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Resumo

Neste artigo estudamos sistemas parcialmente dissipativos em R™.
Para estes sistemas, provamos a existéncia de atratores globais com
propriedades de atragdo e compacidade em uma topologia um pouco
mais fraca que a topologia do espago de fase. Obtemos resultados
abstratos que estendem a teoria usual de forma que esta inclua con-
dicdes suficientes para a existéncia de tais atratores. Os resultados
abstratos sio entdo aplicados as equagoes de FitzHugh-Nagumo em R™
e as equacoes de Field-Noyes em R. Um resultado sobre compacidade
de algumas imersoes entre espagos uniformemente locais é provado.



PARTIALLY DISSIPATIVE SYSTEMS IN UNIFORMLY LOCAL SPACES

ALEXANDRE N. CARVALHO* AND TOMASZ DLOTKO

ABSTRACT. In this paper we study the existence of attractors for partially dissipative sys-
tems in R”. For these systems, we prove the existence of global attractors with attraction
properties and compactness in a slightly weaker topology than the topology of the phase
spaces. We obtain abstract results extending the usual theory to encompass such two topolo-
gies attractors. These results are applied to the FitzZHugh-Nagumo equations in R™ and to
Field-Noyes Equations in R. Some embeddings between uniformly local spaces are also
proved.

1. INTRODUCTION

The prototype problem considered in this paper is the FitzHugh-Nagumo system in R"

up = Au — av + f(u),
(1.1) v, = —6v + fu + h(z),

u(0) = up, v(0) = vo.
where «, 8,8 are positive constants and the assumptions of f and h will be made precise
later.

It is known that the above system, for n = 1, may exhibit a relaxation wave solution (see
[12]). We aim to give a result on existence of a global attractor for (1.1) in such a way that
these relaxation wave solutions are included in it. Also, by making h(z) = 0 one may have
constant equilibria for (1.1) and our attractor should include these equilibria as well. There
has been some efforts to obtain the existence of attractor for (1.1) in R" (see, for example,
[19]) but, in this case, none of the above described special solutions are in the attractor.
This is due to the fact that the problem (1.1) has been set in usual Sobolev spaces (say
L%(R") x L*(R")), which require that the elements in the attractor “vanishes” at infinity
and therefore do not include constant functions or relaxation wave solutions.

In order to include these special solutions (equilibria and relaxation waves) in the at-
tractor we must choose sufficiently “large” spaces to work in. One attempt is to consider
weighted LP spaces as in [1, 3]. These spaces are defined in the usual way by replacing the
Lebesgue measure dz with p(z)dz and the weight p should be chosen such that p is a pos-
itive integrable C2(R") function satisfying some additional conditions that will be specified
later. The disadvantage of such spaces is that it kills the behavior of the solutions for large
spatial values besides that, the usual Sobolev type embedding are not available for them.

t>0, zeR"
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In [10] locally compact attractors are considered for damped wave equations and this idea
lead many people to work in uniformly local Sobolev spaces which are the completion of the
C* bounded functions in R" relatively to the norm |[ul|yme(gn) = supyegn [|ullwme@n) (here
py(z) = p(z —y)). In [16] the existence of global attractors for problems like the Ginzburg-
Landau equation is established in the framework of uniformly local Sobolev spaces. The
existence of attractors in unbounded domains has been studied in many other works, among
them we cite [1, 6, 15, 16, 4].

In [3] the theory for existence of attractors includes the possibility that the attractor
is not compact in the phase space. This is also the case in [10, 16]. In [16] an abstract
definition of the so called (Z — Z,)-attractors is given. Here Z and Z, are Banach spaces
with || - ||z, < || - [|z- In this case the attractor must attract bounded subsets of Z in the
norm of Z, and the attractor is compact in Z,. This approach differs from the theory in [7]
by the fact that in the later Z and Z, are the same space.

In [16] the definition of (Z — Z,)-attractor is abstract but the result on existence of global
attractors is formulated for a specific problem. We give abstract conditions for the existence
of (Z — Z,)-attractors and then apply it to partly dissipative parabolic partial differential
equations like (1.1).

