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Resumo

Se estabelece a equagao diferencial das linhas de curvatura para superficies im-
ersas no R* Se mostra que -do ponto de vista das linhas de curvatura- a equacao
diferencial apresentada leva consigo uma informacao bastante completa da superficie
imersa.



A Differential Equation For Lines Of Curvature
On Surfaces Immersed In R’

by
Carlos Gutierrez Irwen Guadalupe
Depto. de Matemdtica IMECC - UNICAMP
ICMC/USP - Sao Carlos Universidade Estadual de Campinas
Caixa Postal 668 C.P. 6065
13560-970, Sao Carlos, SP 13083-970 Campinas, SP
Brazil Brazil
e mail: gutp@icmc.sc.usp.br e mail: irwen@ime.unicamp.br
Renato Tribuzy Victor GuirieZ™
Universidade Federal do Amazonas Universidad de Santiago de Chile
Departamento de Matematica Facultad de Ciencias
I. C. E.
69000 Manaus, AM. Casilla 307, Correo 2, Santiago
Brazil Chile
e mail: tribuzy@fua.br e mail: vguinez@fermat.usach.cl

Part of this work was supported by CNPq and by PRONEX/FINEP/MCT Grant #
376.97.1080.00. Teoria Qualitativa das Equagdes Diferenciais Ordindrias.
+Research supported by FONDECYT Grant # 1980778 and by IMPA /CNPq Grant



Abstract

It is stablished the differential equation of the lines of curvature for im-
mersions of surfaces into R?. It is shown that -from the point of view of prin-
cipal lines of curvature- the considered differential equations carries a fairly
complete information of the immersed surface

1 Introduction

The notion of principal direction for a smooth immersion f : M — R* which
we introduce and use is due to J.A. Little [Lit]; it is an extension of the classical
three—dimensional concept (see [R-S] for another possible extension). A principal
direction at p is a line in T, M generated by a unitary vector which makes the length
of a(X,X) take a extreme value, where « is the second fundamental form of the
immersion f at p and X varies on the unitary circle in T, M. The set £ of values
of a(X, X) called ellipse of curvature is an ellipse that may degenerate into a line
segment, a circle or a point. Also, it is easily seen that as X goes once around the
circle, a(X, X) goes twice around £. Therefore, when & is either an ellipse or a line
segment, there are four principal directions at p; when £ is either a circle or a point
we say p is a umbilic point of f. The principal lines of curvature of o are those
curves in M that are disjoint from the umbilic points and tangent to principal lines.

In this note we clarify some points of the original proof of Theorem 1.1 (see
[GGTG, Theorem 2.1]), which we consider very important in the study of lines of
curvature of surfaces inmersed in IR*. Also, we show some quartic differencials that
are invariant by isothermal coordinates. The holomorphic quartic differentials live
naturally in Riemman surfaces and may be as interesting as quadratic differentials.

The main result of this note is:



Theorem 1.1 Let f : M — IR* be a smooth immersion of a surface M. In isother-

mic coordinates (u,v) : (M,p) — (IR?,0), the differential equation of the lines of

curvature of f is given by
(1) 4a(u,v)(du?® — dv®)dudv + b(u, v)(du* — 6du’dv? + dv') = 0

where a = a(u,v) and b = b(u,v) are smooth real-valued functions. Moreover, p 1s
a umbilic point if and only if a(0,0) = b(0,0) = 0. a(0,0) = b(0,0) = 0.

Conversely, for any given analytic functions a,b: U — IR defined on an open
neighborhood U C IR? of a point p, there exists an immersion f 1V — IR* where
V c U is some small open neighborhood of p such that the differential equation of

the lines of curvature of f is given by (6) and the coordinates (u,v) are isothermic.

2 Differential Equation of Lines of Curvature

Let f : M — IR* be a smooth immersion of a surface M. Let U C M be an
open neighborhood with isothermic coordinates (u,v). Let z = u + v, and let
0 0
=18,| = |0,|, where 8, = =—— and 0, = .
X\ = |8y| = |0y|, where 5y 20 5
We introduce the two Wirtingen operators

(2) 0, = —=(0y — i0y) and 0z = —=(0, +10,),

V2

and the corresponding dual forms

£l !

