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Resumo

Estudamos problemas locais, ao redor de pontos umbilicos simples, em su-
perficies bidimensionais de IR* tais como determinacdo finita e desdobramento versal.
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Abstract

We study local problems around simple umbilic points of surfaces im-
mersed in IR* such as finite determinacy and versal unfolding.

1 Introduction

We proceed with the work started in [GGTG], which is devoted to the study of the
possible configurations of the lines of principal curvature around umbilic points on
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surfaces that are immersed in IR, namely, the locally topologically stable umbilic
points are classified and it is shown that they appear generically.

The notion of principal direction for a smooth immersion f : M — IR' which
we introduce and use is due to J.A. Little [Lit]; it is an extension of the classical
three—dimensional concept (see [R-S] for another possible extension). A principal
direction at p is a line in T, M generated by a unitary vector which makes the length
of a(X,X) take a extreme value, where o is the second fundamental form of the
immersion f at p and X varies on the unitary circle in T,M. The set £ of values
of (X, X) called ellipse of curvature is an ellipse that may degenerate into a line
segment, a circle or a point. Also, it is easily seen that as X goes once around the
circle, a(X, X) goes twice around £. Therefore, when & is either an ellipse or a line
segment, there are four principal directions at p; when £ is either a circle or a point
we say p is a umbilic point of f. The principal lines of curvature of o are those
curves in M that are disjoint from the umbilic points and tangent to principal lines.

This article is organized as follows:

In Sections 2-4, we summarize the results obtained in [GGTG].

Section 5 is devoted to the proof of Theorem 1.1, which we state next.

Theorem 1.1 Under generic conditions, if f M — IR is a smooth immersion of
a surface M and p € M 1is a umbilic point of f, then there are isothermal coordinates
(u,v) : (M,p) — (IR?,0) such that the differential equation of the principal lines of
f in these coordinates is of the form

4(Au + Bv + S(u,v))(du® — dv*)dudv + (v + R(u,v))(du® — 6du’dv® + dv') =0

where A # 0 and B are real numbers, and S(u,v) and R(u,v) are real-valued func-
tions that satisfy

oS oS OR OR
» i =—(0,0)= — =—(0,0)=0.
5(0,0) = R(0,0) = 2(0,0) = 5(0,0) = 5 (0,0) = 57(0.0)

Moreover, under each of the conditions (a)-(c), the umbilic point p is locally
topologically stable. Finally, under each of the conditions (a)-(e), the corresponding
phase portrait is obtained making into one, by means of a rigid translation, the pair
of pictures (i.e., nets) in the figure that is indicated below.

(a) Condition Hs (Fig. 1) A<0O.
(b) Condition Hy (Fig. 2); A>0,A<0 and A # —1/4.



(¢)
(d)
(¢)

where

Condition Hs (Fig. 8): A>0,A>0.
Condition Has (Fig. 4): A >0, A=-1/4 and B#0.
Condition Hs (Fig. 5): A >0, A=-1/4 and B=0,

A = 16[4(1+ B%)®+24(1 + B?)?A+8(5 - B*)(1 + B*)A? +
49+ B)A* + (17+ B?)A* + 44%].

Remark 1.2

(a)

(b)

(c)

The statements on the umbilics Hs, Hy, Hs are proved in [GGTG]; in this
article we prove those on H3y and Hj.

A # 0 is a transversality (generic) condition that characterizes a simple umbilic
point.

The principal lines around the umbilic point p of Theorem 1.1 make up two
pairwise transversal nets 7, and F,. We say p is locally topologically stable if
F, and F, are locally topologically stable around p. This definition for nets
is similar to the one for the case of principal lines of surfaces immersed in IR®
around an isolated umbilic point (see [G-S]). The umbilics Hs, Hy and

H; are locally topologically stable, whereas H; and Ha, are not.

In the coordinates under consideration, the slope — at the origin — of a principal
line approaching the origin (i.e., the umbilic point) must be a real root of the
polynomial g(s) = —sQ(s), where

Q(s) = s* —4Bs* —2(3 + 2A)s> +4Bs+1 +4A.

The discriminant of this polynomial is A. Conversely, given a real root A of
g(s), there is a principal line approaching the umbilic point with slope A.

Under condition Hj, the polynomial g(s) has three simple real roots and two
complex ones; each net F; has three separatrices.



(f) Under condition Hy (resp. Hs), the polynomial g(s) has five simple real roots;
each net F; has four (resp. five) separatrices.

