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Resumo

Neste artigo consideramos problemas parabdlicos abstratos em espagos de Banach
ordenados e damos condigoes sob as quais esses problemas possuem atratores globais.
A técnica utilizada é a comparacio de solugoes. Para esta técnica obtemos resul-
tados de comparacdo abstratos e limitagdes para os atratores em termos de ordem-
intervalos em espacos de Banach. Os resultados sao entao aplicados a equagoes
diferenciais ordindrias e a sistemas de equagOes parabdlicas para os quais a parte
principal é dada como a soma de uma poténncia fraciondria de um operador setorial
com resolvente crescente e operadores integrais cujos nucleos sao positivos.



Abstract Parabolic Problems in Ordered Banach Spaces

Alexandre N. Carvalho*', Jan W. Cholewa’ and Tomasz Dlotko!

Abstract

We consider abstract parabolic problems in ordered Banach spaces and give con-
ditions under which they possess global attractors. Our approach goes via com-
parison of solutions. Within this approach abstract comparison principles are ob-
tained and bounds on the attractors are given by order intervals in Banach spaces.
These results are applied to ordinary differential equations and to parabolic equa-
tions for which the main part is given by a sum of fractional powers of sectorial
operators having increasing resolvent and integral operators having positive kernels.

AMS-Subject Classification 2000: Primary 35K90, Secondary 35515, 35B40, 35B41.

1 Introduction

Let X be a Banach space and A : D(A) C X — X be a sectorial operator. Choose )\, € R
such that Re(a(A)) > Ao; that is, Re(\) > g for all A € 6(A) (o(A) is the spectrum of A).
As usual X ([13, p. 29]) denote the fractional power spaces associated to A. Assume that
[+ X®* — X is Lipschitz continuous in bounded subsets of X and consider the following
abstract parabolic initial value problem

u+ Au = f(u),
u(0) = up € X°. (1)

Under these assumptions the problem (1) is locally well posed in X (see [13], Theorem 3.3.4),
the solution u(t,ug) of (1) is defined in a maximal interval of existence [0,7,,) and either
Tuo = 00 or limsup, , + |lu(t, uo)||xe < co. When X is a Hilbert space, to ensure that the

problem (1) is globally well posed, the usual approach is to obtain some energy estimates for
the solutions. We are interested in the case when X is not a Hilbert space and in that case
different tools to obtain bounds on the solutions are needed. The tools that we will use to
replace energy estimates are abstract comparison results. For that we need some additional
structure to the abstract problem. We start with the following definitions.
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Definition 1 An ordered Banach space is a pair (X, <), where X is a Banach space and
< s an ordering relation in X satisfying

1. z<yimpliesz+2<y+z 2,9,z € X,
2. x <y implies \x < Ay, z,y € X, and 0 < A € R.
3. the positive cone C = {z € X : 2 > 0} is closed in X (where z > y means y < x).

Definition 2 Let (X, <x) and (Y, <y) be ordered Banach spaces. A functionT : X — Y
is increasing iff z1 <x x implies T(z,) <y T(z2) and it is positive iff v >x 0 implies
T(.’E) Zy 0.

Note that the notions in Definition 2 coincide when the map T is linear.

Definition 3 Let X be an ordered Banach space. A wvector & € X is said to be an upper
bound for B C X if b < & for any b € B. In an ordered Banach space, if a < b, the set
[a,b] = {z € X : a <z < b} is called an order interval.

For the rest of this section we assume that X is an ordered Banach space. Assume that
(A + A)7! is increasing for all R 3 A > ). Assume also that there are numbers ¢j’,c] € R
and vectors X 3 ¢f, —c; >0, such that the map f satisfies

flu) S dlutey, uz0, @)
>cu+cy, u<l0.

Under these assumptions and some regularity we prove that the solutions of the problem (1)
are globally defined. If in addition to the above hypothesis we assume that the Reo(A —
ciI) > 0, then the problem (1) has a global attractor.

This paper is organized as follows. In Section 2 we give introductory results concerning
positivity and comparison, which will be of help when proving the desired result on the
asymptotics of (1). In Section 3 we prove existence of global attractors. In Section 4 we
give several examples of equations for which the abstract results developed in Section 3 ap-
ply, among them we include results on ordinary differential equations, parabolic equations
with pseudo-differential operators and integral-pseudodifferential equations. Finally, in the
Appendix we state several results which enable us to say that a given operator has increas-
ing resolvent as well as to produce new operators with increasing resolvent starting from
operators for which this property is known.

Acknowledgement: This work has been carried out while the first author visited the
Institute of Mathematics of the Silesian University, Poland. He wishes to acknowledge the
hospitality of the People at this institution and the support from the Polish government
through the KNB grant 2 PO3A 035 18.



2 Abstract Monotonicity and Comparison

In this section we follow [6] to establish abstract comparison results for parabolic problems
of the form (1), assuming that the base space X is an ordered Banach space and that the
resolvent of A is increasing, i.e. (A + A)~! is increasing for all A > \,.

