we have that

2n 2n
¢Be = ) (-1)M-1)g(0)+ D (-1)*(-1) Y ax(1 - coskdy(z,,2,))
=1 pv=1 keK
2n
= Y ak ) (-1)%(-1)"(1 - cos(k(u - v)r/n))
keK  pw=1
2n
= =Y e Y (-1)(-1)"cos(k(u — v)r/n)
keK ur=1
[ 2n 8 2n 2
= - Z ai (Z(—l)“ cos(pkr/n)) + (Z(—l)“ sin(pkr/n))
keK p=1 u=1
b211 .
= - E ap | ) (-1)"exp(ipkn/n)| .
kEK p=1

From our assumption on n, it follows that k7/n is not an odd multiple of = for all kK € K. Hence,
by Lemma 3.3, Zi’;](—l)“ exp(ipkr/n) = 0 for all k in K, whence ¢'Bc = 0. Since ¢ # 0, this
contradicts our assumption on g. Next, in order to prove that each set n(1 4+ 2IN)N K is infinite
we assume that n(1 + 2IN) N K is finite for some positive integer n and we reach a contradiction.
Let n(1 + 2I) denote the largest element in n(1 + 2IN) N K. It follows from the first part of the
proof that the set n(3 + 21)(1+2IN)N K is nonempty. From the inclusion n(3 +2/)(1 4+ 2IN)N K C
n(1+4 2IN)N K, there is a nonnegative integer m such that n(3 +2/){(1 4+ 2m) € n(1 + 2IN)N K and
n(3 + 21)(1 4 2m) > n(1 + 2I), contradicting our choice of [. &

It is immediately seen that any set K satisfying the condition stated in the previous theorem
contains infinitely many odd and infinitely many even multiples of any positive integer. On the
other hand, the condition is not sufficient to guarantee strict conditional negative definiteness as
the example after Theorem 3.2 shows.

Lemma 3.5. Ifp;,p2,...,pn are distinct prime numbers then the numbers of the form 2;-;1 €/p;,

where €; = 0 or 1, are all distinct modulo 7.



Proof. It suffices to prove that any number of the form 3°7_, é,/p;, where §; = —1 or 1, is not
an integer. Suppose that J°7_, §;/p; is an integer for some ; as above. We can write 6;p,...p, +
p1N = pip2...pnM for some integers M and N, and this shows that p; is a divisor of the product
P2P3 - - - Pn, @ contradiction. .

A subset K of IN is said to be generated by a set P of prime numbers if every element in
K \ {0,1} is a multiple of an element in P, and P is the smallest set of prime numbers with this
property. If P is an infinite set and K is generated by P then K is said to be infinitely generated
by P.

Theorem 8.6. Let g(t) = g(0) + Lxek ax(1 — coskt), in which K C IN\ {0}, ax > 0 for all
k€ K, and Y ;ck ar < 0o. In order that g o d; be a strictly conditionally negative definite kernel it
is necessary that K be infinitely generated.

Proof. We assume that K is generated by a finite set P = {p;,p2,...,pn} of prime numbers
and show that g od; is not strictly conditionally negative definite. It is easily seen that the nonzero
function

k(1) = (exp(i27t/p1) — 1)(exp(i2nt/p;) — 1) ... (exp(i2rt/p,) — 1)

vanishes on K. Direct computation reveals that we can write h in the form

2" i
h(1) =) ciexp(igjt), 0=¢1<¢2<...<dsm, Y c;=0.
i=1

J=1

By Lemma 3.5, the ¢; are all distinct modulo 27. Hence, the set {¢; : 1 < j < 2"} defines 2"

distinct points on S?, namely
z;:= (cosgj,sing;), 1<j<2m.

Writting B;; = ¢(d1(z;,;)) and taking account of all the above we obtain

2" 2"
Z cucBu = Z cuc, |9(0) + Z ai(1— cosk(¢, — ¢.))
1 1

uv= = kEK

on
=Y ek Y cuc,cosk(, — ¢.)

keK pr=1



an . 2" 2
- a (Z €, €Os k¢“) + ( ¢y sin k¢p)
1

keK pu=1 p=
= - Z ak|h(k)|2 =0.
keK
Since the vector ¢ = (c;) is nonzero, g o d; is not strictly conditionally negative definite. &

The conditions stated in Theorems 3.4 and 3.6 are together still not sufficient to guarantee strict
conditional negative definiteness. In fact, let g(t) = 3", ¢ x- ax(1—cos kt), in which K = (14+2IN)U4IN,
ap >0forall k € K, and ), ar < 00. Set a = 382, azk41. Any four equally spaced points

z,,Z2,73, and 24 on S? produces the following 4 x 4 matrix

0 a 20 a
. a 0 a 2a

(g(dl (Iia xi))) =
20 o 0 a

a 2a a 0

which is obviously singular. Observe that the entries in the interpolation matrix above depend only
on the odd part 332 ; azk41(1 — cos(2k + 1)t) of g. This suggests that K does not contain enough
even numbers. This remark is the key for our last necessary condition.

Theorem 3.7. Let g(t) = g(0) + 3 _pcx ax(1 — coskt), in which K C IN\ {0}, a4 > 0, and
Y kek @k < 00. In order that god, be a strictly conditionally negative definite kernel it is necessary
that L =: {k : 2k € K} be infinitely generated.

