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On convergence, admissibility and attractors for damped wave
equations on squeezed domains

M. C. Carbinatto e K. P. Rybakowski

Resumo

Seja  um dominio limitado suave ndo-vazio em RY x RY. Dado € > 0 comprima
pelo fator € na diregdo y para obter o dominio comprimido Q¢ := {(z,ey) | (z,y) € 2}
Sejam -y e v constantes positivas. Considere a seguinte equacgao das ondas amortecidas em
)

(ﬁ) utt=—uut+Au—7u+f(e,x,y,u), t>0, (xay)EQﬁ

® d,u=0, t>0, (z,y) € 09,

onde v, é a normal exterior a 8 e f é uma nao-linearidade de classe C 1 com apropriados
crescimentos polinomiais em €, y and u 0s quais garantem que (D) gere um fluxo (local)
7. em X := H'(Q) x L2(€). Mostramos que existe um subespago fechado Xo de X e um
fluxo 7y em Xg o qual é o fluxo limite da familia 7, € > 0. Mostramos que, quando € — 0,
a familia 7. converge em um sentido singular para 7o € estabelecemos uma propriedade
técnica de compacidade assintética singular. Como um corolario, obtemos um resultado
de semicontinuidade superior de atratores globais da familia 7, € 2 0, generalizando
resultados anteriores obtidos por Hale e Raugel para dominios os quais sdo conjuntos
ordenados de uma fungao positiva.

Nossos resultados também implicam um principio de continuagao singular do indice de
Conley para equagdes das ondas amortecidas definidas em dominios finos, o qual permite
que se conclua propriedades de conjuntos invariantes dos fluxos 7., € > 0 pequeno, a partir
de propriedades andlogas de conjuntos invariantes do fluxo limite.
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ABSTRACT. Let Q be an arbitrary nonempty smooth bounded domain in RM x RM.
Given € > 0 squeeze Q by the factor € in the y-direction to obtain the squeezed domain

e = {(z,ey) | (z,y) € Q}. Let vy and v be positive constants. Consider the following
semilinear damped wave equation on 2:
(D.) use = —vug + Au—yu + f(e,2,9,u), >0, (z,y) € Qe,

Oy, u=0, t >0, (z,y) € 08,
where v, is the exterior normal vector field on 99 and f is a C'-nonlinearity of appro-
priate polynomial growth in €, y and which ensures that (D.) generates a (local) flow
7 on X := H'(Q) x L*(f2). We show that there is a closed subspace Xo of X and a
flow 7o on Xo which is the limit flow of the family 7e, € > 0. We show that, as e = 0,
the family 7. converges in some singular sense to 7o and establish a technical singular
asymptotic compactness property. As a corollary, we obtain an upper-semicontinuity
result for global attractors of the family e, € > 0, generalizing previous results obtained
by Hale and Raugel for domains which are ordinate sets of a positive function.
Our results also imply a singular Conley index continuation principle for damped wave

equations on thin domains, which allows one to conclude properties of invariant set of
the flows 7re, € > 0 small, from analogous properties of invariant sets of the limit flow.

1. INTRODUCTION

Let M and N be positive integers and 2 be an arbitrary nonempty smooth bounded
domain in RM x RN . Write (z,y) for a generic point of RM x RN . Given € > 0 squeeze
Q) by the factor € in the y-direction to obtain the squeezed domain (.. More precisely,
let T.: RM x RN — RM x RN, (z,y) — (g, ey), be the squeezing operator and define
Qe = {(z,e9) | (z,y) € 2} Let vy and v be positive constants. Consider the following
semilinear damped wave equation on Qe:

(D) utt:_Vut+Au—'7u+f(6axay’u)a t>0a (I,y)EQe,
¢ dy.u =0, t>0, (z,y) € 08,

where v is the exterior normal vector field on 02 and f isa C L_nonlinearity of appropriate
polynomial growth in €, y and u which ensures that (D) generates a (local) flow 7 on
H' () x L*(S2e)-

As € — 0 the thin domain ), degenerates to an M-dimensional open set. One may ask
what happens in the limit to the family (7e)e>o of flows.

The research of the first author was partially supported by the grant FAPESP-Brazil 99 /02612-4.
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More specifically, suppose that f = f(u) has subcritical growth and is dissipative in the
sense that

limsup f(s)/s < 0.

|s]—o0

Then for € > 0 the flow 7 possesses a global attractor .{L. If there is a limit flow 7,
does it also have a global attractor 4y? Does the family (A¢)eso ‘converge’ to Ay in some
sense?

This latter problem was first considered by Hale and Raugel in [7] for the case when
N =1, U is a bounded domain in R and the domain § is the ordinate set of a smooth
positive function g defined on clU, i.e.

Q={(z,y) |z€Uand 0 <y <g(z)}.

The authors prove that, in this case, there exists a limit flow 7y, which is defined by the
Neumann boundary value problem

M
(Hy) ug = —vug + (1/9) 3 (gug;)g; —yu+ f(u), t>0,z€U
i=1
dyu =0, t>0,z€dU.

The flow 7y has a global attractor Ap and, in some sense, the family (A~e)520 is upper-
semicontinuous at € = 0.

If the domain € is not the ordinate set of some function (e.g. if 2 has holes or different
horizontal branches) then an equation of the form (Hg) cannot be a limiting equation
for the family (D), € > 0. The purpose of this paper is to show that in this general
case a limit equation and the corresponding limit flow still exist. We also show that the
flows 7. converge in some singular sense to the limit flow and that they satisfy a singular
admissibility (i.e. asymptotic compactness) property as € — 0. If f is dissipative and has
subcritical growth then these results imply that the limit flow has a global attractor and
that the upper semicontinuity result of Hale and Raugel continues to hold on arbitrary
squeezed domains.

Our results also imply a singular Conley index continuation principle for damped wave
equations on thin domains, which allows one to conclude properties of invariant set of the
flows 7, € > 0 small, from analogous properties of invariant sets of the limit fow.

This paper extends to damped wave equations some earlier results obtained by Hale
and Raugel [6] for reaction-diffusion equations on thin domains of ordinate set type and
by Prizzi and Rybakowski [10] as well as by the present authors in [1] for reaction-diffusion
equations on general squeezed domains. It is instructive to give a brief description of the
latter results. Consider the following Neumann boundary value problem:

(E"v) ut=Au—7u+f(e,:z:,y,u), t>0, (Zi,y)EQe,
€ oy,u =0, t >0, (z,y) € 09,

on the squeezed domain Qe.

In order to describe some of the results obtained in [10] and [1] we first use the trans-
formation u — w o T, to transfer problem (E) to the following equivalent problem on the
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fixed domain :
(E.) up = Agu + (1/€2)Ayu — yu + f(e,z,ey,u), t>0, (z,y) € 1,
; v - Vau+ (1/€2)vg - Vyu =0, t>0, (z,y) € 0.

Here, v = (v, 1) is the exterior normal vector field on 952.

If the nonlinearity f is a C'-function of its arguments and has appropriate polynomial
growth in u, € and y, then we can define, for every ¢ > 0, the Nemitski operator

fe: HY(Q) = L*(Q)
fe(u)(z,y) := f(e, 7, ey, u(z,y)).

Then equation (E,) can be written in the abstract form
u+ Acu = fe(u),
where A, is the linear operator defined by
Au=—Azu— (1/)Ayu+yu € L*(Q)

for u € H2(Q) with v, - Vzu + (1/€?)vs - Vyu = 0 on 9. Equation (E) defines a (local)
semiflow II. on H!(€). Note that the operator A is generated, in the usual way, by the
bilinear form

ac: H(Q) x H'(Q) = R
given by

ae(u,v) :== / (yuv + Vgu - Voo + (1/€®)Vyu - Vyv) dzdy.
Q
(Cf. formula (F) below). On H'(Q2) we define the norm |- |¢ by

|u|f = G, u).

Now define the space
HY(Q):={ueH(Q)|Vyu=0}.
This is a closed linear subspace of H!(2). The bilinear form given by the formula:
ag(u,v) = / (yuv + Vgu - Vgv)dzdy, wu,vE€E HN(Q)
Q
uniquely determines a densely defined selfadjoint linear operator Ag: D(4Ap) C H(Q) —
L%(Q) by the usual formula
(F) ao(u,v) = (Aou,v)2(n), forue D(Ag) and v € H} ().

Here, L2(f) is the closure of H,(f2) in the L2-norm, so L2(f2) is a closed linear subspace
of L2(). It is proved that the Nemitski operator fq defined by

fO(u)(l‘a y) = f(O, z,0, U(IL‘, y))a
maps the space H! () into LZ(£2). Consequently the abstract parabolic equation
(Eo) u = —Apu+ fo(u)

defines a semiflow ITy on the space H}(€). This is the (singular) limit semiflow of the
family II.