2.1 Nonlinear Perturbations of Increasing Resolvent Operators

We start from positivity and comparison results for nonlinear equations

u+ Au = f(t,u),
u(ty) = ug € X°, (3)

where f: [to, 1) X X* — X is locally Holder in ¢, locally Lipschitz in v and 0 < o < 1. The
unique solution of (3) (see [13], [18]) is denoted by wuy (¢, up). All the initial value problems
studied below will be such that the nonlinearity satisfies the above condition.

Concerning positivity, we have

Theorem 1 Let (X, <) be an ordered Banach space and A a sectorial operator in X with
increasing resolvent. Assume that for every r > 0 there ezists a constant 3 = B(r) > 0 such
that f(t,-) + BI is positive, for each t € [to,t1), in the ball of radius r in X®. Ifug > 0, then
uy(t, uo) is positive while it exists.

Concerning comparison, we have

Theorem 2 Let (X, <) be an ordered Banach space, and A be a sectorial operator with
increasing resolvent.

i) If for every r > 0 there ezits B = B(r) > 0 such that for t € [to,t1), f(t,-) + BI is
increasing in a ball of radius v in X, then ug > w, implies us(t, ug) > us(t,u1) as long as
both solutions exist.

i) If f(t,-) > g(t,-) for every t, then us(t, ug) > u,y(t,up) as long as both solutions exist.
i1i) If for every r > 0 there exists B(r) > 0 and an increasing function h(t,-) such that
f(t,-) + B > h(t,") > g(t,-) + BI in a ball of radius r, then ug > uy implies us(t, ug) >
ug(t, u1) as long as both solutions emist.

The proof of the above results are based on the studies of successive approximations.

2.2 Quasi-monotone Maps and Increasing Resolvent Matrices

In what follows we mention how Theorem 2 relates to the classical results concerning ordinary
differential equation in R™ having the form

fon) 9



We aim to give conditions on the vector field F' implying that the solution operator for (4)
is increasing with respect to initial conditions. The approach is the one used by J. Szarski
in [19] (see also [17, 22]).

Let £ = (21, ,2z,) and ¥ = (1, -+ ,yn) be vectors in R?. We write

and .
1
ff?j, if :C]Sy]a j:]-"”an and T; =Y.
We say that F': R* — R" is quasi-monotone increasing if
i
T<§=>F@<FE@, i=1,...,n

Theorem 3 If F' is a locally Lipschitz function which is quasi-monotone increasing, Ty <
Yo € R*, £(t,2y) and §(t, %) are the solutions of (4) starting at Ty and o respectively, then

Z(t, o) < ¥(t, %)
for as long as both solutions ezist.

Proof: Since for any bounded set B there is a constant Lg > 0 such that F' + LpI is
increasing in B, the result follows from Theorem 2.

If F(Z) = AZ with A being an n x n matrix, then requiring that F is quasi-monotone
increasing is equivalent to the requiring that all off-diagonal terms of A are nonnegative.
Hence we have the following corollary

Corollary 1 Let A be an nxn matriz with non-negative off-diagonal entries. Then e4t > 0,
t > 0.

This enables us to construct many examples of finite dimensional operators with increas-
ing resolvent.

3 Order and Attractors

With the aid of considerations of Section 2 we prove in this section the results stated in the
introduction.



3.1 Basic Estimates

We start with simple lemmas from the theory of semigroups.

Lemma 1 Let A be a sectorial operator in a Banach space X and, for ¢; € R, consider the

linear problem
U+ Au — cu =0,
u(0) = up.

For every T > 0 there exists M = M (T, c;) such that if ug € X? and a > 8 then
lu(@®)llxe < Mt~ ug||xs

for every t € (0,T]. Moreover, if Rea(A — c1I) > py > 0, then we can take T = oo and
replace M by Moe="t,

Lemma 2 Suppose that A and X are as in Lemma 1, Reo(A — ¢1I) > py > 0 and consider
the equation

w—+ Aw = cqw + o,
w(0) = wp.

(5)
Let ¢ = (A — ¢1)7 ¢y and assume that

° peY,

e there is ay > 0 (which may be greater then 1) such that ||z||y < cyl||z||xe0, z € X0.
If w(t, wo) denotes the solution of (5), then there are positive constants M and K such that,

lw(t, wo)|ly < Mt™%||lwy — ¢||x + K, t > 0. (6)

Proof: Consider the following change of variables: w = v + ¢ where ¢ is the solution of

Ap—c1p —co = 0.

Then, v satisfies
v+ Av = c1v,

’U(O) = Wo — QS

From Lemma 1 and the embedding of X*° into ¥ we have

llw(t, wo)lly < cyMot™®||lwo — B||x + [|8]ly, t > 0.g (7)



3.2 B-monotone Maps

In Subsection 2.1 we mentioned the maps f with the property that given a bounded set B
in the domain of f, there is a constant fp > 0 such that f + BpI is increasing in B. These
maps will be called B-monotone maps.

