UNIVERSIDADE DE SAO PAULO

Instituto de Ciéncias Matematicas e de Computagao
ISSN  0103-2577

The Second Order Impulsive Cauchy Problem

Eduardo Hernandez M.

N2 115

NOTAS

Série Matematica

@B

S3o0 Carlos — SP
Mar./2001

SYSNO_LZ04 4565

DATA [ /

ICMC - SEAB




Existéncia de Solucoes para Equacoes Diferenciais de
Segunda Ordem com Impulsos.

Eduardo Hernandez M.

Departamento de Matemaética - ICMC - USP.

Resumo

Neste artigo provamos a existéncia de solugdes fracas e cldssicas para um tipo
de equacdes de segunda ordem com impulso modeladas na forma

i(t) = Au(t) + £t u(t), u(t)), t € (—=To, Th), t # ti,
U(O) = Ty, ’U,(O) = Yo,
Au(ty) = IHu(t), Out) = ),

onde A é o gerador infinitesimal de uma fungdo coseno fortemente continua de
operadores lineares num espago de Banach X e f, Iil,Ii2 sao fungoes apropriadas.
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Abstract

We study the existence of mild and classical solutions for a abstract second order
impulsive Cauchy problem modeled in the form

i(t) = Au(t) + £t u(t) (b)), te (=To, Th), ¢ # 4
uw(0) =m0, @0)=1yo,
Ault) =IMult), Di(t) = IR,

where A is the infinitesimal generator of a strongly continuous cosine family of
linear operators on a Banach space X and f, I} and I? are appropriated continuous

functions.

1 Introduction

This paper is concern with the second order impulsive Cauchy problem

i(t) = Au(t) + f(t, u(t), u(t)), t € (-To, T1), t # ti,
u(0) = zg, (0) = wo,
Aulty) = INu(t)), Du(t:) = L(u(t)).

(1)

In the system (1) A is the infinitesimal generator of a strongly continuous cosine family
of linear operators (C(t))em on a Banach space X; =T <0 <1 <1ty <. <ip < T,

Au(ty) = u(tf) — u(ty), Au(t) = a(td) — u(t;) are the impulsive conditions and I

X=X f:IRxXxX — X are appropriated continuous functions.

The theory of impulsive differential equations has become an important area of inves-
tigation in recent years. Relative to this theory we only refer to the reader for the works

of Rogovchenko [4]-[5]; Liu [3]; Sun [6] and Cabada [1] .

Motivated for numerous applications, recently Liu ( see [3] ) studied the first order

evolution problem



where A is the infinitesimal generator of a Cy-semigroup of linear operators on a Banach
space X. In the cited paper, Liu apply the semigroup theory to prove the existence of
mild, strong and classical solutions for system (2) using usual assumptions on the function

fl

Our goal will be give some existence results of mild and classical solutions for the
second order impulsive Cauchy problem (1) using the cosine functions theory. It’s well
know that, in general, the second order abstract Cauchy problem

i(t) = Au(t),
u(0) = o,

can’t be studied by reduce this system to a first order linear equation, therefore, the
existence result of this work, aren’t consequence of those in Liu ([3]).

Throughout this paper, X will be a Banach space provided with a norm |-l A:
D(A) — X will be the infinitesimal generator of strongly continuous cosine function of
linear operators C = (C(t))em on X and S = (S(t))wer will be the associated sine

function, that is
t
S(t)z = / C(0)zdd, veXtelR.
0

For the theory of strongly continuous cosine functions, refer Fatorinni [2] and Travis
[7]. We will point out here some notations and properties that will be essential for us.
We’'ll denote by D(A) the domain of A, that is

D(A) = {z € X : C(t)z is twise continuously differentiable}
and by E the set
E ={z € X : C(t)z is once continuously differentiable}.

The properties in the next result are well know ( [7] )

Lemma 1 In the previous condition, the nest properties hold.
1. If z € X then S(t)z € E.
2. If 1 € E then S(t)z € D(A), L£C(t)z = AS(t)z and £S(t)z = AS(t)z.
3. If z € D(A) then C(t)z € D(A) and 4C(t)z = AC(t)z = C(t)Aa.

. If © € D(A) then S(t)z € D(A) and £:S(t)x = AS(t)r = S(t)As.

This work contain two sections. In the section 2 we discuss the existence of solution
for the impulsive system (1). Firstly we introduce the concept of mild and classical solu-
tion for the impulsive system (1) and subsequently, employing the contraction mapping
principle and the ideas in Travis 7], we prove the existence of mild and classical solutions.

