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CONLEY INDEX CONTINUATION AND THIN DOMAIN PROBLEMS

MARIA C. CARBINATTO AND KRZYSZTOF P. RYBAKOWSKI

ABSTRACT. Given € > 0 and a bounded Lipschitz domain € in RM x RV let Q. :=
{(z,ey) | (z,y) € 2} be the e-squeezed domain. Consider the reaction-diffusion equation
(Bo) u = Au+ f(u)

on (2 with Neumann boundary condition. Here f is an appropriate nonlinearity such that
(Ee) generates a (local) semiflow 7. on H'(). It was proved by Prizzi and Rybakowski
(J. Diff. Equations, to appear), generalizing some previous results of Hale and Raugel,

that there are a closed subspace H, () of H'(f), a closed subspace L?(Q) of L?(2) and
a sectorial operator Ao on L2(Q) such that the semiflow mo defined on H.!(2) by the
abstract equation

%+ Aou = f(u)
is the limit of the semiflows 7. as e — 0%.

In this paper we prove a singular Conley index continuation principle stating that
every isolated invariant set Ko of 7o can be continued to a nearby family K. of isolated
invariant sets of 7. with the same Conley index. We present various applications of this
result to problems like connection lifting or resonance bifurcation.

1. INTRODUCTION

Let M and N be positive integers and {2 be an arbitrary nonempty smooth bounded
domain in RM x RN . Write (z,y) for a generic point of RM x RM. Given € > 0 squeeze
2 by the factor € in the y-direction to obtain the squeezed domain {2.. More precisely,
let T.: RM x RYN - RM x RV, (z,y) — (z,€ey), be the squeezing operator and define
Qe :={(z,ey) | (z,y) € N}. Consider the following reaction-diffusion equation on 2:

(B.) ug = Au+ f(u), t>0, (z,y) € Qe,
< Oy.u =0, t>0, (z,y) € 99,

(]

where v, is the exterior normal vector field on 9§ and f: R -+ R isa C L_nonlinearity of
appropriate polynomial growth which ensures that () generates a (local) semiflow 7, on
H'(Q0).

If f is dissipative in the sense that

limsup f(s)/s < —dp for some dp > 0

|s] =00

then the semiflow 7. possesses a global attractor A..

As € — 0 the thin domain . degenerates to an M-dimensional open set. One may
therefore ask what happens in the limit to the family (7¢)e>0 of semiflows and to the family
(Ae)e>o of attractors. Is there a limit semiflow and a corresponding limit attractor?

The research of the first author was partially supported by the grant FAPESP-Brasil 99/02612-4.
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2 MARIA C. CARBINATTO AND KRZYSZTOF P. RYBAKOWSKI

This problem was first considered by Hale and Raugel in [21] for the case when N =1,
U is a bounded domain in RM and the domain {2 is the ordinate set of a smooth positive
function g defined on clU, i.e.

Q={(z,y)|z€Uand 0< y < g(z) }.

The authors prove that, in this case, there exists a limit semiflow 7p, which is defined by
the Neumann boundary value problem

M

Ut = (1/9) Z(guz'i)!l:i +f(u)a t>0,zeU
g=1

auu:(), t>0,:l,‘€aU.

(HRy)

Moreover, if f is dissipative, then 7o has a global attractor Ap and, in some sense, the
family (Ae)e>0 is upper-semicontinuous at € = 0.

Hale and Raugel also prove that one can modify the nonlinearity f in such a way that
each modified semiflow 7. possesses an invariant C''-manifold M. of some fixed dimension
v which includes the attractor A, of the original semiflow 7. The semiflows 7, and 7.
coincide on the attractor A, and, as € — 0, the reduced flow on M, converges in the
C'-sense to the reduced flow on M.

If the domain 2 is not the ordinate set of some function (e.g. if 2 has holes or different
horizontal branches) then an equation of the form (HRj) cannot be a limiting equation
for the family (E.), € > 0. Nevertheless, as it was proved by Prizzi and Rybakowski in [33]
the family 7., € > 0 still has a limit semiflow. Moreover, if f is dissipative then there
exists a limit global attractor and the upper-semicontinuity result continues to hold.

In order to describe the main results of [33] we first transfer the family (E) to boundary
value problems on the fixed domain 2. More explicitly, we use the linear isomorphism
®.: H(Q) = H(Q), u — uo T, to transform problem (E,) to the equivalent problem

(E) ug = Agu+ (1/e)Ayu + f(u), t>0, (z,y) € Q
€ vi-Veu+ (1/e2)vy - Vyu=0, t>0, (z,y) € 9.

Here, v = (v1,12) is the exterior normal vector field on 912.
Note that equation (F¢) can be written in the abstract form
u+ Au = f(u)
where f: H'(Q) — L?(Q) is the Nemitski operator generated by the function f and A, is
the linear operator defined by
1 1
Au=—-Azu— —Ayu € L2(Q) for u € Hz(Q) with vy - Vzu + 12 - Vyu =0 on 9.
€ €

Equation (E.) defines a semiflow 7. on H'(£2) which is conjugated to 7, via the isomor-
phism ®.. Therefore. whatever property we prove about the transformed semiflow
translates into a corresponding property about the original semiflow 7, and vice versa.
In particular, if f is dissipative then 7, has the global attractor A := @e(ﬂf), consisting
of the orbits of all full bounded solutions of (E).

The operator A is, in the usual way, induced by the following bilinear form

ae(u,v) := / (Veu- Vv + E%Vyu -Vyv)dzdy, wu,v€ HY(D).
0



CONLEY INDEX CONTINUATION AND THIN DOMAIN PROBLEMS 3
Notice that, for every fixed e > 0 and u € H'(Q), the formula

1/2
lule = (ae(u, u) + M%ﬂ(n))

defines a norm on H'(Q) which is equivalent to | - |r1(q)- However, |ule — oo as € = 07
whenever V,u # 0 in L2(Q).

In fact, we see that for u € H'(Q)
{fﬂ Vou- Voudedy, if Vyu=0

lim ac(u,u) = .
00, otherwise.

e—0+
Thus the family ac(u,u), € > 0, of real numbers has a finite limit (as € — 0) if and only if
u € HL(Q), where we define

H;(Q):={ue H ()| Vyu=0}.
This is a closed linear subspace of H!(f2).

The corresponding limit bilinear form is given by the formula:

ag(u,v) = /n Veu-Vyodzdy, u,v € HY(Q).

The form ag uniquely determines a densely defined selfadjoint linear operator
Ag: D(Ay) C HA(9) — I2(Q)
by the usual formula
ao(u,v) = (Aou,v)12(n), foru € D(Ap) and v € HN(Q).

Here, L2(2) is the closure of H}(f2) in the L?-norm, so L?(f) is a closed linear subspace
of L2(92).

It follows that the Nemitski operator f maps the space H!(f) into L?(€2). Consequently
the abstract parabolic equation

(Eo) @ = —Agu + f(u)

defines a semiflow my on the space H!(f2). This is the limit semiflow of the family ..
In the ordinate set case considered by Hale and Raugel, equation (Ej) reduces to their
equation (HRyp) stated above. For a large class of two-dimensional domains (called nicely

decomposed) equation (Ep) is equivalent to a parabolic equation defined on a finite one-
dimensional graph. For general higher dimensional domains and M > 2 it does not
seem possible to give a more explicit expression for equation (Ejp). Nevertheless, many
qualitative properties of the limit semiflow 7y may be deduced from the abstract equation

(Eo)-

For example, if f is dissipative then the semiflow 7wy has a global attractor .4y and the
family of attractors (A¢)e>0 is upper-semicontinuous at € = 0. More precisely, we have the
following result:

Upper semicontinuity of attractors. (see Theorem 5.10 in [33]) The family of attrac-
tors (Ae)ee[o,l] is upper-semicontinuous at € = 0 with respect to the family | - |¢ of norms,
i.e.

lim sup inf |u—v|e=0.
e—0+t uEAQ vEAO
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Notice that each attractor A, for ¢ > 0 is a compact isolated me-invariant set with
Conley index h(me, Ae) = 0. Therefore the above theorem implies that the invariant set
Ay can be continued to a family of invariant sets with the same Conley index.

We will prove in this paper that the latter statement holds true for an arbitrary isolated
invariant set of the limit semiflow:

Conley index continuation theorem. Let Ko C H(Q) be a compact isolated invari-
ant set of the limit semiflow my. Then there is an €g > 0 and for each € € |0, €] there
is a compact isolated invariant set K. C H'(Q) of the semiflow m such that h(me, K.) =
h(mo, Ko) and the family (Ke)ee[o,eo] is upper-semicontinuous at € = 0 with respect to the
family | - |¢ of norms, i.e.

lim sup inf |u—wv|¢=0.
e—0t ye K, v€Ko

Note that in this theorem the function f need not be dissipative and it may depend not
only on u but also on €, z, y and Vu. For a precise statement see Theorem 3.5 and its
Corollary 3.7 in Section 3 below.

The reader should notice that our Conley index continuation Theorem 3.5 is not a direct
consequence of the classical continuation principle in Conley index theory. In fact, we are
dealing here with a singular perturbation problem and the limiting semiflow (unlike in the
regular perturbation case) lives in the Banach space H}(Q) which is different from the
Banach space H'(€2) on which the approximating semiflows are defined. Thus, although
the proof of Theorem 3.5 follows the lines of the classical Conley continuation principle
for admissible semiflows (as given in [37, 39]) several new ideas are required to cope with
the present, more difficult situation (see Section 3 and the Appendix for details).

For the proof of Theorem 3.5 we need some convergence results, as € — 0, of the
semiflows 7, and the linear semigroups generated by the operators A.. These results,
presented in Section 2, strengthen and extend the convergence results previously obtained
in (33].

In section 4 we present various applications of Theorem 3.5. First we show in Subsec-
tion 4.1 that, under appropriate assumptions, an orbit oy connecting equilibria uj and ug
of the limit semiflow 7y can be continued, for all € > 0 small enough, to a ‘nearby’ family
oe of orbits connecting ‘nearby’ equilibria u. and u! of ..

This is then applied to a specific connection problem in parabolic equations on an
interval, considered by Fiedler and Rocha [14].

We then prove that, generically in the domain, the family of the j-th eigenvalues A ;
of the operators A, is strictly monotone decreasing in € > 0, for j > 2 (Subsection 4.2).
Using this, together with Theorem 3.5 and the Conley index product formula we obtain,
under suitable resonance hypotheses for the limit semiflow g, the existence of nontrivial
equilibria of 7 bifurcating from the trivial equilibrium 0 of my (Subsection 4.3). Finally,
we show that these resonance hypotheses are satisfied for very simple two-dimensional
domains (Subsection 4.3).

After the completion of this work we became aware of the preprint [25] of Q. Huang,
in which the author proves an analogue of our Theorem 3.5 for ordinate set domains with
g =1, i.e. domains € of the type = U x]0, 1[, where U is a bounded domain in RM with
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M =1 or 2. The corresponding squeezed domain § is then of the form Q¢ = U x |0, ¢[.
(See Theorem 6.1 in [25].) In the case M = 1 such domains are just rectangles.

The author obtains his result as an application of an abstract Conley index continuation
theorem (see Theorem A in [25]). One could use that theorem, together with the conver-
gence results established in Section 2 of the present paper and some additional estimates
to give an alternative proof of our Theorem 3.5.

On the other hand, our proof of Theorem 3.5 uses only some general properties of the
family 7, of semiflows and the family Q. of projectors (cf. Section 2 and the Appendix
below). By abstracting these properties one can establish a Conley index continuation
result which is more general than Theorem A of [25]. In fact, we can replace the compact-
ness condition (C) of [25] by a weaker admissibility assumption of the type introduced in
[37]. Details are given in the paper [7]. Let us only remark here that this more general
abstract result, unlike the results of [25], can be applied to singular perturbation problems
for semiflows generated by damped wave equations (cf. [20, 22, 8]), neutral functional
differential equations or infinite delay equations. The solution operators of such semiflows
are not compact and yet the admissibility condition is satisfied.

Let us also remark that it is possible to formulate a general continuation principle for
the Conley connection matrix in singular perturbation problems. See the forthcoming
paper [9] for details.

For more results on the squeezed domain problems see the paper [34], which, among
other things, contains an existence theorem for inertial manifolds containing the attractors
A of 7, improving and generalizing to arbitrary domains the results of Hale and Raugel
mentioned above. Some other papers on thin domain problems are contained in the
References, although the list is far from being complete.

The Reference-section also lists a few papers on the theory and applications of various
versions of the Conley index.

2. SQUEEZED DOMAINS

In this section we will prove various convergence results for linear semigroups and non-
linear semiflows generated by reaction-diffusion equations on squeezed domains. These
results, of interest in their own right, play an essential role in establishing the Conley
index continuation principle of Section 3.

Let us first recall some definitions and basic results about squeezed domains proved
in [33, 34], referring the reader to those papers and to the paper [21] of Hale and Raugel
for more details on the subject. In this paper all vector spaces are over the real numbers.

Definition 2.1. Let V be a vector space and a: V XV — R and b: V xV — R be
symmetric bilinear forms on V. If A € R, u € V' \ {0} satisfy

a(u,v) = Ab(u,v) forallveV

then we say that \ is an eigenvalue of the pair (a,b) and u is an eigenvector of the pair
(a,b), corresponding to A\. The dimension of the span of all eigenvectors of (a, b) corre-
sponding to ) is called the multiplicity of A. If the set of eigenvalues of (a,b) is countably
infinite, contains a smallest element and if each eigenvalue has finite multiplicity then
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the repeated sequence of the eigenvalues of (a,b) is the uniquely determined nondecreas-
ing sequence (An)neN which contains ezactly the eigenvalues of (a,b) and the number of
occurrences of each eigenvalue in this sequence is equal to its multiplicity.