(g) Under condition Hj, zero is a triple root of g(s) and the other two roots are
real and simple; each net F; has three separatrices.

(h) Under condition Hjq, zero is a double root of g(s) and the other three roots
are real and simple; each net F; has four separatrices.

F~ina11y in Section 6, we obtain the versal unfolding of the umbilic points Hsq
and Hs thus proving that the former are of codimension one and while the latter of
codimension two.

9 Differential Equation of Lines of Curvature

We shall need the following result of [GGTG, Theorem 2.1.] (See also [GGGT)),

i.e.,

Theorem 2.1 Let f: M — IR* be a smooth immersion of a surface M. In isother-
mic coordinates (u,v) : (M,p) = (IR?,0), the differential equation of the lines of
curvature of [ is given by

(1) 4a(u,v)(du® — dv®)dudv + b(u, v)(du® — 6du’dv® + dv') =0

where a = a(u,v) and b = b(u,v) are smooth real-valued functions. Moreover, p s
a umbilic point if and only if a(0,0) = b(0,0) = 0. a(0,0) = b(0,0) = 0.

Conversely, for any gwen analytic functions a,b: U — IR defined on an open
neighborhood U C IR* of a point p, there ezists an immersion f : V — IR* where
V C U is some small open neighborhood of p such that the differential equation of
the lines of curvature of f is given by (??) and the coordinates (u,v) are isothermic.

3 Simple Umbilic Points

Let f : M — IR* be a smooth immersion of a surface M, and let p € M be a
umbilic point of f. The point p is called a simple umbilic point of f if there are
isothermic coordinates (u,v) : (M,p) — (IR?,0) such that the differential equation
of the principal lines of f in these coordinates has the form of equation (?7), and
{a = 0} and {b = 0} are regular curves meeting to each other transversally at the

origin.



Lemma 3.1 Let f : M — IR* be a smooth immersion of a surface M, and let
p € M be a simple umbilic point of f. There are isothermic coordinates (u,v) :
(M,p) — (IR?,0) such that the differential equation of the principal lines of f in
these coordinates is of the form

(2) 4(Au+ Bv+ S)(du? — dv®)dudv + (v + R)(du® — 6du’dv® + dv') =0

where A # 0 and B are real numbers, S = S(u,v) and R = R(u,v) are real-valued
functions satisfying
A 0S 0S OR OR
S(0,0) =R = — = — - — —0.
(0,0) = R(0,0) = 5-(0,0) = 5-(0,0) = 5-(0.0) = 57(0,0) =0
Let M be a smooth, compact and oriented surface. We let Imm(M, IR*) denote
the space of smooth immersions of M into IR* endowed with the smooth topology.
The following two propositions are needed in the next section.

Proposition 3.2 The set of immersions f € Imm(M, R*) whose umbilic points
are simple is dense in Imm(M, RY).

Also, since simple umbilic points are defined by transversality conditions, they
are persistent under perturbations of the immersion. We make this result more
precise in the next proposition.

Proposition 3.3 Let po be a simple umbilic point of a smooth immersion f : M —
IR* of a surface M. Then there ezist a neighborhood U of p in M, a neighborhood V
of f in Imm(M, R*), and a smooth map p : V — U which, to each g € V), associates
the unique umbilic point of glu and this umbilic is simple.

Proof. By [Ga-S, Proposition 2.1], the equation of the lines of curvature of a smooth
immersion ¢ : M — IR* relative to an arbitrary chart (u,v) is given by

(3) (A40a0 + A41a1)dv4 =+ (Agoao + A31a1)d03du + (AQOCLO -+ Aglal)d’UQdu2
+ a;dvdu® + apdu* =0,

where ag = ao(u,v),a1 = a1(u,v) and Ay = Aqj(u,v), with ¢ = 2,3,4and j = 0,1
are smooth functions. Moreover, the umbilic points of g are given by the equations
Qg = a1 = 0.

We now consider isothermic coordinates (u,v) : (M,p) — (IR%,0) such that the
differential equation of the principal lines of f is of form (2). Therefore A # 0.

5



For ¢ in a neighborhood Y of f in Imm(M, R*), the equation of the lines of
curvature, in the same coordinates, is the form (3) where ao(f)(u,v) = v+ R(u,v)
and a;(f)(u,v) = 4(Au + Bv + S(u,v)).