In fact, the family (Il)e>o converges to Ilp in the following restricted sense(see [1]):
whenever €, — 0%, t, — to and |up — ugle, — 0, where i, tg € [0, 00[, un € H'Y(Q),n > 1,
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and ug € H(Q) then |II, (tn, un) — Io(to, uo)|e, — 0. If g > 0 we need only assume
|un, — uo|z2 — O (see [10]). This latter fact follows since A, has compact resolvent.

If f = f(u) and f is dissipative, then each semiflow II, ¢ > 0, possesses a global
attractor A.. Using the second part of the convergence result just quoted it is proved
that the family of attractors (Ae).>q iS upper-semicontinuous at € = 0 with respect to the
family | - |¢ of norms, i.e. -

lim sup inf |u—wv|c=0.
=0t ye A, vEAD

(See [10, Theorem 5.10], which generalizes previous results of [6]).

Notice that each attractor A, for ¢ > 0 is a compact isolated Il.-invariant set with
Conley index X°. Therefore the above theorem implies that the invariant set Ag can be
continued to a family of invariant sets with the same Conley index.

It was proved in our previous paper [1] that the latter statement holds true for an
arbitrary isolated invariant set of the limit semiflow:

Theorem C (Singular Conley index continuation principle). Let Ko C H(Q) be
a compact isolated invariant set of the limit semiflow Ily. Then there is an g > 0 and for
each € € |0, €] there is a compact isolated invariant set K, C HY(Q) of the semiflow II,
such that the Conley indices of K. and K are the same. Moreover, the family (Ké)ee[o,eo]

is upper-semicontinuous at € = 0 with respect to the family |- |¢ of norms, i.e.
lim sup inf |u—v|¢=0.
e—0t yc K. vEKo

For the precise assumptions on f and for various applications of this result the reader is
referred to the paper [1]. In the special case of cylindrical domains, i.e. for {2 of the form
Q = U x]0,1[ an analogue of Theorem C was independently proved by Huang [8]. His
proof method, unlike ours, cannot be generalized to the case of damped wave equations.

In order to extend the above results to damped wave equations (De), let us proceed as
before and transfer problem (D) to the following equivalent equation on the fixed domain
Q.

(D.) ug = —vug + Agu + (1/€2)Ayu — yu + f(e, 2, ey,u), t>0, (z,y) € Q,

¢ vy - Vau+ (1/€2)va - Vyu = 0, t>0, (z,y) € 0.

Set X, = X := H'(Q) x L*(Q) for € > 0 and Xq := H () x L;(R). Given u € X, we
will write ug (resp. u) for the first (resp. second) component of u, i.e. u = (uo,u1). For
¢ > 0 endow X, with the norm |- |x, defined by

|(wo, ur) [k, = luol? + [u1lZ2(q)-
For € > 0 define D(B.) := D(A.) x H(Q) C X and let Be: D(Be) — X¢ be the
operator
Be(ug,u1) := (—u1, vur + Acug) for (uo,u1) € D(B.}-
Moreover, for all € > 0 define the map ge: X — X by
ge(ug,u1) = (0, fe(uo)) for (uo,u1) € Xe.

Then, for all € > 0, equation (D) can be written in the equivalent abstract form
= —Beu + ge(u).
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This equation defines a (local) semiflow (actually, a flow) 7 on X. The limit flow of the
family (e)ec)o,) 18 given by the flow mg generated by the equation

4 = —Bou + go(u)-

We prove (see Theorem 3.5 below) that the family (m¢)e>0 converges to 7o in a restricted
sense, analogously to the first part of the convergence result in the parabolic case.

On the other hand, since the linear operators B do not have compact resolvents, the
arguments in [10] (resp. in [1]) used to prove the upper semicontinuity of attractors (resp.
the singular Conley index continuation principle) cannot be used in the present case.
To remedy this, we establish in section 4 a singular asymptotic compactness property
for the family (me)e>0 (Theorems 4.3 and 4.5). This property enables us to prove, in
the dissipative case, the existence of a global attractor for the limit fow and an upper
semicontinuity result for attractors (see Theorem 5.6).

Our convergence and asymptotic compactness property, together with an abstract result
established in [2] also imply a version of the singular Conley index continuation result for
damped wave equations on squeezed domains (see Theorem 5.8 below). The complete
proof of this latter result is given in [2]. For the precise assumptions on the nonlinearity
f, see Examples 3.3 and 4.2 below. Let us only mention, that unlike in Theorem 3.5, we
assume, in Theorems 5.6 and 5.8, subcritical growth of f with respect to u. If f has critical
growth, then, under some additional conditions, the same results obtain. The proofs are
more difficult and are given in [3].

We keep the presentation of our results on an abstract level. In fact we only assume
certain spectral convergence properties on the family (A¢)e>o of linear operators (see hy-
pothesis (Spec) in Section 2). We also make abstract convergence and admissibility as-
sumptions (conditions (Conv) in Section 3 and (Comp) in Section 4) on the family (fe)e>o0
of nonlinear operators. For the existence and upper semicontinuity of attractors we also
need an assumption (condition (Liap) in section 5) guaranteeing the existence of Liapunov
functions for the flows 7. satisfying appropriate estimates.

As a consequence of our abstract approach all our results can also be applied to more
general situations, e.g. to damped wave equations on curved thin domains introduced in
the recent paper [L3]. Moreover, we can replace the Neumann boundary conditions by,
say, mixed boundary conditions. In addition, the convergence and admissibility results
remain valid for appropriate systems of damped wave equations on thin domains.

9. SINGULAR FAMILIES OF LINEAR DAMPED WAVE OPERATORS

In this section we introduce the abstract framework for the study of damped wave
equations on thin domains. We introduce a spectral convergence condition on a fam-
ily (Ae)ec[o,eq) Of linear operators, which will later enable us to obtain a basic singular
convergence theorem for linear damped wave equations.

We start by recalling the definition of a semiflow and a few related concepts.

Let X be a topological space, let D be an open subset of [0,00[ x X and 7: D = X
be a continuous map. We write zmt := 7 (t,z) for (¢,z) € D. The map is called a local
semiflow on X if the following properties are satisfied:
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1. For every z € X there is a number w, = w? € |0, co] such that (¢,z) € D if and only
if 0 <t < ws.

2. zn0 =z for all z € X.

3. If (t,z) € D and (s,zwt) € D then (¢t + s,z) € D and

z(t + s) = (zmt)ws.

If wy = oo for every z € X, then 7 is called a global semiflow on X.

Let N be an arbitrary subset of X. We say that the local semiflow 7 does not ezplode
in N, if whenever z7t € N for all ¢ € [0, w,[ then wy = oco.

Let J be an arbitrary interval in R. A map o: J — X is called a solution of 7 if
for all t € J and s € [0,00[ for which ¢t + s € J, it follows that o(t)7s is defined and
o(t)rs =o(t+s). If 0 € J and o(0) = z, we say that o is a solution through z. If J =R
(respectively J = ]—00,0]), then o is called a full solution (respectively full left solution)
relative to .

Suppose H is a linear space which is complete with respect to the scalar product (-,-) g
and let A: D(A) C H — H be a (densely defined) positive self-adjoint operator on
(H,(-,-Yg) with A=1: H — H compact. Let A\; := A\1(A) > 0 be the first eigenvalue of A
and H;(A) be the linear space D(A'/2). Endow H;(A) with the (complete) scalar product

(1, ) g1, a) = (AY?u, AP0 g
Set X (A) := Hy(A) x H. Given u € X(A) we will write ug (resp. u;) for the first (resp.
second) component of u, i.e. u = (ug, u1).

Endow X (A) with the (complete) scalar product
((uo, u1), (vo,v1)) x(4) := (40, v0) iy (4) + (U1, V1) H-
Write | - |#, | - |, (4) and |- |x(4) for the corresponding Hilbert space norms.

Let v > 0. Define D(By 4) := D(A) x H{(A) C X(A) and let By 4: D(By,4) =+ X(4)
be the operator

By a(uo, u1) := (—u1,vu; + Auwy) for (ug,u1) € D(By,4)-

The following result is well-known (cf [9, 16]):

Proposition 2.1. Under the above hypotheses the operator —B := —B,, 4 is the generator
of a C%-group e~tB, t € R, of operators on X(A). Let a € R be an arbitrary number
satisfying the inequalities

a(v —a)

> 0.
Al

0<a§gand1—

Set M := u?/m, where

_a(u—a)_

= max{V1+ a4/l +ar\[' +a2A['} and m =41 N

Then the following estimate holds:
Ie_tBu\X(A) < Me™®*u|x(4) for t >0 and u € X(A).
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Now suppose that f: H;(A) = H is a map which is Lipschitzian on bounded subsets
of Hi(A). Define the map g = g4 ¢: X(A) = X(A4) by

94, (uo,u1) = (0, f(uo)) for (uo,u1) € X(A).
It follows that g4 ; is Lipschitzian on bounded subsets of X (A).

Consequently (cf [15]) there exists a well-defined local semiflow (actually a local flow)
my,A,f generated by the mild solutions of the following abstract damped wave equation

U= — v, AU +gA,f(’u).