We start studying the behavior of solutions of parabolic problems of the form

o+ Au = f(u),
u(0) = uyg,

(8)

where (X, >) is an ordered Banach space, A is a sectorial operator with increasing resolvent
and f: X* — X is Lipschitz continuous on bounded sets for some « € [0, 1).
Consider the following auxiliary problem

w+ Au = f*(u), 9)
where f* is Lipschitz continuous in bounded subsets of X¢ satisfying
flu) < f*(u), ue Xe. (10)
Under these assumptions it follows immediately from Theorem 2 that
Lemma 3 If either f or f* be B-monotone and ug < u;, then
us(t, ug) < up+(t, up) (11)

for as long as us(t,ug) and us+(t,uy) ezist.
f f

3.3 Attractors and Bounds

We are now prepared to prove existence of attractors for (1) and obtain bounds for them.
Assume that A is a sectorial operator in an ordered Banach space X and, for some a €
[0,1), f: X® — X is Lipschitz continuous in bounded sets B-monotone function. Assume
also that (2) holds and for any uo € X there are ug,uy € X satisfying uy < up < ug and
ug > 0,—ug > 0.
Consider the problem (8) and a pair of auxiliary problems

ot + Aut = cfut +f,

whi(D) =g, (12)
v+ AuT =cfu” + ¢,
w=(0) = ug. (13)

Let u(t,uo), u™(t,ug) and u=(¢,uy) denote the solutions of (8), (12) and (13) respectively.
Since from Lemma 3 u™(¢,ug) > 0, we have that

u(t, up) < ut(t, uaL),

6



for as long as u(t,ug) exists. Proceeding similarly in the case of u=, we get
u”(tug) < ult,ug) < ut(tug) (14)

for as long as wu(t,ug) exist. Since u™(¢,uf) and u=(¢,u;) exist for all ¢ > 0, we would
like to say that the same happens for u(t,up). This is going to be the case in a number of
applications. Meanwhile, remaining abstract, we state the following result.

Theorem 4 Assume that A has compact resolvent and Reo(A — c¢f) > 0.

i) If u(t, uo) exists for allt > 0 and remains bounded in X®, then w(ug) # 0 and

(A-c)Tef =0t 2620 =(A-¢)7'; , ¢ € w(u).

i) If (8) has a global attractor A, then

T >¢>0" , g€ A

In both cases the above results say that the order interval {¢ € X® : ®F > ¢ > &~} contains
the asymptotic dynamics of (8).

The proof of Theorem 4 follows immediately from the fact that &+ (or &) is a global
attractor for (12) (or (13)), from the definition of attractor and from (14).

Next we work towards obtaining the existence of global attractors for the problem (1). For
that we need to introduce some additional structure. We have already checked, in Lemma 2
and in (14), that if X% C Y for some ap > 0 and (2) holds, then (8) has the following

property:
(H) Given a solution u(t,ug) of (8) in X* on its maximal interval of existence [0, 7, ), there

are continuous functions n*, 7~ : (0,00) — Y with limsup,_, . ||[n*(¢)|ly < K such that
nt(t) > u(t,u) > n(t), t € (0,7y)-

Assumption 1 Assume (H) implies that u(t,uo) is globally defined, u(t,u) € Y, t > 0 and

lim sup |Ju(t, wo)|ly < K.

t—o00

Assume also that || f(u)||x < N, whenever |Jully < K +n, 7> 0.

The Assumption 1 asserts that we are able to strengthen a global in time a priori estimate
of u(t,up) in X (expressed as n*(t) > u(t,up) > 1~ (t)) to its global estimate in X* norm.
Such property of solutions is usually a consequence of the structure of nonlinear term and
the smoothing action of the solutions to (8).



Corollary 2 Assume that f : X® — X is Lipschitz continuous in bounded sets B-monotone
map, (2) holds, Rea(A — ¢&) > puy > 0, A has compact resolvent and Assumption 1 is
satisfied. Then, the semigroup corresponding to (8) in X has a global attractor.

Proof: To prove this we proceed as follows. For ¢t > t5 > 0 we write

¢
u(t, ug) = e~ A7y (tg, ug) +/ e~ A=) £ (y (s, up))ds.

to

We now take ¢ large enough such that ||u(s,uo)|ly < K + 7 for s > g, which gives

t
lu(t, wo)llxe < Moe™ =10 (¢ — t9) =% ||u(to, uo) || xo + Mo/ e 7 (t — 5) ™ Nyds

to

with N”I = Sup“s”YSK_HI ||f(3)HX Since

'l - a)

l-a

+00
lim sup ||u(t, uo) || xa < Mo/ e M2 Nydz = My N,
t—o0 0 Hy

and n > 0 is arbitrary, we conclude that

I'l-a)

lim sup ||u (%, uo) || xe < MoNo
t—o00 1

This shows point dissipativeness and, since the semigroup e~“! is compact, we have that (8)
has a global attractor (see [12], Theorem 4.2.4) and the result is proved. g

4 Applications

4.1 Ordinary Differential Equations

In this section we consider comparison results and existence of global attractors for systems
of ordinary differential equations.
Let F*, F~ : R® — R™ be locally Lipschitz functions. Consider the initial value problems

25 = F4(2)

atr ;

7(0) = %, )
and

d - —_ =

7(0) = o (16)

Denote by Z(t, Zo) and §(t, %) the solutions of (15) and (16), respectively.

o



Theorem 5 Assume that F™ > F~ and either F+ or F~ is a quasi-monotone increasing
Junction (as in Subsection 2.2). If Zy > iy, then Z(t, %) > (¢, o) as long as both solutions
ez1st.

