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ABSTRACT. In this work, using chaotic systems, we study the role of synchronization on
codification and decodification of messages. We first present a general result that is useful to
prove uniform dissipativeness for nonautonomous systems of ordinary differential equations.
Then some theorems are established to give sufficient conditions to obtain synchronization
of coupled systems. The above results are applied to some specific coupled systems, namely,
coupled Lorenz systems, coupled Duffing’s equations, coupled Chua’s systems, etc., showing
how to code and decode messages using chaotic systems. One of our main results is to

obtain the robustness of the synchronization, with respect to parameter variation.

1. INTRODUCTION

The main purpose of this paper is to develop mathematical methods for studying syn-
chronization. We consider two coupled systems of nonlinear differential equations, depending
on parameters, and show that the difference between the components of the solutions of these
systems becomes small, when the time is sufficiently large and the parameters are sufficiently
close. The class of systems considered in this work has the property that if the parameters are
identical the difference between the components of the solutions goes to zero, and in many
cases it goes to zero exponentially. We consider a type of unilateral coupling, where the

second system is coupled with the first but the first is independent of the second. This type
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of synchronization using chaotic systems was originally studied by Carroll-Pecora[27]. This
1s known as Master-Slave Synchronization. Cuomo-Oppenheim([12] in 1993 use Master-Slave
Synchronization in chaotic systems for codification and decodification of messages. Also
Tresser-Worfolk[33] consider a similar problem. They suppose that the message is a continu-
ous and bounded function m(t). Then from a system of differential equations, they construct
two new systems with identical parameters which are used for codification and decodification
of the message. These systems are called Master and Slave systems, respectively. However,
in practical applications, it is impossible to construct systems with identical parameters. It
is a realistic assumption to assume that the corresponding parameters of both systems are
close and to have an estimate of the error. This is the approach we take to obtain one of
our main results related to the robustness with respect to parameter variation and to per-
turbation on the message. We also consider applications to codification and decodification

of messages.

We consider the messages as a function m € Ck(IR,R®), where Ck(IR,IR®) is the ball
of radius K in the Banach space of continuous and bounded functions a : IR — IR® with
llal| = sup, R lla(?)]l, that is, Ckx (IR, IR°) is the set of all continuous and bonded functions
a: R — R with ||o| < K.

Given f € C(R xIR" x IR® x T, IR") satisfying a Lipschitz condition on bounded sets (2.1)
with respect to (z,y) € R" x R®, where ' C R™ and s < n, and given m,m € Ck(IR,R®)

we construct the system

z= f(ta Z,T + m(t))’)/l)

(1.1)
W= f(t,w,z+ m(t), v2)

where z = (z,y),w = (u,v) € R* x R"™° = R".

Below, we explain how synchronization of the above system can be used for codification
and decodification of messages. Given a signal m(t) to be codified we construct the first
equation of (1.1). Solving it for an arbitrary chosen initial condition, we codify and transmit
the message as z(t) + m(t). In the transmission channel there may occur a perturbation of
the message. As consequence the received signal will be z(t) + m(t), where m(¢) is close to

m(t). With the received information, z(¢) +m(t), we construct the second equation of (1.1).
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Choosing an arbitrary initial condition we solve the second equation and obtain the solution
(u(t), v(t)). The recovered message is given by m,(t) := z(t) + m(t) — u(t). If system (1.1)
synchronizes then the recovered message m,(t) is close to original message m(t) for large
values of ¢.

The method we present to prove synchronization of system (1.1) is based in two funda-
mental ideas. We first prove that the system is uniform dissipative, that is, there exists a
bounded set B independent of parameters such that every solution of (1.1) enters in B in
finite time and remains there. In this paper this is proved by using a Liapunov like function
associated to system (1.1). After this, we use integral inequalities and exponential estimates
or Liapunov like functions to prove the synchronization in the bounded set 5.

In Section 2 we present some theoretical results to prove uniform dissipativeness and
synchronization and in Section 3 these results are applied to the study of codification and

decodification of messages.

Mathematical Methods to study synchronization between chaotic systems were presented
in Fujisaka-Yamada [16], in Afraimovich et all[3]. Abstract results and the robustness with
respect to parameters variation and uniform dissipativeness were obtained in Rodrigues[29]
and Afraimovich-Rodrigues[1]. It was also observed and studied in lasers systems by Prof.
R. Roy and his group as shown in [15], [18] and [19].

In some respects this paper improves Gameiro[17]. In [31] and [32], but with different
techniques and different application, Rodrigues-Alberto-Bretas studied applications of syn-
chronization to stability of power systems. Other applications can be found in Rodrigues[29].

Applications of synchronization to parabolic partial differential equations are discussed by

Carvalho-Dlotko-Rodrigues(8].