Moreover, m, 4,5 does not explode in bounded subsets of X (A). This follows, e.g. from
Theorem 1 in [15] and its proof.

Let us now introduce the following basic hypothesis:

Definition 2.2. Given a number eg > 0 we say that the families (H¢, (-, )H¢)ec[0,eo] aNE
(Ae)ec(o,e0) satisfy condition (Spec) if the following properties are satisfied:

1. for every € € [0,€], (HS,(:,-)me) s a Hilbert space and A.: D(Ae) C H® — H€ is
a densely defined positive self-adjoint operator on (H€,(-,-)ge) with A:™': H¢ — H*
compact. Write Hf := H1(A¢) and X, := X (Ae);

2. the linear spaces H := H® and H, := Hf are independent of ¢, for € € ]0, €], H® is
a linear subspace of H and HY is a linear subspace of Hi;

3. there ezists a constant C € |0, co[ such that

lulx. < Clulx, and |u|x, < Clu|x,
for all u € Xy and all € € )0, €],

4. for every € € ]0,€q] let (Acj)jen be the repeated sequence of eigenvalues of Ae and
(wej)jen be a corresponding H€-orthonormal sequence of eigenfunctions. Further-
more, let (Ao j)jen be the repeated sequence of eigenvalues of Ag.

Whenever (en)neN 8 a sequence of positive numbers converging to zero then
(a) for every j €N,
’\Gn,j — )\O,j as n — oo,
(b) there is a subsequence of (€n)nen again denoted by (€n)nen and there is an HC-
orthonormal sequence of eigenfunctions (woj)jen corresponding to (Xo,j)jeN such
that

|Wep,j — ’LUO,jIH;n —0asn— o0
forallj eN;
(c) for every u € HY,
(“’wen,j)an =* (U,wo,j)H? as n — o0

for all 5 € N.

The following example shows that the thin domain problems for reaction-diffusion equa-
tions and damped wave equations described in the Introduction provide families of Hilbert
spaces and positive self-adjoint operators satisfying condition (Spec).

Example 2.3. Let Q be an arbitrary nonempty bounded domain in RM x RN with Lip-
schitz boundary and let € > 0 be arbitrary. As in the Introduction, write (z,y) for a generic
point of RM x RN . Let v > 0 be a fized constant. We will now formally describe the family
of differential operators on Q0 arising from the Laplacian on (e with Neumann boundary
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conditions. Here, as in the Introduction, S is the domain obtained by the squeezing
operator T. Define the symmetric bilinear form

ac: H'(Q) x H'(Q) - R
by
ac(u,v) = / (vuv + Vgu - Vou + (1/€2)Vyu - Vyov) dzdy.
Q

The pair (a, (-,-)12()) generates a linear operator Ae: D(Ae) C HY(Q) — L%(Q) such
that u € D(A) if and only if there is a w, € L%(2) for which

ae(u,v) = (wy,v)2(q) for allv € HY(Q).
The element w, € L%(R) is then necessarily unique and we write Ac(u) := wy.
Now define the “limit” space H}() by
H{(Q)={ue H(Q)|V,u=0}.

Note that H:(Q) is a closed linear subspace of H' (). Let us also define the space L?(9Q)
to be the closure of the set HX(Q) in L%(Q). It follows that L2(Q) is a Hilbert space under
the scalar product of L*(R)). Now let ag: HL(Q2) x H} () — R be the “limit” bilinear form
defined by

ag(u,v) = /ﬂ (yuv + Vu - V) dzdy = /n (yuv + Vzu - Vgo) dzdy.

Denote by Ay the operator defined, as above, by the pair (ao, (-,-)12(q))-

For € > 0 write H¢ := L*(Q) and (-,-)ge := (-,-)12(n)- Moreover, define HY .= [3(Q)
and (-,-)po == (-,-)p2()- With these notations it follows from the results of [10] that for
every e > 0 the families (H, (-,-)ie)ec[0,e0] 90 (Ae)eeio,eo) Satisfy condition (Spec).

Remark 2.4. There are other examples of families (HE, (-, ) He¢)ec(o,e0] 418 (Ae)ec(0,e0] 56
isfying condition (Spec).

First, instead of Neumann boundary conditions, one may consider, say, mized boundary
conditions on Q.. This merely leads to an appropriate modification in the definition of the
limit spaces H!(Q2) and L2(R2). The proofs of the results of [10] carry over with obvious
changes.

Next, instead of squeezing the domain Q in a ‘flat’ fashion, we may use a ‘curved’
squeezing in the normal directions of some M-dimensional submanifold of RM*N _ Asg it
has recently been established (see [13]) the Laplacian on the curved squeezed domain Qe
again gives rise to families (HE, (-, -) He)ec[o,e0] 910 (Ae)ec(o,eo) Satisfying condition (Spec).

Lastly, we may, of course, consider systems of differential operators, like u — DAu on
Qe (or Q), where now u is a vector-valued function taking its values in RP? and D is a
diagonal p X p-matriz with positive coefficients. The resulting families (HE, (-5 ) He ) ec[0,e0]
and (Ae)ecjo,eo) @9ain satisfy condition (Spec).

For the rest of the paper, let v > 0 be fixed arbitrarily. If the families (H*, (-5 ) e ) e€[0,e0]
and (Ae)ce[o,eo) satisfy condition (Spec) then we shall write B := B, 4., € € [0, €o)-



CONVERGENCE, ADMISSIBILITY AND ATTRACTORS 9

Remark 2.5. Let (HE, (-, )He)eeln,eo] 374 (Ae)ec(o ] Satisfy condition (Spec). Then for
every u € Hj

(o 0]
b = 3 el we el 2 Aetlufre.

j=1
Since lim,_,g+ A1 = Xo,1 > 0, there is an € € ]0, €] and a C' € |0, 00[ such that
(1) /\i,/lz > C' for all € € [0, €y
and so
(2) |u|s > C'lulge, for all € € [0, €p] and all u € HY.

Moreover, using Proposition 2.1 we may also assume that there are constants M, o €
10, oo[ such that

(3) le7tBeu|x, < Me *|u|x, for € € [0,¢], t >0 and u € Xe.

The next two propositions are consequences of Definition 2.2.

Proposition 2.6. Let (H¢, (-,-)He)ec[o,eo] M8 (Ae)ecfo,e) S0tisfy property (Spec). Then
for every € €10, €], the subspace (Xo,| - |x,) is closed in (X, | - |x.)-

Proof. Let € € ]0,€p] and suppose (un)nen is a sequence in Xg with |u, —u|x, — 0 as
n — oo for some u € X.. Condition (Spec)3 implies that
|Un - um'Xo < O|Un = ’Ufleey

it follows that (up)nen is a Cauchy sequence in (Xo, | | X,) which is a complete space.
Therefore (up)nen converges in Xp to some v in Xo. But condition (Spec)3 implies that

lun = v]x. < Clun —v|xo-
Hence u = v and thus u € Xg. This proves the proposition. O

Proposition 2.7. Let (HS, (-, ie)eco,e0] aM4 (Ae)ecioeo] SGtisfy property (Spec). Let
(€n)nen be a sequence of positive numbers converging to zero. For every u € H e

(U, We, j) Hen — (U, wo,j) o as n — 00

for all 5 € N.

Proof. First we will prove the result for u € H 9 In this case, condition (Spec)4(c) implies
(u, We, ) e — (W Wo,j) 0 88 M — 00
for all § € N. Therefore for each j € N we have
Aep i (U Wen i) Hen = No,j (U, Wo,j) go as m — oo.
Since A, ; — Ao,j a8 n — 00, Aenj > 0and Ag; >0 for all 7, n € N, it follows that
(u, we,, j)Hen — (U, Wo,5) go a8 N —> 0.

Now, let u € H® and § > 0. Since HY is dense in (H?, | - |fo) there exists a u' € HY such
that |u’ — u|go < §. By what we have proved so far, there is an ng € N such that

|(u',w5n’j)yen = (u’,wO,ﬂHol < 6 for all n > ny.
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Using the Cauchy-Schwarz inequality and hypothesis (Spec)3 we thus obtain for all n > no
that
|ty Wer, ) pren — (u,wo 3)gro] < | = ' pren + 6+ Ju = ¥| o
— 1(0,) — (0,) ., + 6+ — 'l 0 < CI(0,u) = (0,") o + 8+ u =
=Clu—u|go + 0+ |u— oo < (C+2)d.
Since § > 0 is arbitrary, the proof is complete. O

We can now state our first convergence result:

Theorem 2.8. Let (H¢, (-,-)He)ec[0,c0] 314 (Ac)eclo,eo] Satisfy condition (Spec). Suppose
(€n)neN 18 a sequence of positive numbers converging to zero as m — 00, (un)neN 5 @
sequence in Hy X H and ue € H{) x H® with

|tp, — Uoo|x,, = 0 as n — 0.
If (tn)neN 18 a sequence in [0, 0], too € [0,00[ and tn — teo as n — 00, then
|e_t"B‘ﬂun - e_t°°B°u°o|XEn — 0 asn — oo.

