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RESUMO

Neste trabalho nos generalizamos um conhecido teorema de Lusternik- Schnirelmann
sobre coberturas por fechados de n-esferas e fungdes antipodais, para espagos e fungdes
mais gerais. Esta generalizagdo nos permite obter um nova generalizagdo do teorema de
Borsuk-Ulam.
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Abstract

In this note we generalize a well known theorem of Lusternik and
Schnirelmann about closed coverings of n-spheres and antipodal maps
for more general spaces and maps. This generalization provides a new
generalization of the Borsuk-Ulam Theorem

1 Introduction
A famous theorem due to Lusternik and Schnirelmann says the following

Theorem 1 : Let a : S — S™ be the antipodal map of the n-dimensional
sphere S™. In each family of n+1 closed sets covering S™ at least one set contains
a pair of antipodal points {z,a(z)}

In [1] we encounter the following

Theorem 2 Let X be a paracompact Hausdorff space with topological dimen-
sion, dimX < n. Suppose that ¢ is a fized point free involution of X. Then there
exists a closed cover {Ch,...,Cr} of X with k < n+ 2 such that no C; contains
a pair {z,i(z)}, i =1,..., k.

This Theorem and others of the same paper was studied by the third au-
thor,under supervision of the first author, in his Master Thesis [6] and it inspired
the present work which generalize Theorem 1 by changing the n-sphere for more
general "nice” spaces with some homotopic restrictions. Based on our result we
give a new generalization of the Borsuk-Ulam Theorem.

The antipodal map a in Theorem 1 generates a free Z-action on S™ and pro-
vides the principal Z;-bundle &, = £(S™,a) : Z3---S™ — S™/a = IRP™. Deno-
ting the Universal principal Z,-bundle by vz, : Z5 - --EZy — BZ,, then BZ, is
an Eilenberg-Mac Lane space K (Z2,1) = IRP®°, so there exists a characteristic
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class ¢1(yz,) = c1 € HY(BZ,; Z5) corresponding to the inverse of the Hurewicz
isomorphism Hgz, : m1(BZ3) — H,(BZ:). Thus for every principal Z,-bundle
over a paracompact Hausdorff space B(£), € = fi(vz,) : Z2--- E(£) — B(£),
where fé('yzz) is the pull-back of the bundle vz, by the classifying map f¢ :

B(£) — BZ,, we have the characteristic class ¢1(§) = f¢(c1) € H'(B(£); Z2).
This characteristic class satisfies the following well known

Lemma 1 If £ and n are principal Zz-bundles over the same paracompact,
Hausdorff, path connected and locally path connected base space B then,

E=n <= c)=a
In particular ¢;(€) = 0 if and only if £ is trivial.

We can generalize the bundles &,, changing the pair (S™,a) by the pair
(X,t¢) where X is a paracompact, Hausdorff, path connected and locally path
connected space and ¢ is a continuous involution without fixed points, and The-
orem 1 can be generalized in this direction with the aid of Lemma 1. To be
more precise, we prove the following

Theorem 3 : Given a paracompact, Hausdorff, path connected and locally path
connected space X and a continuous involution v : X — X without fized points
such that

i) There ezists € € w1 (X /1) with order(€) = 2;

i) (c1(&(X, 1)), Hx/.(8)) # 0, where Hx/, is the Hurewicz homomorphism.
then for each family of 8 closed sets, F = {Co,C1,Cs} covering X there ezists
at least one Cj € F such that 1(C;) N Cj # 0.

Theorem 4 : Given an n-simple space X and a continuous involution ¢, both
satisfying the same hypotheses of Theorem 8 and in addition

~ | m(X), ifkis odd

i11) For 2 < k < n, 27Tk(X)_{O, i k is even
then for each family of n+1 closed sets, F = {Co,Ch1,...,Cr} covering X there
ezists at least one Cj € F such that «(C;) N C; # 0.

Remark 1 The condition i) can not be dropped as can be seen by the example
(S* x S,1) where (z,y) = (z,—y). The torus T? has a covering by 3 closed
sets, Cp,C1 and Cy such that C; Nu(Cj) = O for all j = 0,1,2 where C; =
{(z, (cos,sinf)) € T?: 27 < § < ZmUFL Y,