2. DISSIPATIVENESS AND SYNCHRONIZATION.

In this section we state and prove some results, in a convenient form, that will be very

useful on the applications of the next section.
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Let E be a Banach space and A C E. Let f € C(IR x R™ x A,IR") satisfying the
following Lipschitz condition, with respect to z € R": for each A\ € A and each bounded set
B C IR x IR", there exists a constant L > 0 such that

||f(t,$1,)\) - f(t’ IL‘2,/\)|I < L”xl - :C2”’ V(t,xl), (t1$2) € B. (2'1)

Consider the equation
% = f({t,z, ) (2.2)
The next theorem gives sufficient conditions for the uniform dissipativeness of the above

equation.

Theorem 2.1. Let V € C'(R x R™ x A,IR). Suppose there are a,b,c € C(R",R) such

that a(z) — +o0 as ||z|| = +oo0 and

a(z) < V(t,z,\) <b(z), -V(tz,A) > c(z)

for every (t,z,A) € R x R™ x A, where

Vit 3 A} = %V(t,x, A) + L—?%V(t, o /\)] ft,x, X).

We also assume that there ezists p > 0, such that the set C, := {z e R": ¢(z) < p} is
nonempty and bounded. Let r > 0 sufficiently large in such a way that r > SUPgec, b(z). Let
A, = {a: eR":a(z) < r}. Then the following hold for equation (2.2):

(i) Given (to,z0) € IR x R" and A € A, the solution z(t,ty, zo, \) of (2.2) is defined in
[to, +00) and there ezists t; > to such that z(t,ty, 2o, A) € A, for every t > t,.

(i) If z(t) is a solution of (2.2) defined for every t € R, with sup, g ||z(t)|| < +oo, then
z(t) € A, for everyt € R.
Proof: (i) Under the above conditions, given (tg,zo, A) € R x IR™ x A, one can show that

the solution z(t, to, o, A) is defined for ¢ in [tg, +00). Now we claim that there exists t; > ¢,

such that z(t1, to, zo, A) € C,. If this is not the case, then

V(t,x(t,to, 30, A), A) < —p <0, Vt >t



APPLICATIONS OF ROBUST SYNCHRONIZATION TO COMMUNICATION SYSTEMS 5
This implies that the map ¢ € [tg, +00) — V(t, z(t, to, To, A), /\) is decreasing and bounded
from below, since a is bounded from below. Therefore the limit

lim V(t, .’L‘(t, to, Zo, )\), /\)

t—+o00

exists and is finite. From the mean value theorem, it follows that, for every ¢ > ¢, there

exists s; € (t,t + 1) such that

V(t + 1,z(t + 1, to, o, A), )\) — V(t,x(t,to,mo, A), /\) = V(st,m(st,to,xo, A), /\) < —p.

If we let ¢t —+ +o00 we obtain a contradiction. Therefore there exists ¢t; > tg such that
z(t1, to, 2o, A) € C,. Now we prove that z(t,?, o, A) € A, for every ¢ > t;. If this is not
true, we can find t; > t; such that z(ts, to, g, \) € A,. Then

V (t2, z(ta, to, B0, A), A) = a(z(te, to, To, A))> 1
and so
V (t1, z(t1, to, 30, A), A) < b(z(t1, to, z0, A)) < 7,
since z(t1, to, Zo, A) € C,. This implies that there exists 7 € (¢1,t) such that
V(T,.’E(T, to,xo,)\),)\) =7 and V(t,:v(t, to,:vo,)\),/\) >, Vte (T, ts).
Thus we have that z(¢, o, zo, A) & C,, for ¢t € (7,t2). Hence
V(t,:r(t,to,xg,)\),/\) < —p, Vte (7,t)

and so the function t € (7,t3) — V(t, z(t, to, T, \), )\) is decreasing. This is a contradiction.
Therefore we conclude that z(¢,t, zo,A) € A,, Vit >1t.

(ii) Suppose that z(t) is a solution of (2.2) defined for ¢ € IR and such that sup, g ||z(¢)|| <
+00. Then we will show that z(t) € A, for every t € IR. In fact, suppose that there exists
7 € R such that z(7) € A,. Then from item (i) we conclude that z(t) ¢ C, for ¢t < 7.
Therefore V(t,x(t), )\) < —p for every t < 7. Then for any ¢ < 7, there exists s; € (t — 1,t)

such that

V(t,:r:(t),)\) - V(t —1,z(t — 1),/\) — V(st,x(st),)\) < —p.
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Therefore,
V(t,z(t),\) +p<V(t—1,z(t-1),))
From the above inequality, choosing convenient values of ¢, we obtain
V(r,z(r), )\) +2p<V(r—1,z(r - 1), )\) +p<V(r—2,z(r-2), A).
Using this procedure, recursively we obtain
V(7 z(1),A) +np < V(1 = n,z(r —n), ).

The last inequality implies that V(7 — n,z(T — n),A\) — +o0, as n — +co. This is a
contradiction because V (¢, z(t), \) < b(z(t)) and b is bounded on bounded sets. Therefore
z(t) € A, VtelR. £

Remark 2.2. In the above theorem if c(z) — oo, as ||z|| — oo, then there exists p > 0,

such that the set C, := {z € R" : ¢(z) < p} is nonempty and bounded.