Proof. Note that, for each n € N, the vector un has the form u, = (¥n0,Un,1), Where
Uno € Hy and up,1 € H. Let (wo,j)jen be as in hypothesis (Spec)4. For every positive
integer N and € € [0, €o] let Pen: Xe = X, be the Xc-orthogonal projection of X, onto
the subspace generated by the vectors (we 3,0), (0,we5); 3 =1,...,N. Then

|e_t"Be" Up — e_thouoo'Xen < le_tnBc" (Pen,N“n) — g B0 (PO,NUOOHXe,.

+ |e~tBen (I = Pe, N)tnlx., + 7% (I = Po,n)ucolx.,
=Ty n+Ton+ Ton-
Moreover note that for fixed € € ]0, o] the sequence (Aej Y ?wej)jen is an orthonormal

basis of H; with respect to the scalar product (-, -) grg. Thus for v = (vo,v1) € Xe = H1 X H
and N € N we have

N N
PE,NU — (Z(UO’ Ae,j—l/z"‘ue,j)llf Acs,j_l/z'we,ja Z(vlu we,j)H"we,j)
Jj=1 j=1
N N
= (vo, we,j) e (We,j, 0) + > (1, wej) e (0, we5)-
Similarly for v = (vo,v1) € HY x H® and N € N we have
N N
Pyvv =Y (vo, wo,j)pro(wo,5,0) + > (w1, w0,3) ro(0, wo,5)-
g=1 Jj=1
For v = (vg,v1) € H1 X H and € € 10, €]
2
(4) ol = vl + vt = Clvolfre + [o1[ze,

where €, and the positive constant C' were defined in Remark 2.5. The fact that |un —
Uoo|X., =+ 0asn— o0 and inequality (4) imply that

[uno — Uoo,0|Hen — 0 and |up,1 — Uoo,1|FHen — 0 @8 m — 00
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Using Proposition 2.7 we thus obtain for every j € N

|[(Un,0, Wen,j) Hren = (Uoo,0, W0,5) 10| < [(Un,0, Wep ) Hren — (Uoo,0, We, ) Hren |
+ [{¥00,0, Wep,j) Hen — (Uoo,0, W0,5) o] < |Un,0 — Uoo,0| ren
+ [(Uoo,05 Wey,j) Hen — (Uo0,0, wo,) gro| = 0 as n — oo.

Thus

(5) (Un,0, Wep ) Hen — (Uoo,0, W0 j) ro 88 n — 0o0.
Similarly,

(6) (Un,1, Wep,5) Hen — (Uoo,1, Wo,j) o @8 M — 00.

Since the condition (Spec)4(b) implies that |we, j —wo ;| g — 0, it follows from inequality
(2) that |we, ; — wo,j|gen — 0 as n — co. Formulas (5) and (6) thus imply that

(7 lPen,NUn - PO,NUoolXen — 0 as n — oo.

To complete the proof we need the following lemmas:

Lemma 2.9. For every N € N the sequence (T,i N)neN converges to zero as n — oco.

Proof. For every A, a,b € R define the function z(),a,b): R — R as the solution of the
initial value problem

z"(t) + va'(t) + Az(t) = 0,z(0) = a,2'(0) = b.
Clearly the functions (), a,b,t) — z(),a,b)(t) and (A, a,b,t) — z(), a,b)'(t) are continu-
ous. Now note that

N

e_tn Be" Pe"’Nu"' = Z e—t"' Bcﬂ (an,jwen,j, bn:jwen’j)
Jj=1

N
= Z(x(Aen )j’ an)j’ b"’;j) (tn)wén yj’ z‘(Afn vj’ a"’:j’ bnij)’(tn)wcﬂyj)’
Jj=1

where a, ; = (Un,0, We,,;) Hen and by j = (Up 1, We, ;) Hen . Similarly

N

e PO Py Nuce = Y (2(A0j, a0,5, b0,5) (oo ) w0, (M0 5, 00,5, b0,5)' (o) w0,5),

Jj=1
where ag j = (Uco,0, Wo,j) fro and by j = (Uoo,1, Wo,j) go- This fact together with formulas (5)
and (6) imply the lemma. d
Lemma 2.10. For every § > 0 there exist an Ny = Ny(d) € N and ng = ng(d) € N such
that for all m > ny

TT?,NO < 5 and Tg,No < d.

Proof. From our hypotheses and formula (7) we obtain that
(8) I(I_Pen,N)un“(I—‘PO,N)Uoolxm — 0 as n — oco.

Now |(I — Po,n)too|x., < C|(I — Py,N)uco|x,- Notice that the constant C is independent
of n and N. Given § > 0 choose Ny € N such that

I(I_POyNO)UOOIXO <.
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This is possible since [Py NUco — Uoo|x, —+ 0 a8 n — co. Formula (8) implies that there
exists an ng € N such that for n > ng

|(I = Pe,vo)un — (I — Po,No)Uco| X, < 0.

Then for all n > ng
[ PEn,NO)u"|X€n <6+ |(I = Po,no)uoo|x, < 6+ CO.
Let M be as in Remark 2.5. It follows that
T2 Ny < M|(I = Pe, no)tn|x., < M&+ MC6

and

T3 vy < CM|(I = Py, )tioo|x, < CMG.
This completes the proof of the lemma. O

We can now complete the proof of the theorem: Recall that
|e_t"B‘"un - e_t°°B°uoo|X€n < T,iN + T,%,N +T,?’N.

For § > 0 arbitrary choose Ny = Ny(d) € N and ng = ng(d) € N as in Lemma 2.10 such
that for all n > ng

T2 Ny < 6 and T o < 6.
By Lemma 2.9 we can choose n; > ng such that

T,%’No < § for all n > n;.
Hence for n > n,

T vy + T v + T vy < 30

This proves the theorem. O

3. SINGULAR CONVERGENCE OF NONLINEAR DAMPED WAVE EQUATIONS

We will now introduce a natural condition on the nonlinearities fc, € € [0, €], which
implies a general ‘singular convergence’ theorem of the flows 7, 4, 7 to the limit flow

Tv,Ao,fo-

Definition 3.1. (cf Definition 2.5 in [1]) Let o > 0 be arbitrary and (HS, (-, ) He)eg(0,e0]
and (Ae)ec(o,eo) be families satisfying condition (Spec). We say that the family (fe)ec[0,e0]
of maps satisfies hypothesis (Conv) if the following properties are satisfied:

1. fe: Hf — HE® for every € € [0, ).
2. lime_,g+ |fe(u) = fo(u)|mre = O for every u € HY.
3. For every M € [0,00] there is an L = Ly € [0, 00[ such that
|fe(u) = fe(v)|me < Llu — v|ag
for all € € [0,€q] and u, v € Hf satisfying |u|mg, |v|m; < M.
Remark 3.2. Let ( fé)eE[O,eo] be a family of maps which satisfies hypothesis (Conv) and
(he)eco,eo) e a family with he € H® for € € [0, €0] and such that |he— ho|ge — 0 as e — 0.

Define fo(u) := fe(u) + he for € € [0,60] and u € He. Then the family (fe)ec[o,e0] @150
satisfies hypothesis (Conv). This remark will be used in Section 5.
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Families of maps satisfying hypothesis (Conv) can be obtained as follows:

Example 3.3. Let g > 0 be arbitrary and the families (H®, (-, ) He )eclo,e0] 978 (Ae)ec(o,eo]
be as in Ezample 2.9. Let G: RxRM xRN xR = R, (¢,z,v,¢) — G(e, 2,9,£), be a C*-
function for which there are constants B, § and C € [0, 00[ such that for all (e,z,y,§) €
R x RM x RN x R the following estimates are satisfied:

L. |0.G(e, z,y,€)| < C(1+[¢IF);
2. |VyGl(e,z,y,€)| < C(L+[¢F);
3. |0:G(e, z,y,6)| < C(L+¢°).

Ifn :== M + N > 2 then we also assume that f < 2*/2 and § < (2*/2) — 1, where
2* .= 2n/(n — 2).
For € > 0 define the map fe by
fe(w)(z,y) := G(e, 7, ey, u(z,y)), for u € H'(R) and (z,y) € 0.
Furthermore, for u € HL(Q) define fo(u): @ = R by
fo(u)(z,y) = G(0,z,0,u(z,y)) for (z,y) € Q.
It is easy to prove (cf. [1]) that the family (fe)ec[o,eq) Satisfies hypothesis (Conv).

Remark 3.4. Ezample 3.3 can be generalized to functions G taking values in RP and
having the argument & lying in RP. This allows applications to systems of damped wave
equations.

In the sequel, if the family (fe)eg[o,¢o) Of maps satisfies hypothesis (Conv) then we will
write ge := g4, 7. and T := m, 4,5, for every € € [0, o).