In what follows B,(z : Z) will denote the closed ball with center at x and radius r in

a metric space Z.
For a nonnegative bounded function & : (-To,71) = IR and —Tp < s <t < T, we

employ the notation & for
& = sup{€(0) 1 0 € [s, 1]}
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and we will write simply & for £_r,, when no confusion arises.

Preserving the notation in Liu [3], PC((=Tp,T1) : X) is the space of the functions
w: (=Ty, T) — X such that u is continuous in ¢ # ¢;; u is left continuous in each ¢; and
u(t}) exist; endowed with the norm | u ||=| u |7,

Finally, PC*((=Tp,T3) : X) we'll be the space

u,w e PC(<—T0,T1) ; ){),
w = w on each (t;_1,%;) ’

PCH(-Ty, Th) : X) = {(u,w) :

provided of the norm ||| (u,w) |[|=]| v ||z + || w |7 -

2 Existence Results.

In this section we discuss the existence of mild and classical solutions for the impulsive
system (1). By comparison with the second order abstract Cauchy problem, we introduce

the next definitions:

Definition 1 A function (u,v) € PCY((=Ty, T1) : X) is a mild solution of system (1) if

w(t) = C(t)zo+ S0+ /Ot S(t = 8)f(s, u(s), #(s))ds
+Soct; <iC(t — t) I} (u(ts)) + Socy S (t — t:) I (4 (t)),

for every t € (—To, T1).

Definition 2 A function (u,v) € PC'((=To,T1)) is a classical solution of the impulsive
system (1) if: uw € C*((To, Ty)\{t1, t2, .. ta} : X) and w 1s solution of the impulsive system
(1) on (—To, Tl)

In order to establish the existence of mild solutions, we introduce the following tech-

nical assumptions.

(A;) f: IR x X x X — X is a continuous function and there exist positive constants
L'(f) and L?(f) such that

| (o) = £(e, o) 1< L) u— | +L7(F) v =o' |
for every u,u’,v and v' € X.

(As) The functions I? : X — X are continuous and there exist positive constants L(I?)

such that
| I2(w) — () IS L) [ u =o' |,

for every u,u’ € X.

(A3) There exist closed linear operators B : DB)c X - X, F:D(F)CX — X such
that



i) S(t)(X) € D(B); the function BS(:)z is continuous for each z € X and
£C(t)z = BS(t)Fz for every x € D(F).

ii) The functions I} are D(F)-valued and there exist positive constants L(FI})
such that

| FI}(u) = FINW) |< L(FL)) |u—u']|, for everyu,u' € X.

Theorem 1 Let 79 € E,yo € X and assume that assumptions (Ay)-(Ag) hold. If
max{A, Ay} < 1, where

M= DS I + 1 C lln) @o+T) + Sy (I C llmy LUD+ | BS |l LIFID),

Ay = A USln + 11 Clln) (To+T1) + Sy (1 C llny + 1S llm) L(ED),
then there exists a unique mild solution of system (1).

Proof: For (u,w) € PC'((=Ty,T1) : X) we define ®(u,w) = (®1(u, w), P2(u, w)), where

Sy(ww)(t) = C(t)zo+ Sty + /0 " S(t = 8) F(s, uls), i(s))ds
FS0ct,<tC(t — t) IF(u(ti) + Soct<eS(t — t:) 17 (a(t))

and
Do(w,w)(t) = AS(tao+C(Owo+ [ G 5] s, nle)h(s))ds
+ 80t BS(t — i) F I} (u(t:)) + Boct,<:C(t — t) I7 (a(t)).

Clearly ®(u, w) € PC'((=Ty, T1) : X). Next we’ll prove that @ is a contraction mapping
on PC'((=Ty,T) : X). To prove this property, we take (u,w), (v,2) in PCH(~To, T1) :
X) and t € (=Ty,T;). From assumption (A1) we see
L
10 w)(0) - @A | < [ 1Sl (L) vl +L2() = ls) do
+So<ti<e || C llzy L) [ u(ts) — o(t:) |l
Sncne || S i LUB) || lti) — o&%) |

thus

| &1 (ww) — 81(v,2) I < (IS Il LT + 1) + iy [ €l LUD) Il w = lim
+ (LT +T) + ey | Sl LUD) N w =z |1 -
(2)

Similarly



| @a((u, w)) = @a((v,2)) ||

< (I1C lln MA@ +T0)+ | BS llny S LIEL)) | u=v |In
(3)
1€l (BT + o) + S L))l w = 2
Inequalities (2)-(3) and the assumption max{A;, Az} < 1, implies that ¢ has a unique

fixed point (u,w) € PCY((=Tp,T1) : X). Clearly (u,w) is a mild solution for the impulsive
system (1). The proof is complete.