Next consider the smooth map F : V x IR* — IR? defined by

F(g) (uv U)) = (G'O(g)(u’ U)a a1(g)(u, U)) :
Since F(f,(0,0)) = (0,0) and the matrix

D, F(f,(0,0)) = ( 4(;1 41B)

is non-singular, there exist a neighborhood U of (0, 0) in IR?, a neighborhood V C %
of f in Imm(M, R*), and a smooth map ¢ : V — U such that q(f) = (0,0) and
F(g,4(g)) = (0,0) for all g € V, and the proof now follows. g

4 The Manifold LM and the Semi-local Vector
Field [’

We consider the projective line bundle PM over M, which is defined by the tangent
bundle with the zero section 0 removed (7'M \ O) modulo the equivalent relation:
two elements (p1,v1) and (pz,vs) are equivalent if their first components coincide
and the second ones are collinear. We let P denote the projection of PM onto M.
In terms of the chart (u,v) with domain U in M, the charts (u,v, t = du/dv) and
(u,v, s = dv/du) are defined on P~}(U) and their domains cover this open set.

Consider the surface LM in PM defined by the solutions of equation (1) of
Theorem 2.1

w = 4a(u,v)(du?® — dv?)dudv + b(u, v)(du* — 6du’dv® + dv*) = 0.
In the chart (u,v, s = dv/du), the surface LM is written as
L(u,v, s) = da(u,v)(1 — s%)s + b(u,v)(1 — 622 +5*) =0
and in the chart (u,v, t = du/dv), it is expressed as

L(u,v, t) = 4a(u,v)(* — 1)t + b(u, v)(t* — 6t +1)=0.



It is clear that the surface LM is determined by the principal directions and
does not depend on the particular chart used.

Let Sm be the set of umbilic points of the immersion f : M — R*. Outside
P~1(Sm), we have that LM is a regular submanifold of P~!(M) where it is a 4-fold
regular covering of M \ Sm. In local (u, v) coordinates around p € Sm, the set Sm
corresponds to the set a=*(0) N b~(0) (see Theorem 2.1).

Lemma 4.1 Let p € Sm. The point p is simple if and only if LM 1s reqular around
P~ (p).

In local (u,v, s) coordinates (i.e., ¢ # 0) for a point of PM, we consider the
vector field

whose components are given by:

o = a(u,v,s) =4a(u,v)(l - 35%) + 4b(u,v)s(—=3 + %),
v = si(u,v,s),
s = —[ Ly(u,v;8)+ sLy(u,v;8)].

A simple calculation shows that L' is tangent to LM. In what follows, we only
deal with its restriction to LM, maintaining the same notation £’ notwithstanding.
Its projection P.L' only vanishes at the umbilic points. In the complement of S
the vector field £’ generates the principal line fields of M; that is, for each non-
umbilic (u,v), the four P-preimages (u,v,71), (v, v,72), (1, , r3) and (u,v,74) verify
that P.L'(u,v,r;) generates the principal line with direction ;.

If (u,v) are the coordinates of Lemma 3.1, then (0,0) is umbilic and the singu-
larities of £ are the zeros of s' on the s-axis given by the equation

g(s) = —sQ(s) =0

where
Q(s) = s* — 4Bs® —2(3 + 24)s° +4Bs + 1+ 44.

The main results of [GGTG] are summarized in the next theorem.

Theorem 4.2 The set of smooth immersions f : M — IR* such that every umbilic
point is locally topologically stable, is open and dense in Imm(M, R*).
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5 Phase Portrait

In order to determine the phase portrait of the nets formed by the lines of curvature
around a simple umbilic point p, we consider isothermic coordinates (u,v) : (M,p) —
(IR%,0) such that the differential equation of the principal lines of f is of form (2).
Under these conditions, the polynomial

(4) g9(s) = —5Q(s),

where
Q(s) = s' —4Bs® — 2(3 +2A)s” +4Bs + 1 + 44,

is called the separatriz polynomaial of (2). The name comes from the fact that the
real roots of this polynomial correspond exactly to all of the possible directions of
asymptotic convergence to the point p by the leaves of both principal nets.

In relation to these polynomials we have the next result.

Lemma 5.1 The discriminant of the polynomial of degree four Q(s) is
A = 16[4(1+ B%)® +24(1 + B*)?A+8(5 - B)(1 + BY) A% +

(5) 4(9 + B%)A® + (17 + BY) A* +44°].