We can now state our main convergence result:
Theorem 3.5. Let (H, (-, -)H¢)ec[0,c0] N8 (Ae)ec(o,eo] S0tisfy condition (Spec), and sup-
pose that (fe)ecjo,eo) Satisfies hypothesis (Conv). Let (€n)nen be a sequence in )0, o] with

€ = 0 as n — 0o and (ty)nen be a sequence in [0, 00[ with t, — to as n — oo, for some
too € [0,00[. Moreover, let (un)uen be a sequence in Hy X H such that

|un — Ueo|x,,, = 0 as n — 00
for some uo € HY x H®. Under these assumptions if usoToteo i defined then, for all
large enough u, e, ty, is defined and

[unTe, tn — UooTotoo| X, — 0 as n — oo.

The proof of this theorem requires the following

Lemma 3.6. For every @ € X there ezist a § > 0 and a 7 > 0 such that for every
oo € Xo with |ase — Tlx, <, GoomoT 18 defined and whenever (en)nenN 18 a sequence in
10, €0] with €, — 0 and (an)nen i a sequence in Hy x H with

lan — @eolx., = 0 as n — o0,
then there is an ng € N such that apm,, T is defined for n > ng and

sup |anme,t — acomot|x,, — 0
te[0,7]

as m — oQ.
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Proof. Let Cy € ]0, 00[ be such that @] x, < C1. Without loss of generality we can assume

that the constant C in condition (Spec)3 is such that

9) C>1.
Set
(10) M' =20y + 3CC,

and let L := Ly be as in Definition 3.1 with M replaced by M'. Since |ge(@)—go(@)|x. — 0
as e = 01 we may assume that

|90(@)|x, < C2
and

sup |ge()|x. < C2 < o0
€€]0,¢0]

for some positive constant Cs.

Now choose 7 > 0 and 6 > 0 such that

(11) MLt <1/2,

(12) MT(2LC, + C2) < C1/4,

(13) (CM + C)é < Cy/4

and

(14) Cle™tPow —a|x, < C1/4 for t € [0, 7],

where the positive constant M is as in Remark 2.5.
For every ¢ € [0, €] and a € X, with
(15) la —a|x, < Cy,
define
Seq:={u|u: [0,7] = X is continuous and |u(t) — a|lx. < Cy for all t € [0,7] }.
For u € S, define the map Teo(u): [0,7] = Xe by

t
Tea(u)(t) := e tBeqg +/ e_(t_s)B‘ge(u(s)) ds.
0

Note that whenever u € Se 4, then for all ¢ € [0, 7]
Iu(t)lxe <C,+ IalxE <C +Ci+ W!Xe <201+ CC< M,

where the last inequality follows from (10). Thus for all u,v € Se o arbitrary and for all
t € [0, 7], we have

t
(16) |Te,a(u)(t) — Tea(v)(t)lx. = |/0 e (79 (ge(u(s)) — ge(v(s))) ds|x,

< M7L sup |u(s) —v(s)|x. < 1/2 sup |u(s) —v(s)|x.-
s€[0,7] s€[0,7]

Notice that the last inequality follows from (11). Moreover for all ¢ € [0, 7]

t
ITe o (u)(t) — alx. < le7*Pea—alx, +] /O e~ (t=9)Beg (y(s)) ds|x, =: K} + K_.
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Hence

K2 < Mt sup |ge(u(s))|x.-
s€(0,7]

Now for s € [0, 7] we have
19(u(3))|x. < |9¢(u(s)) — ge(a)lx. + [ge(a)lx.
< Llu(s) — alx, + |9¢(a) — 9¢(@)|x. + |9¢(@)|x.
< LCy+ LCi+Cy = 2LC, + Co.

Thus, it follows from (12) that K, 2 < M7(2LC1+C2) < Gy /4. In the previous computation
we used the fact that

lalx. < Ci+E|x. < C1+CC1 < M’
and [z|x, < M.
If ag € X, satisfies |ag — T|x, < J, then
K! < le_tha — e tBogq|x, + Ie_tB°a0 — e tBog| x,
+ |e~tBow — @| x, + [& — aolx. +|a — aolx.
< |e7tBea — e7tBogq|x, + |a — aox, + CMJ + CletBog —u|x, + Cd
< |e"tBea — e~tBogy|x, + |a — aolx. + C1/2,

where the last inequality follows from (13) and (14). Thus putting things together, we
obtain for all € € [0, €j], all a € X, satisfying (15) and all ag € Xp with |ag — | x, < 6 that

(17) |T. o(u)(t) —a|x, < 3C1/4+ le~tBea — e7*Boag|x, + |a — aolx.-

In particular, for all a € X, satisfying |a — u|x, < § we have that
ITQ,a(u)(t) — a|xo < 301/4 < C, for allt € [0, 7'].

Hence we conclude that T q(S0,a) C So,a and so, by Banach Fixed Point Theorem, there
is a unique fixed point of Tg,q in So,a- In particular amo7 is defined.

Now let (en)nen be a sequence in 10, €0] with €, — 0 as n — oo. Suppose ae € Xo
satisfies |aoo — U|x, < 0 and (an)ueN I8 a sequence in H; x H with |a, — @w|x,, — 0 as
n — co. By what we just proved, it follows that aeemo7 is defined. Theorem 2.8 implies
that there is an ng € N such that for all n > ng

sup Ie“tB'n an — e'tB°aoo|x," + |an — Goolx., < C:1/4.
te[0,7]

Thus, it follows from (17) that T, an (Sen,an) € Sensan for all n > ng. So Tk, a, has a fixed
point in Se,, q4,. In particular anme, ™ is defined for all n > ng. Thus for all n > ng we have

n,0n

|ane,t — aoomot|x., < |e_tB‘"_ an — e_tB°aoolx€n
t
b1 [ g ) = g (amo) dolx.
0

Now for s € [0, 7] we have
laoomo8]x.,, < Clacomos|xo < Cllacomos = doolxo + laco = Ulxo + [Elxo)
<3CC; < M.
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Therefore we have that

(18) |anme,t — acomot|x., < le_tBG" an — e_tB°aoolX€n + MTL sup |a,7e,$ — GooT0$|X.,
s€[0,7]

¢
+|/0 (e7(t=9)Ben g, (acomos) — e~ t=9Bo gy (aomos)) ds|x., -

Now

¢
l/o (e_(t_s)Bfﬂgen (acomo8) — e_(t_s)B°go(aoo7ros)) ds|x,,

< T sup sup |e_(t"s)B€"g€n (acomos) — e‘(t_s)Bogo(aoowosten
te[0,7] s€[0,t]

We claim that

(19) sup sup le_(t_s)B*" ge, (@om08) — e_(t_’)B°go(aoo7ros)|X€n — 0 as n — oo.

te[0,7] s€[0,t]
Otherwise there is a sequence (tp)nen in [0, 7] and there is a sequence (sp)nen With s, €
[0,¢,] for all n € N such that

—(tn—sn)BO

|le~(tr=3m)Ben g (acomosn) — € 90(aooT08n)|x., > b0

for some dy > 0 and all » € N. Without loss of generality we can assume that ¢, — ¢ and
Sp, — s as n — oo with s < ¢t. Notice that

|9en (GooT03n) — 90(Goo™08)| Xe,, < |9en (@ooT05R) — Gen (@0oT08)]| X,
+ |gen (@o™08) — go(acomos)| X,
< LC|ace™a8n — Goo™08|Xo + |gen (@oT08) — go(@comos)| x.., -

Hence |ge, (aooT05n) — 90(@oo™03)|x., — 0 as n — 0o. Thus Theorem 2.8 implies that

(20) le=(tn=3n)Ben g (@00mo5n) — e~(t=9)Bog, (apomys)|x., — 0 as n — oo.

Notice that |go(acom08n) — go(@Goo™0S)|x, — 0 @8 n — oo and
—(t—s)Bo

—(tn—8n)Bo go(aooWOS)IXen

= C|e_(t""’")B°go(aoo7rosn) —e”

le 90(acomosn) — €

(t=9)Bo g (200708 Xo-

Therefore |e~(tn=37)Bo gy (apomoss) — e~ (t=9)Bogy(anemos)|x., = 0 n — co. This fact to-
gether with (20) yields a contradiction which proves (19).

Putting (18) and (19) together, using Theorem 2.8 and the fact that MTL < 1/2 we
see that

sup |apme,t — @oomot|x,, — 0
t€(0,7]

as n — oo. The lemma is proved.

We can now give a
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Proof of Theorem 3.5. Since ucomteo is defined, there is a b > ts, b € ]0,00[, such that
Usomot i defined for all ¢ € [0, b[. Define

I:={t€|0,b[| there exists an ng € N such that u,7,t is defined for n > ng and

SUp |UnTe,S — UcoMoS|x,, —> 0 asn — oo}
s€(0,t]

It is clear that 0 € I. Furthermore if 0 <t <tand ¢t € I, then t' € I. Let
t:=supl.
It follows that # < b and so [0,%[ C I.