Corollary 1 Let assumption (A1)-(As) be satisfied and assume that I} = 0 for i =
1,2,..,n. If max{A;, Ay} <1 then there exists a unique mild solution of system (1).

Remark 1 In relation with assumption (A1), a obvious case , for instance, is given for
Lipschitz continuous functions I} : X — [D(A)], where [D(A)] denote the space D(A)
endowed with the graph norm.

2.1 Classical Solutions.

Next we will establish the existence of classical solution for the impulsive system (1)
under the assumption that f is continuously differentiable. For this purpose, we need of

the following lemmas.

Lemma 2 Let g € C([0,b] : X)NCL((0,b) : X), b> 0. Let h: [0,b] = X the function
defined by

h(t) z/OtC'(t—s)g(s)ds.
Then h(t) € E for each t € [0,0].

Proof: Let t € [0,b]. Since g is continuously differentiable

/(;LC(t—s)g(s)ds = /OC(t—s ds—l—/ (t—s) / g'(pn)dpds

0

/C’(t—s ds+//t— (€)g' (1) dEd,

Il

thus
/(;tC(t—s)g(s)d +/ (t = p)g'(p)dp. (4)

Since S(t)g(0) € E, we only need to proof that the second term in the right side of (4) is
in E. In relation with this property we observe that for p € IR

Aot M =C) [ 50— s)g'(s)ds




. /Ot(S(t—erp—Fh/)—S(t—5+p))g'(s)ds

2h
dor [(5(-5—p=1) = S(t = 5 = p) g (s)ds,
then
d—i}-C(p) /:5(75— eleide = -i-/of (Clt =5+ p) = Clt — 5 — p)) '(5)ds

and therefore [; S(t — s)g'(s)ds € E. The proof is finished.

Lemma 3 Let 29 € D(A), yo € E and assume that hypotheses in Theorem 1 hold. If f
is continuously differentiable and ezists L*(f) > 0 such that

max{u%(t,as,w—%(t,m,w H:jzl,m} < BPOIly-7ll,  ©
DOG+T) 1 CIT < 1, (6

then there exits a unique classical solution u(-) of

i(t) = Az(t) + f(t,z(t), £(?)), b e (=T ti1)s :
z(t;) =z, (i) = Yo. (7)

Moreover u(t,,) € D(A) and u(t;;,) € E.

Proof: Let w : (Ty,T1) — X the unique mild solution of
i(t) = Az(t) + f(t2(t), 2(1)), t € (To, Th),
z(t;) =0, Z(ty) = Yo,

and v : (=T, tiy1) — X the mild solution of (7). From the proof of Proposition 3.3
in [7) and condition (6), we infer that w and u are classical solutions and thus, that

w(tiv1) = w(tir1) € D(A), since u = w on (To, tit1).
On the other hand,

W(t7) = AS(tip1)zo + C(tiv1)yo + /Ot”rl C(tip1 — 5)f(s,u(s),u(s))ds = w(tiv1).  (8)

Clearly AS(tiy1)zo + C(tis1)yo € E. Moreover from Lemma 2 the integral term in (8) is
in E; therefore 1 (t;) € E. The proof is complete.

Now we establish the principal result of this work.
Theorem 2 (Classical solution) Assume that assumptions in Theorem 1 and Lemma 3

hold. Let (u,v) : (=Tp,T1) = X the mild solution of system (1). If I} (u(t;)) € D(A) and
12(u(tf)) € E for each i € {1,2,..,n} then (u,v) is a classical solution of system (1).



Proof: Let w: (—Tp,t;) — X the unique classical solution of

(t) = Az(t) + f(t,z(t),2(t)), t € (-To, t1),
z(0) ==y, £(0)=yo
and (uy,v1) : (=To,t1)] — X x X the function defined by (uy,vi)(t) = (w(t™),w(t™)).

From Lemma 3 we know that (u;(t1),v1(t1)) € D(A) x E, thus there exists a unique
classical solution w(-) of the abstract Cauchy problem

B(t) = Ax(t) + f(t,z(t), £(2)), t € (~To, 1),
z(t) =w(t) +L(u(t), #(0) =w(t)+LEE)):

Similarly to the previous case, (us,v2) : (=Tp,t2] = X x X will be the function defined
by (uz, v2)(t) = (w(t™),w(t7)).
In general, if w is the classical solution of the second order Cauchy problem
g(t) = Az(t) + f(¢, 2(t), 2(2)), t € (=To,tk)

(tp-1) = w1 (te-1) + Loy (u(te-1)),
B(tko1) = k-1 (te-1) + Te_y (W),
we denote by (ux,vg) the function (ug,vi) : (=To,tx]) — X where ug(t) = w(t™) and
U]c(t) = ’Lb(t—).