Proof: Note that, fixed a bounded set B, either F'* + 85 or F~ + Bgl is increasing in B
for some fp € R; therefore either F* or F~ is a B-monotone map. Since F+ > F~, the
theorem follows from the results in Subsection 2.1

This comparison result has the following consequence concerning the problem (4).

Theorem 6 Let F'*,F~ F : R® — R" be locally Lipschitz functions. Assume that either
F* and F~ are quasi-monotone or F is quasi-monotone and F* > F > F~. Under these
assumptions

i) If zo > 29 > yo and the solutions Z(t,Zy) of (15) and §(t, %) of (16) are globally
defined, then the solution Z(t,Z,) of (4) is globally defined.

w) If £ > Zy > o and the solutions Z(t, ) of (15) and §(t,5) of (16) are globally
bounded, then the solution Z(t, Zy) of (4) is globally bounded and w () > w(Zy) > w(Zo);
that is, for any a € w(Zy) there are a™ € w(Zy) and a™ € w(§y) such that a* > a > a~.

wt) If the problems (15) and (16) have global attractors At and A=, then (4) has a global
attractor A satisfying At > A > A~; that is, for any a € A there are at € A+ and
a~ € A such that a* > a > a~.

The proof of this result follows from the results in Subsections 2.2, 2.1 and properties of
the global attractor.

4.2 Systems of Pseudodifferential Equations

As a second application we study global solvability and asymptotics of the problem

u + (—An)*u = f(u), t >0, T € Q,

u(0,2) = uo(z), z € Q, (17)

where 0 < a < 1 and Ay denotes the Laplace operator with Neumann boundary conditions
in a bounded smooth domain  C R™. This kind of problems have been studied recently
in [7] and [8] in the case of Q = R™ and in [10] for bounded Q with Dirichlet boundary
condition. Here we obtain the existence of a global attractor as a consequence of comparison
technique developed in previous sections. The results in this subsection remain true for the
case a = 1, treated in [6]. Thus, we concentrate our attention on the case a € (0, 1).

In what follows, Xg , 0 < 0 <1, denote the fractional power spaces associated to (—Ap)

in LP(Q,R™). In particular X} = {u € W>P(Q,R™) : 2 = 0}, and X? = X, = L?(Q,R™).



For local well posedness of (17) in Xpﬁ with # < a, we assume that f is locally Lipschitz and
either 203 > % or
() = F@) < clu—vl(lul + ol +1), woeR™, 1<p<—2_ (g)

The order relation in X is induced by the usual order in R™. From Proposition 4 (see
Appendix) the resolvent of —Ay is increasing in L?*(Q, R™). This property extends imme-
diately to all LP(Q2,R™) with p € (1,400) by the usual density argument (see also [11],
Theorem 1.3.9). As a consequence of formula (27) the resolvent of (—Ay)® remains increas-
ing for all o € (0,1).

Next we summarize the comparison results for (17). Assume that f*, /= : R™ — R™ are
locally Lipschitz continuous functions and consider the problems

uf + (—Ax)*ut = fF(ut), t >0, z€Q, (19)
ut(0) = uf € X5,

and

u;y + (—An)*u” = f"(u7), t >0, z €Q, (20)
u=(0) = u5 € XP.

Corollary 3 Assume that 20p > n and either f* or f~ is quasi-monotone increasing. If

ut(t,ud), u(t,uy) denote the solutions of (19) and (20) respectively and uf > uy, then

ut(t,ud) > u(t,ugy), for as long as both solutions ezist.

Proof: Since Xﬁ — L*®(Q,R™) and either f* or f~ is quasi-monotone increasing, we
obtain that the Nemytskil operator associated to one of these functions is B-monotone in
X2, Therefore, the comparison for initial data in X/ follows from Lemma 3.

The remaining results in this section have much simpler proofs in the case 28p > n.

Hence, we concentrate on the case 28p < n. Assume that f satisfies (18) and is quasi-
monotone increasing.

Remark 1 A density argument may allow an extension of the above corollary to Xzf’, 20p <
n, but we will not use this extension in what follows. Instead of this we use regularity
properties of the solution.

For existence of attractors we assume that the following dissipativeness condition is sat-
isfied; there are positive constants §;, 7 =1,...,m, such that

limsupM<0, d= 1,000 0 (21)

luj|—=+oo  Uj

For the long time behavior of the solutions it is important to obtain some a priori bounds.
Often this is obtained with the aid of an energy functional. This idea may not be easily
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applicable in case of systems of equations where usually more delicate estimates are needed.
This is why we are going to use comparison techniques to get the required bounds.

From (21) the condition (2) is satisfied with ¢ negative.