Moreover,

(a) A <0 implies that g(s) has three simple real roots and two conjugate
complez roots.

(b) A >0 and Ay # —1/4 imply that g(s) has five simple real Toots.

(c) The multiplicity of a real root so of g(s) = —sQ(s) is less than or equal to
three. Moreover, if so has multiplicity two or three, then the other roots of g(s)
are real and simple.

Proof. Statements a) and b) are proved in [GGGT, Lemma 4.2]. For statement
c), note that, with an appropriated change of coordinates (rigid rotation), we may

1
suppose that so = 0. Hence A = = and

g(s) = —s?(s® — 4Bs” — 5s + 4B)..



If B =0, then the multiplicity of so = 0 is three,
g(s) = —5°(s* — 5},

and the other roots are s = /5.
If B # 0, then the multiplicity of so = 0 is two and the remaining three roots of
g(s) are real and simple, since

g)=4, g(-1)=—4, lim g(s)=—oo, lim g(s)=+00. m

§—+00

Definition 5.2 Let p be a simple umbilic point of a smooth immersion f: M= IR
of a surface M. Consider isothermic coordinates (u,v) : (M,p) — (IR?*,0) such that
the differential equation of the principal lines of f is of form (2). Then the point p
is called:

a) A hyperbolic umbilic point if the separatriz polynomial (4) has only simple
T001S.

b) A Hass umbilic point if the separatriz polynomial (4) has a root of multiplicity
two.

c) A H; umbilic point if the separatriz polynomial (4) has a root of multiplicity
three.

In [GGGT, Theorem 1.1], it was proved that the hyperbolic umbilic points are
locally topologically stable and that there are three different topological types. To
describe them, consider isothermical coordinates (u,v) : (M,p) — (IR?,0) such that
the equation of the lines of curvature is given by (2). Thus the discriminant A of
the corresponding polynomial Q(s) is given by (5). Then:

(H;) if A < 0, then the configurations of the principal nets are homeomorphic to
the ones shown in Figure 1;

1
(Hy) f A>0 A<Oand A# 7 then the configurations of the principal nets are
homeomorphic to those shown in Figure 2;

(Hs) if A > 0 and A > 0, then the configurations of the principal nets are homeo-
morphic to the ones shown in Figure 3.



Figure 1

= -
.
W

Figure 3

Theorem 5.3 Let f : M — IR* be a smooth immersion of a surface M, and let
p € M be a umbilic point of f of type Haq (Tesp. of type flg). The phase portrait of
the principal nets around p are homeomorphic to the ones shown in Figure 4 (resp.
Figure 5).

10



Figure 4

Figure 5

Proof. For the proof we use arguments analogous to those of the proof of [GGGT,
Lemma 5.1]. Indeed, the surface LM defined in the projective line bundle PM
over M by the solutions of equation (2) is regular in P~1(p), where P denotes the

. v . .
projection of PM onto M. In local (u,v, s = E_) coordinates, we consider the
u

vector field (which is tangent to LM)
0 0 0

! ! /
u8u+vav+563

whose components are given by

o = i(u,v,s) =4a(u,v)(1 - 3s%) + 4b(u, v)s(—=3 + s%),
" = su(u,v,s),
s = —[ Lu(u,v;8)+ sLy(u,v; )],

11



with a(u,v) = Au+ Bv + S(u,v) and b(u,v) = v+ R(u,v), where S and R are as
in (2).

Again, we use the notation £’ for the restriction of this vector field to LM.

If (u,v) are the coordinates used in (2), then (0,0) is umbilic and the singularities
of £’ are the zeros of s’ on the s-axis given by the equation

g9(s) = —sQ(s) =0

where
Q(s) = s* —4Bs* —2(3+ 2A)s* +4Bs+1+4A.

The projection W of our vector field £ onto the plane o', s’ is given by
W = vy, s),s) = da(u,v(u, s))(1 - 3s%) + 4b(u, v(u, s))s(=3 + s%)
= uh(s)+U(y,s),
s = —[ Lu(u,v(u,s);s)+ sLy(u,v(y, s);s)]
= g(s) + P(u,s),
with U(0,s) = 22(0,5) =0, P(0,s) = 3(0,s) =0 and
4A(1 + s%)3
s —4Bs® —6s2+4Bs+1
For the case p a umbilic point of type Haz4, we may assume that so = 0 is a double

h(s) =

root of g(s). Then A = —% and B # 0; the other roots s;,s2 and s3 verify:
s; < —1, sy>1land,if B <0 (resp. B> 0), then 0 < s3 < 1 (resp. —1 < s3 < 0).
Thus the singular points (0,0, s1), (0,0, s2) and (0,0, s3) are hyperbolic saddles, and
(0,0,0) is a semi-hyperbolic singular point, which is a saddle node over its central
manifold.