The following proposition is well-known:

Proposition 2.2. Let V, H be two infinite dimensional Hilbert spaces. Suppose V C H
with compact inclusion, and V is dense in H. Let || || and |- | denote the norms of V and
H respectively, and (-,-) be the inner product of H and b be the restriction of this inner
product to V x V. Leta: V xV — R be a symmetric bilinear form on V. Assume that
there are constants d, C, a € R, a > 0, such that, for allu, v €V,

la(u,v)| < Cllulllv]l
a(u,u) > aflull? - dluf®.
Then the set of eigenvalues of (a,b) is countably infinite, it has a smallest element and each

eigenvalue has finite multiplicity. Let (An)neN be the repeated sequence of the eigenvalues
of (a,b). Then the following properties are satisfied:

1. There ezists an H-orthogonal sequence (up)neN such that for every k € N, uy is an
eigenvector of (a,b) corresponding to Ag.

2. Whenever (un)neN 18 an H-orthogonal sequence such that for every k € N, uy is an
eigenvector of (a,b) corresponding to A, then (up)nen 18 H-complete. Moreover, the
space V is characterized in the following way:

V={veH| Z:/\n|(v,u,,)|2/[u,,|2 < oo}

n=1
3. Let D be the set of all u € V such that there is a w = w,, € H with the property that
a(u,v) = (w,v)

for all v € V. Then w, is uniquely determined by u, the set D is a dense linear
subspace both of V and of H, and the map

A: D — H, urrwy

is a linear selfadjoint operator on (H, (-,-)) with compact resolvent. We call A the lin-
ear operator generated by the pair (a,(-,-)). A pair (A, u) is an eigenvalue-eigenvector
pair of A if and only if (\,u) is an eigenvalue-eigenvector pair of (a,b). O

Let € be an arbitrary nonempty bounded domain in RM x RY with Lipschitz boundary
and let € > 0 be arbitrary. Write (z,y) for a generic point of RM x RN. As in the
Introduction, let Te: RM x RV — RM x RN | (z,y) — (z,ey), be the squeezing operator
and Q, := T,(f2) be the squeezed domain. Define the symmetric bilinear forms

de: H'(Q) x HY(Q) = R
by
Ge(u,v) := Vu-Vvdzdy
Q.

ac: H'(Q) x HY(2) - R
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by
1
Gelu,v) = Vgu - Vo + 5Vyu-Vyo | dzdy.
0 €

Note that the assignment
D:urruoT,
restricts to linear isomorphisms L?(Q2¢) — L?(2) and H(Q.) — H(R).
Let be be the restriction of (-, -) r2(n.) to H' () x H(Q) and let b be the restriction
of (-,-)2() to H'(Q) x H'(Q).

It follows that a pair (), u) is an eigenvalue-eigenvector pair of (ée, b¢) if and only if the
pair (A, ®cu) is an eigenvalue-eigenvector pair of (ae,b). The linear operators A, (resp.
A¢) defined by (@, be) (resp. (a, b)) satisfy the following properties:

1. D(Ac) = ®(D(A.));
2. A(®eu) = ®(Acu) for u € D(A,).

Proposition 2.2 implies that there exists a nondecreasing sequence (Ac,j, we j)jen of
eigenvalue-eigenvector pairs of (a, b) such that (we ;) ;jen is a complete orthonormal system
on L?(£2). Moreover, Ae,t =0 and A¢; > 0 for all € > 0 and j > 2. For convenience we set
Ae,0 := —00.

Now define the “limit” space H!(2) by
H!(Q)={ueH(Q)|Vu=0}.
Note that H!(f2) is a closed linear subspace of H'(f2). It can be proved that H}(Q) has

infinite dimension.

Let us also define the space L2(£2) to be the closure of the set H}(2) in L?(£2). It follows
that L2(f2) is a Hilbert space under the scalar product of L2(f2).

Now let ag: H!(2) x H(2) — R be the “limit” bilinear form defined by
ag(u,v) := /n Vu-Vvdzdy = /n Veu - Veudzdy.
The bilinear form ag on H}(Q) together with the scalar product
(u,v)r2(q) = /nuv dzdy on L(Q)

satisfy the hypotheses of Proposition 2.2. Let by be the restriction of (-, -)2(q) to H, L) %

Proposition 2.2 implies that there exists a nondecreasing sequence (Agj,wo, j)jen of
eigenvalue-eigenvector pairs of (ag, bg) such that (wp ;);en is a complete orthonormal sys-
tem on L?(Q2). Moreover, Ag; = 0 and Ag; > 0 for all j > 2. For convenience we set
/\0,0 = —0OQ.

Denote by Ay the operator defined by the pair (ag, bg)-

Let us now recall the concept of a semiflow:
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Let X be a topological space, let D be an open subset of [0,00[ X X and 7: D = X
be a continuous map. We write znt := 7(t,z) for (¢,z) € D. The map 7 is called a local
semiflow on X if the following properties are satisfied:

1. For every z € X there is a number w; = w7 € ]0, co] such that (¢,z) € D if and only
if0 <t < w;g.
2. zn0 =z forallz € X.
3. If (t,z) € D and (s,znt) € D then (t+s,z) € D and
zn(t + s) = (zmt)ws.
If wy = oo for every z € X, then 7 is called a global semiflow on X.

Let J be an arbitrary interval in R. A map o: J — X is called a solution of = if
for all t € J and s € [0,00[ for which ¢t + s € J , it follows that o(t)ms is defined and
o(t)rs =o(t+s). If 0 € J and o(0) = z, we say that o is a solution through z. If J =R
(respectively J = ]—o00,0]), then o is called a full solution (respectively full left solution)
relative to .

Let 7 and 7’ be local semiflows on the topological space X and Y be an arbitrary subset
of X. We say that m and 7/ coincide on Y if whenever J is an intervalin Rando: J =Y
is a map then o is a solution of 7 if and only if o is a solution of 7.

Now let X and X’ be topological spaces and let m (resp. 7’) be a local semiflow on
X (resp. on X'). We say that the map ®: X — X' conjugates m with o’ if ® is a
homeomorphism and o: J — X is a solution of 7 if and only if ®oo: J — X' is a solution
of 7.

Example 2.3. Let X be a Banach space and A be a sectorial operator in X generating
the family XP, B > 0, of fractional power spaces. Fiz an a € [0, 1] and suppose U is an
open set in X® and f: U — X 1is a locally Lipschitzian map. The equation

u=—Au+ f(u)

defines, in the usual way, a local semiflow w45 on X©. (see [24] or [39]). If f is globally
Lipschitzian on U, then 74,5 is a global semiflow.

Example 2.4. Let A and U be as in the Ezample 2.3. Moreover, let f: U — X and
f': U — X be locally Lipschitzian maps. IfY is a subset of U and f(u) = f'(u) on Y,
then w45 coincides with gy on'Y. This easily follows from the definition of the solution
of parabolic equations (see [24] or [39]).

For every € > 0 the operator A (resp. A.) is sectorial on X = L2(Q) (resp. on
X = L?(f)) and the corresponding fractional power space X® with o = 1/2 satisfies
X% = H'(Q) (resp. X = H'(Q)). If fo: HY(Q) — L3(Q) (resp. fe: H'(Q) — L3())
is a locally Lipschitzian map we thus obtain the corresponding local semiflow 7¢ 7, := 74, f.
(resp. 7, 7 =7z _7)on H'() (resp. on H'(Q)). Note that, given a locally Lipschitzian
map fo: H'() — L2(f), the map ®.(u) = u o T, introduced above conjugates the
semiflow 7?6’ i with the semiflow 7 f, where f. := ®. o fe o®, L.

Now let ge: Q2 x R x RM x RN — R be a given function and f; := g, be the Nemitski
operator generated by g, i.e. for u: Q. — R set

fe@)(z,y) = ge((2,9), ul(z, v), Vou(z, y), Vyu(z,y)), for (z,y) € Q.
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Suppose fe~restricts to a locally Lipschitzian map from H!(f2,) to L?(f2). Then the map
fe:=®c.0 f.o® ! is clearly given by
(1)
1
fe(u)(z,y) = ge((z, ey), u(z,y), Voulz, y), —Vyu(z,y)), for ue H'() and (z,y) € Q.

Now note that the “limit” operator Ay is sectorial on X = L%(f2) and the corresponding
fractional power space X* with a = 1/2 satisfies X* = H}(Q). If fo: H}(Q) — L2(Q) is
a locally Lipschitzian map we thus obtain the corresponding local semiflow gz, := T4, £,
on Hj (). Again, if fo is globally Lipschitzian, then 7y, is a global semiflow.

From now on, unless otherwise specified, we will work in a fixed bounded domain 2 and
will often write | - |1 for |- |f1(q) and |- g2 for | -|12(n). Moreover, we will write (u,v) to
denote the scalar product in L?(1).

For every € > 0 one can define on H'(Q2) the norm

1/2
jule := (ac(, u) + [ufizq)) -

This norm is equivalent to |-|g1(q) for every fixed € > 0, but |u|¢ — oo as € — 0 whenever
Vyu # 0 in L%(2). Note that |u|e = |u|g1(q), Whenever € > 0 and u € H, (). It is easily
seen that for every u € H(Q)

o o]
|u|§ — Z(/\e’j + 1)|(u, 'LUE,_-,'>L2(Q)|2.
j=1
Moreover, for every u € H(Q)
oo
lulgriy = D (Ao + I(u, wo3) 2>
i=1

The following concept will play a crucial in the convergence results established below:

Definition 2.5. Given € with 0 < g < 1 we say that the family (fe)ecfo,e) Of maps
satisfies hypothesis (A1) if the following properties are satisfied:

1. fo: HY(Q) — L2(Q) for every € € ]0,€g] and fo: HL () — L2(R2).
2. lim,_yg+ | () — fo(w)lz2 = 0 for every u € H1(®).
3. For every M € [0,00( there is an L € [0,00[ such that

|fe(w) = fe(v)|r2 < L|u —vle
for € €0, €] and u, v € H'(Q) satisfying |ulc, |[v]c < M. Moreover,
|fo(u) — fo(v)|r2 < Llu —v|m
for u, v € H:() satisfying |u|m, |v|m < M.
We say that (fe)ecjo,e,) Satisfies hypothesis (A2) if the following properties are satisfied:

1. fo: HY(Q) — L2() for every € € ]0,€0] and fo: H;(Q) = L2().
2. T yor | fe(u) — folu)| g = 0 for every u € HH(9)’
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3. There is an L € [0, 00[ such that
|fe(u) = fe(v)|r2 < Llu — vl
for € €0, €] and all u, v € H'(2). Moreover,

|fo(u) — fo(v)[z2 < Llu —v|m
for all u, v € H:(Q).

The following proposition shows how we can obtain, in applications, families of maps
satisfying hypothesis (Al):

Proposition 2.6. Suppose the domain Q) satisfies the following condition:
(2) L2(Q) = {u € IX(Q) | Vyu =0}.

Let G:RxRM xRN x RxR™ xRYN = R, (¢,z,¥,&,0,() = G(e z,y,£,n,(), be a C-
function for which there are constants 3, v and C € [0, oo[ such that for all (¢,z,y,£,7,C) €
RxRM xRN xR x RM x RN the following estimates are satisfied:

L. [80:G(e,z,y,&,m,¢)| < C(L + [€]P);
2. |VyG(e,z,y,€,1m,C)| < C(L+ [€P);
3. |8:G(e, z,y,&m,¢)| < C(L+(E);
4. |V,G(e,z,9,6,0,Q)| +|V(G(e, z,9,€,1,()| < C.

Ifn:= M+ N > 2 then we also assume that § < 2*/2 and v < (2*/2) — 1, where
2*:=2n/(n - 2).
For € > 0 define the function ge: Qe x R X RM x RN 5 R by

ge((x’ y)?f’ 777 C) = G(€1 z’ y’ g’ n, C) for ((x’ y)’&) T” C) E Qe x IR x RM x ]RN'
Then the Nemitski operator fe := §. defined by the function ge 18 a well-defined map from
HY(Q.) to L*(Q). Define fo: H'(Q) — L*(Q) by fe = ®c o feo & L. More specifically,
fe is given by (1).
Furthermore, for u € H}(Q) define fo(u): Q@ = R by
fo(u)(z,y) :== G(0,z,0,u(z,y), Vsu(z,y),0) for (z,y) € .

Then fo(u) € L2(Q) and the family ( fe)ec(o,e0) Satisfies hypothesis (AL).

Proof. Since H'(f2) is continuously contained in L7(2) where o € [1,00[ for n = 2 and
o € [1,2*] for n > 2, it follows by an application of the mean-value theorem and Hélder
inequality, using estimates 1 - 4 above, that f.(H'(Q)) C L?(f2) for € > 0 and conditions
2 and 3 in the definition of hypothesis (A1) are satisfied. Let u € H.(Q2) be arbitrary
and v := fp(u). Then an application of Theorem 2.5 in [33] implies that Vyv = 0. Now
condition (2) implies that v € LZ(f2). This shows that hypothesis (A1) is satisfied. The
proof is complete. O

Remark 2.7. 1. Condition (2) is satisfied for domains Q with connected vertical sections,
i.e. domains such that the set

Q :={y|(z,y) €2}
is connected for all z € RM. In fact in such cases functions u € L?() with Vyu =0 are
actually functions depending only on the variables z. By appropriately regularizing these
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functions with respect to these variables we can prove that u € L%(f2). Obvious details are
omitted. In particular, condition (2) is satisfied for domains () considered by Hale and
Raugel. Condition (2) is also satisfied for nicely decomposed domains. This follows from
results in [34].

2. If the function G is independent of the variables n and (, then condition (2) is
superfluous. In fact, the proof that fo(HL(Q)) C L2(R) is, in that case, accomplished by a
simple modification of the proof of Theorem 5.3 in [33].

3. Without changing the proof we may relaz the growth conditions 1 - 3 in Proposi-
tion 2.6. In fact, we may allow factors involving certain positive powers of |n| and |(|. We
do not give a precise statement here since our main interest is in functions G which do
not depend on the variables n and ¢, so that the resulting semiflows m ;. are gradient-like.

Condition (A1) is stronger than condition (A2). However, in many cases, one can modify
a given family of maps satisfying (A1) in such a way as to obtain a family satisfying (A2)
and so that both families coincide on a given bounded set. This is made more precise in
the following result, which is obtained by a simple calculation, using Example 2.4:

Proposition 2.8. Let 0 < €9 < 1 and (fe)eclo,eo] Satisfy hypothesis (Al). Let Y be the
open ball in H'(R)) at zero with radius r > 0. Choose a smooth function h: R — R such

that
1 if|s|<r,
h ==
(s) {0 if |s| > 2r.