Remark 2 Theorem 1 is a consequence of the Borsuk-Ulam Theorem which
says that any map f : S™ = R™ must identify a pair of antipodal points of S™.
We say that a pair (X,t) of a space X with a free continuous involution ¢ is of
type LS(n) if (X, 1) satisfies the conclusion of Theorem 4. In this way every pair
(X,) satisfying i) and i) is of type LS(2) and if in addition it satisfies iii) then
(X,) is of type LS(n). Note that, if (X,¢) is of type LS(n) then for any map
f: X — R™ there exists To € X such that f(zo) = foi(zg). To see this suppose



that there is a map f : X — R"™ such that f(z) # fo(z), Vz € X, then the
map h: (X,1) = (S"71,a) given by h(z) = ﬁ%ﬁ is an equivariant map
(aoh = hou), and by Theorem 2 we can find n+1 closed sets Cy,Ch,...,Cp
of S*=1 such that C; Na(C;) = 0 for j = 0,1,..,n and from this it follows
easily that there are closed sets F; = h™1(C;) of X, j = 0,1,...,n such that
F;jNu(Fy) =0 for all j =0, ...n which contradicts the LS type of X. Thus The
pairs (X,1) satisfying i), 1i) and i) also satisfies the Borsuk-Ulam Theorem.
We will see in paragraph 3 a more general version of the Borsuk-Ulam Theorem
for our spaces.

2 Proof of Theorems 3 and 4

We need here the following lemma due to P. Olum [5].

Lemma 2 : LetY be a CW-complex, A CY be a path connected subspace, Yo =
AUY @ (where Y?) is the 2-skeleton of Y') and Z any topological space. If fo :
A = Z is a continuous map and v : m1(Y,y0) = m1(Z, 20) is a homomorphism
then, there exists a continuous map fa : Yo — Z such that fola = fo and

(fZ)* = "1[)

Let (X, 1) be a pair formed by a space together with a continuous involution
satisfying the hypotheses of Theorem 3, then we can construct the principal
Zy-bundle £(X 1) 1 Zy--- X = X/

Applying Lemma 2 for Z = X/i, ¥ = RP* and A = {point} the base
point of IRP*°, then by the hypothesis i) of Theorem 3 we have that there
exists a homomorphism % : m; (IRP*®) — 71 (X/¢) sending the non zero element
v € m (RP®) = Z, to & € m(X/1), we find a continuous map f, : RP? = X/u
such that 1 = (f2)«, the induced homomorphism on m; of fs.

Using now ii) if u = Hgp2(v) € H1(IRP?) we obtain that

((f2)" (cr(6(X, 1)), u) = (e1(€(X, 1)), (f2)«(u)) = (1 (€(X, ), Hx/.(€)) #0
and this implies that (f2)*(c1(£(X,t))) # 0 in H!(IRP?%; Z,) = Z,, then
(f2)"(e1(§(X, 1)) = g3 (1) = e1(&2)

because &; is not trivial, where j, : IRP? — IRP* is the inclusion. Hence by
Lemma 1 we conclude that (f2)'(§(X, 1)) = (fe © f2)'(12.) = 53(7z,) = &2
We have then the following situation

Z, Z, Z,
2 B x Iy gz,
{ 1 N

rRP2 2 X/ 25 Bz,



diagram 1

where F; and F¢ are bundle maps.

Now if X = Cpo UC; UC: is a closed covering of X then S? = HyU H, U H,
is a closed covering of S, where H; = F;"(C;), j = 0,1,2. Thus by Theorem
1 for at least one Hj, we have Hj, Na(Hj,) # 0. Since F» is a bundle map, for
each € 5% Fy(a(z)) = «(F>(z)), hence

Hj, r-"a'(}’:[jo) #0 = Fz_l(cjo) n a‘_le_l(CJ'o) # 0
= F;'(Ci) N(Faoa)™!(Cj,) # 0

Fy ' (Cjo) N (0 F2)™H(Cy) # 0

F3 ' (Cio) N F5 17 (Cyo) # 0

FZ_l (Cjo n L(Cjo)) #0

Cjo N(Cjo) # 0

R

which concludes the proof of Theorem 3.
For Theorem 4 we note that if a diagram

Zy Z, Zy

diagram 2

similar to diagram 1 can be constructed, in other words, if there exists a bundle
map F, from &, to £(X,:) covering a map f, : RP® — X/. then following the
same steps of the proof of Theorem 3 we can conclude Theorem 4. By Lemma
1if

(fn)" (a1 (€(X, 1)) = Jnler) = c1(én) (1)
where 7, : RP® — IRP* is the inclusion, then f,, is covered by a bundle map
F,. Since the characteristic classes ¢;(€) lives in the first cohomology groups
and the formula (1) is valid for f» we need only to extend the map f2 to IRP™
to obtain such an f, with the required property (1).

To do this let (Y, A) be a CW pair and Z an n-simple space, n > 1. For
an abelian group G, let K = K(G,n) be an Eilenberg-MacLane space and
in € H"(K;G) an n-characteristic element.