For the case p a umbilic point of type H;, we may assume that so = 0 is a root of
multiplicity three of g(s). Then the other roots of g(s) are s; < —1 and s > 1.
Also, the singular points (0,0, s1) and (0,0, sp) are hyperbolic saddles, and (0,0, 0)
is a semi-hyperbolic singular point, which is a repellor over its central manifold.
The proof of Theorem 4.3 now follows. g

6 Versal Unfolding

In this section, we obtain the versal unfolding of the umbilic points Hs4 and Hs.
They are presented as a family of surfaces in the Monge form fy : R? — R*

iz, y) = (7,9, Ra(z,y),Sx(2,9)) -

12



The notion of equivalence of families of immersions that we use is the following.

Definition 6.1 Consider two smooth families (f,) and (gu) in Imm(M, IR*) with
(the same) parameter p € IR*. Let F1(fu) and Fofy) (resp. Filgu) and Fo(g,)) be
the nets associated to f, (resp. gu). The families (f.) and (g,) are called principal
C0-equivalent (over the identity) if, for every p € IR*, the nets Fi(f,) and Fi(gu)
are topologically equivalent, with i =1,2.

In [Ga-S, Proposition 3.1], it was proved that if p is a simple umbilic point of
f € Imm(M, IR*), then there exists a Monge chart

z= R(u,v), w=5S(u,v)
and a homotety in IR* such that the equation of the lines of curvature is given by

4(Au + Bv)(du? — dv®)dudv + v(du? — 6dudv? + dv*) +

(6) Aqdv* + Asdvddu + Apdv®du® + A dvdu® + Agdu? =0
. A .
where A 5 0 and A;(0,0) = %%(0,0) = %7(0,0) — 0, fori=0,1,2,3,4.

Since the linear parts of equations (6) and (2) coincide, Definition 5.2 also applies
to equation (6) with the same parameters A and B.

In Lemma 6.3 above we prove that the normal form (6) also hold for families
in Imm(M, IR*) passing through an immersion which has a simple umbilic point.
First we need the next result.

Lemma 6.2 Let (f,) be an arbitrary smooth family in Imm(M, IR*) with parameter
p € IR* such that fo has a simple umbilic point py. For fo, consider a Monge chart

z= R(u,v), w=S(u,v)

such that the differential equation of the principal lines of fo in these coordinates is of
form (6). Then there ezists a change of coordinates of the form (u,v, p) = H(s,t, p)
such that for all u, with | p | small, the origin is a simple umbilic point of fu(s,t).

Proof. For p in a neighborhood V' of the origin in IRk, let p(n) be the smooth
continuation of the simple umbilic point pg = p(0) in U. Then it suffices to consider
the change of coordinates

(u,, 1) = (5,2, 1) + ((u, ) (P(1)), 0)

where 0 is the origin in R*. g

13



Lemma 6.3 Let (f,) be an arbitrary smooth family in Imm(M, IR"), with param-
eter u € IR¥, such that fo has a simple umbilic point py. Then there exits a Monge
chart

z=R(u,v,pn), w=S(u,v,pn)

such that the equation of the lines of curvature is given by

) 4(A(p)u + B(p)v)(du? — dv?)dudv + v(du* — 6du’dv® + dv*) +
Ag(p)dv?t + As(p)dvddu + Ag(p)dvidu? + Ay (p)dvdu® + Ag(p)du® =0,
0A;

with A;(1)(0,0) = —8—17(/1)(0,0) =

0A;
ov

(#)(0,0) =0, for i=0,1,2,3,4.