For every € € 0, ¢] define the map fl: HY(Q) — L*() by

fe(uw) = h(ule) fe(u).
Moreover, define f}: H'(Q2) — L?(2) by

fo(w) = h(|ulg) fo(u)-
Then the family (f¢)ee(o, 60] satisfies hypothesis (A2). Moreover, fe(u) = fl(u) for € € |0, €]
and u € Y. Besides, fo(u) = fj(u) for u € Y N H; (). Consequently, the local semiflows
Te,f, and me g coincide on Y := {u € HY(Q) | |u|e < r} for € €]0,€) and on Y N H(Q)
for e = 0. O

We can now state our first convergence result:

Theorem 2.9. Let (En)neN and (tn)nen be arbitrary sequences of positive numbers con-
vergent to zero. Let ug € HX () and (un)nen be a sequence in H' () such that

|un — ugle, =+ 0 asmn — oco.

Then
|e_t"A‘"un - “Ole,. —0 asn— oco.

Proof. Given v € H*(2), t > 0 and € > 0 we have

oo
Z AG,J + 1 _tAe'U We,j | = Z(e—t/\eJ Ae_f, + 1)|(’U ww)|2.
=1 |

—tAg,U
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Since A¢; > 0, it follows that

le"tA‘v

e < vl
Hence we obtain
|e_t"A‘"un - u0|€" < |e“t"A<n (up — uo)lén + |e_t"A‘"u0 - uof,
< Iun - u0|6" + |e—t"A‘"uo — "Ole,.'
Thus we only have to prove that
le't"A‘"uo - uolen —+0 asn— oo.

Let 6 > 0 be arbitrary. It follows that

oo

IUOIZI = Z(Ao,j + l)I(UQ,’WO’j)Iz < 00.
j=1

Hence there is a k£ € N such that
(o o]
2
dy == Z()‘O’j + l)l(UQ,’wo,j)I < 0.
j=k

Let P,: L*(Q) — L%*(Q) be the L2-orthogonal projection onto the span of the vectors
{wen,15--- s Wep k—1}- Then

oo
|u0l§{1 = IU’O'f = Z()‘Gn,j . 1)|(u07w€n)j)|2 = cp + dp,

Jj=1
where

k-1 )

Cp = Z(’\Gnaj + l)l(’u,o, wfnd)l

Jj=1

and

o0
dn o= Z(Afn,j + I)I(uo’wE"’j)lz'
j=k

Theorem 3.3 in [33] implies that for an appropriate choice of the eigenvectors (wy ;);jen
k-1

Cn — Z(/\on,j : 1)|(U0,wo,j)|2 =:cy asm — oo.
7j=1

Consequently, for n — oo,
2
dp, — |“0|H1 —C =dy <.
Thus there is an ng such that 0 < d,, < § for n > ng. Now

oo
= 2 = ; 2
le tnAenuO - uolen = Z(e thden.i _ 1)2(A€n,j + 1)'(“01 wfn,j)l = c;l -+ d’n’
i=1
where

k—1
~ _ 2
¢ o= 3 (e — 12(Aey s+ 1) | {0, we )|
j=1
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and
(oo}
dp =Y (€7 —1)2 (e, 5 + 1)|(uo, we, )|
Jj=k
Now Theorem 3.3 in [33] implies that t,-Ac,,; — 0-Agj a8 n — 00, s0, again by Theorermn 3.3
in [33],
¢, =0 asn— oo,
so there is an ny > ng such that
c, <& forn>n,.

Furthermore, (e~t**eni — 1)2 <1 s0

]
diy < en + 1) (w0, we,, j)|* = dn < &.

j=k
Therefore
|e_t"A"‘u0 - uolfn <20 form>my.
Since ¢ is arbitrary, the theorem is proved. a

Remark 2.10. Let (€;)neN and (tn)nen be arbitrary sequences of positive numbers con-
vergent to zero. Let ug € L2(Q) and (up)nen be a sequence in L?(Q) converging to ug in
L?(Q). Then

|e't"A‘"un - u0|L2 —0 asn— oo.
The proof of this assertion is completely analogous to (and easier than) the proof of The-
orem 2.9.

For the rest of this section let g > 0 and (fe)cc[o,eo) Satisfy hypothesis (A2). Write
for me g, .

Before stating our next convergence result let us note that there is a positive real
constant C; such that for all e > 0, 7 > 0 and u € L%(Q2)

(3) le™ < ule < (Crr™ /2 +1) [u|2.
Moreover, for all u € L2(12)
(4) le= 40Tl < (C1r™Y2 + 1) |ul 2.
We will need these estimates in the proofs to follow.

We can now state our second convergence theorem:

Theorem 2.11. Let (eép)nen and (tn)nen be arbitrary sequences of positive numbers con-
vergent to zero. Moreover, let ug € HL(Q) and (un)nen be a sequence in H(2) such
that

|up — ugle, =+ 0 asn — oco.

Then
Iunwentn - uolen —+0 asn — oco.
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Proof. We may assume that ¢, < 1 for all n € N. For every ¢ € ]0, 1] we have

¢
Un T, t — Uy = e tAeny, + / e~ (t=5)Aen (fen (unme, 8) — fe,(ug)) ds
0

t
+/ e~ (t=9)Aen fen(ug) ds — ug.
0

Therefore the estimate (3) implies that

t
UnTre, t — “0|e,. < Ie"m‘"“nlen +/ CLL((t - s)—1/2 ot 1)|'u,n7r€ns - uo|, ds
0

t
+ [ 6 =972 + Dl el + o],
0

By hypothesis (A2)2 we have that the sequence fe, (ug), n € N, is bounded in L?(Q2).
Since the sequence (|unle, )nen is bounded there is a positive real constant Cy such that
for all n € N and every t € ]0, 1]

¢
lunﬂent - u0|€ <Cy+ 02/ (t- 8)—1/2|un7r€n3 — “Ole ds.
n 0 n
Thus an application of Henry’s Inequality ([24], Lemma 7.1.1) implies that

t
|un7r€nt - uolen < Cy+ C’z/o p(t — s)ds,

where ©
RO oYL
with B := 1/2. The function p: ]0,00[ = ]0, oo[ is well defined and continuous on ]0, oo[
and it satisfies the estimate
p(z) < Coz™ 24+ C3 forze 10, 1],

where Cj3 is a constant. It follows that there is a constant M such that for all n € N and
every t € ]0,1]

lu,ﬂrent - uolen < M.
It follows that for all n € N and every s with 0 < s <1

|[fen UnTre,S)|12 < fen (UnTe, 8) — fea(u0)|L2 + | fen (u0)|22 < LM + |, (uo)|z2 < Cy

for some constant Cj4. Since

tn
UnTe, tn — U = e~ ndeng, —yg + / g~ (tn—8)Aen fen (UnTe, 8) ds
0
we conclude that

tn

[untrest= = ol < ™ nun — uo|, +Cs / (tn — ) 7/*ds
0

for some constant C;. Now an application of Theorem 2.9 completes the proof of the
theorem. 0
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Remark 2.12. Let (€p)nen and (tn)nen be arbitrary sequences of positive numbers con-
vergent to zero. Let ug € L2(2) and (un)nen be a sequence in L2(R2) converging to ug in
L?(Q). Then

lu,nrentn - u0|L2(m —+0 asn— oco.

The proof of this assertion is analogous to (and easier than) the proof of Theorem 2.11.

We can also state the following generalization of Theorem 5.1 in [33]:

Theorem 2.13. Let (ep)nen be an arbitrary sequence of positive numbers convergent to
zero. Moreover let t € ]0,00[ and (tn)nen be a sequence in ]0, 00| converging to t. Finally,
let ug € HL() and (up)nen be a sequence in H'(Q) such that

|un —ug|gz + 0 asmn — oo.

Then
|un7r€ntn — umrotlen —+0 asn— oco.

Proof. We modify the initial part of proof of Theorem 5.1 in [33] and therefore use the
notation of that proof: write |- |, := |- |e,, An = 4Ae,, 4 1= Ag, Ty := 7, ™ := T and
u := ug. Let b € [0,00[ be arbitrary with ¢, € ]0,b], n € N, and ¢ € ]0,b]. For every
t € [0,b] we have, by the variation-of-constants formula,

UpTpt — unt = e‘A"tun = g Aby L
t t
/ g Anlt-2) (fe,. (upmps) — fe, (u7rs)) ds +/ (e_A"(t_’)fen (ums) — e_A(t_’)fo(mrs)) ds.
0 0
Define the function g : [0,b] x [0,56] — R as follows: If 0 < s < ¢ then set
gn(t,8) = e~ A=) £ (ums) — =482 fy(ums)|n

and set g, (¢, s) = 0 otherwise. The function gy, restricted to the set of (s,¢) with0 < s <t
is continuous. Thus g, is measurable on [0,b] x [0,b]. By Fubini’s theorem the function

b t
nlt) = /0 gn(t, 5) ds = /O gnlt, 5) ds

is a.e. defined and measurable on [0, b]. Set
an(t) := |e~Antu, — e~ Atu|, +cn(t) for t €]0,]

and a,(0) := 0. It follows that a, is measurable on [0, b]. Using the estimates (3) and (4)

we obtain
lgn(t,3)] < 2C2(Ci(t —s)" 2 +1) for0<s<t

where

Cy := max{ sup sup|fe,(ums)|rz, sup |fo(ums)|r2}.
s€[0,b] nEN s€[0,b]

Note that, by hypothesis (A2)
|fen(ums)|p2 < |fen (ums) = feu (W)|L2 + [ fen(u)|r2 < Llums — uln + | fen (u)|r2 < M

for some constant M < oo, independent of n € N and s € [0, b]. Similarly, we may assume
that

|fo(ums)|L2 < M, s € [0,0].
This shows that Cy < oo.
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The remaining part of the proof is now almost identical to the corresponding part of
the proof of Theorem 5.1 in [33] and so we omit it here. O

We thus obtain the following corollary:

Corollary 2.14. Let (€p)nen be an arbitrary sequence of positive numbers convergent to
zero. Moreover let t € [0,00[ and (tn)nen be a sequence in [0, 00[ converging to t. Finally,
let ug € HX(Q) and (up)nen be a sequence in H' () such that

|up — ugle, =0 asn— oco.

Then
lunwentn - umrotle" —+0 asn — oco.

Proof. We may assume, of course, that all numbers ¢,, are positive. If ¢ = 0, then the
assertion follows from Theorem 2.11. If¢ > 0, the assertion follows from Theorem 2.13. O

We also need the following

Proposition 2.15. Let (€,)nen be an arbitrary sequence of positive numbers convergent
to zero. Moreover, let (tn)nen be a sequence in [0, 00[ converging to oco. For every n € N
let op: [—t,,0] = H'(2) be a solution of . Assume that there is a C € [0, 00[ such that

lon(t)le, < C for alln € N and t € [—t,,0].

Then there erists a subsequence of (0n)neN, denoted by the same symbol (op)nen, and
there is a full left solution o: |]—o00,0] — H}(Q) of mo, such that for every t € |—o0,0],

lon(t) — o(t)le, =0 asn — oo.
Remark 2.16. Note that for every t € |—o0,0], there is some ng with —t, < t for all
n > ng, so the sequence (o,(t)) is well defined for n > nyg.

Proof. The proof of this result is completely analogous to that of Corollary 5.2 in [33]. We
therefore omit the details. O

Note that, for every fixed e > 0, the space H'(f2) is a Hilbert space under the scalar
product

(u1 U)G = a€(u7 1)) e (ua 'U), u,v = Hl (Q)
Since H}(2) is a closed subspace of H'(f2), there is a map
Qe: HI(Q) - HI(Q)

which is the orthogonal projector onto H}(f2) with respect to the scalar product (-,-)e.
This projector will play a crucial role in the sequel. Note that, for every u € H(f),

[ul? = |Qeul? + |(7 — Qe)ul?,
where, as usual, I is the identity map on H'(f).

Remark 2.17. If Q is a product domain, i.e. if Q =U xV withU CRM and V C RV,
and if & denotes the measure of V then, as it is easily proved, the projector Q. has the
ezplicit form

(Qeu)(z) = %/ u(z,y)dy, foru € H'(Q) and z € U
v
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i.e. Qe is the mean-value operator with respect to the variable y € V. No such ezplicit

form of Q. is known for general domains §.

Definition 2.18. Given a subset V of HL(), n > 0 and € > 0, define the ‘inflated’
subsets V[, and [V]e, of HY(2) as follows:

WVlen ={u€H(Q) | Qu €V and |(I - Q)u| <7},
Vlen :=={u€ H(Q) | Qu eV and |(I - Qe)ule <n}
Lemma 2.19. Let V be a subset of HL(2). Then for every e >0 and n > 0
cle[V]en = [clV]ey-
Proof. Since [c1 V], is closed in H'(f2), we obtain that cl¢]V[., C [c1V],. Conversely,

let u € [c]V]¢y. This implies that Qcu € c1V and I(I - Qe)u|€ < 7. Therefore there exists
a sequence (Wp)neN, Wy € V, such that

|wn—QeulHl—>O as n — 0.

Define
n
zn = — Qe)n+ TU and vy, := w, + 25,.
It is clear that v, € ]V[¢y and |v, — u|, — 0 for n — co. The lemma is proved. O

The following result is an immediate consequence of Proposition 2.15 and the proof of
Corollary 5.2 in [33]:

Lemma 2.20. Let S be a closed bounded set in H}(2), n > 0 and (€,)nen be a sequence of
positive numbers converging to zero. For every n € N let on: Jp, — [S]e, n be a solution of
Ten- If Jn =R for every n € N (resp. if J, = [—1p,0], n € N, where t, — 00), then there
is a subsequence of (0n)neN, again denoted by (on)nenN and there is a solution o: R — S
(resp. o: |—00,0] = S) of my such that for every t € R (resp. every t € |—o0,0])

lon(t) — o(t)]e, =0 asn — 0
s0

|Qenon(t) — ()| — 0 and |(I — Qc,)on(t)|e, = 0 as n — oo.