An application of Lemma 3.6 with ¥ := uy, shows that £ > 0. We claim that ¢ = b.
Suppose, on the contrary, that £ < b. It follows that @ := uxmt is defined. Let § > 0 and
7 > 0 be as in Lemma 3.6 with respect to this choice of u.

Choose t € R with 0 < t <% < t+ 7 and |ugemot — UsoTot|x, < 8. We have that t € T
so there exists an ng € N such that u, 7.t is defined for all n > ny and

(21) SUp |UpTe,s — UsoToS|x,, —+ 0 as n — oo.
s€[0,t]

Set @y, := upme, t and U 1= Usemot. Applying Lemma 3.6 with a, replaced by %, and ax
replaced by 4 we thus have that 4my7 is defined and we obtain the existence of an n; > ng
such that 4,7, 7 is defined for all n > n; and

(22) sup |lne,s — Umos|x,, — 0 as n — oo.
s€[0,7]

Formulas (21) and (22) imply that uemo(t + 7) is defined, un, 7, (t + 7) is also defined for
all n > ny and

SUP  |UnTe, S — UsoT0S|X,, — 0 a8 n — co.
3€[0,t+7]

Thus ¢t + 7 € I, but t +7 > %, a contradiction, which proves that ¢ = b.

Since to € [0, 5[, it follows that there is a ¢ € [0,b[ with o < ¢ and t, < ¢ for alln
large enough. In particular ueemoteo i8 defined and usomotn, UnTe,t, are defined for all n
large enough and

[UnTrentn — UcoTotn|X., — 0 as n — oo.
Since, by condition (Spec)3,
luoo"rotn = 'Ufooﬂ'OtooIXen < C|uoo7r0tn - uoo"rotoolXo

and [UoeTots — UsoTotoo| Xo — 0 @8 m — 00, the theorem follows. O

4. ADMISSIBILITY

In this section we shall prove that under a certain abstract compactness hypothesis
on the family (fe)eeo,eo) the corresponding family of flows satisfies a singular asymptotic
compactness property. This property, together with the singular convergence result ob-
tained in the previous section, is all that we need to establish the singular Conley index
continuation principle for damped wave equations on thin domains.

We begin with a definition:
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Definition 4.1. We say that the family (fe)ec(o,eo) Satisfies hypothesis (Comp) if the fol-
lowing hypotheses are satisfied:

1. For every € € [0,€q] the map f: Hf — H® is compact, i.e. maps bounded sets in
(Hf,| - |ng) into compact sets in (H, | - |re)-

2. Whenever (€n)neN 18 a sequence of positive numbers converging to zero as n — oo,
C € [0,00[ and (én)nen is a sequence in Hi such that

i‘églgnmﬁ <C,
then there is a sequence (ng)ken in N with ng — oo as k — oo such that
|fen,, (€ni) — v|gen =0 as k — 00
for some v € HO.

Example 4.2. Let g > 0 be arbitrary and the families (H°, (s ) He)ecl0,60] 074 (Ae)ee[o,e0]
be as in Ezample 2.3. Let G: R X RM x RNV x R = R and the family (fe)ec[o,c0] b€
as in Ezample 3.3. If n := M + N > 2 then assume also that § < (2*/2) — 1, where
2% :=2n/(n — 2) (subcritical growth). Then (fe)ec(o,eo] satisfies hypothesis (Comp).

In the sequel, given a subset S of a linear space £ we denote by co S the convex hull of
S.
We now obtain the first admissibility result:

Theorem 4.3. (Cf Theorem III 4.4 in [14]) Let (HS, (-, YHe) ec[0,e0] and (Ae)ee(0,e0] satisfy
condition (Spec). Suppose the family of maps (fe)eclo,eq) Satisfies hypotheses (Conv) and
(Comp). Let € € [0, €] be arbitrary. Suppose N is @ closed and bounded set in Xe, (tn)neN
is a sequence of positive numbers such that t, — 00 as n — 00 and (Gn)neN 18 @ sequence
in X, such that

anTe[0,t,] C N for alln € N.
Then there is a sequence (ng)ren in N with ng — 00 as k — o0 such that
|an, Tetn, — v|x. = 0 as k = oo,
for some v € Xe.

Remark 4.4. In the terminology of [L4], the set N is me-admissible.

Proof. Let B := P be the Kuratowski measure of noncompactness on X, (cf [4]). Let
§ > 0 be arbitrary. Then there is an r := r(d) € ]0, oo[ such that

Me™%" < 4,
where the constants M and « are as in Remark 2.5. Since t, — 0o as n — oo, there is an

no € N such that t, > r for all n > no. Therefore for every n > ng we have

-
AnTeln = e_rBE an"re(tn - r) + / e—(r_S)Begé(an"ré(s +in — T)) ds.
0

By hypothesis (Comp) there is a compact set K in X such that
ge(anme(s +tn — 1)) € Ky for alln € Nand s € [0,7].
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Let Ky :={e~(r=%)Bey | v € K, and s € [0,7] }. Of course K; is compact in X,. Thus
T
/ e~ (1=9)Beg (anme(s +t, — 7)) ds € K3 for all n € N,
0

where K3 = rclco K. Notice that the set K3 is compact by Mazur’s Theorem and so we
obtain

B({anmetn | n € N}) = B({anmetn [n 2710})
<B({ e Peanme(t —7) | n =m0 }) + B(K3)
< 2MCne " < 2Cn9,
where C = sup,cn |u|x. < oo. Since § > 0 is arbitrary, it follows that
B({anmetn [ n €N}) =0
80 (@nTetn)nen has a subsequence converging in X¢. This proves the theorem. Od

Recall that Proposition 2.6 implies that for every e € ]0, €], the set Xo = HY x H°
is a closed subspace of X.. For each € € |0, €], let Qc: X — X, be the X-orthogonal
projection of X, onto Xj.

We can now state our second admissibility result:
Theorem 4.5. Let (H, (-,-)ie)eclo,e0] 9nd (Ae)ecio,eo) Satisfy condition (Spec). Suppose
the family of maps (fe)ecjo,eo) Satisfies hypotheses (Conv) and (Comp). Suppose (€n)neN
is a sequence of positive numbers converging to zero as n — o9, (tn)neN %8 a sequence of

positive numbers such that t, — 0o as n — oo and (@n)neN 18 a sequence in Hy x H.
Assume that there exists a C" € ]0,00[ such that

|anTe, s|x., < C" for all n € N and for all s € [0, tnl:
Then there exist a v € Xo and a sequence (ng)gen in N with ny — o0 as k — oo such that

|ang Ten, tny — v|x€n’e — 0 as k — 0.

Proof. Let B := [y be the Kuratowski measure of noncompactness on Xo. Let § > 0 be
arbitrary. Then there is an r := r(d) € ]0, oo[ such that

Me™°" < 4,
where the constants M and o are as in Remark 2.5. Since ¢, — oo as n — oo, there is an
no € N such that ¢, > r for all n > ng. Therefore for every n > ng we have
2
Qen(anTe,tn) = Qe (e_TBG" anTe, (tn — 7)) + / ane_(r_s)Bcn Gen (AnTe, (s +tn — 1)) ds.
0
Using condition (Spec)3 we have
1Qen (e_rBe" anTe, (tn - T))IXo < C]Qen(e_rBen AnTe, (tn - r))lxen
< CMe “|anTe, (tn — T)|x.,, < CMe*C",
Thus
(23) B Qe (e B anme, (ta — 7)) | n 2 M0 }) < 2MCC"4.
Let
K= {Qene—(r_’)B‘"gen (anTe, (s +tn —7)) | n € Nand s € [0,7] }.
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We claim that K is relatively compact in Xo. In fact, let (ng)ren be a sequence in N and
(sk)reN be a sequence in [0,7]. We have to show that

—(r—5k)Bep,
(Qenk o~ (T—3k) Ben,, en, (Qny Ten, (sk +tay — T)))keN

has a subsequence converging to some element in Xo. We may assume that there exists a
s € [0,7] such that sy — s as k — oco. We will consider two cases.