Proof. For x in a neighborhood V' of the origin in IR, we consider a Monge chart
z=R(s,t,n), w=S(st,u)
such that the equation of the lines of curvature is given by

4(121(/})5 + B(u)t)(ds2 — dt?)dsdt + (C(u)s +~D(u)t)(ds4 - §d32dt2 +dt*) +
Ag(p)dtt + Ag(p)dtdds + Ay(p)dt?ds® + Ay (p)dtds® + Ag(p)dst =0

where A = A(0) # 0, C(0) = 0, D(0) = 1 and A;(x)(0,0) =
OA;
ot

(#)(0,0) =0, for i=0,1,2,3,4.
Let L(ap,) : R* — IR? be a family of linear isomorphisms, with parameter
(o, B, ) € IR* x V, such that the inverse of L = La,,u) is given by

L™ Y(s,t,p) = (1 +a)s — Bt, Bs + (1 + a)t, p).-

Observe that for all (a, 8, ) € IR?> X V, L(a,p,) is a linear rotation. This implies
that, in coordinates

(s,t, 1) = (1 + )u— v, fu+ (1 + a)v, 1),
the equation of the lines of curvature correspond to a Monge chart and is given by

4(A(p)u + B(p)v)(du? — dv?)dudv + (C(p)u + D(p)v)(du* — 6du?dv® + dv*)+
Ay(p)dv* + As(p)dvidu + Ay(p)dvidu® + Ar(p)dvdu® + Ag(p)du® =0,

14



_ 0A; 04;
with A;(u)(0,0) = " (1)(0,0) = 5 (1)(0,0) =0, for i =0,1,2,3,4.

To finish the proof of the lemma, it is enough to show that for 4 € V" close enough
to 0, there exists (a, 8) = (a(p), B(1)) such that (C(u), D(p)) = (0,1). In fact

Cp) = 4(1+a) fl(u)ﬂ+4(1+a) B(p)B? — 4(1 + o)*A(p) 8% -
(1+a)~() (1+a)ﬁD()—6(1+a)ﬁD() D(p) +
1+ ) (u) 6(1 +a)’B2C(k) + (1 +a)B'C(n) and

D(p) = 4(1+a)*B(u)b - 4(1+a)3A() —4(1+a)’B(p)B +4(1 +
a)A(u)B* + (1 + @)°D(p) - 6(1+a) 382D(u) + (1 + &) B*D(u) —

) — B°C(w).

1
(14 )*BC (1) + 6(1 + @)*B°C (u
If C(p) = 0, then D(u ) =+ 0; therefore, we may set f =0 and 1 +a = D—(l—)—%— and so

n
C(g) =0and D(p) =
If C(p) #0, we set 1 + a = mf, with m a real root of the equation

C(u)a® + 2(2B(n) — 3C ())z* + 2(2B(w) — 3C ()7’

2(2A(p) +3D(w))z* + (C(u) — 4B(w)z + D(p) = 0.

Then C(y) = 0 and we are under the condition of the first case. g

To obtain a versal unfolding for a simple umbilic point we shall need the following
lemma.

Lemma 6.4 Let (f,) be an arbitrary smooth family in Imm(M, IR*), with param-
eter u € IR¥, such that fo has a simple umbilic point py. Consider a Monge chart

z=Ru,v,p), w=>Su,v,u
such that the equation of the lines of curvature is given by

(8) 4(A(p)u + B(p)v)(du? — dv?)dudv + v(du® — 6du’dv? + dv?) +
Ag(p)dv* + Ag(p)dvidu + As(p)dvdu® + Ay (p)dvdu® + Ag(p)du* =0,

A; A; ,
with A;(12)(0,0) = %u (1)(0,0) = 2 5 ()(0,0)=0, for i=0,1,2,3,4
Then, for | p | small, the family ( fu is equivalent to the family of surfaces in Monge

form _ ;
z=R(u,v,p), w=S,v,n,
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with

~ 1 1

Bluvn) = #f——A

(u,v, ) v = o7 () ++24B() and
S(u,v,p) = u2+uv+v2+—21—4v3

Proof. Consider the Monge chart of the previous lemma
9) z= R(u,v,p), w=_S(u,v,u).

Using [Ga-S, Section 3], if

R(u,v,p) = TQOQ(M)u + i (p)uv + r022(u) v? 4+ Taoé'u)u?’ + ___7“212(u) ulv +
T122(M) wv?® + Toaé‘u)v + h.o.t. and
S(u,v,p) = Szoz(u)u + s (p)uv + SOQZ(M) v? + SBOG(M u® + S—z%lﬂu% =

w»

122(#) uv? + @éﬂ—)v:* + h.o.t.,

then (0,0) is an umbilic point if and only if
r11 (1) (a0 (1) — roa(ps)) + s11(1) (s20() — so2(p)) =0

and
A(r11 ()2 + s11()2) = (rao(p) — To2(1))® — (s20(1s) — so2(1))? = 0.