Proof. We proceed as in the proof of Theorem 3.6. We assume that L is generated by a finite
set P = {p1,p2,--.,Pn—1} of prime numbers and prove that g o d; is not strictly conditionally

negative definite. The nonzero function

h(t) = (exp(int) + 1)(exp(i2nt/py) — 1)(exp(i27t/p;) — 1)...(exp(i27t /p._1) — 1)

vanishes on K. Using Lemma 3.5, we can write h(t) = }:?;] c; exp(i¢;t) with 23:'__, ¢; =0 and all
the ¢; distinct modulo 27. Setting z; = (cos ¢;,sin ¢;) for 1 < p < 2", we have

2"
Y cicig(da(zi,z;)) = Y axlh(k)]* = 0.

1,5=1 kEK
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This shows that g o d; is not strictly conditionally negative definite because ¢ # 0. =
At this point it is important to emphasize that the necessary conditions presented in Theorems

3.4, 3.6, and 3.7 are independent of each other, as the sets 2IN U (3 + 6IN), 4IN U (1 + 2IN), and

(4 4+ 2IN) U {prime numbers} show. We do not know whether those three conditions, together, are

sufficient to guarantee strict conditional negative definiteness. On the other hand, we were unable to

construct a counterexample. For instance, we were unable to determine whether or not the function

9(t) = Yrex ak(1 — coskt), in which K = (4 + 2IN) U (3 + 6IN) U {prime numbers}, ax > 0 for all

k € K,and ¥ ;¢ ax < oo defines a strictly conditionally negative definite kernel g o dy.
Corollary 3.8. Let f(1) = 3 yex arcoskt, in which K CIN, ax > 0, and 3", cxax < 0. In

order that f od; be a strictly positive definite kernel it is necessary that

(a) For each positive integer n, the set n(1+ 2IN) N K be infinite.

(b) K be infinitely generaied.

(c) L = {k :2k € K} be infinitely generated.

4 Examples

We denote by CM the set of all nonconstant continuous functions F : [0,00) — [0, 00) which are
completely monotonic on (0,00), and by DM the set of continuous functions F : [0,00) — [0, 00)
which are differentiable on (0, c0) and such that F’ is a nonconstant completely monotonic function
on (0,00). Recall that a function F : [0,00) — [0, c0) is said to be completely monotonic on (0, co)
if and only if (=1YFW)(t) > 0 for j € IN, and ¢ > 0. Lemma 5.1 below can be found in a more
general formulation in [4].

Lemma 4.1 Let F : [0,00) — [0,00) be a continuous function and g o d, be a (continuous)
conditionally negative definite kernel on S*. The following assertions hold:
(a) If F € CM then F o g od, is strictly positive definite if and only if g(t) > g(0) for t € (0, 7).
(b) If F € DM then F o g o d; is strictly conditionally negative definite if and only if g(t) > g(0)
fort € (0,7)].

Using this result, it is not hard to see (this is Theorem 4.9 in [4]) that any function F as in (a)

11



(respectively (b)) above is such that F o d, is strictly positive (respectively strictly conditionally
negative) definite. Another class of examples can be obtained with the help of the following lemma.

Lemma 4.2. Let g(t) = g(0)+ X 32, ax(1—coskt), in whichax > 0 for allk and 352, a) < oo.
In order that the equation g(t) = g(0) have only the zero solution in [0,7] it is necessary and
sufficient that ax > 0 for a set of relatively prime indices k.

Proof. First assume that a; > 0 for relatively prime integers ky,k,..., k, and suppose that
g(to) = ¢(0) for some to > 0. By our assumption on i, it follows that cos kjtp = 1 for 1 < i < n.
Hence, there are positive integers py, f2, ..., s such that kjtg = 27y, for 1 < ¢ < n. Since the k;

are relatively prime, there are integers v1,v2,...,Vn such that 3°%_, v;k; = 1. Using this we obtain

n n
to=1o E vik; =27 z:pju_,'
J=1 =1

and so

n
pi = Kilo/2% = k;ijVj, 1 E€4< n
i=1

The last equality above reveals that 3 7_; p;v; is a positive integer and consequently u; > k; for
1 <1< n. It is now clear that kg = 2wp; > 27k; for 1 < ¢ < n. In particular, 1y > 27.
Conversely, suppose that t = 0 is the only solution of g(t) = ¢(0) in [0, #]. Order the set of all k
for which ax > 0, say kj, kz,.... Let 9; denote the greatest common divisor of k;, k, ..., k;. Clearly,
1 < 7i41 < 7i for all 1. So, there is a smallest index i such that y;; = 7,,4; for j = 1,2,.... If
~i, > 1, then the point to = 27 /7, is such that 0 < t; < 7 and g(to) = ¢(0), a contradiction. Thus,
75, = 1 and ky,k2,...,k;, are relatively prime. £
Theorem 4.3. Let F : [0,00) — [0,00) be a continuous function and let g(t) = ¢(0) +
2, ax(1 — coskt), in which g(0) > 0, ax > 0 for all k, and Y52, a; < oo. The following
assertions hold:
(a) If F € CM then F o god, is strictly positive definite if and only if ax > 0 for a set of relatively
prime indices k.
(b) If F € DM then F o g o d, is strictly conditionally negative definite if and only if ax > 0 for a
set of relatively prime indices k.

12



As an example we can take g(t) = 2sin’4/2 = 1 — cost. The kernel g o d; is the Euclidean
chord distance on §? and it is not strictly conditionally negative definite. Using Theorem 4.3, we

see that (1//1+ g)od, exp(—g)od;, and In[(2+g)/(1+ g)) o d; are strictly positive definite while
In(1 + g) 0 d; and /T + g o d, are strictly conditionally negative definite.
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