Observe that if up € X7 then u(t,uo) € X for t > 0. Since from Remark 2

np
n—2(a— B)p’

then u(t,ug) € Xqﬁ, p < ¢ < p1. Repeating this argument with an initial data in Xf, q < p1,
we obtain that the solution enters Xqﬁ, p<qg<py= m(—'g’fm. Inductively, u(t,ug) enters

Xf p<qg<pi= 5—;2—(’% for any j € N. The sequence p; is increasing and may not be

bounded. If it was the case, its limit » would satisfy r = #}W This however would lead
to the equality oo = B contradicting our hypothesis. Hence u(t,uq) € Xf for any ¢ > p. In
particular, given uo € X, u(t,uo) € X2 for t > 0 and 28¢ > n.

Using any upper (lower) bound wi € CN X’ (—wy € CNXP) for u(to, ug), to € [0, )
fixed, we obtain as in Lemma 2 that

[lu(t, u(to, uo)) | Leo(rmy < M(ug)t™ + K, (22)

o ﬂ _
Xy =X, p<g<p=

where K = max{“((—AN)“ - Cii-)—_lc;_“Loo(Q’Rm), ||((—A1\r)a = C;)—ICEIILW(Q,R'”)}- Since the
solution does not blow up in the uniform norm, it must exist for all ¢ > 0 and Assumption 1

is satisfied.
Corollary 2 now holds true and (17) has a global attractor .A. Additionally, (22) yields

lim sup ||u(2, uo)|| e (o,rm) < K.
t—o0

Remark 2 Note that [LP(Q,R™), D(~Ay)le = Hply, ezcept for 20 = 1+ 3, (see [3],
page 85), where [-,-]g denotes the complez interpolation functor of ezxponent 6 € (0,1) (see
[20]). From embeddings for Bessel potential spaces and embeddings 1.2.9.6 and 1.2.5.2 in [{]
we obtain

X: o 2 [LP(Q,Rm),D(—AN)]a— = [Lq(Q),D(——AN)]5+ = Xf,
forB< Bt <a <a and1<p§q<m(a’l%+)p.

Remark 3 The above considerations remain unchanged if instead of —Ax we consider any
second order uniformly strongly elliptic operator in divergence form. Also the boundary
condition can be changed to a more general form b% = au provided that a,b > 0 and

a? + b% # 0.

Consider now the fractional powers of second order uniformly strongly elliptic operators
which are not in divergence form. Let a;;, b;, 1 < 4,7 < n, {2 be sufficiently regular and L
be the second order partial differential operator

n 82’[,1, n
Lu= D (e g+ 2 k@G,

1,j=1

11



As a consequence of a well known comparison result for parabolic equations (see [22],
page 187), the analytic semigroup e~ generated by the operator —L with Dirichlet bound-
ary condition is increasing. Therefore we can replace (—Ay)® in the equation (17) by a finite
sum of fractional powers of L.

4.3 Integral-Pseudodifferential Equations

Consider equations of the type:
wlt,) + (~Ax)*ult2) = [ Glav)ult, )y + £(w). (23)
Q

As before Ay denotes the Neumann Laplacian in LP(Q2,R™), p € (1,+00), a € (0,1], Q is
a bounded smooth domain in R”, u € R, G : Q0 xQ —- R, G > 0,and f : R®™ - R™ is
quasi-monotone increasing.

For local well posedness of (23) in X7 with < a and (XJ, 0 < 6 < 1, as in Section 4.2)
we assume that f is locally Lipschitz and either 26 > % or (18) is satisfied. Let A = (—Ay)®
and assume that G is such that the operator

v -2, / G(y)u(y)dy

is bounded in X, (for these conditions on G and estimates on ||B||(x,) in terms of G see
[14], page 134).

The order relation in X, is induced by the usual order in R™. We need first justify
that the semigroup generated by —A + B is increasing. Indeed, —A generates an analytic,
increasing semigroup of contractions on X,. Since the integral kernel is nonnegative, eB!
is increasing and the assumptions of Proposition 2 (see Appendix) are satisfied. Therefore,
e(=4+B)t i5 increasing. Also, since B is bounded, A — B is sectorial and the fractional power
spaces corresponding to (A — B) coincide with the fractional power spaces X of A (see [13],
page 29).

Next we summarize the comparison results for (23). Assume that f*, /= : R™ — R™ are
locally Lipschitz continuous functions and consider the problems

uf + (=Ay)eut — But = fH(ut), t >0, z € Q,

u*(0) = ug € X, (24)

and
u; + (-Ax)*u”—Bu™ = f"(u7), t>0, z €Q, (25)
u=(0) = uy € XF.
As in Corollary 3 we have:

Corollary 4 Assume that 28p > n and either f* or f~ is quasi-monotone increasing. If
wt(t,ud), u(t,uy) denote the solutions of (24) and (25) respectively and uj > ug, then
ut(t,ud) > u=(t,uy), for as long as both solutions ezist.