In the next theorems we give sufficient conditions to obtain the synchronization of two

systems of ordinary differential equations.

Let f,g € C(IR x R™ x IR™ x A,IR") satisfying the Lipschitz condition on bounded sets
(2.1), with respect to (z,y) € R™ x IR™. For Ay, A; € A, consider the following system

j" = f(t)$>y7/\l)
Y= g(t,ZL‘,y, )‘2)

(2.3)

Definition 2.1. We say that system (2.3) synchronizes globally (or simply synchro-
nizes) if given ¢ > 0 there exists § > 0, such that, if [|[A; — A1]] < J then for every

(to, To, o) € IR x R™ x IR™ we have

lim sup ||y (¢, to, Zo, Yo, A1, A2) — z(t, to, To, Yo, A1, A2)|| < €.

t—+00
Theorem 2.3. We assume the following hypotheses:

(i) There ezists a bounded set B C IR™ x R™ such that, for each (to, zo,yo) € R x R™ x R"
and M\, Ao € A, the solution (m(t),y(t)) — (:c(t, tg,xg,yo,)\1,Ag),y(t,tg,mo,yo,)\l,/\z))
of (2.3) is defined for t € [tg,+00) and there exists t; >ty such that:

(z(t),y(t)) € B, for everyt > t;.
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(ii) There ezists a continuous function F: R x R" x R™ x A — L(IR"), such that
gt 2,9, A) = f(t,2,9,0) = F(t,2,9,)) (y — 2)
for every (t,z,y,A) € R x R" x R" x A.
(iii) There ezist a constant k > 0 such that, for any (to, o, yo) € RXIR"XIR" and A1, A € A,
there ezists a« > 0 and M > 0 such that F (¢, z(t),y(t), A2) defines an evolution operator
T(t, s, \o) satisfying ||T(t, s, \o)|| < Me=*t=9) and fttl |T(t, s, A2)||ds < k fort; < s <t

(iv) There ezists a function H : Ry — Ry, with H(0) = 0, H continuous at 0 € R, such
that || f(t,z,y,A2) — f(t, 2,9, M) < H(||A2 — Ail]), for every t € R, (z,y) € B and
A1, Ag € A.

Then we have

ly(®) — (@)l < Mlly(t:) = o(t)lle™C + RH(||A2 = All), V> 1.

Proof: Given (tg, zo,y) € R X R™ x R" and A, A2 € A let z(¢) := y(t) — z(t). We have
y_j; :g(twr,yy’\Z) _f(t7$7y:)‘1) =
= g(t,f,y, /\2) - f(tﬂ?,y: )\2) o f(taxay: /\2) - f(tyx;y)/\l) =
= F(t’xayv/\Q)(y - :L') + (f(t?:E)y)A?) - f(taxaya )‘1))
Then

4(0) = P (5, 3(2), y(8), ) 2(8) + (£ (8,2(0),4(2), Do) — F(,2(8),y(2), ) ).
Consider the initial value problem
{ i = F(t, (), y(t), da)w + (£(£,5(8),y(8), 2a) - f(t,:c(t),y(t),)\l))
w(ty) = 2(t1) = y(t1) — z(t1)
Let T'(t, s, A2) the evolution operator of & = F'(t,z(t),y(t), A2)u. Then the solution of the
above equation is
w(t) = T(t,t1, \o)w(ty) + /tltT(t’T, AQ)(f(t,x(t),y(t),,\Q) = f(t,a:(t),y(t),/\l))dT.

Since [|T(t, 5, \2)|| < Me=ot=9), [} || T(t, s, As)|lds < k and

I1F (8 2(t), y(t), A2) = £ (& 2(t), (), M)l < H([[]A2 = Aull)
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for t; < s <'t, it follows that

ly(6) = 2@ = [lw@ll < NT @, 1, A2)w(ta)]|+
S I, D) 11 (8, 2(2), w(8), d2) — £ (8, 2(2), w(E), M) lldr
< Mlfw(ty) e + H(|[A = All) fi; 1T(2,7, 22|l dr
< Mlly(t) — z(ta)lle™C=) + kH (|22 — M),

Theorem 2.4. We assume the following hypotheses:

(i) There ezists a bounded set B C R"™ x IR™ such that, for each (to, zo, %) € IR x R™ x R™
and /\1, )\2 € A, the solution ($(t), y(t)) = (J)(t, t(), Zo, Yo, )\1, )\2), y(t, to, Zo, Yo, /\1, /\2))
of (2.3) is defined for t € [tg, +00) and there exists t; > ty such that

(z(t),y(t)) € B, for every t > t,.
(ii) There exists V € C'(IR x R™ x A, IR) and positive constants ki, p, oy, aa and B > 1,

such that

_aa—tV(t,y i .’E,/\) -+ <Vv(t7y - x,/\),g(t,fl:,’y,/\) - f(t7xvya )‘)> S _pv(tay - T, /\)7

arlly =zl < V(t,y—z,A) Sally—=llf and ||[VV(t,y—2,2)| <k (2.4)

for every (z,y) € B, t € R and A € A, where

oV oV
E’E—l(t,x, /\), SR E(t,fl;, )\))

and VV (t,y — z,A) = VV (¢, z, )\)lz:y_z-
(iv) There ezists a function H, : Ry — Ry, with H,(0) = 0, H; continuous at 0 € R,