3. A CONLEY INDEX CONTINUATION THEOREM

In this section, we will state our basic Conley index continuation theorem for thin
domain problems. The proof of this theorem will be given in the Appendix.

We will first review some basic definitions and results concerning the Conley index
theory for semiflows defined on a metric space. The reader is referred to [37] or [39] for
the proofs of several of the results stated below and for further details on the subject.

Given a topological space Z and an arbitrary set Y, we define the quotient space Z/Y
as follows: fix an arbitrary p ¢ Z. Define the set Z/Y as

Z|Y :=(Z\Y)U{p}
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and the map ¢q: Z — Z/Y as

z fze€eZ\Y,
q(z) = .
p otherwise.

We commonly write [z] instead of g(z). We also write [Y] instead of p.

Call a subset V of Z/Y open in Z/Y if and only if g~' (V') is open in Z. This defines a
(quotient) topology on Z/Y. Note that if Y N Z # 0, then g is a (surjective) identification
map. f Y NZ =0, then Z/Y = ZU {p} and V C Z/Y is open in Z/Y if and only if
VNZis openin Z.

For the rest of this section, unless specified otherwise, let X be a metric space and let
7 be a local semiflow on X.

Suppose that Y is a subset of X. We define the following subsets of X:
AF(Y) :={u€e X |ur[0,w,[C Y},
AZ(Y) :={u € X | there exists a solution o: |—00,0] = X through u with
o(]-00,0]) CY },
An(Y) :=AF(Y) N AZ (Y).

A subset Y of X is called invariant (respectively positively invariant, respectively neg-
atively invariant) relative to m if Y = Ap(Y) (respectively Y = A} (Y), respectively
Y = A7 (Y)).

Let N be a closed subset of X such that K := A (N) is closed and K C Int N. Then N
is called an isolating neighborhood of K relative to m and K is called an isolated invariant
set relative to .

Let B C X be a closed set and u € dB. The point u is called a strict egress (respectively
strict ingress, respectively bounce-off) of B, if for every solution o: [—d;,d2] = X through
u, with §; > 0 and d2 > 0, the following properties hold:

1. There exists an €3 € ]0, §2[ such that o(t) ¢ B (respectively o(t) € Int B, respectively
o(t) € B), for t € ]0, €3].

2. If 6; > 0, then there exists an € € ]0,d;[ such that o(t) € Int B (respectively
o(t) € B, respectively o(t) € B), for t € [—€1,0[.

The set of all strict egress points (respectively strict ingress, respectively bounce-off) of
the closed set B will be denoted by B¢ (respectively B?, respectively B%). A closed set
B C X is called an isolating block, if 3B = B¢ U B U B® and B~ := B¢ U B® is closed.

Let N be a closed subset of X. Then N is called strongly w-admissible if the following
properties are satisfied:

1. Whenever urt € N for all ¢t € [0, wy[ then w, = oo.

2. Whenever (un)nen is a sequence in X and (¢,)nen is a sequence in [0, oo[ such that
tp = 00 as n — o and u,7[0,t,] C N for all n € N, then the sequence (u,mt,)neN
of endpoints has a convergent subsequence.

Theorem 3.1. Let K be an isolated w-invariant set and N be a strongly m-admissible
isolating neighborhood of K. Then there erists an open set V such that B := clV is an
isolating block such that K CV C B C N and 8V = 0B.
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Proof. By Theorem 5.1 in Chapter 1 of [39] there exists an isolating block B’ such that
KCIntB'CB'CN. Set V:=IntB' and B :=clV. It is easily verified that B :=clV
is an isolating block such that K C V C B C N and 8V = 0B. a

Let N, Y be subsets of X such that Y C N. The set Y is called N-positively invariant
relative to m, if whenever u € X, t > 0 are such that um [0,f] C N and u € Y, then
ur [0,¢] C Y.

Definition 3.2. Let N be a closed set in X and Ny and Ny be closed subsets of N. The
pair (N1, Na) is called a pseudo-index pair in N if:

1. Ny and Ny are N -positively invariant;
2. whenever u € Ny and unty € N for some tg € [0, 00[, then there ezists a t' € [0, o]
such that um [0,t'] C N and unt’ € Ny.

A pseudo indezr pair (N1, N3) in N is called an index pair in N if A;(N) is closed and
Ax(N) C Int(N; \Nz)

An isolating block B determines a special index pair in B, namely (B,B™).

Let K be an isolated invariant set, N be a strongly m-admissible isolating neighborhood
of K and (N;,N3) be an index pair in N. Then the homotopy type of the pointed
space (IN1/Na,[Nz]) depends only on the semiflow 7 and the isolated invariant set K (see
Theorem 10.1 in [39]). The Conley indez, h(m, K), of the isolated invariant set K with
respect to 7 is defined to be the homotopy type of (N1/Na, [N3]).

Remark 3.3. If N is a strongly m-admissible isolating neighborhood relative to w, we will
sometimes write h(m, N) to denote h(m, Ax(N)). This will not lead to confusion.

The following result is obvious:

Proposition 3.4. Let m and 7 be local semiflows on the metric space X. LetY be a
subset of X on which m and 7 coincide. Suppose N 1is closed in X and N CY. Then
Ar(N) = A (N). Moreover, N is a strongly admissible isolating neighborhood relative to
7 if and only if N is a strongly admissible isolating neighborhood relative to ©' and in this
case

h(w, N) = h(x', N).

We can now state the main result of this section:

Theorem 3.5. Let €9 > 0 and (fe)ec[o,eq) b€ a family of maps satisfying hypothesis (Al).
Let N be a bounded isolating neighborhood for my s,. Then for every n > 0 there ezists an
€ = €°(n) > 0 such that for every € € |0, €°] the set [N]e, is a strongly admissible isolating
neighborhood relative to me s, and

(5) h‘(7r€,f¢a [N]G,TI) = h’(TrO,foa N)~

Theorem 3.5 can also be reworded in terms of the semiflows 7, 7 generated by the
original reaction-diffusion equations on the squeezed domains 2:

Theorem 3.6. Let €9 > 0 and (fe)ecjo,eo) be a family of maps satisfying hypothesis (Al).

For € > 0 define fo: H' (%) = L*(Q) by fe := @ o feo®.. Let N be a bounded isolating
neighborhood for mg f,. Then for every n > 0 there ezists an € = €“(n) > 0 such that for
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every € € )0, €] the set @' ([N]e,n) is a strongly admissible isolating neighborhood relative
to 7, ; and

h’(ﬂe f ) 6_1([N]€,17)) = h(WO,foaN)’

Proof. The isomorphism ®, conjugates the local semiflow 7 of. to the local semiflow ¢, .
Thus whenever S is a strongly admissible isolating nelghborhood with respect to e f,,
then ®.~!(S) is a strongly admissible isolating neighborhood with respect to 7 s and

h(Me s, S) = h(i, 7., Bc~1(5):
Now Theorem 3.5 completes the proof. O

Theorem 3.5 yields the following corollary, which was stated, somewhat less precisely,
in the Introduction:

Corollary 3.7. For everyn > 0 the family (Kep)ec(o,ec(n)] of invariant sets, where K¢ p =
Ar ([Nlen), € €10,6(n)], and Ko, = Ko := Ago(N), is upper semicontinuous at € = 0
with respect to the family | - | of norms. In other words,

lim sup inf |u—v|c=0.
e—0t u€Ke vEKop

Proof. If the corollary is not true, then there are numbers 5 and 8 > 0, a sequence ¢, — 0%
and a sequence u, € K, », n € N, such that

inf - > 8.
veKolun v‘e B

For every n € N let 0,: R — [N]c,, be a solution of m, with 0,(0) = u,. Using
Lemma 2.20 we may assume that whenever ¢t € R, then |o,(t) — o(t)|, = 0 as n — oo,
where o: R — N is a solution of mp. In particular, |u, — v|,, = 0 as n — oo where
v := 0(0) € K. This is a contradiction, which proves the corollary. a

Theorem 3.5 will be proved in the Appendix. In the next section we discuss a few
applications of this result. More applications will be given in a forthcoming publication.

4. APPLICATIONS

4.1. Connection lifting. Until further notice assume that o > 0 and that (fe)eco,eq]
is a family of maps satisfying hypothesis (Al). Write m¢ := ¢, for € € [0,€). Using
Theorem 3.5 we will show in this subsection that, under certain hypotheses, heteroclinic
orbits of the limit semiflow 7y can be ‘lifted’ to the semiflows 7, and thus, by conjugacy,
to the corresponding semiflows 7. on the squeezed domains 2, for € > 0 small. We first
treat an abstract problem and then apply the results obtained to an equation considered
by Fiedler and Rocha.

Proposition 4.1. Suppose that the local semiflow my is gradient-like with respect to a
Liapunov function Vy: H(2) = R. Assume also that N, N' and N" are bounded isolatz'ng
neighborhoods with respect to 7r0 with NNNN" =0, NNUN" C N and there are points u'
and u" such that Vo(u') > Vo(u"), {v'} = Ar,(N') and {u"} = An(N"). Finally, assume
that

(6) h(mo, N) # h(mo, N') V h(mo, N")
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and there are no equilibria of mg lying in N\(N'UN"). Then there is a solution og: R — N
of my with {u'} = a(oy) and {v"} = w(oy).

Remark 4.2. Recall that, given a metric space X and an arbitrary map o: R — X, the
a-limit set a(o) (resp. the w-limit set w(c)) of o is defined as the set of all points € X
for which there is a sequence (tn)nen in R with t, — —oo (resp. t, — 00) as n — oo such
that o(t,) = z as n — oo.

Proof. From (6) we see that there is a solution gg: R = N of my with ao(R) ¢ N' U N".
Since g is gradient-like, it follows that a(og) and w(og) are nonempty sets of equilibria
of mg. Our assumptions imply that the only equilibria of my lying in N are ' and u”".
In particular, o¢ is a nonconstant solution, so Vj is strictly decreasing along 0. This
concludes the proof. O

Using Theorem 3.5 we can, in some sense, ‘lift’ the connection og to the semiflows e,
for € > 0 small:

Theorem 4.3. Assume the hypotheses of Proposition 4.1. In addition, suppose that for
some €9 > 0 and every € € |0,¢€q] the local semiflow 7, is gradient-like with respect to a
Liapunov function V,: H'(2) =& R. Assume that whenever €, — 0%, (up)nen 4 a sequence
in H(Q) and |up — ugle, = as n — oo, where ug € HL(Q), then V., (un) = Vo(uo) as
n — 0o. Then for every n > 0 there is an €" > 0 such that for every € € )0, €"] there ezists
a solution oc: R = [N, of me such that a(oe) C [N']e, and w(oe) C [N"]eq-

Proof. Choose numbers 7y; and -y, such that
Vo(u") <m < 72 < Vo(u').
Given 1 > 0, Theorem 3.5 implies that there is an €” > 0 such that for € € ]0, €]
h(me, [N]e,n) = h(mo, N)
(7) h(me, [N']e;n) = h(mo, N')
h(me, [N"]e,n) = h(mo, N")
and so there exists a solution o¢: R — [N], of 7 such that o¢(0) € [N \ (N UN")]eq-

An application of Proposition 2.15 shows that we may also assume that for € € ]0, €]
there are no equilibria of 7 lying in [V \ (N’ U N”)]¢5. This implies that

a(oe) Uw(ae) C [N']e UIN"]eq
and so
a(0e) Uw(oe) C A ([N']ep U [N"]e,n) == Am([Nl]e,n) U Am([N"]e,n)
for € €]0,€7]. The latter equality follows since N’ and N” are disjoint.
Using Proposition 2.15 again we may assume that
Ve(uy) <m <72 < Ve(uy)

whenever € € ]0,€"], ul € Ar ([N']ey) and ul € Ar ([N"]¢y)- By the same token, we may
assume that for every € € ]0, €"] there is a t. such that 71 < Ve(oe(te)) < 2. We also have

Vc(uél) < Ve(oe(te)) < Ve(u;)
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whenever ¢ € |0, €”], u. € a(o,) and u” € w(oe). Thus whenever € € ]0,¢"] and v, € a(oe)
then for every ul € Ay, ([N"]c,) we obtain that

Ve(ue) <m < Ve(oe(te)) < Ve(ue)

so u, ¢ A ([N"]en). Hence a(oe) C Ag([N'ley)- Similarly we prove that w(oe) C
Az ((N"]en)- L]

Assuming hyperbolicity, we can refine the results of Theorem 4.3. To this end, we need
the following result:

Proposition 4.4. Assume that for every € € [0,¢y] the map f. is Fréchet differentiable.
Moreover, suppose that, whenever ug, v € H}(2), en = 0% as n — 0o and (up)nen is a
sequence in H'(Q) with |up, — ugle, = 0 as n — oo, then

|D fe, (un)v — D fo(up)v|zz = 0 as n — oo.

Let ug be a hyperbolic equilibrium of mg and N be a bounded isolating neighborhood of
{wo}. Then for every n > 0 there is an €, = €1(n), 0 < €1 < €, such that for every
€ €10, ¢€1] there is only a finite number of equilibria of m in the set [N]e, and all of them
are hyperbolic.

Proof. In view of Proposition 2.8 it is not restrictive to assume that the family ( fe)eE[O,eo]
satisfies hypothesis (A2). Let n > 0 be arbitrary. We claim that for € > 0 small, every
equilibrium of 7, in the set [N], is hyperbolic. If the claim is not true, then we obtain a
strictly decreasing sequence €, — 0% and a sequence u, € [N]e,n, n € N, such that uy, is
a nonhyperbolic equilibrium of 7. It follows that for every n € N there is a v, € D(A,,)
with |vp|e, = 1 and

Ae 05 = Do lus ).