Note that these conditions are equivalent to
(10)  2r11(w) = £(s20(1) — s02(w)) and  2s11(p) = F(rao(w) — roa (1)) -

Under these circuntances, observing (8) at (0,0) we get

0 = ror(p)(roz(w) — ra0(k)) + (ri2(p) — ra0(p))r1a(p) +
(Slz(ﬂ) - 330(#))%1(#) + Sa1(p )(502( ) — S2O(N)) )

1 = 4ro(p)(roa(p) — m20(p)) + 4(ros(p) — ra1(p))rn(p) +
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4s19(1) (s02(12) — s20(1)) + 4(s03 (1) — s21(p))sna(m)

Alp) = 2(r12(p) — 7‘30(#))(%2(#) — ro0()) — 8721(#%11(#) +
2(s12(p) — s30(2))(s02(B) — s20(1s)) — 8s21(p)s1(w))  and

B(p) = 2(ros(p) — ro1 (1)) (Toz (1) — m20(K)) — 8712 ()11 (1) +
2(s03 (1) — s21(1) (So2 (1) — s20(1)) — 8s12(1)s11 (1) -

We shall proceed considering, in (10), the case

2r11 () = (Szo(u) — se2(p)) and 2s11(p) = —(r20(p) — ro2()) -

Using the notations

a(p) = (r12— 730 — 252) (1),
B(p) = (s12— s30+ 2721) (1),
y(w) = (ros— 721 — 2s12) (1),
§(n) = (so3 — 521+ 2r12) (k)

we have the relations

(ariy + Bs11) (1)
(11) (77'11 s 5811)(“)

Wb [ = O

(=Bri + asiu)(p) A(p)
(—6r11 + 511) (1) B(p)-
Consider the family of surfaces in Monge form
(12) z = R(u,v, 1), w=S(u,v,p),
with
R(u,v,p) = v*— £ A(p)u® + -i-l B(p)v® and
T 24 24
= 1
S(u,v,p) = u2+uv+v2+§zv3.

For this family, we obtain
2711(p) = (s20 — 502) (1) =0, 2511 (1) = — (720 — T02) (K) = 2,
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and
d(u)=%A(u), B(p) =0, ?(u)=%B(u), o(p) =

and relations (11) hold.
Therefore the families (9) and (12) have respective equation of lines of principal
curvature that share the same linear part, namely,

4(A(p)u + B(p)v)(du® — dv®)dudv + v(du! — 6du’dv® + dv') =0.

Hence the families are equivalent. g

Now we shall present a versal unfolding for umbilic points of type Hsy.

Lemma 6.5 Let f : M — IR* be a smooth immersion of a surface M, and let
p € M be a Has—umbilic point of f. Then there ezists a Monge chart

z= R(u,v), w=S(u,v)
such that the differential equation of the principal lines of f in these coordinates s
of form (6) with A # %
Proof. Consider a Monge chart
z = R(u,v), w=S(u,v)
such that the differential equation of the principal lines of f in these coordinates 1s

1
of form (6). Then A = 1 if and only if the root of multiplicity two of the polynomial
1
g(s) is s = 0. Now if A= — and sp is a simple root of g(s), then we preserve (6) as

the differential equation of the principal lines of f by making a rotation that sends

1
so over s = 0. This says that A # 1 and the proof is complete. g

Theorem 6.6 A versal unfolding of a umbilic point of type Hay 1s the family of
surfaces in Monge form fy: R? —» IR* defined by

f)\(may) = (IE,y,R)\(IE,y),S)‘(.’E,y)),
with
1 125 1 51
R _ 2___( ___> 3 1ol 3
a@y) = vz M 3) T oY e

1
Sx(z,y) = m2+a:y+y2+ﬁy3.
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Proof. Let (g, : M — IR') be an arbitrary family of smooth immersions of a surface
M, with parameter p € R, and let p € M be a Hy—umbilic point of go. Using
Lemmas 6.4 and 6.5 we may suppose that the family (g,) is in Monge form

9u(z,y) = (z,y, Ru(z, ), Su(z,9))

with
Rizy) = ¥ — SAW® ++o-Buy®  and
# 24 24
1
Su(z,y) = ' +zy+y’+ ﬁy‘*,

and that A(0) % —.