VV(t,z,A) = (

such that

1 (¢, 2,9, A2) = £t 2,9, M)l < Hi([l Az = Aal])

for every t € R, (z,y) € B and A, A2 € A.
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Then we have
ly(t) = 2@l < Mlly(t) — z(t) [l + RH([ A2 = Mll), VE> ¢,
where o« := p/B, k := (pal)l/ﬂ M = (az/a1)P and H : Ry — Ry s given by H(r) :=
(5, (r)) .

Proof: Given (tg, Zo,%)) € IR x R" x IR"™ and A\, Ay € A we have

y —1 :g(t7$’y7A2) - f(t7$7y’)‘1) =
= (g(taz,y, /\2) - f(tam’y;)‘Z)) + (f(t,.fl:,y, )‘2) - f(tw'L')y,/\l))'

The derivative of V' (t,y — z, A2) along the solution of the above system is

V(t7y - :Ea/\Z) = %V(t’y - 'T>)‘2) + <VV(t,y - a:,/\z),g(t,m,y, )‘2) - f(t,a:,y, /\2)>
+<VV(t,y - I, /\Q)a f(t,fU,y, /\2) - f(t’x,y)/\l)>'

Then
V(t,yt) —z(t),As) =2V (r,y(t) - t,AQ) .
+<VV( y(t) — 2(t), A2), 9 (t, 2(t), 4 (t), A2) — f(t,2(2), y(t), X))
+H(VV (t,y(t) — z(t), M), F(t, 2(t), y(t), A2) — F (¢, 2(), y(t), 1))
For t > t; we have (:v ) € B, and then
611/(7' y(t) — z(t), /\2) .
(VV (& () — 2(t), ), 9 (t:3(8), y (), de) = F(t,2(2), y (1), Ao))
< —pV (t,y(t) — z(t), Aa)
and
(VV (t, y(t z(t), Xo), f(t, z ) A2) = f(t,z(t), y(t), A1)
< [V (5 y() - 2(0), 2 Ilf(t z(8),y(8), 22) = £ (& 2(1), y(#), M) |
<k Hl(l|/\2 = i)
Therefore

V(t,y(t) — z(t), Aa) < —pV (£, y(t) — z(t), A2) + kL Ha (|| A2 — M)

Multiplying this inequality by e’* and integrating from ¢; to ¢ we have
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e”tV(t, y(t) = .’E(t),)\g) S e”th(tl,y(tl) — :c(tl),)\Q) + %Hl(”/\g = )\1||)(€pt == e”tl)
< eV (ty, y(t) — z(tr), Ao) + %Hl(”)\z — At]])e?.

Therefore

V(t,y(t) — z(t), As) < e PV (41, y(t) — z(ts), Ae) + %Hl(“/\Z =MD

From (2.4) it follows that

arlly(®) —z@NF <V (¢t y(t) — z(t), A)
< e PV (8, y(t) — 2(h), Ae) + S Hi([[Ae = M)
< age ) ly(ty) — 2(t)[IP + B Hi (A2 — M)

Therefore we conclude that

ly(t) — =@ < [2e -0 y(t) - o) + A Hu(lde - D]

pa1

< [memre-y(u) — ()] " + [ B (122 ~ M)

pal

= Mlly(t1) — z(t1)lle=®¢=) + kH(||A2 = Aull),

]l/ﬂ

for ¢t > t;, where we have used that (a + b)'/? < a!/? +b/? for a,b > 0 and p > 1.
|

In a natural way one can prove that Theorem 2.3 and Theorem 2.4 imply synchronization.
Thus, to obtain synchronization we adopt the following strategy. We first use Theorem 2.1
to prove the uniform dissipativeness and then we use Theorem 2.3 or Theorem 2.4 to show
the synchronization. When we use Theorem 2.3 we need to prove that the evolution operator

is uniformly exponentially bounded. For this purpose the following theorem is useful.

Theorem 2.5. Let X be a Banach space, I' C X be a compact subset, and for each p € T
let A(p) € L(R™). Suppose that p— A(p) is a continuous map from I' to L(IR"). Suppose
also that for each p € T all eigenvalues of A(u) have negative real part. Then there exist

positive constants § and M such that

|eAWY| < Me™P" Vt>0 and VueTl.