12



Concentrating as before on the case 26p < n assume G is such that B € L(X,) for
p<q<q with ¢ > Qﬂﬁ, f satisfies (18) and is quasi-monotone increasing.
For existence of an attractor we assume that the following dissipativeness condition is
satisfied; there are positive constants &;, j = 1,... ,m, such that
: fi(u
lim sup L) < —||B]]. (26)

lujl>+oo  Uj
From (26) the condition (2) is satisfied with ¢ < —||B||.
Now, for a result similar to Lemma 2, we proceed exactly as in Subsection 4.2 using
K = max{[|((=An)* = B = ¢f) 7' |l (@m), I((=20)* = B = ¢7) 75 || Lo m) }-
Corollary 4 now implies that the semigroup associated to (23) has a global attractor .4

and
lim sup ||u(t, uo)||Leo(orm) < K.
t—00

5 Appendix

Here we give conditions enabling us to obtain many operators with increasing resolvent
starting from known increasing resolvent operator. In particular we need to know in which
cases the sum of increasing resolvent operators has increasing resolvent and that a root of
an increasing resolvent operator has increasing resolvent.

5.1 Operators with Increasing Resolvent and Increasing Semi-
groups

The following well known result establishes the equivalence between the monotonicity of the
resolvent of a generator of a C°®—semigroup and the monotonicity of the semigroup itself.

Proposition 1 Let (X, <) be an ordered Banach space, and let A be a sectorial operator.
Assume that there ezists a A\g € R such that Reo(A) > Xg. Then, e=4t : X — X is increasing
for allt > 0 if and only if (A+ \)~! is increasing for every A > ).

The corollary below plays an important role in the proof of most comparison results
presented in the paper.

Corollary 5 Let (X, <) be an ordered Banach space, and let A be a sectorial operator.
Assume that for every X > X, (A + X\)7! is increasing. Let u,(t,ug) denotes the solution of

U+ Au = nu,
u(0) = up,

then, if 0 < uy < ug and A < p we have that ux(t, u1) < uy(t, uo) < u,(t, ug) for everyt > 0.
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Our next result provides conditions under which the sum of operators with increasing
resolvent results in an operator with increasing resolvent.

Theorem 7 Assume that —A and —B are generators of bounded C°—semigroups, that A
and B commute, the operator A + B is closed, densely defined with domain D(A) N D(B)
and that A € p(—A — B) for some A > 0. Then —A — B generates a bounded C°—semigroup
satisfying e~ (AtB)t — g=Ato=Bt

Proof: For a moment let us change the norm in the Banach space X in such a way that —A
generates a C°—semigroup of contractions. Let —Ay = —AA(A+ A)~! and =By = —AB(A+
B)~!. Then |le=!|| <1 for all A > 0 and since e~z — e~4tz and e=B»z — =Bz for all
z € X, s,t >0, we have that

Azt _—B)s

lim e~ t=Brsg — Jim e~ 4rte rT=e
A—00 A—00

AtB_BS.@.

Of course the above remain true if we change the norm to the original norm. Also, from a
similar argument, we have that

lim e B3~z = lim ¢ Bre~ Mg = g~ Bsg— 4ty
A—ro0 A—rco
showing that e~4te™8 = g~ Bsg=4t,

Let us now show that 7'(t) = e “'e=P' is a bounded Cp—semigroup with generator
—(A + B). First we observe that strong continuity at ¢ = 0 and boundedness are clear and

from
T(t ot S) — e—A(t+s)e_B(t+s) — e—Ate—Ase—Bte—Bs — C—Ate—Bte——Ase-—Bs - T(t)T(S)
we have that 7'(¢) is a semigroup. It remains to show that —(A+ B) is the generator of T'(t).
If z € D(A) N D(B) = D(A + B), then

Ttz —z =limy,eo(e e Bz — 1) = limy 0 (et Btz — e~ Brtg 4 e~ Bartg — g)

t t
:lim,\_,oo/ e‘A*Se‘B*t(—AA:v)+lim,\_,oo/e’3*s(—B,\x)ds
0 0

_ /0 e se=BH(_ Ag)ds + /O T(s)(= Bx)ds.

Now
t t

%(T(t)m —z)= / e~ e Bt (—Ax)ds + / T(s)(—Bz)ds - —(A+ B)z as t — 0,
0 0

for any £ € D(A) N D(B) = D(A + B). Therefore the generator —C of T'(t) must be an
extension of —(A+ B). Let A be a real number in the resolvent of A+ B and in the resolvent
of the generator of T'(¢). Then

X=(A+(A+B))D(A+B)=(A+C)D(0C),
hence A+ B = C and the proof is complete.
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Corollary 6 If —A, —B, —(A + B) are generators of C°—semigroups, A and B commute
and have increasing resolvent, then —(A + B) has increasing resolvent.

The above results are closely related to the following results (see [21, 9]).

Proposition 2 Assume that —A and —B are generators of Cy-semigroups, D(A) N D(B)

15 dense in X and
(e e~ B < Me™ n=1,2,...,

for some constants M > 1 and w > 0. If for some A with Re\ > w the range of N\ + A+ B is
dense in X, then the closure of —(A+ B) is the generator of a C°-semigroup T (t) satisfying
IT@)|| < Me*t, t > 0. Furthermore,

T{tlr= lim (e—A(ﬁ)e_B(%))n:v, z € X,

n—400

uniformly in bounded subsets of R*.