(3) dz = \/i(du + idv) and dz— —2(du — 1dv),
We denote
(4) o = a6y, 0;) and T = (8, Oz) -



Here (,) is a bilinear complex extension of the inner product of 7+-M to T+M ® @,

where TL M denotes the normal bundle.

Proposition 2.1 Let f : M — IR* be a smooth immersion of a surface M. In
isothermic coordinates (u,v) : (M,p) — (IR*0), the differential equation of the

lines of curvature of f is given by

(5) Im({(o,0)dz*) =0

or equivalently

(6) da(u, v)(du® — dv®)dudv + b(u, v)(du* — 6du’dv® + dv') =0

where

a = a(u,v) = Re({0,0)) and  b=bu,v) =Im((o,0))

are smooth real-valued functions.

Moreover, p is a umbilic point if and only if a(0,0) = b(0,0) = 0.

The proof of Proposition 2.1 follows the proof of Lemma 2.3.

Under the conditions of the latter proposition, €; = A"19,, €2 = X719, is an

orthonormal frame.

Lemma 2.2 Let a;; = o(ej, €;). Then €1 is tangent to a principal line at p € M if

and only if Im({(o,0)dz*)(e;) =0 at p.

Proof:
Let v : [0,27] — T M, be given by

v(6) = cosf e +sinfe.



Since the image of v is an ellipse centered at the mean curvature vector H =
1/2(01, + ag) (see Little [Lit]), €; is a principal direction at p if and only if the

function
£(60) = lla(v(8),v(6)) - HI”

has a critical value at 8§ = 0. Now

if and only if

0= (0412, o1 — H> — (Oéu, 11 — 022>,

or equivalently
0= Im(|la1; — 0422||2 - 4||0z12||2 — iy — ag, aq2)) = Im({o, a)dz4(el)
because dz(e;) is a real number. The proof is complete. g
Lemma 2.3 The quartic differential form
(0,0)d2*
does not depend on the chosen isotermic coordinates.

Proof:

In fact, let (v'.v') be another system of isotermic coordinates. Let

1 1
7 62' = —= au' - .av’ d Oz=— 8u/ -+ ‘a‘u’
7 5(0c—i0,)  and =0+ i0)
be their corresponding dual forms
/ 1 / . i 7 1 / . /
(8) dz' = ——2(du + idv") and de' = —E(du —idv').



Hence, at a given point p € M belonging to the domain of definition of both (u,v)

and (v, v'), there exist 0 < 6 < 2m and K > 0 such that

8, = Keo,.
Therefore, using
d2(8:) = dz(8s) = 1, d2(3%) = dz(8,) = 0,
dZ () = d?(az—,) =1, dz'(05) = d2(6.) = 0,
we conclude that
dz = K~ le ¥dz.

Summarizing, at the given point p, we have
(a(az,c')z),a(az,az))(dz)4 = (a(az,,az,),a(az,,a:,»(dz')‘*

and the proof is complete. g

Proof of Proposition 2.1

The proof follows directly from the previous two lemmas. g

Proposition 2.4 For any given analytic functions a, b : U — IR defined on an open
neighborhood U C IR? of a point p = (ug, Vo), there ezists an immersion f : V — R
where V C U is some small open neighborhood of p such that the differential equation

of the lines of curvature of f is given by (6) and the coordinates (u, v) are isothermic.
To prove the Proposition 2.4 we need the next results.