)
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Proof: Let Aj(u) < Ao(p) < --- < Ay(p), be the eigenvalues of A(p), and a(y) =
~max{Re (Ai(w) : 1<i< n} The function p € I' = a(u) € R is continuous (See
Kato[25, p. 213]). Let a := maxyer a(p) and § > a. From Kato[25] it follows that one can
choose smooth simple positively oriented closed curve v C {z : Re(z) < B}, such that the
spectrum o(A(p)) of A(p) is contained in the interior of y for every u € I'. From Coppel[11,
p. 56] or Daleckii-Krein[14, p. 25] it follows that, for ¢ > 0 and p € T,

1 -
et — 5———/(2[ — A(w)) tet*dz.
v

T

Therefore,

1 1
HWWS—/ 6| ldz| < ~/
2 ” 2 5

Since (u, z) — zI — A(p) is a continuous function, we have that

(2I — A(p) ™"

(oI — A(,u))—lu [dz|>e—ﬁt.

=
(1,2) €T x o || (21 = Aw) ™|
is continuous. Since I' x 7 is compact we have that there exists a positive constant K such

that || (2] — A(u))_lH < K for every (i, z) € I’ x . Therefore we have that

leA]) < Me™?,

1 K
where M := %fv K|dz| = 2—Iength(fy).

™

[
3. APPLICATIONS
Example 3.1 (Lorenz System). Consider the system
T =-—0x+0y
Y=Tr—Yy— T2 (3.1)
z=-bz+uxy

Let m,m € Ck(IR,IR). From the system above we construct the systems
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T=-01T+ 0y
g =ri(z+m(t)) -y - z(z + m(t)) (32)
z=—biz+y(z+m(t))
U = —0U + o9V
b = ry(z 4+ m(t)) —v — w(z + m(t)) (3.3)
W = —byw +v(z + m(t))
where (01,71, b1), (02,72, b02) € T" and
F:z{(a,r,b)€R3:am§a§aM, Tm <1 <Tp € bmeSbM},
with 0 < oy < oy, 0 < 7y < 7y and 0 < by, < by Let A =T x Ckx(R,R) and
A= (v,m(t)) € A, where v = (o,7,b0) € T.
Now we will show that systems (3.2) and (3.3) satisfy conditions of Theorem 2.1. For
system (3.2), consider the following Liapunov function
V(z,y,2,M) =22 + 01y’ + o1(z — )3,
where \; = (01,71, b1, m(t)). Then we have

V(z,y,2, M) > 2%+ 0ny? + om(|2] = Tm)? + om(Tm® — Tar?) = a(z, y, 2).

Viz,y, 2, ) <22+ ony® +ou(|2z] + ) = b(z, 9, 2).
We also have
V(a:, Y, 2, A1) = —2012° + 2017y — 201y — 2010, 2% + 2016171 2.
Hence
—V(:z:, Y, Z, A1) > OmT? + Omy? + 20mbm2® — 200bpr 2| =: c(z,y, 2).
The functions a, b and ¢ obviously satisfy the conditions of Theorem 2.1, and so there

exists a bounded set B; C IR?® such that, if (z(¢),y(t),z(t)) is a solution of system (3.2),
then there exists ¢; such that (z(t),y(t), 2(t)) € By for t > t.

Using the above idea, for system (3.3) we consider V' (u, v, w, A;) as a Liapunov function,

where Ay = (09,72, ba, m(t)). Then
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a(u,v,w) < V(u,v,w, Ay) < b(u,v,w) and - V(u,v,w,/\g) > c(u, v, w).

Therefore we conclude that there exists a bounded set B, C R* such that, if (u(t), v(t), w(t))
is a solution of system (3.3), then there exists ¢, such that (u(t),v(¢),w(t)) € By for t > t,.

Let B = By U B, and t3 = max{t;,t,}. Then for every solution (z(t),y(t),z(t)) of (3.2)
and (u(t),v(t),w(t)) of (3.3), we have

(=), u(t), 2(1)). (u(t), v(8), w(t)) € Bx B

for t > ts.
Therefore systems (3.2) and (3.3) satisfy condition (i) of Theorem 2.4. Let us show that

these systems satisfy the remaining conditions of Theorem 2.4. Let

—0L ~+ oY
[y, z,u,0,w,A) = | r(z+m(t)) —y—2z(z +m())
—bz + y(z + m(2))
and
—ou + ov
9(z,y, z,u, 0,0, A) = | r(z+m(t)) —v—w(z +m(t))

—bw + v(z + m(t))
Ifwelet X :=u—1z,Y :=v—yand Z :=w — z, we obtain
—gX + oY
92,9, 2,0,0,0,3) — (3,5, 8,0,w,0) = | ~Y — Z(z +m(?))
—bZ +Y (z 4+ m(t))

Then we have the following system

X=-0X+o0Y
Y =-Y-Z(z+mt)) (3.4)
Z=-bZ+Y(z+m()

For this system we consider the Liapunov function

V(X,Y,Z,)\) =2X?+0Y?+ 022
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Then we have
V(X,Y,Z,)) = —40X? — 20Y? — 20bZ2 + 40 XY.