For € € [0, ¢g] define F, := D f(u,) if there is an n € N with € = €, and set F := D f(uq)
otherwise. Since |up — ugle, — 0 as n — oo it follows that the family (Fe)cc[o,e,) Satisfies
hypothesis (A2). Since on(t) = v, is a solution of 7, r, for every n € N, we may use
Proposition 2.15 and assume, taking a subsequence if necessary, that |v, — vgle, — 0 as
n — 00, where vg is an equilibrium of mp g,. It follows that |vg|p1 = 1 and

Agvo = D fo(uo)vo-
Thus ug is not hyperbolic, a contradiction, proving our claim. Since for € > 0 small, every
equilibrium of 7, in the set [N]¢, is hyperbolic and since the largest m-invariant set in
[Nle,n is compact, it follows that there can be only a finite number of equilibria in [NV] ;.
This proves the proposition. O

Combining Theorem 4.3 and Proposition 4.4 we arrive at the following

Corollary 4.5. Assume the hypotheses of Theorem 4.3. In addition, suppose that for
every € € [0, €] the map fe is Fréchet differentiable and that

'D fe, (un)v — D fo(ug)v|g2z = 0 as n — oo

whenever ug, v € H}(Q), €, = 07 as n — 00 and (up)nen 8 a sequence in H'(Q) with
|un — ugle, = 0 as n — oo. Finally, assume that the equilibria u' and u” are hyperbolic.
Under these assumptions, for every n > 0 there is an € > 0 such that for every € € |0, €"]
there ezists a solution oc: R — [N and hyperbolic equilibria u, € [N']c , and u! € [N"]¢,
of me such that {u.} = a(oe) and {ul'} = w(oe).
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For the rest of this subsection suppose that M = 1s0 2 C RxRY andlet P: RxRY — R
be the projection onto the first coordinate. Define J := P(2). Suppose also that 9 has
connected vertical sections, i.e. that for every = € J the z-section

Q:={y eRY | (z,y) € 2}

is connected.

For every z € J let p(z) > 0 be the N-dimensional Lebesgue measure of the vertical
section 2,. Define the space

H,:={v|v: J = R and p'/% € L*(J)}.

This is a Hilbert space under the scalar product (u,v)q, = [; puvdz.

Furthermore, define the space

V,:={v€H,| v €Lk (J) and p'/?' € L?(J)}.

This is a Hilbert space under the scalar product (u,v)y, = [; puvdz+ [; pu'v’ dz. If p and
1/p are bounded on J, then H), is isomorphic to L?(J) and V,, is isomorphic to H!(J). An
obvious modification of the proof of Proposition 3.6 in [34] shows that a function u: 2 — R
lies in L2(9) if and only if there is a function @: J — R such that u(z,y) = i(z) a.e. in
Q and p'/2@ € L?(J). The assignment u ++ @ defines an isomorphism ®: L2(Q) — Hp.
Moreover, ®(H;(2)) =V, and ®| g1 (q) is an isomorphism of H;(Q2) onto V.

A modification of the proof of Theorem 6.6 in [33] yields a characterization of the
operator Ag. In fact, u € D(A4g) C H}(2) and Agu = w € L%(Q) if and only if, defining
@ := ®(u) € V, and @ := ®(w) € Hp, we have that

1. The distributional derivative (p@')’ of pd' is an L (J)-function with (p@')’ = —pi;

2. (pt')(z) =0 for z € 3J.

Assume that p(z) > ¢ > 0 on J and p € C3(clJ). It follows that u € D(Ag) and
Agu = w if and only if the functions % := ®(u) and @ := ®(w) are such that u € H%(Q2),
@'(z) =0 for z € 8J and w = —u" — p'@’/p a.e. in J.

Let f: RxRxRY xR = R, (,z,y,u) — f(€,z,y,u) be a function of class C? for

which there are constants 3, v and C € [0, oo[ such that for all (¢, z,y,u) € RxRxRN xR
the following estimates are satisfied:

L. |0cf(e,z,y,u)| < C(L+ |u|/5)v

* |Vyf(67 z, ya u)' S C(l + |u|ﬁ)’

- [0uf (€, 2y, u)| < C(L+ [ul"),

- |0e0u f (€, z, ya“)| 201 F |"'ﬁ)a
5. |Vy6uf(e,z, y,u)l < C(l =} |ulﬂ)7
6. |0u0uf(€,z,y,u)| < C(1+ [u]7).

If n:= M+1 > 2, we also assume that 8 < 2*/2 and v < (2*/2)—1, where 2* := 2n/(n—2).
Given € > 0 and a function u: € — R define the function fi(u): @ — R by
fe(u)(z,y) := f(e z, ey, u(z,y)) for (z,y) € Q.
Lemma 4.6. The following conditions are satisfied:

1. Ifue HY(), then f(u) € L*(Q).

= W N
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2. The family ( fe)ee[o,l] of maps satisfies hypothesis (Al).
3. For every € € [0, 1] the map fe is Fréchet differentiable and

lDfen(Un)U = Dfo(uo)U|Lz —0asn— o0

whenever uy, v € H(Q), €, = 07 as n — oo and (un)nen 18 @ sequence in HY(9)
with |up, — ugle, = 0 as n — oo.

Proof. Assertions 1 and 2 follows from Proposition 2.6. The proof of that proposition,
using the estimates on 0.0, f, V,0,f and 3,0, f yields assertion 3. a

Define the function F: R x R x RV xR — R by
8
F(e,z,y, ) :=/ f(e,z,y,r)dr for (e,z,y,s)ERxRxRN xR
0

An easy calculation shows that for every e > 0 the semiflow 7 := 7z is gradient-like
- with respect to the Liapunov function V;: H'(Q) — R defined by

Ve(u) == (1/2)ae(u,u) — /nF(e, z, ey, u(z,y)) dz dy, for u € H'(Q).

Moreover, the semiflow 7y := T, o is gradient-like with respect to the Liapunov function
Vo: H(Q2) — R defined by

Vo(u) == (1/2)ag(u,u) — /QF(O, z,0,u(z,y)) dz dy, for u € H}(Q).

It is easily seen that whenever ¢, — 0, (un)nen is a sequence in H'(£2) and |up, — ug|, —
as n — oo, where ug € H}(Q), then V,_ (u,) = Vo(uo) as n — oo.

Furthermore, it is clear that the isomorphism |1 q) conjugates the semiflow g to the
semiflow 77y generated by the following scalar semilinear parabolic equation with Neumann
boundary conditions:

(8) Ut = ligg +p'tiz/p+ £(0,2,0,4), t>0,z€J,

iz =0, t>0,z € dJ.
Therefore Proposition 3.2 in Chapter 2 of [39] implies that a set IV is a strongly admissible
isolating neighborhood with respect to mg if and only if IV := ®(N) is a strongly admissible
isolating neighborhood with respect to 7o, and, in this case, Az,(N) = ®(Ax,(N)) and
h(mo, Ary(IN)) = h(7o, Azy(N)).-

Notice that the equation (8) satisfies the hypotheses of [14].
Therefore, we obtain the following result:

Theorem 4.7. Let p and f satisfy the above hypotheses. Assume @' and 4" are hyperbolic
equilibria for the equation (8) such that h(7o, {#'}) = &) and h(#g, {@"}) = &) with
i(d') = i(@") + 1. Moreover assume that the connections from @' to 4" are not blocked in
the sense of [14].

Under these assumptions there ezist bounded isolating neighborhoods N, N' and N"
with respect to my with N'NN" = (@, N'UN" C N such that {®~'(@')} = Az (N') and
{@~Y(@")} = Ary(N"). Furthermore for everyn > 0 there is an €” > 0 such that for every
€ € ]0,€"] there ezists a solution oc: R — [N]c, and hyperbolic equilibria u; € [N']¢, and
ul € [N"]en of me such that {ul} = a(oe) and {u} = w(o.).
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Proof. Lemma 1.7 in [14] and the remarks preceding the statement of this theorem imply
that the hypotheses of Proposition 4.1 hold. Note that the conditions of Theorem 4.3 are
also satisfied. Therefore the result follows from Lemma 4.6 and Corollary 4.5. O

4.2. Monotonicity. Now recall that, given € > 0, we denote by (A ;)jen the repeated
sequence of eigenvalues of the operator A..

As it was proved in [33], for every j € N the family ()¢ ;)e>o is monotone decreasing
and converges to Ag;. Note that, A¢; = 0. On the other hand, if j > 2, then, as we
will prove now, the family (A¢;)e>0 is strictly monotone decreasing in many cases. We
begin with the following result, which gives a necessary and sufficient condition for strict
monotonicity of a given family (A j)e>o of eigenvalues:

Theorem 4.8. 1. Suppose that there is a 7 € N and there are numbers 0 < ez < €,
such that A, j = Ae,,j- Then there is a w € HY(), w # 0, such that

(9) (Vw, Vo) = Mw,v) for all v € H(Q),

where A = A, ;-

2. Conversely, if there exist a A € R and a w € H(Q), w # 0 such that (9) is satisfied,
then there is a unique 7 € N with A = Ao < Ag,r41. Furthermore, there is an g > 0
with the property that

Aer =X for all € € [0, €]

Proof. Assume the hypothesis of the first part of the theorem. Let E be the (j-dimensional)
subspace of H'(f2) spanned by the vectors we,x, K = 1, ..., j. Then, by the min-max
principle,

ae, (u,u)
GE\{O} (u,u) -

Hence there is a w € E, (w,w) = 1, such that

AE1 yj o

Aer,j < @ (w,w) = ag, (w,w) — (% - é) (Vyw, Vyw).
Now
e, (w, w) Z/\ezk|wwezk)| .
We also have

' J
Aez,j = Aéz,.'i(w’w> = ez, Z |<w7w€2,k)'

Since A, ; = Ae, j We obtain

1 1
ez,JZ I(w Wey,k I < Z’\fz,kl W, Wey ,k | - (g - E) (Vyw’ Vyw),

ie.
d i 11
Z €2,j — Aea,k )[(w, 'wez,k)l < - == (Vy'w,vy'w).
2 1

k=1
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Since the left-hand side of this inequality is nonnegative while the right-hand side is
nonpositive, both sides must be equal to zero. This implies, on the one hand, that
(Vyw,Vyw) = 0 so w € H}(Q2) and, on the other hand, that (w,we,;) = 0, when-
ever Ae,j — Ae; k > 0. Thus w lies in the eigenspace of the eigenvalue A (with respect to
the pair (ae,,b)). In other words, for all v € H'(Q),

1
(Vw, Vv) = (Vw, Vev) = (Vow, Vo) + 6—2-(Vyw, Vyv) = Aw, v).
2

This proves the first part of the theorem. Now assume the hypothesis of the second part
of the theorem. Since w € H}(R) it follows that for every € > 0

ae(w,v) = (Vw, Vo) = Nw,v) for all v € H().

Thus for every € > 0 the number A is an eigenvalue of the operator A.. In particular, let
r € N be the largest number with A = Ag,. Then Agr < Ag,r4+1 S0 there exists an g > 0
such that A = Ao < A¢r41 for € € |0, ¢g]. This implies that, for every € € |0, €g], we have
that A, = ), since otherwise

Ae,r <A< /\e,r+1

so A is not an eigenvalue of A, a contradiction. The theorem is proved. O

The following result implies that strict monotonicity of all the families (A j)e>0, 7 > 2, is

an open dense (and so generic) property with respect to C'-perturbations of the boundary
of Q:

Theorem 4.9. Suppose that there is a nonempty open set J in RM and there are disjoint
open sets U and U’ in RM x RN such that QN (J x RY) = U UU’, and for every z € J,
the vertical section

Uz:={y|(z,y) €U}

18 nonempty and connected. For z € J let p(z) > 0 be the N-dimensional Lebesgue
measure of the vertical section U,. Assume that p € C'(J) and Vp #Z 0. Then for every
J € N with j > 2 the family (A j)e>0 18 strictly monotone decreasing.

Proof. If the theorem is not true, then, by Theorem 4.8, there isa A € R, A # 0 and a
w € HY(Q), w # 0, such that

(Vw, Vo) = Mw,v) for all v € H(R).
By the usual regularity theory it follows that w is real analytic on Q2 and Aw(z,y) =
—Aw(z,y) for all (z,y) € Q. Since w € H}() it follows that Vyw(z,y) = 0 for all
(z,y) € Q. Since U, is connected for all z € J it follows that there is a function w: J — R
with @(z) = w(z,y) for all (z,y) € U. This immediately implies that W is real analytic
on J and
(10) Azwi(z) = —dw(z) for z € J.
Now given 9 € C§°(J) define the function v: 2 — R by

_Jo(z) if (z,y) €U,
U0 = {O otherwise.
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Using our assumptions it is easy to prove that v € C*°(2) with V,v = 0 and

Vi(z) if (z,y) €U,
0 otherwise.

Veu(z,y) = {

Thus v and Vv are bounded on € and so v € H'(Q).

We therefore obtain
(Vw, Vo) = / Vw-Vvdzdy = /p(:v)Vu")(x) - Vi(z)dz
U J
= - / p(z)o(z)Aw(z)dz — / 9(z)Vp - Vo dz
J J

— /, L)) — / $(o)¥p= b
J

On the other hand,

(Vw, Vv) = Mw,v) = )\/Uwv dzdy = A/Ip(z)ﬁ(x)mﬁ(x) dz.
This shows that
/ §(&)Vp-Vadz=0 frallscCP(J)
80 !
Vp-Vwo=0 onJ.
Since Vp # 0 it follows that for some nonempty open connected subset J' of J,
Vii(z) =0 on J'.
Hence 0 is constant on J'. Since A # 0, formula (10) implies that w(z) =0 on J' so
w(z,y) =0 for (z,y) € ' :=UN(J xRY).

Since J' is nonempty and U, is nonempty for every = € J, it follows that ' is nonempty.
Since w is analytic, it follows that w = 0, which is a contradiction. The theorem is
proved. O

4.3. Bifurcation at resonance. For the rest of this subsection, supposethat M = N =1
50 2 C R xR andlet r €N, r > 2, be such that Ao, < Agr+1. Consider the following
hypothesis:

(HR) f: R — R is a function of class C? such that f(0) =0, f’(0) = Xo,» and there are
constants p and C € ]0, oo such that

If"(s)] < C(Isl + 1)
for all s € R
The following result is well-known, cf. Theorem 5.3 and Proposition 5.5 in [33]:

Lemma 4.10. Let f satisfy hypothesis (HR). Then
1. fov e L*(Q) whenever v e H(Q).
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2. The Nemitski operator f: H'(Q) — L%(Q) given by

flw)=fou
is well-defined, Lipschitzian on bounded subsets of H'(S2) and it maps bounded subsets
of HY(Q) into bounded subsets of L?(f2). Moreover, f(HL(Q)) C LA(9).
3. f is Fréchet differentiable and
Df(v)(w) = f'(v) - u
for all v and for all u in H(Q).
4. Df is continuous and Lipschitzian on bounded subsets of H ().