2. ABSTRACT RESULTS

In this section we recall the notion of an (E — E,)-attractor introduced in [16] and give
condition for the existence of such attractors. In [16] the notion of a (E — E,)-attractor is
introduced but the existence of such attractors is left to the applications without an abstract
result that provides sufficient conditions for its existence. We prove such result and show
that it can be applied to many problems in unbounded domains. We follow closely the results
in [7] and in [13] making the necessary changes to accommodate the lack of compactness in
such problems. \

A typical result on existence of global attractors states that a point dissipative, bounded
and asymptotically smooth continuous semigroup {T'(t) : t > 0} on a complete metric space
E has a compact global attractor. This attractor is compact, invariant, attracts bounded
sets under the semigroup. We try to obtain similar conditions for the case when asymptotic
compactness of the semigroup is not available in the usual phase space E but it is available
in a large space E, in which E is continuously embedded.

In order to present the results we introduce some notation and terminology. Let E' and
E, be complete metric spaces and let d and d, the corresponding metrics for these spaces.
Assume that E C E, with continuous inclusion. Let {T'() : E — E,t > 0} be a continuous
semigroup; that is, (t,z) — T(t)z : R x E — E is a continuous map. Assume that there
is a Hausdorff topology 7 on E such that any bounded set of E is sequentially compact in
E* = (E, ). Under these assumptions we may define w—limit sets of a bounded subsets B
in E which have bounded orbit y*(B) = {T'(t)z, t > 0, = € B} in the following way

w(B) = {y € E : 3 sequences t, — 00, {z,} in B such that d,(y, T (ts)za) = 0}.

This definition uses the three spaces introduced previously since any such sequence Tt )2
which converges to y in E, must have a subsequence that converges in E* (to y) and therefore
y € E. Assume also that the closure in E* of a bounded subset of E' is again a bounded
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subset of E. It is important that w(B) is a subset of E for we want it to be positively
invariant under 7'(t) and in the above setting this follows in the usual manner.

Remark 1. Note that we do not claim that E is compactly embedded in E, and in general
that 1s not the case in the applications.

Next we introduce the class of semigroups that have non-empty w—limit sets of bounded
sets with bounded orbits. The (E — E,)—asymptotically compact semigroups are defined
as follows;

Definition 1. A continuous semigroup {T(t) : t > 0} is said asymptotically compact if the
following holds: if B is bounded subset of E = (E,d) with bounded orbit v*(B) in E = (E, d)
then, for each sequence or positive real numbers {t,} with t, — +oco and sequence {z,} in
B we have that {T(t,)zs} has a convergent subsequence in E, = (E,d,).

This ensures that the w—limit set of every bounded set B of E = (E,d) with bounded
orbit in E = (E, d) is non-empty. The above definitions and notations are enough to prove
the following result

Proposition 1. Let E, E, and E* be as above and {T(t) : t > 0} be a continuous, (E — E,)-
asymptotically compact semigroup. Suppose that B is a bounded subset of E with bounded
orbit y*(B) in E. Then w(B) is non-empty, invariant, compact in E, and attracts bounded
subsets of E under T(t) in the topology of E,; that is, d,{T(t)B,w(B)} — 0 as t — co.

Proof: Most of this proof follows in the same way as the existing proofs for similar results
with only one complete metric space involved (see [7, 13]). We will go through the proof
giving emphasis to the differences.

As we already mentioned w(B) is non-empty and w(B) C E. Here it is important to note
that E* played an important role to ensure that w(B) C E. One thing we need to check
and that was automatic in the case when only one space is involved is that w(B) should be
bounded in E and that comes from the fact that any bounded subset of E is such that its
closure relatively to the topology of E* also a bounded subset of E.

The proof that w(B) is closed in E is obtained in the following way. Assume that y is
in the closure in E of w(B), then there is a sequence {y,} in w(B) which converges to y
in E. Choose t, > n and z, € B such that d,(T(t,)Tn, yn < % Then it follows from
triangle inequality and from the embedding E — E, that d,(T'(t2)zn,y) — 0 as n — oo and
therefore y € w(B).

The invariance T(t)w(B) = w(B), t > 0 is obtained exactly in the same manner as in the
case when there is only one space involved. To obtain the compactness of w(B) in E, we
use the invariance; that is, for each sequence {z,} in w(B) there is a sequence {Z,} in w(B)
with z, = T, (Z,) and the asymptotic compactness of {T'(¢) : t > 0} ensures the existence of
a convergent subsequence in E, and proves the compactness of w(B) in E,.

It remains only to prove that w(B) attracts B under {T'(t) : t > 0} in E, metric. This is
proved as in [13] or [7] for the case when only one space is involved.g

Now we are ready to state a result that gives sufficient condition for the existence of a
(E — E,)—attractor. Its proof is straight forward from the existing results when only one
space is involved (see [13, 7]).
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Theorem 1. Let {T'(t) : t > 0} be a continuous semigroup. Assume that there is a bonded set
By in E that absorbs orbits of bounded sets in E; that is d(T'(t)B, By) — 0 ast — oo for any
bounded subset B of E. If the semigroup {T'(t) : t > 0} is asymptotically (E — E,)—compact,
then it has a global attractor.