Proposition 3 If —A, —B, —(A + B) generate C°-semigroups, ||[e"(A+B)|| < Mevt, t > 0,
and
| [(I +tA)7 T +tB)™')" || < Me*™, n=1,2,...,

then

n

e~ ABliy = lim |(I+ %A)_I(I‘*‘ %B)_l z, T € X.

n—-400

Corollary 7 If either the assumptions of Proposition 2 or the assumptions of Proposition 8

are satisfied, then
e—(A-l-B)t Z O, t Z 0

or, equivalently, (A + A+ B)™! is increasing for A > w.

For a proof of Proposition 2 and Proposition 3 see [18], §3.5. Corollary 7 provides tools
to show that the resolvent of a sum of increasing resolvent operators is increasing, without
the hypothesis that the operators commute. These will deal well with the case when the
operators involved are dissipative. For some cases when the operators are not dissipative it
may be more suitable to use Theorem 7.

The increasing resolvent property is preserved when we change the norm of the space to
an equivalent one. This leads us to infer that it may be useful to know when one can change
the norm of the space to an equivalent one in such a way to make A and B simultaneously
dissipative. For considerations on this we refer to [18], § 1.5. The conditions on A and B
that enable us to make this simultaneous change of norm are similar to the conditions in
Propositions 2 and Proposition 3.

These results should contribute to enlarge the class of increasing resolvent operators that
we can find. Our next result, being a slight extension of the Theorem 1.3.2 in [11], constitute
an effort to simplify the verification that some operators have increasing resolvent.
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Proposition 4 Let H be an ordered Hilbert space and C' its positive cone. Let A : D(A4) C
H — H be a self adjoint positive semi-definite operator, that is, (Au,u) > 0 for allu € D(A).
Assume that H has a dense subset D such that:

e (A+a)'DcC D,

e For each d € D we can define |d| = sup{d, —d} € DN C such that ||d|| = |||d| || (this
relationship satisfies: an element d € D is in C if and only if d = |d]),

e (ld,g) 2 I{d,9)|], Vde D, vgeC.
Consider the following assertions:
(1) If u € D(A2) then |u| € D(A%) and
(A3[ul, Aful) < (A7u, Abu),

(1) (A+ \)7! is increasing for all X > 0.
Then, (i) implies (17).

5.2 Fractional Powers and Operators with Increasing Resolvent

Probably the most complete description of fractional powers of positive operators has been
given by H. Komatsu in a number of papers written in middle 60’s. In particular in [15] we
find the following definition of an operator A of type (w, M(0)), 0 < w < =

Definition 4 A densely defined closed linear operator A such that the resolvent of —A con-
tains the sector |arg\| < m —w and

sup [[AA+A)7H < M(8) < +o0
largA|=6

holds for 0 < 0 < m — w is called an operator of type (w, M(9)).

When w < 7 the above notion coincides with that of a positive sectorial operator as in
[13]. Further in [15, p. 319], we find the formula describing the resolvent of fractional powers
of A through the resolvent of A. Namely, if A is of type (w, M (#)) and 0 < a < I, then
every A > 0 is in the resolvent set p((—A)®) and, for o € (0, 1), the following equality holds:

-1 _ SinTa He TS .

(M +(=4)%)7" = T /0 A2 4+ 2 T cos T + T2@ gl ) =Sda (27)
From above formula it is evident that the resolvent of (—A)“ is increasing for positive A
whenever such property holds for the resolvent of A.

This result has been used in [10], when — A is the Dirichlet Laplacian in a bounded smooth
domain, to obtain an “integration by parts formula” for fractional powers of operators. This
formula was important to obtain energy estimates that ensured the existence of attractors.
Here instead of energy estimates we have used comparison results.
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5.3 Consistence of the Ordering Induced in the Fractional Power
Spaces

Finally we define an ordering in fractional power spaces of an ordered Banach space and
state a result that shows the consistence of this ordering relation (see [6]).

Let (X, <) be an ordered Banach space and A be a sectorial operator in X. In X,
for @ > 0, we consider the ordering induced by X. The positive cone in each space X is
denoted C,, a > 0.

Proposition 5 With the ordering induced by X, X® is an ordered Banach space, for any
a>0. Ifa>f >0, then the inclusion iqp : X* — X¥ is increasing. Moreover, C,, C Cg,

J—
CsNX*=C, and Cy = C.

This shows the consistence of the definitions “f > 0”, independently of the space X® in
which f lies. Therefore, we do not need to distinguish them.

References

[1] N. D. Alikakos, An application of the Invariance Principle to reaction-diffusion equa-
tions, J. Differential Equations 33 (1979), 201-225.

[2] N. D. Alikakos, P. Hess and H. Matano, Discrete order preserving semigroups and
stability for periodic parabolic differential equations, J. Differential Equations 82 (1989),

322-341.