For the rest of this subsection assume hypothesis (HR) and suppose that
(11) H}(R) C L*(Q) with continuous inclusion.

This latter property is satisfied, e.g., if {2 is a nicely decomposed domain in the sense
defined in [33].

We write me := m_; for € > 0. Since f(0) = 0, the set Ko = {0} is an invariant set
for 7, for € > 0. We will prove in this subsection that, under appropriate conditions,
there is a family u,, of nontrivial equilibria of 7, € > 0 small, bifurcating from the trivial
equilibrium 0 of mg. The precise statement is given in Theorem 4.15. Our main tool will
be Theorem 3.5 and the Conley index product formula introduced in [38] or Chapter 2 of
[39]. To set up the framework, define

L:=Ag— oI
Recall that (wp,j)jen is a complete orthonormal system on L2((2).
Define the following linear subspaces of L2(Q):
X1 :=span{wog; | Ao; = Ao, }
Xy :=span{wo,j | Ao < Ao}
X3 :=clp2 span{ wo; | Ado; > Ao, }-

Notice that m := dim X; < oo, m > 1 and dim X9 = r — m. Furthermore, X;, X5 and X3
are mutually orthogonal and L-invariant subspaces of L2(£2). Moreover

(12) L}(Q) = X1 © X, ® Xs.

For each ¢ = 1, 2, 3 the restriction of the operator L to X; will be denoted by L;. Since
o(L) ={A = Xor | XA € 0(Ag) }, we have

A € o(L;) implies that A =0,
A € o(L2) implies that A < 0,
A € o(L3) implies that A > 0.
In what follows we will write e; := wor—m+j, 7 =1, ..., m, s0
X, =span{ej,...,en}.

We will also write g := f — Xo,rI. Notice that we are in the setting of Theorem 2.1 in
Chapter 2 of [39]. Therefore for each i = 1,2, 3 there exists a neighborhood V; of zero in
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X,-l/ ? := H!(92) N X; such that an m-dimensional local center manifold close to zero can
be described by a mapping

f:Vl—)V2®Vg.

Furthermore, the coordinate representation m¢ of the semiflow my on the center manifold
is the flow generated by the ordinary differential equation

(13) U+ Liu = Eyg(u +§(u)),

where u € V] and E; denotes the projection of Lg onto X; induced by direct sum described
in (12). We have the following result:

Proposition 4.11. Assume hypotheses (HR) and (11). Moreover, suppose that
(14) f(8) = Aors +as® + B(s),

where k > 2 is a natural number, a € R and B(s) = O(s**!) as s = 0. Then the following
statements hold:

1. If a < 0 and k is odd, then the set {0} is an isolated invariant set relative to m¢ and
h(mg, {0}) = £°.

2. If k is even, m = 1 and a(w{,“,,.,wo,,) # 0, then the set {0} is an isolated invariant
set relative to m¢ and

h(ﬂ'g, {0}) =0.
Proof. Notice that all norms are equivalent on the finite-dimensional space X;. Write
I¥ .= {1,...,m}* and let @ = (a1, ... , o) denote a generic element of I¥,. Recall that
X, =span{ej,ez,... ,em }.

Define the map ¢: X; — XZI/2 5] X31/2 by
¢(u) = Z (u, te)(“’ eaz) aisis <'u, €ay )] (: TP ax),
aclk,
with v(ay,... ,o) € D(Ag) and orthogonal to e; for all i = 1,... ,m to be determined
later. Obviously ¢ is of class C®. By (11) there are a constant C' and a dp > 0 such that
|p(u)(z,y)| < C’|u|’£2 for all u € X; and all (z,y) € Q. Moreover, |B(u(z,y)+¢(u)(z,y))| <
Mlulﬁil for all u € X with |u|g2 < & and all (z,y) € Q. It follows that
g(u + ¢(u)) = au® + i (u),

with |81 (u)|2 = O(|u|'z;r1) as |u|gz — 0. Consequently,

Erg(u + ¢(u)) = a(u*,e1)er + - - +a(u, em)em + Ba(u),
with fa(u) = O(Jul%$") as |u|z2 — 0. Define the map A: X; — L(Q2) by
(15)  A(u) := Dé(u) [Liu — Erg(u + ¢(u))] — Lé(u) + g(u + ¢(u)) — Erg(u + $(u)).
Notice that Lyu = 0. It is a simple task to prove that |[D¢(u) [-Eig(u + ¢(u))]|r2 =
O(|u|’l°}'1) as |u|zz — 0. Therefore

Au) = Z (u, €ay ){Us €ay) - -+ (u, eak>h(a1a e a B3 (u),

aclk,
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where

h(ai,-.. ,ar) == —Lv(ay,... ,or) + aeq, - - aX:(ea,1 . €y, €i)E
and |B3(u)|gz = O(lu|’£§f1) as |u|2 — 0. Now choose v(ay, ... , o) € D(Ap), orthogonal
to e;, for i = 1,... ,m in such a way that h(ai,...,ax) = 0. Since L = Ag — A, the
vector v(ai,... ,ar) with the above property exists and is unique. With this choice, we
have

|A(u)|z2 = O(lul5EY).
Therefore, we are in the conditions of Theorem 2.3 in Chapter 2 of [39]. In other words,
€(u) — ¢(w)| gz = O(lul5E").
Reasoning as above, we see that the reduced equation (13) on the center manifold becomes:
(16) i = Eig(u+£(u) = Erg(u+ ¢(u)) + fa(u) = aBi (u*) + B5(u),
with |Bs(u)|z2 = O(|u|k+1 and |Bs(u)|2 = O(Iul’}}l) as |u|g2 — 0.
Suppose first that a < 0 and & is odd. Consider the positive definite functional V': X; —
R given by V(u) = (u,u)/2. Let t — umet be a solution of m¢. Then
5V (Wmet) lizo = a{Br(u"),u) + (Bs (), u) = a(u’, u) + Bo(u),
where (s(u) = O([u|'£§"2) as |u|g2 — 0. There is a constant C such that
|u|p2 < Clu|pe+1 for all u € X;.
Therefore there exist positive constants M and ¢ such that whenever |u|z2 < ¢ then
Bs(u)| < Mulpa|ulff' < MCM!u| g2 (uF, u).
Choosing § such that MC**+1§ = —a/2 we see that
SV (met) luzg < (a/2)ub,u) <0
if |u|g2 < d and u # 0.
It follows that the closed ball
B:={ueX|(u,u)<d}

is an isolating block for ¢ with B~ = () and the largest invariant set in B is {0}. Thus
h(me,{0}) = h(me, B) = £°. This completes the proof of the first part of the proposition.

Now assume that & is even, m = 1 and a{w§ ., o) # 0. Note that e, = wq,. Writing
u = ye,, we see that (16) is equivalent to the one-dimensional equation
§ = a(ep, em)y* +7(v),

where v(y) = O(|y|**!) as y — 0. Since k is even and a(ek, e;,) # 0 , it is clear that {0}
is an isolated invariant set of the latter equation with Conley index 0. This proves the
second part of the proposition. O

Applying the index-product formula of [38] (or [39]) we thus arrive at the following
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Proposition 4.12. Under each of the alternative hypotheses of Proposition 4.11 the set
Ky = {0} is an isolated invariant set for my and

Tr—m . .
h(mo, Ko) = {1\3 if k is odd and a < 0,

0 k is even, m =1 and a(w{f’r,wo,r) #0. O

The case for which m = 1 and a(wg,,.,wo,r> = 0 can be treated as in Section 2.4 of
Chapter 2 in [39]. The index depends on the higher order terms in the expansion of the
map f. We only treat a special case:

Proposition 4.13. Assume hypotheses (HR) and (11). Moreover, suppose that m = 1,
a{w§ ., wo,) =0 and

(17) f(s) = Xors + as® +bs®*~1 4 B(s),

where k is an even positive integer, a and b € R are arbitrary and B(s) = O(s**) as s — 0.
Then for all b < 0 with |b| large enough the set {0} is an isolated invariant set relative to
e and

h(me,{0}) = £°.
Consequently, the set {0} is an isolated invariant set relative to my and

h(mo, {0}) = 2L

Proof. Note again that e;,, = wp,. Let ¢: X; — X21/2 <) X31/2 be a map defined by

¢(u) = (u7 em)kv + (’U,, em)Zk_lwa

where v,w € D(Ap), v and w orthogonal to en, Lv = aek, + a(el,en)em = aefn and
Lw = akeE~lv — ak(ek,, v)em + be2F~1 — b(e2F~1, e )em.

Proceeding exactly as in Section 2.4 of Chapter 2 in [39], we see that the reduced
equation on the center manifold is

i = Eig(u+ &) = (u,en)? ! (ak(efn, v) + b(eZF-1, em)) em +v(u),
where |y(u)|zz = O(|u|?%) as |u[z2 — 0. An equivalent ordinary differential equation on
R reads as follows:
g = (ak(eh,v) +b(eA ", em)) v+ ),

where |71(y)| = O(|y|?*) as |y| — 0. Since (e2¥~1,en,) > 0, it follows that ak(ef,,v) +
b(e2*—1 e,) < 0 for b < 0 and |b| large enough. It clearly follows that in this case the set

m
K¢ := {0} is an isolated invariant set relative to m¢ and its index is ©°. An application of

the index product formula concludes the proof. O

Proposition 4.14. For every € > 0 let m. be as above. Suppose that the family (Ae,r)e>0
is strictly monotone decreasing. Then there ezists an €1 > 0 such that for all € € ]0,¢€1],
the set {0} is an isolated invariant set relative to e and

h(me, {0}) =Z'.

Proof. Since Ao < Aor+1, our assumption implies that
)‘e,r < /\O,r < )\e,r+1

for all € > 0 small enough. This obviously implies the assertion. (]
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We can now state the main result of this subsection:

Theorem 4.15. Assume any of the alternative hypotheses of Proposition 4.11 or else
assume the hypotheses of Proposition 4.18. Moreover, suppose that the family (A¢r)e>0 18
strictly monotone decreasing. Suppose that Ny is a bounded isolating neighborhood of {0}
for mg. Then for every n > 0 there ezists an 0 < €9 = €g(n), such that for every € € |0, €],

Kepn = Az ([Nolen)

contains a nontrivial equilibrium u. of me and a nonconstant full solution o, of m¢ whose w-
limit set or a-limit set is equal to {0}. In other words, 0 is connected to a set of nontrivial
equilibria of me.

Proof. Fix n > 0. By Proposition 4.14, there exists an €; > 0 such that for all € € ]0, €],
the set {0} is an isolated invariant set relative to m, and

h(me, {0}) = X".

Since L™ # X"~ ™ and X7 # 0 Theorem 3.5 and Proposition 4.12 (or else Proposition 4.13)
implies that

h(me,Kep) # X7

so Kep # {0} for all € > 0 small enough. Since =, is gradient-like, we obtain the exis-
tence of a nontrivial equilibrium u.. The existence of the connection o, follows from the
irreducibility of K, (see Lemma 11.4 and Theorem 11.6 in [39]). a

4.4. C-shaped domains. In this subsection we will define a class of very simple two-
dimensional domains, which we call C-shaped, and show that all of the alternative assump-
tions of Theorem 4.15 are satisfied for an appropriate choice of the domain 2 belonging
to that class.

Definition 4.16. Let a; and b;, 1 = 1, 2, 3, be real numbers with a; <0, ag > 0, a3 >0
and 0 < by < b < b3. The C-shaped domain with parameters a; and b;, ¢ = 1, 2, 3 is the
following set

Q := (Ja1, a2 x]0,b1[) U (Ja1,0[ x 10, b3[) U (a1, as[ x Jbe, b3[).

(See Figure 1.) Setting Q) := ]ay,0[ x ]0,b3[, Q2 :=]0,az[ % ]0,b1[, Q3 :=]0,as[ x ]be, b3]
and Z := {0} x R we obtain a nice decomposition of Q in the sense of [33]. In this case
J1 =]a1,0[, J2 =]0,a3[ and J3 =0, a3, while pi(z) = b3, p2(z) = by and p3(z) = bz — bs.
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For the rest of this section let {2 be a C-shaped domain with parameters a; and b;,
¢ =1, 2, 3. Theorem 6.6 in [33] provides conditions for a pair (\,u) to be an eigenvalue-
eigenvector pair of the operator Ay on Q. In fact, (A, u) is an eigenvalue-eigenvector pair
of Ay if and only if u # 0 and there exist absolutely continuous functions u;: J; — R,
l=1,2,3 and a null set S in R x R such that whenever | = 1, 2, 3, then u(z,y) = w(z)
for (z,y) € 9\ S, w,u] € L?(J;) and the following properties hold:

1. uf = —Au, I =1, 2, 3, in the sense of distributions;

2. The limits: 4;(0) := limg—o w(z), I = 1, 2, 3, exist and u;(0) = u2(0) = u3(0);

3. The limits: uj(a;) := limg_,q, wj(z) and 4(0) := limz_,o uy(z), I = 1, 2, 3, exist and
u}(a1) = uy(az) = uj(az) = 0 while bzu} (0) = by1u5(0) + (b3 — b2)uj(0).

Notice that condition 1 is equivalent to
y(z) =0 cos VAz + BisinVAz, [=1,2, 3,z € Jp,

where o; and f;, | = 1, 2, 3, are arbitrary real numbers. By a simple calculation we thus
obtain the following

Proposition 4.17. A pair (A, u) is an eigenvalue-eigenvector pair of Ag if and only if
u # 0 and there ezist functions u;: J; = R, | =1, 2, 3, real numbers a and §;, | =1, 2,
3, and a null set S in R X R such that whenever | =1, 2, 3 then u(z,y) = w(z) for all
(z,y) € 4\ S and conditions

(18) w(z) = acosVAz + fsinViz, [=1,2,3, z € Jj,
(19) b3V AB1 = b1V ABa + (bs — ba)V/ABs

and

(20) —aVsingVA + BV AcosavVA=0, [=1,2, 3
hold.