Let p > 0 such that p < 20y, p < 2b,, and p < p_, where 0 < p_ < p; are the roots of
€2 — (2 + 200)€ + 20, = 0. Then

- (V(X, Y, Z,\) + pV(X,Y, Z, A)) =2(20 - P) X2+ 0(2— p)Y2 +0(26 — p)Z% — 4o XY

Using Sylvester’s criteria and the previous conditions on p, we show that — (V(X, Y, Z, \)+
oV (X,Y, Z, )\)) is positive defined. Therefore we have

V(X,Y,Z,)) < —pV(X,Y, Z,A).

The remaining conditions of Theorem 2.4 are easy to verify. Therefore we conclude, from
Theorem 2.4, that systems (3.2) and (3.3) synchronize.

In Figure 1 and Figure 2 we present some simulations that show the synchronization and
the codification of messages with these systems. In these simulations we used the following
parameters and initial conditions values: ¢, = 10, r; = 28, b; = 8/3, 0o = 10 + 1/100,
r, = 28 + 1/100, by = 8/3 + 1/100, m(t) = 3cos(5t), m(t) = 3cos(5t) + (1/100)sin(¢),
z(0) = 1, y(0) = 30, 2(0) = —10, u(0) = -5, v(0) = —20 and w(0) = 20.

100
80
60

40

20

(a) [z (t) —u(®)|+]y () —v(®)|+]2() —w(?)|

FIGURE 1. Synchronization of Lorenz System



APPLICATIONS OF ROBUST SYNCHRONIZATION TO COMMUNICATION SYSTEMS 15

300
20 o
I
A [ [ n "
Y L L R Y N A 10
AR 54 ,’|,’II'| SV N,
RV I N R R W A VI RV N AN .
P2 | ] I Ny ) \; Nt L 3
A / v 78" - \ (] g
N\ /.\‘ A 'f\ /\ /\' /'\ /. \'L./L \:f N 7 I 5 N_“%
\ VAR VAR VANV IRV . R/ T\ 10
H ' " L1 ] | \ i -10 "
: YR i 1 ’
-10f W ¥ i llr' Vi i
! W b VoW -201 4}
" [ v e
v v v
(a) m(t) = —, z(t)+m(t)=--- (b) m(t) =—, m.(t)=---

FIGURE 2. Codification of Messages with Lorenz System

Example 3.2 (Chua’s Like System). Consider the system

—b
T =—ar+ ay+abr + aa—Q—h(az)
y:—.—x—y—{—z (35)
& ==0y — o=
where h(z) = |z + 1| — |z — 1|, witha > b >0 and b < 1.
Let m,m € Cx(R,R). From system (3.5) we construct the systems:
(. ap — by
&= -1z + a1y + arb (z +m(t)) + o > h(z + m(t))
{ 9=—(z+m@) —y+=z (3.6)
| 2= Py — o1z
[ - az — by -
i = —agu + apv + azby (z 4+ m(t)) + as : h(z + m(t))
{ 9=—(z+mt) —v+w (3.7)
L w = “‘,82'1] — OW

where (a1, f1, 01, a1,b1), (a2, B2, 02,a9,b2) € T', where T is the set of v = (o, 3,0,a,b) € R?

such that 0 < oy < a < apy, 0< B < B < PBm, 0<0on L0 < opm, 0< by, b <
by < 1and by < am < a < ay. Let A =T x Cx(R,R) and A = (v,m(t)) € A, where

N= (a,ﬁ,a,a,b) e L.
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Now we will show that systems (3.6) and (3.7) satisfy the conditions of Theorem 2.1. For

system (3.6), consider the following Liapunov function

V(z,y,2, 1) = Biz? + a1 f1y? + oy 22

where A\ = (al,ﬁl,al, al,bl,m(t)). Then we have

V($) Y, 2, )‘1) Z ﬂme + am:Bmy2 + Ofm22 =i CL(.’II, Y, Z)‘

V(z,y,2,M) < Buz® + amBuy® + anz® =: b(z,y, 2).

We also have

—V(z,y,2 M) = 2016, (1 — b)) z? + 20, 619% + 201 5,0, 22
—an By (26im(t) + (a1 = bu)A(z +m(t)) )o + 201 Brym(t) >
20 Bm (1 — bar)x? + 20 Brny? + 20,01, 2
—2apBu (bn K + (an — b)) 2| — 2008 Ky| =: c(z,y, 2).

The functions a, b and c obviously satisfy the conditions of Theorem 2.1, and so there
exists a bounded set B; C IR® such that, if (z(t),y(t), 2(t)) is a solution of system (3.6),
then there exists ¢; such that (z(¢),y(t), 2(t)) € By for t > t;.

Using the above idea, for system (3.7) we consider V'(u, v, w, A2) as a Liapunov function,
where Ay = (g, B2, 02, az, bz, m(t)). Let M > 0 such that ||z +m(t)|| < M for (z,y,z) € B.