[3] H. Amann, Nonhomogeneous linear and quasilinear elliptic and parabolic boundary
value problems, in: Schmeisser/Triebel: Function Space, Differential Operators and
Nonlinear Analysis, Teubner Texte zur Mathematik, 133, 9-126, 1993.

[4] H. Amann, Linear and Quasilinear Parabolic Problems. Abstract Linear Theory.,
Birkéuser, Basel, 1995.

[5] J. M. Arietta, A. N. Carvalho, Abstract parabolic problems with critical nonlinearities
and applications to Navier-Stokes and heat equations, Trans. Amer. Math. Soc. 352
(2000), 285-310.

[6] J. M. Arrieta, A. N. Carvalho and A. Rodriguez-Bernal, Attractors for parabolic prob-
lems with nonlinear boundary conditions: uniform bounds, Comm. Partial Differential

Equations 25 [1-2] (2000), 1-37.

[7] P. Biler, G. Karch and W. A. Woyczynski, Asymptotics for multifractal conservation
laws, Studia Math. 135 (1999), 231-252.

[8] P. Biler, G. Karch and W. A. Woyczynski, Critical nonlinearity and self-similar asymp-
totics for Lévy conservation laws, in preparation.

17



[9] P. Chernoff, Note on product formulas for operator semi-groups, J. Func. Anal. 2 (1968),
238-242.

[10] J. W. Cholewa, T. Dlotko, A. W. Turski, Asymptotics of pseudodifferential parabolic
equations, submitted.

[11] E. B. Davies, Heat Kernels and Spectral Theory, Cambridge University Press, Cam-
bridge, 1989.

[12] J. K. Hale, Asymptotic Behavior of Dissipative Systems, Mathematical Surveys and
Monographs 25, AMS, Providence, RI, 1988.

[13] D. Henry, Geometric Theory of Semilinear Parabolic Problems, Lecture Notes in Math-
ematics 840, Springer, Berlin, 1981.

[14] L. V. Kantorovich, G. P. Akilov, Functional Analysis, Pergamon Press, New York, 1982.

[15] H. Komatsu, Fractional powers of operators, Pacific Journal of Mathematics 19 (2),
(1966), 285-346.

[16] M. A. Krasnosel’skil, Positive Solutions of Operator Equations, P. Nordhoff, Groningen,
1964.

[17] V. Lakshmikantham, S. Leela, Differential and Integral Inequalities: Theory and Appli-
cations, Vol. I, Academic Press, New York, 1969.

[18] A. Pazy, Semigroups of Linear Operators and Applications to Partial Differential
Equations, Springer-Verlag, Berlin, 1983.

[19] J. Szarski, Differential Inequalities, PWN-Polish Scientific Publishers, Warszawa, 1967.

[20] H. Triebel, Interpolation Theory, Function Spaces, Differential Operators, North Hol-
land, Amsterdam, 1978.

[21] H. F. Trotter, On the product of semi-groups of operators, Proc. Amer. Math. Soc. 10
(1959), 545-551.

[22] W. Walter, Differential and Integral Inequalities, Springer-Verlag, Berlin, 1970.

Alexandre N. Carvalho, Departamento de Matemaética, Instituto de Ciéncias Matem4&ticas
e de Computagdo, Universidade de Sdo Paulo - Campus de Sao Carlos, Caixa Postal 668,
13.560-970 Sao Carlos SP, Brazil; e-mail: andcarva@icmc.sc.usp.br

Jan W. Cholewa & Tomasz Dlotko, Institute of Mathematics, Silesian University, 40-007
Katowice, Poland; e-mails: jcholewa@ux2.math.us.edu.pl tdlotko@ux2.math.us.edu.pl

18



103/2000

102/2000

101/2000

100/2000

099/2000

098/2000

097/2000

096/2000

095/2000

094/2000

NOTAS DO ICMC

SERIE MATEMATICA

GUTIERREZ, C.: NUNEZ, J.M.G.; FUSTER, C.R.; SANCHEZ-BRINGAS,
F. — Rigid immersions of vector bundles of rank 1 on a surface into IR’.

CARBINATTO, M.C.; RYBAKOWSKI, K.P. - On convergence,
admissibility and attractors for damped wave equations on squeezed domains.

CARBINATTO, M.C.; RYBAKOWSKI, K.P. — On a general conley index
continuation principle for singular perturbation problems.

CARBINATTO, M.C.; RYBAKOWSKI, K.P. — Conley index continuation
and thin domain problems.

HERNANDEZ M., E. — Existence results for partial neutral differential
equations.

CONDE, A.; SANKARAN, P.; ZVENGROWSKI, P. — A note on the adjoint
representation for the classical groups.

BIASIL C.; LADEIRA, L.A.C.; GODOY, S.M.S. — A remark on the area of a
surface.

HERNANDEZ M., E. — Regular for partial neutral functional differential
equations with unbounded delay.

PEREZ, V.H.J. — Weighted homogeneous map germs from C* to C and polar
multiplicities.

CARVALHO, A.N.; CHOLEWA, J.W. — Attractors for strongly damped
wave equations with critical nonlinearities.