Consider the real-valued function ¢ defined in a neighborhood of the origin of
IR* which is given by

Y(p) = 16[4(1+ B(p)?*)* +24(1+ B(w)?)?A(p) +8(5 — B(w)*)(1 + B(p)?)A(p)?
4+ 4(9+ B()?) A(p)® + (17 + B(p))A(w)* +44(w)°]-

Then the unfolding induced by ¢ from the family of surfaces (fa)rer 18

f#(xay) = (m’vau(may)aS#(Iay))a

with
~ 1 125 1 51
B o G ( _ ____) 3, L 9l 3 d
- 1
S,L(a:,y) — m2+my+y2+§zy3.

Both families are equivalent for | 4 | small, since the discriminant associated to the
family (g,) is A(p) = ¥ () and the one to the family (f,) is

R(u) =Y (6640625 — 483487509 (n) + 304263041 (p)?
_ 6680064%(p)° + 524288%(1)*) -

The proof is now complete. g )
Now we consider the umbilic points of type Hj.
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Theorem 6.7 A versal unfolding of a umbilic point of type Hs is the family of
surfaces in Monge form fy: R? — R*, with A = (A1, A2), defined by

f,\(x,y) = ("L‘ava/\(Zay)’ S/\(mﬁy))

where
1 1 1
R , — 2__<)\ __) 3 - 3
A(z,Y) Y o1 \ M T x +24/\2y and
1
Sy(z,y) = $2+my+y2+—2—4y3.

Proof. Let (g, : M — IR*) be an arbitrary family of smooth immersions of a
surface M, with parameter p € IR*, and let p € M be a Hz—umbilic point of go.
Using Lemma 6.4 we may suppose that the family (g,) is in Monge form

gu(x:y) — (m,y,R#(m,y),S#(x,y)),

with
Rey) = v'— SA@WS++=Bu)y’  and
bl 24 24
1
Su(z,y) = o’ +azy+ y? + ﬁgﬂ.

Let us consider the real bi-valued function ¢ defined in a neighborhood of the
origin of IR* by

P(p) = (A(n), B(w) -
Then the unfolding induced by ¢ from the family of surfaces (fx)rer 18

fulz,y) = (2,9, Ru(z,9), Sulz,9)

with
Ru(z,y) = ¥~ — <A(u) = l) S+ — B(u)y®  and
BN 24 4 24
5 1
Su(z,y) = 2+ zy + yr+ —2—4y3 .

Finally, since the discriminant associated to the family (g,) is equal to the one
of the family (f,), for every p, both families are equivalent. This completes the

proof. g

The next two theorems give us the bifurcation diagrams of these types of umbilic
points.
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Theorem 6.8 Consider the one-parameter family of immersions fr: R* - R

defined by
f)\(x:y) = (az,y,R(z,y),S(m,y)),

with
1 1 125 1 1 51
(z,v) 5% + o A 22 z° + 5 %Y + 18 3Y and
1
S(z,y) = 5%

Then the origin is a umbilic point for all values of X. Moreover, for | A | small, the
origin is of type Ha for A <0, of type Hsa for A =10, and of type Hy for A > 0.

Proof. The corresponding values for A, B and A are

125 51
A=A-75 Py

and

A
~aa 92(6640625 _ 48348750\ + 304263042 — 66800643 + 524288)\%)

and the proof now follows. g

Theorem 6.9 Consider the two-parameter family of immersions fx R? - R*
defined by
f,\(III, y) = (l‘, Y, R(.’L‘, y)a S(-'Ev y)) )

with
1 1 1 1 1
R(x,y) = §$2+-2-Z (1— ()\1— Z)) I3+§$y2+zg)\2’y3 and
1
S(z,y) = V-

Then the origin is a umbilic point for all values of A = (A1, X2). Moreover, for | A
small, we have:

i) The origin is of type Hy if A < 0.
ii) The origin is of type Hy if A=0and A\ #0, or if Ay = 0 and Ay # 0.
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iii) The origin is of type Hy for A >0 and A\ #0.
iv) The origin is of type Hj for A= (M1, X2) = (0,0).
Here

1 3 4 5
A= (625 + 1200 + 1376 A3 + 768 A1 + 256 A7 +

12522 + 2080 Ay A2 + 195275 + 256 M2+
352\ + 1792\ Aj — 5123 M3 + 256 A5).

Figure 6

Proof. For the proof, it suffices to observe that the corresponding values of A and
B are ;
A—:)\l—z and B=)\2 =
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