First suppose (nk)ken is a bounded sequence in N. Therefore we may assume that
ng = m for some m € N. Since |anTe, (sk + tm — T)|x., < C", hypothesis (Comp)1
implies that we may assume that

|9e,, (@mTe,, (Sk +tm — 1)) —v|x,,, > 0as k=00
for some v € X,,. This implies that
|Q€me_("_3")B‘mgem (amTe,, (Sk +tm —T)) — Qeme'(r_s")B‘mleem — 0 as k — oo.
Now we consider the case for which (ny)ren is an unbounded sequence in N. Then
without loss of generality we suppose ny — oo as k — oo and so (€n, )keN is a sequence of

positive numbers converging to zero as k — oco. Using hypothesis (Comp)2 we may also
assume that

|Gen, (n Ten, (8 +1tn, — 1)) — lean —+0ask — o0
for some v € Xy. Since
1Qer e T Bem g (any T, (55 + try — 7)) — €00,
= |Qen, €™ Pmk g (any T, (31 + o, = 7)) = Qen €™ P00|x,,
< |e—(r_8")B‘"k Gen, (Gny Ten, (s +tn, — 7)) — 6_(T_S)B°U|X,,,k )
Theorem 2.8 implies
|Qer, ¢~ (r=3k) Ben, en, (Any Ten, (Sk + tny — r)) — e_(r"s)B°v|xmk — 0 as k — oo.
The claim follows.
Thus, as before, we have
(24) B({Qep(anTetn) | n € N}) = B({ Qe (e P ane, (tn — 7)) [m 2 10 })
+ B(rclcocl K) < 2MCC",

where the last inequality follows from (23). Since § > 0 is arbitrary, the relation in (24)
implies that there exist a sequence (ng)ken in N with ng — oo as k — oo and v € Xy such
that

IQen,, (ankﬂenktnk) —v|x, =+ 0 as k — oo.
Since condition (Spec)3 implies
|Qen, (Gny Ten, tnk) — V] Xen, < ClQen, (Gny Teny tny) — V]Xo;
it follows that

(25) ‘Qenk (ank"renktnk) - le‘"k —0as k — .



CONVERGENCE, ADMISSIBILITY AND ATTRACTORS 21

Therefore to prove the theorem it is sufficient to show that

(26) |(I — Qe,)anTe, tn|x,, — 0 a8 n— oo.

Let 6 > 0 be arbitrary and choose 7 > 0 and ng € N as before. For all n > ng we obtain
(I - Qen)anﬂentanen < - Qen)e_rBE" anTe, (tn — "')IXen

=
5 |/ (I - Qen)e_(r_s)Bengen (anTe, (s +tn — 1)) dSIXen
0
< Me " C" 4+ ré, < 6C" + by,

where 0p, = sup,¢jo (1 — Q.,)e"("=9)Ben Gen (AnTe, (s + tn — 1)) ds|x,,, -

We claim that d, — 0 as n — co. Suppose this is not true. Then for some subsequence
(0n, )ken of the sequence (dp)nen and for some §' > 0 we have

On, > ¢ forallk eN.
Thus there is a sequence (Sg)xen in [0, 7] with
27) (I = Qen e~ " Pri g, (am, Tren, (5 + g — 7))l Xen, 6 >0 forall k € N.
We may assume that there exists a s € [0, r] such that sy — s, as k — oo. Since
|ang Ten, (Sk + tny, = 7)|Xe, < C" for all k € N,
we may also assume, using hypothesis (Comp), that
|9en, (GngTen, (Sk + tny — 7)) — w|xmk —+0ask = o0
for some w € X. Therefore Theorem 2.8 implies
e (r=2k)Ben,, Gen, (Any e, (SE +tn, — 7)) — e_("“’)B°w|xenk — 0 as k — oo.

Since (I — Qenk)e‘("’)B°w = 0, we obtain

(I - Q,, e~ (T=2k) Ben, Geny (@ny Ter, (8K + tn, = T))|xer,
= (I = Qe Je™ TV Pm g, (@ Ten, (5K + by, = 7)) = (T = Qe )™ Pow|x,,
< |e‘“(1‘—3lg)Benk Gen, (@n Ten, (sk +tn, — 1)) — e—(r—s)Bow|X€"k .

But this contradicts (27). The theorem is proved. O

Theorem 4.5 has the following corollaries:

Corollary 4.6. Let (HS, (-,-)He)e[0,e0] @0 (Ae)eg(o,eo) SaLISfy condition (Spec). Suppose
the family of maps (fe)ec(o,eq) Satisfies hypotheses (Conv) and (Comp). Suppose N C Xy
is a closed and bounded set and (€;)neN @8 a sequence of positive numbers converging to
zero as n — oo. Let n > 0 be arbitrary and define

Ny =Npp:={u€ X, | Qe,u € N and |(I - Qc,)ulx., <n}

Suppose (tn)nen 18 a sequence of positive numbers such that t, — oo as n — oo and
(@n)neN 8 a sequence in Hy X H such that

anTe, [0,t,] C Ny for alln € N.
Then there exist a v € N and a sequence (ng)ren in N with ng — oo as k — oo such that

|Gng Ten, b — UIX‘"/; — 0 as k — oo.



22 M. C. CARBINATTO AND K. P. RYBAKOWSKI

Corollary 4.7. Let (H¢, (-, )¢ )eelo,e) and (Ae)ecfo,eo) Satisfy condition (Spec). Suppose
the family of maps (fe)ecjo,e) Satisfies hypotheses (Conv) and (Comp). Suppose (€n)nen
is a sequence of positive numbers converging to zero as n — oco. For every n € N, let
On: Jn = Xe, be a solution of . Assume there is a constant C" € [0, co[ such that

lon(t)|x., < C" for alin € N and for all t € J,.

If Jn =R for every n € N (resp. if J, = [~15,0], n € N, where t, — 00), then there is
a subsequence of (0n)nen, again denoted by (on)nen and there is a solution o: R — X,
(resp. o: |—00,0] = Xo) of my such that for every t € R (resp. every t € ]—00,0])

lon(t) — o(t)|x,, —= 0 as n — co.

5. UPPER SEMICONTINUITY OF ATTRACTORS AND CONLEY INDEX CONTINUATION

In this final section we prove that, under the conditions (Spec), (Conv), (Comp) intro-
duced in the previous section and the additional condition (Liap), all lows ., € € [0, €],
have a global attractor and the family of attractor is upper semicontinuous at € = 0.

We start with the following essentially known result:

Proposition 5.1. Let X be a Banach space and B: D(B) — X be a linear operator such
that —B is a generator of a C°-semigroup on X. Let g: X — X be a map which is
Lipschitzian on every bounded subset of X. Let w be the local semiflow on X generated by
the mild solutions of the equation

% + Bu = g(u).

Suppose T is gradient-like with respect to a continuous function V: X — R, i.e. for every
nonconstant solution o: J — X of m the function t — V(o(t)) is non-increasing and
nonconstant. Moreover, assume that there is a k € [0, 00[ such that

lulx < k(V(u)+1) for every u € X.
Then 7 is a global semiflow, i.e. unt is defined for every u € X and for every t € [0, o0[.

Proof. In fact, given u € X, let w € ]0,00] be such that unt is defined if and only if
t € [0,w[. Then our assumptions imply that

lurt|x < &(V (unt) +1) < &(V(u) + 1) < oo for every t € [0,w].
It was remarked earlier in this paper that 7 does not explode in bounded sets. Conse-
quently w = co. The proposition is proved. O

The following result is well-known (cf e.g. [5], [9] or [16]):

Theorem 5.2. Assume the hypotheses of Proposition 5.1. In addition, assume that for
every bounded subset B of X

sup V(u) < oo.

ueB
Finally assume 7 is asymptotically smooth and that the set E of equilibria of m is bounded
in X. Let A, be the set of all full bounded orbits of m, i.e. the set of all u € X for which
there ezists a solution o: R — X of m with 0(0) = u and sup,g |o(t)|x < oo.

Under these assumptions the following properties are satisfied:
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1. 7 is a global semiflow, i.e. umt is defined for every u € X and for every t € [0, 00[;

2. Ay is nonempty, compact, connected and attracts every bounded subset B of X, i.e.
for every & > 0 there is a t(B, ) € [0, 00[ such that inf,c 4, [umt —v|x < & for every
u € B and every t > t(B,J).

We call A, the global attractor of .

Remark 5.3. Let m be a global semiflow on a Banach space X such that every closed
bounded subset of X is m-admissible. Then 7 is asymptotically smooth. This easily follows
from the definitions of admissibility and asymptotic smoothness.

We require the following

Definition 5.4. We say that the family (fe)ecjo,eo) 0f maps satisfies hypothesis (Liap) if
there are families (he)ecjo,eq] @4 (Ge)eco,co) Such that:
1. For every € € [0, €], he is a fized vector in H® and C3 := SupPc[o,¢] |he|pre < 00.
2. For every € € [0, €], Ge: Hf — R is a Fréchet differentiable function, G¢(0) = 0 and
DGe(u)v = (fe(u),v)me — (he,v)n< for all u, v € Hj.
3. There are constants v € ]0,1/2] and C, € [0, 00[ such that

1
Ge(u) < (5 - 1/1)|u|%{f + C) for all € € [0,€] and u € Hi.
4. There are constants vo € ]0,1] and C; € [0, 00 such that
(fe(u) — heyu)pge < (1= 1/2)|u|%{; + C, for all € € [0, €] and u € Hj.

Example 5.5. Let (H¢, (-, -)He)ec[0,0) 18 (Ae)ec(o,e0] bE a8 in Ezample 2.3. Moreover, let
the function G be as in Ezample 3.5. For simplicity, assume that G is independent of €, T
and y, so G = G(¢). Assume that the ezponent § satisfies the assumptions of Ezample 4.2
(subcritical growth) and suppose that G is dissipative, i.e.