Given u, € H"(Z;G) there exists a map ¢ : Z — K such that ¢*(i,) = up.
The induced homomorphism ¢, : m,(2) = m,(K) gives

eh  HP(Y,A;ma(2)) = H?(Y, A; m(K)), YpeNN

Let f4: A — Z be a map, Y(®) the p-skeleton of ¥ and Y, = Y(® y A.
With these notations we have the following (see [2])



Proposition 1 If (pZ:rl is a monomorphism and g, : Y, — Z is an extension
of fa, then there exists g : Yo11 = Z such that gly,_, = galy,_, if and only if
df4(u) =0, where § is the coboundary operator.

Using proposition 1 with Z = X/¢, (Y, A) = (RP*,0) and starting with g, =
f2 : RP?2 — X/u, since 7y, (X /i) = m1,(X) for all k > 2 we have that if

Gl : HH(RP; my (X)) — H+ (R my (K (Za, k)

is injective for all 2 < k < n then we can conclude that there exists a map
fn : RP™ = X/i such that fn|gp2 = f2 and therefore satisfying the formula (1).
By the universal- coefficient theorem for cohomology we have

Homz(Zs, 71 (X)) if k is even

k+1(Rpoo. =~ z(4a,

B (RPN {Ezt(Zg,m(X)) if k is odd

but from the definitions of Hom and Ext we have Homgz(Zz, 7 (X)) = {a €
e (X) : 2a = 0} and Ext(Zs, 7 (X)) = 7 (X) /27 (X). Therefore if X satisfies
iii) then H*1(IRP%°; (X)) = 0 thus X! is injective for all 2 < k < n and
the Theorem 4 follows.

3 Examples

(1) If X is a simply connected space and ¢ is any continuous involution of X
without fixed points, then the conclusion of Theorem 3 works for (X, ), once
we have m (X /i) = Z, which implies i) and using the same notation as that in
the proof of Theorem 3 then by the naturality of the Hurewicz homomorphism

the diagram

n(RP2) % n(x/)

Hrez | L Hxy,

o (RP?) k()
is commutative, so it follows that (f2). : H1(IRP?) — H,(X/.) is a non zero
homomorphism, in other words, (f2)«(u) # 0 where u = Hgp2(v). Thus since
X is path connected it follows that the bundle £(X,¢) is not trivial, hence
from Lemma 1 ¢;(£(X,¢)) # 0 and in this way (c;1(£(X,¢)), (f2)«(u)) # 0. But

(f2)«(u) = (f2)sHre2 (v) = Hx/(f2)«(v) = Hx/.(8)-

(2) The conclusion of Theorem 4 is valid for all n-connected spaces X, n > 2
and all continuous involution of X without fixed points, because from the above
example X satisfies i) and ii) and the condition iii) is obviously true for X.

In remark 2 we saw that the Borsuk-Ulam Theorem remains valid if one
changes the sphere S™ by a pair (X, ¢) of type LS(n). We observe in the following
result that with the aid of Theorem 2, the codomain also can be changed by a
more general space.



Theorem 5 If (X,) is a pair of type LS(n) and Y is a separable metric space
with topological dimension, dim(Y') < 25L then, for any map f: X — Y there
is an € X such that f(z) = f((z)).

Proof: Suppose that f(z) # f(«(z)) for all z € X and let (W,7) be the
space W =Y x Y — A where A is the diagonal, with the involution 7(z,y) =
(y,z), then W is paracompact, Hausdorff, dim(W) < n — 1 and 7 is a free
continuous involution of W. Thus the map g : (X,t) — (W, ) given by g(z) =
(f(z), f(¢(z))) is an equivariant map, and by Theorem 2 there exists a closed
cover {Cp,Cy,...Cr} of W such that C; N 7(C;) = 0 for all j = 0,1, ...,n, this
provides a closed cover D = {D; = g7!(C;)}o<j<n of X with D; N 7(D;) = 0
which contradicts the LS type of X.

Theorem 4 provides examples of pairs (X, ) satisfying the hypothesis of the
above Theorem.

In [3] M. Izydorek and J. Jaworowski constructed for each k and n < 2k—1a
map f from the n-sphere S™ into a specific contractible k-dimensional complex
Y such that f(z) # f(—=z), for all z € S™. Thus the upper bound for dimension
in the above Theorem is sharp for general cases.

Another generalization of the same nature of the Borsuk-Ulam Theorem
with ”nice” topological spaces X and Y satisfying some homological conditions
can be found in [4].
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