Remark 4.18. Proposition 4.17 immediately implies that A = 0 is a simple eigenvalue of
Ag. Now let X\ > 0 be an arbitrary eigenvalue of Ag. Ifsina;v/A =0 forl=1, 2, 3, then
By =0 forl=1, 2, 3 by condition (20), so by condition (18) X is a simple eigenvalue. If
sina; v\ # 0 for some i, then o = B; cot a;v/A and so conditions (18) and (19) imply that
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the eigenspace of \ is at most two-dimensional. Thus there are no eigenvalues of Ay of
multiplicity higher than two.

The following result is a strict monotonicity criterion for C-shaped domains:

Proposition 4.19. Let A > 0 be an eigenvalue of Ag and let r € N, r > 2, be such that
A = Xo,r < Xo,r+1. Then the following properties are equivalent:

1. sin(a;vA) =0 forl=1, 2, 3;
2. There is an €g > 0 such that Ae, = A for € € [0, €].

Proof. Suppose property 1 holds. Set u(z,y) = u(z) := cos vz, for (z,y) € Q. Then
u # 0 and so Proposition 4.17 (with & = 1 and £ = 0) implies that the pair (A, u) is
an eigenvalue-eigenvector pair of the operator Ag. In particular we have that u € H}(9).
The divergence theorem implies that for every v € H(£)

3
(Vu, Vv) Z/ v (z)0zv(z,y) dz dy
=1 L

3
/6 u'(z)v(z, y)pi(z,y)do(z,y Z/ u" (z)v(z,y) dz dy

=

I
Mw

o~

=1

3
Z/a u'(2)v(z,y)pi(2, y)do(z, y) +AZ/ (z)v(z,y)dzdy

=1

Z / ¥ @Yoz, ¥)or (2, ¥)do (@, ) + Mo, v),

where o is the 1-dimensional Hausdorff measure on R? and p;(z,y) is the z-component of
the outer normal vector to 9€; at (z,y) € 9. Now pi(z,y) = 0 on the horizontal part
of 9§, while, by the definition of u, u/(z) = 0 for (z,y) lying on the vertical part of 9¢);.
Thus

3

> /a . u'(z)v(z,y)o (2, y)do(z,y) =0

and so
(Vu, Vo) = Mu, v) for all v € H(Q).

Now Theorem 4.8 implies property 2.

Assume, conversely, that property 2 holds. Then Theorem 4.8 implies that there is a
u € HY(R), u # 0, such that
(21) (Vu, Vo) = Mu,v) for all v € H ().

In particular, (A, u) is an eigenvalue-eigenvector pair of Ag. By Proposition 4.17 there exist
functions u;: J; = R, real numbers o and §;, [ = 1, 2, 3, and a null set S in Rx R such that
whenever [ = 1, 2, 3 then u(z,y) = w(z) for all (z,y) € ©; \ S and conditions (18), (19)
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and (20) hold. Formula (21) and the divergence theorem imply that for every v € H!(2)

3
Mu,v) = (Vu, Vo) = Z/ u)(z)0zv(z,y) dz dy

3

3

Z/ wy(z)v(z, y)pi(z,y)do(z,y) — Z/ u) (z)v(z,y) dzdy
3 3

Z / z)v(z,y)pi(z,y)do(z, y) +/\Z / w(z)v(z,y) dz dy

=2 / uy(z)v(z, y)pi(z,y)do(z, y) + Mu,v).

=1 oy
This implies that

(22) Z/ uj(z)v(z,y)pi(z, y)do(z,y) = 0 for all v € H(Q).
=1 Y O%u

Letting v in (22) be the restriction to £ of an arbitrary nonnegative test function on R?
whose support is included in the horizontal strip R x |b;, be[ and which is nontrivial on
{0} x by, ba[ we see that u}(0) = 0, i.e. BV A =0, so 1 = 0. Similarly, we prove that
B2 = B3 = 0. Hence o # 0 and so condition (20) implies that sin(a;v/A) =0 for [ = 1, 2,
3. The proposition is proved. (]

The following result shows that, by choosing the parameters a; and b;, ¢« = 1, 2, 3, appro-
priately, we can satisfy all the alternative hypotheses of Theorem 4.15:

Proposition 4.20. Suppose that by = 1 for | = 1, 2, 3 and let A\ be an arbitrary real
number.

1. If —a; = ag = a3 =: a and cos aV\ =0, then X is a double eigenvalue of Ay, whose
eigenspace 18 formed by all functions u for which there are constants 32, f3 € R such
that:

1.1. u(z,y) = (1/3)(B2 + Bs)sinVAz a.e. on Qy;
1.2. u(z,y) = BisinVAz a.e. on , 1 =2, 3.

2. If —a; = ay =: a, cos avA = 0 and cosazV\ A # 0, then X i3 a simple eigenvalue
of Ag, whose eigenspace is formed by all functions u for which there is a constant
B2 € R such that:

2.1. u(z,y) = (1/3)B2sinVAz a.e. on Q;

2.2. u(z,y) = fasinvVAz a.e. on Qy;

2.3. u(z,y) =0 a.e. on Q3;

If e is an arbitrary eigenfunction of A and k € N is even, then

(23) (eF,e) = / ef*l(z,y) dz dy # 0.
Q

3. If ay = a3 =: a, cos avA =0 and cosa;VA # 0, then X is a simple eigenvalue of Ag,
whose eigenspace is formed by all functions u for which there is a constant f2 € R
such that:

3.1. u(z,y) =0 a.e. on Qy;
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3.2. u(z,y) = PesinvAz a.e. on Qy;
3.3. u(z,y) = —P2sinVAz a.e. on Q3;
If e is an arbitrary eigenfunction of A and k € N is even, then

(24) (eF,e) = / e**1(z,y)dzdy = 0.
Q

In all the above cases, if r is such that A = Ao < Agr+1 then the family (Aer)e>o is strictly
monotone decreasing, so, in particular, Ae, < A for all € > 0.

Proof. Consider the first case. If u is any function satisfying properties 1.1 and 1.2 then
conditions (18), (19) and (20) of Proposition 4.17 are satisfied with @« = 0 and 8; =
(1/3)(B2 +PBs3), so, by that proposition, ) is an eigenvalue of Ag and w lies in its eigenspace.

Now consider the second case. Suppose first that A is an eigenvalue of Ay and let u
be a corresponding eigenvector. Then u is determined by constants a and §;, | = 1, 2,
3, so that conditions (18), (19) and (20) of Proposition 4.17 hold. Since cosav/A =0, we
conclude that o = 0 and since cos a3\/X # 0 we also conclude that 83 = 0. Thus u must
necessarily satisfy properties 2.1, 2.2 and 2.3, so A is a simple eigenvalue. On the other
hand, letting u # 0 be an arbitrary function satisfying these properties, we conclude from
Proposition 4.17 that (A, u) is an eigenvalue-eigenvector pair of Ag. Thus A is, indeed, a
simple eigenvalue of Ay. Formula (23) is obtained by a simple integration.

The third case is proved in the same way.

The last statement of the proposition is a consequence of Proposition 4.19. The propo-
sition is proved. O

5. APPENDIX

In this section we prove Theorem 3.5. In view of Proposition 2.8 it is not restrictive
to assume that the family (fe)ec[o,eo) Satisfies hypothesis (A2). Write me := mes, for all
€ € [0, o).

We need a number of preliminary results.

Proposition 5.1. For all sufficiently small € > 0 the set [N]c, is a strongly m.-admissible
isolating neighborhood for ..

Proof. Theorem 4.4 in [39] implies that [N], is a strongly me-admissible set for every
n > 0 and € > 0. Suppose that there are an n > 0 and a sequence (€p)nen of positive
numbers converging to zero such that for each n € N the set [N]c, , is not an isolating
neighborhood for 7. Then for each n € N there exists a solution o,,: R = H(Q) of 7,
such that

on(R) C [N]e,,n and 04(0) € 8 [Nle,,9-
By Lemma 2.20 there exists a subsequence of (o, )nen denoted again by (o,)nen such
that for every ¢t € R
(25) |Qen0n(t) = o(t)| ;1 — 0 and |(I - Qc,)on(t)|, =0

as n — oo, where 0: R — N is a solution of my. Setting ¢ = 0 in (25), we conclude that
I(I - Qen)an(0)|€n < n and so Q,0,(0) € N for all n large enough. This implies that
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o(0) € N, a contradiction to the fact that N is an isolating neighborhood for my. The
proposition is proved. O

Assume now that Ko := A, (N) = 0. We claim that K, := A, ([N]e,y) = 0 for every
n > 0 and all sufficiently small € > 0. Otherwise, we find an 7 > 0 and a sequence (€,)neN;
of positive numbers converging to zero such that for each n € N,

K€n,n # @'

Let 0p: R = [N]e,,, be a full solution of m,. Lemma 2.20 implies that there exists a
solution o: R — N of my. Since K| is the empty set, we obtain a contradiction. This
proves our claim.

Thus Theorem 3.5 holds if Ky = (). Therefore let us assume from now on that Kg # 0.
We shall prove Theorem 3.5 by appropriately modifying the proof of the usual Conley
index continuation theorem as given in [37] or [39].

Assume that Ky # 0 is an isolated invariant set of my. By Theorem 3.1, we may choose
an open set Up in H!(f2) such that Ny := clUj is an isolating block for my and such that
K C Uy C Ny C N and 9Uy = dNy.

Let a: [0,00[ — [1,2[ be a monotone increasing C*°-diffeomorphism. Let s*: Ny —
R U { o0} be given by

sT(u) :=sup{t >0 |um[0,¢] C No},
tt:Up > RU{o0} by
tT(u) :=sup{t > 0| um[0,{] C Uy} >0
and F: H!(Q2) — [0, 1] defined by
F(u) := min{ 1,d(u, A7 (No)) },
where d(u, A (No)) is the distance (in H}()) of the point u from the set Ay (Np).
Finally, we define g~ : Ny — R as follows:
g~ (u) := sup{ a(t) F(umot) | t € [0,sT (u)], if s7(u) < 00 and t € [0,00[, if sF(u) =0 }.

Whenever (uy)neN is a sequence in Ny with g~ (u,) — 0 as n — oo, then, by admissibility,
there is a subsequence of (un)neN converging to an element of Az (Np). Given a > 0,
b > 0 define

V(a,b):={u€Uy| g (u) <a, tt(u) >b}.

Note that V (a,b) is open in H}(R2), Ko C V(a,b) and admissibility implies that we can
choose ag > 0 and by > 0 such that cl1V (ag, by) C Up.

Givena >0,b> 0, ¢ > 0 and a > 0 define
Veol(a,b) :=]V(a,b)[ea-

Lemma 5.2. Fiz positive numbers a, b, a, §, n and M such that a < ag and b > bo.
Then

K(e,m,a,b) := Ar ([c1V(a,b)]en) C Ve,ald, M)

for all sufficiently small € > 0.
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Proof. If the lemma is not true then there are positive numbers a, b, , §, n and M such
that @ < ag and b > by and a sequence (e, )nen Of positive numbers converging to zero
such that for all n € N

K(fm 7, a, b) Z Ven,a(aa M).

For each n € N, there is a solution o : R = [c1V (g, b)]¢, 5 of Te, With 04,(0) & Ve, a(d, M).
By Lemma 2.20 there exists a subsequence of (on)nen Which we will denote again by
(0n)nen and there exists a solution o: R — clV (a,b) C Ny of mg such that for every ¢t € R,

(26) |Qen (00 (t) = ()| g1 = 0 and (I = Qe, ) (n (1)), 0

as n — oo. Thus o(R) C K and |(I — Qen)(on(O))Ien < « for all n large enough. Since
V (6, M) is open in H}(Q) it follows that Q,(cn(0)) € V(, M) for all n large enough.
In other words, 0,(0) € Vg, «(d, M) for all n large enough, a contradiction proving the
lemma. a

Let € > 0 and v > 0 be arbitrary. Given u € |Ug|[e,,, define
t;f,,(u) :=sup{t > 0| un0,t] C ]Up[en } > O.

Lemma 5.3. Fizv > 0. Let e, > 0, up € |Uple, v, n €N, and u € Up be such that e, — 0
and

|un—u|€n —+ 0 asn — oco.
Then

tF (un) = t+(u) as n — oco.

Proof. Let C € ]0,00[ be such that t*(u) < C. Since umet™(u) € Uy = Ny and Ny is
an isolating block for 7, there exists an s € R with C > s > ¢ (u) such that umys & Np.
By Corollary 2.14 we have |un7fe,.3 - u7r03|€" — 0 and so ]Qe,. (unme, ) — mros|H1 -0
as n — oo. This implies that Q,(unme,s) & No, 50 upme, 8 & [Nole,,» and therefore
td ,(un) < s < C for n large enough.

Now let t*(u) > C > 0. Then um[0,C] C Uy. We claim that un,me, [0,C] C JUp[e, »
for all n large enough. Suppose that this is not true. Then we may assume that for every
n €N

unﬂ-en [O, C] ¢ ]UO [fny"

and so there exists a t, € [0,C] such that u,me,tn & JUple,»- Again we can assume
that there exists a t € [0,C] such that ¢, — ¢t as n — oo. Now Corollary 2.14 im-
plies that |un7r€ntn - u7rot|en — 0 as n — oo. Thus |Qen(un7r€ntn) - u7r0t|Hl = 0
and I(I - Qen)(unﬂentn)k" — 0 as n — oo. It follows that Qe,(unme,tn) € Up and
|(T - Qen)(unﬂentn)kn < v for all n large enough.