Lemma 2.5 Suppose the assumptions above. Suppose that, for some € > 0, R =

{(u,v) : [u—uo| <€ |v—w| < €} is covered by our coordinate systems. Then there
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ezists a normal frame {e3,es} defined on R and a smooth function n = n(u,v) such

that

(9)

L, _ L, _
Vau €3 = 7€y ) Vau €4 = —TIE3

Vz.e3 =0 , Vze=0.
Proof:
Take a normal unitary vector field e; along {v = wvp}. With respect to the
riemannian connection V+, by parallel translation along the curves {u = constant},
extend e; to R. This implies that VgLU es = 0. Let e4 be a unitary vector field normal

to both M and ej3; certainly, V3 eq = 0. Since

D= b%<63’ 64) = <V('J9_ue3) €4> + <Vé_u€4, €3>
0= %(61', €i> = 2<Vé‘u€i, €i>, for 1 = 3, 4,

equations (9) are satisfied g

The proof of the following lemma can also be obtained by a direct use of the

main result of [Jac].

Lemma 2.6 Let {es,eq} be a normal frame and letn = n(u,v) be a smooth function
which verify (9).
If we denote

(10) 01 = Re(<0’ eﬁ))) Op2 = Im(<0’ eﬁ))’ T8 = (T: 63), B =34,

then the Gauss, Ricci and Codazzi equations may be written, respectively, as

1
(11) Apy = X(—Ugl — 0% — 0l — O+ T3 + 72+ A2+ A2 — M)
2
(12) (n)v = X§(041032 — 031042)



2
(032)v = (031)u — (73)u — MO + 174 + X/\uTB
2
(031 +73)y = —(032)u + N0a2 + X/\UTB
(13)
2
(042)4 = (041)u — (Ta)u +1M031 — 73+ X/\uT4
2
(041 +T4)y = —(042)u — 1032 e X/\UT4
Proof:

We use notations (1) and (2).

Let us first consider the Gauss equation
(14) (R(0:,05)8:, 82) = ((D.,0:), (85, 85)) — |ex(0:, 02)|*.

Note that if, for i = 3,4, o; = (o, €;), then,

R(8,,05)0, = V4,Vo.0; — V5.V5.0,
2 0\
= -a(5 52

_ v, (2810g/\>az
: 0z

= —Alog)\d,

which implies
(R(8;,07)0;,0z) = —A*Alog .

Hence the Gauss equation has the form
—X2Alog) = lo|? - |T|2

8



and may be rewritten as (11).

We now consider the Ricci equation

(15) RY(0,,05)v = (0,0, 8,) — a(0,0,,85), v € T+ M.
Note that

R-L (827 82)63 == a(aeaaz) az) - a(aeg 827 3?)
1
= % a(730, + 1305, 0,) + a(o30z + 730;, 0;)

1
= E(ESU - 0'3-5)
= 2%]7’11(530’),

hence

(R+(8,,0z)es, €4) = Q%Im(@m;).

We also obtain that

R*(8,,8:)es = V3. Vaes— VzV.es

)
o o
T V2\0z 0Oz 4

0
= _Za_z €4 ,
and thus

0
<R-L(az7af)e3, €4> = —Z-a—z-.

This implies that the Ricci equation has the form

87] = —zfm(5304)

v A2
9



which may be rewritten as (12).

Finally, we consider the Codazzi equation

(16) (Via)(@;, 8s) = (Véa)(@z,az).
We have
Blog)\

Vioc=Vir—2
o9 8, T Bz

Also, we find that

and that
0
V'Lz = <—E — ’/"477)63 -+ (’—— =+ 7'37’])64
0z
Hence
0% e OB o p R
gz T 5, TN 5z
(17)
0oy _ 0Oy Odlog A
5% + o3n = 57 + 73m — 2 52 T4

which may be rewritten as (13) g

Proof of Proposition 2.4:

We need to prove that, for any given local analytic functions a,b: U — IR as in
the assumptions, there exists a local analytic immersion f such that the differential
equation of the lines of curvature of f is given by (6) and that the coordinates (u, v)

are isothermic.