Then we have
a(u,v,w) < V(u,v,w, Az) < b(u, v, w)

and
—V (u,v,w, Ag) = 20382u? + 29 B2v% — 202 B2uv + 20002w?
— 209821 (T + m(t))u — aafa(az — ba)h(z + m(t))u + 20002 (z + m(t))v >
205 0ou? 4 2090202 + — g Ba(u? + v2) + 20009w?
—209 8201 (:E + m(t))u — aofFa(ay — bg)h(x + m(t))u + 20535 (a: + m(t))v >
A Pmt? + O B 0% + 2000 mw?
—anBar (20m M + (apr — b)) |ul — 200 By My| =: ca(z,y, 2).
Therefore we conclude that there exists a bounded set B, C IR® such that, if (u(t), v(t), w(t))

is a solution of system (3.7), then there exists ¢, such that (u(t),v(t),w(t)) € By for ¢t > ¢,.
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Let B = By U B, and t3 = max{t,t,}. Then for every solution (z(t),y(t), 2(t)) of (3.6)
and (u(t),v(t),w(t)) of (3.7), we have
((2(8),y(1), 20)), (u(), v(t), w(t)) € B x B
for t > t,.

Therefore systems (3.6) and (3.7) satisfies condition (i) of Theorem 2.3. Let us show that

these systems satisfy the remaining conditions of Theorem 2.3. Let

—az + ay + ab(z + m(t) + aa_;_bh(m +m(t))

f(z,y,z,u,v,w, ) = ~(z+m@) —y+2
—By = oz
and
—au + av + ab(z + m(t)) + aaT—bh,(a: + m(t))
9(z,y, 2, u,0,w, A) = —(z+m(t) —v+w
—fv — ow

Then we have

—-a « 0 U—
9(37:31,2,“,71’1“,/\)_f(3?7y,2>u>v,w;/\) = 0 -1 1 v—Y
0 -8 —o w— z

Therefore systems (3.6) e (3.7) satisfy condition (ii) of Theorem 2.3 with

—a 0
F(t’x7y7 2, U, V, W, /\) = 0 -1 1 = A(’)’)
0 —-f -o

_ —1-0—/(0+1)2-4p

Let i = —a, pg = 5 and p3 =

—1—0++/(c+1)2-443
2

We see that they have negative real parts. Then, by Theorem 2.5, we obtain condition (iii)

the eigenvalues of A(7).

of Theorem 2.3. Condition (iv) is verified similarly to the Example 3.3. Therefore systems
(3.6) and (3.7) satisfy conditions of Theorem 2.3, and then we conclude that these systems
synchronize.

In Figure 3 and Figure 4 we present some simulations that show the synchronization and

the codification of messages with these systems. In these simulations we used the following
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parameters and initial conditions values: oy =7, , =100, 07 = 1/2, a) = 8/7, b; = 5/7,
ap =7+ 1/100, f; = 100 + 1/100, 0, = 1/2 +1/100, a, = 8/7 + 1/100, by = 5/7 + 1/100,
m(t) = eOsin(v/3t), m(t) = e sin(v/3t) + (1/100) cos(2t), z(0) = —15, y(0) = —9,
2(0) = 8, u(0) = -7, v(0) = —8 and w(0) = 0.

15
10
5 10 15 20 25 30 e
(a) |2() —u(®)|+]y(t) —v ()| +|2(2) —w(?)| (b) (z(t),y(®)) =—, (u(t),v(t)) =- - -

FIGURE 3. Synchronization of Chua’s Like System

(a) m(t) =—, =z(t) +m(t) =--- (b) m(t) = —, m,(t) =---

FIGURE 4. Codification of Messages with Chua’s Like System

Example 3.3 (Excited Duffing’s Like System). Consider the system

T=y
5 (3.8)
y = —wz —cy — q(h(z))” —rh(z) cos(t)
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where A : R — IR is bounded and Lipschitz on bounded sets. Let m,m € Ck(IR,IR), then

from the system above we construct the systems

=y

3 3.9
Y= —wiT —Cy —q (h(:r + m(t))) — r1h(z + m(t)) cos(t) (39)
L=y (3.10)

D= —Woll — CU — Qo (h(:v + m(t)))3 — roh(z 4+ m(t)) cos(t)

where (wlacliqurl)’ (w27027QQ7T2) €' and

={(w,cqr)eR  wp<w<wy, cm<c<cy, m<q<qu e rm <r <7y},

with 0 < wp Swa, 0<em < e, 0<gm < que 0 <rm <7p. Let A=T X Ck(IR,R) and
A= (v,m(t)) € A, where v = (w,c,q,7) €T

Now we will show that systems (3.9) and (3.10) satisfy conditions of Theorem 2.1. Let
L > 0 such that |h(z)| < L. To system (3.9) we consider the following Liapunov function

V(z,y, M) = (2w + c)z? + 292 + 2¢,zy,

where \; = (w1, ¢1,q1, 71, m(t)).

Then we have

V(:E)y) /\1) Z 2wmx2 + y2 =: a(a:,y).