This shows that u,me t, € |Ugle, . for all large n, contradicting the choice of the se-

quence (tn)nen. This proves our claim, which, in turn, implies that t} ,(un) > C for all
sufficiently large n. The lemma is proved. a



CONLEY INDEX CONTINUATION AND THIN DOMAIN PROBLEMS 39

Definition 5.4. Fiz positive real numbers M, M', B, v, 1, p, a and b. For all positive
numbers €, a and § define the following subsets of H'(£2):

Ni(a,6,€) :=[c1V(a,b)]en Ncle{v | Ju € Ve o(d, M) and t > 0 such that
um[0,t] C |Up[ep and umt =},

Na(a,6,¢€) := Ni(e,d,¢) N {u € [Upley | tF,(u) < M'},
E(e) :=[{u € Up | t*(u) <5M}NclV(a,b)ley,
Cle,0,8) :={u € [Uole | t1,(u) < 4M } N Ny(, 6,¢€),
E(e,a,0) :=[{ueUp |tt(u) <3M}NclV(,M)|ca,
Cle,p,a,0) := {u € [Up[e,a | ta(u) < 2M } Nl Ve ,(6, M).
Remark 5.5. Ifa < B, a <1, 6 < a and M > b then clearly V,o(8, M) C Ni(e,d,¢).
Moreover, if a < ag, b > by and 7 < v then [c1V(a,b)]cn C Usle,, and whenever v lies

in K(€,n,a,b), the largest invariant set in [c1V (a,b)]en, then, by the definition of tf,, we
have tf,(v) = co. In particular, K (€,n,a,b) N Na(a,d,€) = 0.

Proposition 5.6. Assume that M > b, M' > b, a <ag, b> by andn <v < B.

1. For all sufficiently small positive a, § and e:
(a) (Ni(e,d,€), No(a,d,€)) is a pseudo-indez pair in [clV (a,b)]en;
(b) the following inclusions are satisfied:

E(e,0,68) C C(e,0,0) C E(e)
2. For every a > 0 and all sufficiently small positive p, § and €
C(e, p,,d) C E(e a,0).

Proof. Proceeding exactly as in the proof of Lemma 12.5 in [39] we see that the sets
Ni(e, d,€) and Na(e, 6, €) are closed in H'(2) and [cl V (a, b)]¢ ,-positively invariant relative
to me.

Suppose that part 1 of the proposition does not hold. Then for some choice of the

constants M, M', B, v, n, a and b as above there are sequences (6,)neN, (@n)neN and
(eén)nen of positive numbers converging to zero and a sequence (un)nen such that

(27) Up € Ni(Qn,0n, €n) N e, [c1V (a,b)]e,.n \ N2(0n,0p,€,) for allm € N
or

(28) un € Clén, 0n,0n) \ E(€,) for alln € N

or

(29) Un € E(en, an, 0y) \ C(€n, an, dy) for all n € N.

In the first two cases u, € N1(an,0n, €n), s0 there exist a v, € V¢, o,(0n, M) and a t, >0
such that

UnTre, [0, tn] C [Uoen
and fip := VpTe,tn is such that |u, — @n|, < 27" Since g7(Qe,vn) < dn — 0, we may

assume, taking subsequences if necessary, that |Qe,vn — v — 0 for some v € Az (No).
Since |(I = Qe, )Vnle, — 0, it follows that |v, — v|e, — 0.
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We claim that there is a subsequence of (v, e, tn)neN, denoted again by (vnme,tn)neN,
and there is a € Ay (Np) such that
|vnTretn — Ble, — 0 a8 7 — 0.

First assume that the sequence (t,)neN is bounded. By taking subsequences, if necessary,
we may assume that there exists a ¢ € [0, oo[ such that ¢, — ¢ as n — oo. It follows from
Corollary 2.14 that

|vn7r€ntn - ’Uﬂotle —+0asn — oco.
Since A7 (Np) is an Np-positively invariant set relative to m, it follows that
9 := vmot € Ay, (No)-

If (¢n)nen is unbounded then we may assume that ¢, — oo as n — oo. Let on: [—t,,0] —
H'(Q) be a solution through v, t, relative to 7, given by

on(8) = vpme, (tn + 8), for every s € [—tp,0].

By Lemma 2.20 there exist a subsequence of (op)nen, denoted again by (op)nen, and a
solution o: |—00,0] = H!(f2) of my lying in Ny such that for each s € |—o0,0],

(30) |an(s) - 0(3)|e,. —0as n— oco.
Let 9 := 0(0) € A5 (No). Letting s =0 in (30), we obtain

|vnTentn — Ble, — 0 as n — oo.
This completes the proof of our claim.

It follows that Iiin - ﬁlen — 0 and so |un - Gleﬂ — 0 as n — oo. Thus
(31) |(I = Qe")unlen < n and |(I - qu)“"le,. < v for all n large enough.

Moreover, since u, € [clV(a,b)]e,n we also have Q,un, € clV(a,b) C Up. Thus u, €
1Uo[e,,v for all n large enough and so Lemma 5.3 and the continuity of of ¢+ imply that
tr (un) = t1(0) and t1(Qe,un) = t1(9) as n — oo.

Suppose that (27) holds. Then relations (27) and (31) imply that Q,u, € dclV (a,b) C
Uo, for all n large enough and so o € dclV(a,b) C Up. Since t} ,(un) > M’ for all n
we also conclude that t*(7) > M’ > b. Since g~ (v) = 0 < a, we see that ¥ € V(a,b).
However V (a,b) NdclV (a,b) = 0. This contradiction proves part 1(a).

Suppose now that (28) holds. Then &} ,(un) < 4M for all n and so t*(7) < 4M < 5M.
We thus conclude that ¢7(Q,,u,) < 5M for all n large enough. All this clearly implies
that up, € E(e,) for all n large enough, a contradiction proving the second inclusion in
1(b).

Finally assume that (29) holds. Therefore for all n € N
(32) Qe un € {uely|tT(u) <3M}NclV(s,, M) and I(I - Qeu)“n|en S O

Hence there exists a v, € V(d,, M) such that |Q€nun - van, < 27", Since g~ (v,) — 0,
we may again assume that there is a v € A7 (Ng) such that lvn - v|H, —+0asn — oco.
Therefore

|Qentin — v| 1 — 0 28 1 — 0.
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Together with (32) this shows that I“ﬂ - "Ie,. — 0 as n — oo. For all n large enough
we have ¢~ (v;) < 0, < @ and t*(v,) > M > b so v, € V(a,b). This implies that
v € clV(a,b) C Up. Since tT(Qe,un) < 3M, the continuity of ¢+ implies that t*(v) < 3M.
Recall that u, € JUle,, for all n large enough. Lemma 5.3 now shows that ¢ ,(us) —
t*(v) as n — oo. Hence we can assume that t} ,(un) < 4M for all n large enough.

Since Ny (ap, 0n, €,) is closed, we obtain from Remark 5.5 and Lemma 2.19 that, for all
n large enough,

Up € [CIV(JnaM)]en,an =cle, ]V(ﬁn, M)[Gn;an =cle, Ve (00, M) C Nl(an,amfn)-

n,0n

This implies that u, € é’(en, O, 0y ). This contradiction completes the proof of part 1 of
the proposition.

If the second part of the proposition is not true then there exist numbers M > 0, a > 0
and sequences of positive numbers (Jn)neN, (Pn)neN and (€p)neN, converging to zero and
a sequence (up)neN such that

Upn € C(€n, pn, @, 0n) and uy, € E(ep, a, On)-

Therefore for every n € N we have up, € |Ut[e,,ar td, o(un) < 2M and there exists a
Un € Vey pn(0n, M) such that |u, — ”nle,. < 27". Therefore Q¢,vn € V(6n, M). Hence for
every n € N,

g_(Qen'vn) < 0p, and t+(Q€nvn) > M

and so there exists a subsequence of (v,)neN, denoted again by (vn)nen, and a v € Az (No)
such that |Qenvn - lel — 0 as n — oco.

Since I(I - Qen)'“nlen < pn, we conclude that |vn - v|€n — 0 and so |u,, - ”Ie,, — 0 as
n — oo. For all n large enough we have Q. v, € V(a,b). Therefore v € clV(a,b) C Up.
Recall that u, € |Ug[e, - Hence Lemma 5.3 implies that ¢} (u,) = t¥(v) as n — oo.
Therefore t*(v) < 2M. This inequality and the continuity of ¢* imply that t*(Qe,un) <
3M for all n large enough. Since up € cle, Ve, pn(0n, M) = [c1V(bp, M)]e, p, it follows
that for all n large enough,

Qenttn € €1V (8p, M) and |(I — Qc,)un|, < a.

Therefore we have proven that u, € E(ep,,d,) for all n large enough, a contradiction.
The proposition is proved. O

Lemma 5.7. Let Ny and Ny be closed subsets in HL(Q) such that N C N;. Then for
every € > 0 and n > 0 the pointed spaces N1/N2 and [Ni)ey /[N2]eyn have the same
homotopy type.

Proof. Let Te: [Nile / [N2]ey = N1/N2 be the map induced by the projection Q.. Ob-
viously T¢ o v = Iy, /n,, Where ¢: N1/Na — [Ni]e,s / [N2]e,y is the inclusion induced map.
Let H: [Ni]en/[N2]en * [0,1] = [Ni]en / [V2]e,n be the map induced by the function

K: [Ni]en % [0,1] = [Nilen, (0,8) = Qev + (I — Q&) (L — t)o.

and ¢ o T,. This concludes the

It is clear that H is a homotopy between I[n,j. /[N,
a

proof.

n
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We can now complete the proof of Theorem 3.5: Choose positive numbers 3, v, n and
M with M > by and < v < 8. Now choose positive numbers o’ < 7, §' < ag and €’ such
that for all positive @ < o/, § < ¢’ and € < € all assertions of part 1 of Proposition 5.6 hold,
where we fix a := ag, b := by and M’ := 4M. Now choose positive numbers p’ < o/, §" < ¢
and €’ < € such that for all positive p < p’, § < §” and € < €’ part 2 of Proposition 5.6
holds, where we fix o := /.

Notice also that 2M > by, p' < @’ and o’ < B (¢/ < 7 < v < B). Therefore we are
able to apply Proposition 5.6 with M and M’ replaced by 2M, n:=p/, v :=d, a := ¢,
b:= M. Thus we obtain positive numbers o < p', 6" < §” and " < €’ such that for
all positive a < o/, § < 8" and € < " the pair (Ni(e, 6, €), Na(a, d,€)) is a pseudo-index
pair in [c1V (8", M)]c -

Here,
Ni(a,d,€) = [clV (8", M)]ey Ncle{v | Ju € Ve o(6,2M) and ¢ > 0 such
that um[0,t] C |Up[e,s and umet = v}
and
No(a, 6,€) = Ni(a, 6,€) N {u € |Uble,e | t::a,(u) <2M}.
Fix a:= o', § := §"" and write p := p’. We now conclude that for € € |0, €”'[
Ay == Ni(a,6,¢) C [clV (6", M)]., C Az := [c1V (6", M)]e o
C Az := Ny(a/,8",€) C Aq := [c1V(ag, bo)]e,p -

By := Na(a,8,€) C [clV(6", M)]e,p N {1 € [Up[e,er | £ (u) < 2M }
= C(e,p,,8") C By := E(e,, 8")
C By :=C(e,d,8") = Na(o, 8", €)
C By := E(e).
Notice that for each i = 1,2, 3,4, B; C A;. Therefore we can consider the pointed spaces
A;/B;. The two sequences of inclusions described above induce continuous maps

I‘1: A1/31 — Ag/BQ, Fz: Ag/Bg — A3/B3, and F3: A3/B3 - A4/B4.

Using Lemma 5.2 let us now choose a positive number €® < ¢’ such that
K(E, 7, a0, bO) C 1,6,0' (6”1 M) n "6,&(6’ 2M)

for € € ]0,€°]. Then Remark 5.5 implies that (A;,B;) and (A3, Bs) are index pairs for
K(e,m,a9,bp) and it follows from Theorem 9.4 in [39] that ' o 'y is an isomorphism in
the homotopy category of the pointed spaces. The proof of Theorem 2.3 in [39] implies
that

V(8" , M),V (", M)N{ueU |tT(u) <3M})
and
(c1V (ao, bo),clV(ag,bp) N{u € Uy | tT(u) < 5M })
are index pairs for Ky. Now, by Lemma 5.7, we conclude that there exist maps
Ty: AV (6", M)/(clV(§",M)N{u €Uy |tT(u) <3M}) = As/B,
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and
I's: clV(ag,b0)/(clV (ag,bo) N{u € Uy | tT(u) < 5M}) = Ag/By

which are isomorphism in the homotopy category of pointed spaces. Moreover, Theorem
9.4 in [39] allows us to conclude that I';' o I's 0 I'y o T4 is also an isomorphism in the
same category. Consequently I'3 oT'; is an isomorphism. Now Lemma 12.4 in [39] implies
that 'y, 'y and I'3 are all isomorphisms in the homotopy category of pointed spaces. We
conclude that (5) also holds for the case Kg # 0.

The proof of Theorem 3.5 is complete. O
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Resumo

Dados € > 0 e um dominio de Lipschitz limitado 2 em RM x RV seja Q¢ := { (z,ey) |
(z,y) € 2} o dominio e-comprimido. Considere a equacdo de reagao-difusao

(Ee) up = Au+ f(u)

em {2, com condigoes de fronteira do tipo Neumann. Aqui f é uma nio-linearidade apro-
priada de modo que (E,) gere um semifluxo (local) 7. em H'(£). Foi mostrado por Prizzi
e Rybakowski (J. Diff. Equations, a aparecer), generalizando alguns resultados anteriores
de Hale e Raugel, que existem um subespaco fechado H}(2) de H'(f2), um subespaco
fechado L2(Q2) de L?(f) e um operador setorial Ay em L2(f) tais que o semifluxo g
definido em H}(02) pela equacio abstrata

~

i+ Agu = f(u)
é o limite dos semifluxos 7 quando € — 0%.

Neste artigo mostramos um principio de continuacao singular do indice de Conley o qual
afirma que todo conjunto invariante isolado Ky de mp pode ser continuado a uma familia
K, de conjuntos invariantes isolados de 7, com o mesmo indice de Conley. Apresentamos
vérias aplicagoes deste resultado tais como o levantamento de conexdes e problemas de
bifurcacdo com ressonancia.
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