10



If we find a solution A > 0, n > 0, o031, 032, (Cy — 74), 042,73, T4 Of system (11)
— (13) of Lemma 2.6 such that each one of these functions is defined in an open
neighborhood V' C U of p, then the theorem of existence and unicity of immersions
[ Jac] guarantees the existence of a local immersion f : V — IR? which has \? =
E = G and F = 0 as coefficients of its first fundamental form. On the other hand,

if this solution satisfies the system
(18) a=03 —05+05h —0g , b=2(0n03+(Cs—T1)os),

then the differential equation of the principal lines of curvature is given by (6)
and thus the proof of the theorem will follow. For this we first define A; =
Ai(u,v,a,b, 0’32,042), ] = 3,4, by

bosz + 042\/4(0%; + 032) (a + 035 + o) — b2
2(03, + 032)

b

bog — 032\/4(032 +0h)(a+ 0% + 0fy) — b?

A —
! 2(03, + 05,)

Now, for ¢ = 3,4, we define the funcion
Q; = Qi(%U, @, Gy, b, by, 032, (Uaz)u, 042, (042)u)

obtained by formally taking the partial derivative of A;(u,v,a,b,032,042), with
respect to the variable wu, by assuming that a = a(u,v),b = b(u,v), 032 =
032(U,U), 042 = 042(, v).

We next introduce the following system of linear PDE’s:

oU;

o

11



oUs 09U,

v ou
8U2 I oU.
=T <02 9M3Cy — 204Cy + C2 — 02, — 0% + U — U2 — U, a;)
0 2
62 U1 (A4032 - A3U42)
oo oC
(20) 652 = 203 — 8_113 —2nAy +nCy + aUs(Ca — A3)
603 _ 80’32
50 W + N0y + — 7 U2(C3 A3)
60’42 804
=20 — ——
0 1T B + 2nA3 — nCs + U, U3(C4 Ay)
804 _ 8042
5 - 0w N032 + aUz(CZ - Ay)
with initial conditions
Ui(u,0) = 1 , Us(u,0) = 0
Us(u,0) = 0 : n(u,0) = 1
C3(u,0) = 0 ,  C4(u,0) = 0
o32(u,0) = 0 ,
0,0 = %2 ~a(w,0)+ /la(w, 07 + (b(u,0)+1

Then the Cauchy-Kowalewsky theorem [ Spi] implies the existence of an ana-
lytic solution around (0, 0) for the entire system (20). Note that the chosen initial

conditions guarantee that U; > 0 and that the expression
4(0% + o) (a + 05, + o) —

inside the square root of the definition A; = A;(u,v), ¢ = 3,4, is positive and
analytic in a small neighborhood of (0,0). If we define A\ = U,, then the first two
equations of (20) together with the chosen initial conditions imply that U, = A, and
that Us = ). Also, if we rewrite system (20) by making, for i = 3,4 the following

12



substitutions

Gil(uav) = Ai(U,U,Uaz(U, 0)7042(71,11))
(22) (Uil)u(u,v) = Qi(u7v7a‘aa1uba bu7a32a (032)u7042a (042)u)
7 = Ci—oa,

then system (20) implies that the structural equations (11) — (13) are satisfied.
Moreover by (19) and (22), we have that (18) is satisfied. g
Proof of Theorem 1.1

It follows directly from Proposition 2.1 and 2.4 g

Remark 2.7 Let {es, es} be a normal frame and let n = 1(u,v) be a smooth function
which verify (9).

If the first and second fundamental forms are denoted as follows,

a(0y,0,) = ee3+Eey

a(04,0,) = fes+ fea

(0, 0y) = ges+ ey
E = )\

then, by using Lemma 2.6, we obtain that the Gauss, Ricci and Codazzi equations

can be written, respectively, as

(23) eg—fz_*_ég_fz = %(ES"FEE—E(Euu'*‘EvU)),
_ (e—g)f = fle=3);
(24) T = 5
and
_ _F €9
eu_fu - fn+Ev 2E’



év—fu = f77+Eu

2F '
(25)
_ e+ g
v —Gu = — - Eu—,
fo—g an 5E
—_— e+g
v Gu = - Eu_—'
fo— 0 an 55
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