V(z,y, M) < 2wy + cfw)a:2 + 2y2 + 2eplz|ly| =: ble, y)s

We also have

—V(z,y, M) = 2ciw1z? + 2192 + 4q1y<h(z + m(t)))3 + 4ryyh(z 4+ m(t)) cos(t)+
2c1q1z<h(m + m(t)))3 + 2cirizh(z + m(t)) cos(t) >
2emwm@? + 2cmy? — 2 L{qu L? + 1) |x| — 4L(qm L? + 7ar) |yl =: c(z, y).
It is clear that the functions a, b e c satisfy conditions of Theorem 2.1. Therefore there
exists a bounded set B; C IR? such that, if (z(¢),y(t)) is a solution of system (3.9), then
there exists ¢, such that (z(t),y(t)) € By for every ¢ > t;.
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In the same way, for system (3.10) we consider V(u,v, \;) as a Liapunov where )\, =

(w2, €2, 2,72, ™(t)). Then

a(u,v,w) < V(u,v,w, ) < b(u,v,w) and —V(u,v,w, ) > c(u,v,w).

Therefore there exists a bounded set B, C IR such that, if (u(t),v(¢)) is a solution of
system (3.10), then there exists ¢, such that (u(t),v(t)) € B, for every t > t,.

Let B = By U By and t3 = max{ty,t3}. Then for every solution (z(t),y(t)) of (3.9) and
every solution of (u(t),v(t)) of (3.10), we have

((x(t),y(t)), (u(t),v(t))) cBxB

for t > ts.
Therefore systems (3.9) and (3.10) satisfy condition (i) of Theorem 2.3. Let us show that

these systems satisfy the remaining conditions of Theorem 2.3. Let

Y
z, ,'U,,’U,/\ = 8
f(z,y ) ( _w:p—cy—Q(h(x+m(t))) —rh(:v+m(t)) cos(t) )

and
v

—wu — v — q(h(m + m(t)))3 — rh(z + m(t)) cos(t)
Then we have

0 1 u—2x
g(x,y:U,%)\)—f(zay,U,U,/\) = :
—w —c v—y

Therefore systems (3.9) and (3.10) satisfy condition (ii) of Theorem 2.3 with

0 1
F(t,z,y,u,v,\) = ( ) =: A(7).
—-w —c

== ~4w the eigenvalues of A(y). We see that have

9(z,y,u,v,A) =

Let py(7) 1= =<0F= and pp(7) :=

negative real part. Then, by Theorem 2.5, we obtain the condition (iii) of Theorem 2.3, with

Cm

0 < B < min{~Re(m (7)), ~Re(n(2)) } = -

Let us now verify the condition (iv). We have
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f(xvyaU';U’/\?) - f(l",y;U,U; )‘1) .

0
—<h(z +m(t)) — h(z + m(t))) [(h(z + 'rh(t)))2 ol (h(x + m(t)))z] ¢ +
0
- (h(ac +7m(t)) — h(z + m(t)))h(ﬂc +m(t) h(z +m(t))a '
0
—(w2 —wi)z — (c2 — 1)y — (g2 — ql)(h($ + m(t)))a ’
0

—(ro — r1)h(z + ™(t)) cos(t) — (h($ +m(t)) — h(z + m(t)))rl cos(t)

Since the set C = {:1: + a(t) : (z,y) € Band a € Ck(R, IR)} is bounded and A is
Lipschitz in bounded sets, let 7 be the Lipschitz constant of A in C. Also, let B > 0 such
that ||(z,vy)|| < B for (z,y) € B. Then we have

”f(m,y,uﬂ’, )‘2) - f(l';yauvvy)\l)“ S
7(3L2%qpn + Tar) || — m|| + Jwe — wi|B + |ca — 1| B + g2 — q1)|L3 + |ry — r1|L.

Therefore systems (3.9) and (3.10) satisfy conditions of Theorem 2.3, and then we conclude
that these systems synchronize.

In Figure 5 and Figure 6 we present some simulations that show the synchronization and
the codification of messages with these systems. In these simulations we used the following
parameters and initial conditions values: h(z) = arctan(z),w; =1,¢; = 1, ¢ = 50, r; = 150,
wy = 1+ 1/1000, ¢ = 1+ 1/1000, g» = 50 + 1/1000, o = 150 + 1/1000, m(t) = sin(5t¢),
m(t) = sin(5t) + (1/1000) cos(2t), z(0) = 20, y(0) = 35, u(0) = 30 and v(0) = —25.
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Resumo

Neste trabalho apresentamos aplicagdes de resultados de sincronizagdo ao estudo de
codificagdo e decodificagdo de sinais, utilizando sistemas ca6ticos. Em um primeiro
resultado abstrato, estabelecemos condigdes para que um sistema de equagdes diferenciais
ndo auténomo seja uniformemente dissipativo, utilizando funcionais do tipo Liapunov.
Estabelecemos a seguir dois teoremas que fornecem técnicas para o estudo de sincronizagdo
de um sistema ndo autbnomo. Demonstramos que a sincronizagdo € robusta com relagdo a
variagdo de pardmetros. Aplicagdes a sistemas de comunicag¢do utilizando equagdes de
Lorenz, Duffing e Chua sdo discutidas.
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