Let (@, ) : (=Tp,T1) — X the function defined by

(uk(t),vk(t)) if teo1 <t < ty,
('un+1(t), 'Un+1(t)) if s <t < T;.

(ur(t), v1(t)) if —To<t<t,
(a(t),o(t)) = {

It is easy to see that (@, ?) is the unique classical solution of the impulsive system

i(t) = Az(t) + f(t, =(t), £(t)), te (=Ty,Th), t # ti,

SE(O) = To, 1(0) = Yo,

Az(t) = INu(t)), Dit:) = ().
Next, we show that (@, @) = (u,v). In order to reduce the proof, is only a tedious calculus,
we introduce the group of linear operators

cl) S
Uft) = ( AS(t) C(1) )tem

on D(A) x E. The function (&, ) is a classical solution of the first order impulsive Cauchy

problem

Wit) = < 2 é ) W(t) + F(t,W(t),

Ty _ u(t:)
wW(0) = < ’ ) , AW(t) =1 < a(t?) ) )

Yo

i



where I; and F are defined in obvious manner. From the proof of Lemma 2.3 in [3] we
have

W(t)=U(t) < To ) + /0‘ Ut —s)F(s,W(s))ds + Z Ut — &)1, ( 5((;1_)) ) ,

Yo ti<t
thus
i(t) = C(t)wo+ 5o+ | * Sl — ) Fle, 5), (s s
+ o<t <tC(t — ) I} (u(ti)) + Dot St — t) I (a(t)) (9)
and

i) = AS@O)ro+Clt)o+ | ' Glth— ) oot 0(3)) s
+Soct;<iAS (t = i) I} (u(ts)) + Doce,C (t — t) I (0(t)). (10)
Finally, using 8(t) = max{|| u(t) — @(t) ||,]| v(t) — 9(¢) ||}, from assumption (A;) and
(9)-(10) we obtain that
0(t) < Cy /Ote(s)ds, (11)

where C} is a constant independent of ¢ € (=T, 71). The Gronwall’s inequality implies
that © = @. The proof is complete.

Now, we consider briefly the impulsive system

i(t) = Au(t) + f(t,u(t)), t € (Ty, Ty),
u(0) = mo, u(0) = yo, (12)
Ault) = I (ufte)), Dit) = P(u(th)).

Definition 3 A function u € PC((=To,T1) : X) is a mild solution of the second order
impulsive system (12) if
t
w(t) = C(t)zo+ S(t)yo+ /0 S(t — 5)f (s, u(s))ds
+Zo<t;<tC(t — ti) I} (u(t:) + Soc<eS(t — ti) 17 (u(t))
for each t € (=Tp, T1).

Definition 4 A function u : (To,T1) — X is a classical solution of the system (12) if:
u € PC((To, Ty) : X)NC*((To, Ty)\{t1, ta, ...tn} : X) and the equation (12) is satisfied.

In order to establish our next result we introduce one more simple assumption:

(Ay) f: TR x X — X and I} : X — X are continuous functions and exist positive
constants L(f) and L(I}) such that

I f(tw) = ftu) | < LA Tu—']l,
I 5 () = L) I < L) [Ju—u' ]

for every u, u' € X



We omit the proof of the following results:

Theorem 3 Let zg, yo € X and assume that assumtions (As), (A4) hold. Suppose,
furtermore, that

IS Iz AT + 1) + Sy (I C Ml LED+ NS [l L(I7)) < 1.
Then there exists a unique mild solution of system (12).

Lemma 4 Let o € D(A), yo € E and assume that hypotheses in Theorem 3 hold. If f
is continuously differentiable, then the mild solution, u(-), of

B(t) = Az(t) + f(t, x(t)), t € (=T, tir1),

a:(tz) = Ty, SE(tz) = Yo (13)

is a classical solution and u(ty,) € D(A), u(t;,) € E.

Theorem 4 (Classical solution) Assume that assumptions in Theorem 3 and Lemma 4
hold. Let (u,v) : (=Tp,Th) — X the mild solution of system (12). If I} (u(t;)) € D(A)
and I2(t]) € E for each i, then (u,v) is a classical solution of system (12).
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