G(§)

limsup —= < 0.
|€|—o0

Define

€
FE© = [ f@)ds, ¢
and, for € € [0, €], let Ge: Hf = R be defined by

Ge(u) :=/ﬂF(u(x,y))d:z:dy.

Let (he)ecfo,eo) be @ family such that he is a fized vector in HE¢ for every € € [0,¢€],
SUDe(0,¢o) | el re < 00 and |he — holae — 0 as € — 0%. One can obtain such a fam-

ily, e.g., by taking an arbitrary continuous function h: R X RM x RY — R and setting
he(z,y) == h(e, z, €y), € € [0, 0], (z,y) € Q. Define fe(u)(z,y) = G(u(e,y)) + he(z,y) for
€ € [0,¢0], u € Hf and (z,y) € Q. Using Ezamples 3.3, 4.2 and Remark 3.2 we see that
(fe)eelo,eo) Satisfies conditions (Conv) and (Comp). The dissipativeness condition implies
that for every 1) € |0, 00| there is a ¢ = c(n) € |0, 00[ such that

F(€) < (1/2)n€% +c
GE)E<n+c
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for all € € R. These relations and the definition of G easily imply condition (Liap).

We can now prove the following

Theorem 5.6. Assume that (H,(-,)He)eclo,e] @8 (Ae)eco,eo) Satisfy condition (Spec)
and let (fe)eco,eo] be @ family of maps satisfying hypotheses (Conv), (Comp) and (Liap).
Then the following properties hold:

1. for every € € [0,€q], the set Ac := Ax, of all full bounded orbits of me is compact,
connected and attracts every bounded subset of Xe;

2. the family (Ac)eclo,eo) Of attractors is upper-semicontinuous at € = 0 with respect to
the family of norms |- |x,.. In other words,

li inf |u —v|x, =0.
e A
Proof. For every ¢ € [0, €], define the function V;: X = R by

1 1
Ve(uo, u1) == Eluoﬁzf + §|u1|%1e — Ge(uo) — (he, uo) He-
It follows that for every € € [0, €] and for every solution u = (ug,u1): J — X, of me the

function t — (V. o u)(¢) is differentiable and

2 (Veou)(t) = —vhun(®)fhe te J.

Therefore for every ¢ € [0, €g], the local semiflow 7 is gradient-like with respect to Ve. For
every € € [0, ], u € Hf the function t = G¢(tu) is also differentiable and

d

Ege(tu) = (fe(tu)?'U’)H‘ - (he’u>H6‘

Hence
Ge(u) = /Ol(fe(tu),u)ye dt — (he,u) g, for u € Hi.
This equality implies that for every € € [0, €g] and u = (uo,u1) € X,
Ve(uo,u1) < %IUOI%{; + %IULI%F +|Ge(uo)| + |helmre - |uolme

1 1
< Zluol}e + =lur|he + sup |fe(tuo)lmre - [uolmre + helme - [uolme
2 2 t€[0,1]

1 1
< —Juglye + S|u1l)e + sup |fe(tuo) — fe(0)|are - [uo|me
2 ro2 te[0,1]

+ | fe(0)| sre - [uolmre + |helmre - [uolme-
Using our hypotheses it easily follows that for every Cy € [0, oo,

(28) sup Ve(u) < oo for every € € [0, €]
UE Xe,|u|xe <Ca

Moreover, if € > 0 is chosen small enough then

sup |fe(0)|pe < o0
e€(0,6p]
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and so for every Cy € [0, 00,

(29) Cs(C4) := sup sup Ve(u) < oo.
€€[0,ep] u€Xe,|ulx, <Ca

Furthermore, since 1 > v, and since a? > 2a — 1 for every a € [0, o[, we obtain
Viluo,w) > lualhy + lut e — Ge(uo) — [{he,uo)re
> Huofly + 2ol = (5 = 1) luol; = Gt = Aea™/*Caluolg
> '112—1|U0|%1; -+ %IM@H — (212e1) 1052 = C1 > w1 (|(u0, u1)|x, — 1) = (2v1A¢,1) T C5 - Ch.

This inequality implies that for every € € [0, €] and (uo,u1) € X,
(30) vi|(uo, u)lx, < Velwo,ur) +v1 + (2112¢1) 7 C5° + C1.

Now let € € [0,€o] and let u = (ug,u1) € Xc be an equilibrium of ms,. Then u; =0,
ug € D(Ae) and Acug = fe(uo). Hence
[“0|2H§ = (Acug, uo) re = (fe(uo) — he, o) e + (he, Uo) He
< (1= v)[ulle + Ca + A" /*Csluo| -
It follows that

C3>\e,1_1/2)1/2 iy Cide,1~1/?

Cs
31 « < (=
(31) luo|ms < (U2 + 2vn 2vs

Now a application of Theorem 4.3, Remark 4.4, Remark 5.3 and Theorem 5.2 together
with (28), (30) and (31) complete the proof of Property 1 of the theorem.

The estimates (1), (30) and (31) show that there is a constant C4 € [0, oo such that

(32) lu|x, < Ca(Ve(u) + 1) for every e € [0, €] and every u € Xe

and

(33) |u|x, < C4 for all € € [0, €] and every equilibrium v of 7e.

We claim that

(34) sup sup |ulx, < K :=Cy-(C5(Cs) +1) < .
€€[0,e0] u€E A«

In fact, let € € [0, €)] be arbitrary and u € Ae. Then there is a full bounded solution o of
e with o(0) = u. The set o(R) lies in a compact subset of X, so, in particular, the a-limit
set of o contains an element v. It follows that V¢(u) < Vi(v) and v is an equilibrium of .
From (32) we thus obtain that

|ulx, < Ca(Ve(u) +1) < Ca(Ve(v) +1).
Since |v|x, < Cy by (33), the estimate (29) implies that
Ve(v) < C5(Ca).

This proves our claim.
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Suppose Property 2 of the theorem is not true. Then there exist a d > 0, a sequence

(éx)nen in ]0, €] converging to zero and a sequence of full bounded solutions oy, of e,
such that

(35) inf |u, —v|x,, >0 forall n €N,
vEAo *

where u,, := 0,(0). The above claim implies
|on(t)]x., < K < oo for all n € N large enough and for allte R

Corollary 4.7 implies that there is a subsequence of (dn)nen, again denoted by (on)neN
and there is a solution o: R — X of mg such that for every ¢ € R

lon(t) — o(t)|x., = 0 as n — oo.
This limit and condition (Spec)3 imply that
lo(t)|x, < CK forallt € R
and so o(R) C Aq. In particular,
|up, —v|x. = 0 as n — oo,

where v := ¢(0) € Ag. However this contradicts (35). The theorem is proved. O

We thus obtain the following Corollary, which extends, to general bounded domains, part
(i) of Theorem 1.1 in [7] (note that the notation of [7] is different from ours):

Corollary 5.7. Let (H¢, (-, ") He)e€[0,e0] and (Ae)ecjo,e) b€ a5 1n Ezample 2.3 and (fe)ec(0,e0)
be as in Ezample 5.5. Then the following properties hold:

1. for every € € [0,€q], the set Ae := Axr, of all full bounded orbits of me is compact,
connected and attracts every bounded subset of Xe;

2. the family (Ae)eeo,eo] of attractors is upper-semiconiinuous at € = 0 with respect to
the family of norms |- |x,. In other words,

lim sup inf |u—v|x, =0.
e—0t yecA, VE

As it was said in the Introduction, each attractor A for € € [0, €o] is a compact isolated
me-invariant set with Conley index 0 Therefore the above theorem implies that the
invariant set Ay can be continued to an upper semicontinuous family of invariant sets all
having the same Conley index. The following result shows that the latter statement holds
under more general hypotheses for an arbitrary isolated invariant set of the limit semiflow
7. A proof, given in [2], is an application of Corollary 4.6 and an abstract continuation
principle established in [2].

Theorem 5.8. Assume that (HS, (-, ") He)ec[0,e0] @70 (Ae)eco,e0) Satisfy condition (Spec)
and let (fe)ecjo,eo] b€ @ family of maps satisfying hypotheses (Conv) and (Comp). Let N
be a closed and bounded isolating neighborhood for mo. For every n > 0 and € € ]0,¢€)
let K., be the largest m-invariant set included in N . Moreover, let Ko be the largest
mo-invariant set included in N.

Then for every m > 0, there ezists an €€ = €¢(n) > 0 such that for every € € 10, €]

the set Neg is a strongly admissible 1solating neighborhood of K, relative to m, and the
Conley indices of Ken and Ko are the same. Furthermore, for every n > 0, the family
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(Ken)eeo,ec(n)), where Koy = Ko, is upper semicontinuous at € = 0 with respect to the
family | - |x. of norms, i.e.

lim sup inf |u—v|x, =0.
e—0t ueK, , veKol Ix.
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