Remark 2. Here we note that if E is a reflezive Banach space we may use E* as the space
E endowed with the weak topology and any bounded subset B of E is contained in its closed
convez hull ©oB. The set coB is bounded in E and closed in E* showing that the closure
of B in E* is a bounded subset of E. This is the typical auziliary space E* used in the
applications.

3. APPLICATION TO F1iTzHUGH-NAGUMO EQUATIONS

In this section we introduce the functional framework for problem (1.1) in order that it
can be put in the abstract setting of Section 2. We start describing the function spaces that
will be used throughout. Let p : R® — (0,00) be a C?*(R™) integrable weight function and
denote by LA(R™), p > 1, the set of all functions ¢ in L (R"™) such that

loc

loellp@ny = (/Rnlcp(:v)l”p(w)dwf < oo.

In a similar way one defines the spaces W (R").
In order to deal with energy estimates involving the use of the application of the Divergence
Theorem these weights should enjoy the following additional property

(3.1) Vol < pop, 12| < pop

where p can be chosen such that the constant py > 0 is as small as needed. Such weights
are well known in the literature (see [5]) and one example of it is pe(z) = (1 + |ez]?)™. As
we mentioned previously these weighted spaces are not appropriate (from our point of view)
to describe the dynamics of evolution equations in R™, instead we will work in the spaces
W™ (R") which are given as the completion of the C*°(R") bounded functions relatively to

the norm ”W”W{\:‘”’(R") = SUPyeRrn ”<P||W;;7P(Rn) where p,(z) = p(z — y).

Remark 3. We observe that for any bounded sequence {u,} in L%, (R™) there is a subsequence
{un,} and u € L}, (R™) such that

L2, (R")
(3.2) U, = u, VyeR™

Furthermore, if |[unl|z2 @)y < M, n 2 1, then ||ullz @)y < M. This is obtained in the
following way: for any y € R™ we have that
[unllz2, @) < M
therefore there is a subsequence {uny} and function uy € L%y (R™) such that
L2 (R")

P
u oy,
n,y Yy
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also ”U“L%y(Rn) < M. By taking a countable dense subset of R", using the Cantor diagonal

process and the continuity with respect to translation of functions in Lf,(R™) we obtain a
subsequence with the desired properties.

It is known that —A defines a sectorial operator in L?, (R*) with domain W;2”(R") (see
[15, 4]). Because of translation invariance property these spaces do not enjoy compact
embeddings as Sobolev spaces in bounded domains, they are however compactly embedded
in weighted spaces (provided that p is decreasing in each variable). More precisely, the

following embeddings are compact (see Lemma 2)

(3:3) WP (R") = Wg’q(R"), j — % <m-— %, 1<p<g<oo.
Beside these we have the following continuous embeddings (see [5], Chapter 4)
(34) Wir?(®") = WiI(R), j— = <m=-, 1<p<g<oo

(see [16], Theorem 3.2 for a proof of the case p=¢=2and n =) = 1).
We also quote the Nirenberg-Gagliardo type inequality

(35) 6llzr, @ < CHBIL Bl 6 € LE(RY) N WP (R?)

where + = 0(% — et %, 1<p,qr<oo,0<6<1,misa positive integer and C depends
on the weight function p only through its integral.

Let E = HL(R") x L,(R") and E, = H,(R") x L2(R") with the usual topology given by
the norm and let E* be the space E with the convergence notion defined in (3.2) for bounded
sequences in E . Assume that n > 3, h € L2 (R") and that f in (1.1) satisfy the following

conditions

(36) () <a(l+1s"), sER,

where 0 < n* < 242,

(3.7) f'(s) £b, Vsé€R for some b >0,

and

(3.8) f(s)s < —cs* +d, Vs e R, for some c,d > 0.

Under these assumptions we will show that problem (1.1) is globally well posed for
(ug,vp) € E and that the semigroup generated by this problem is asymptotically (E — E,)-
compact and bounded. This implies, from the results in Section 2, the existence of a global
(E — E,)-attractor for (1.1).

Remark 4. A simple ezample of a nonlinearity f satisfying all the above assumptions for
n = 3 is the function f(u) = u(l — |JulP™?), 1 <p<5.

Before we proceed let us rewrite (1.1) in the following matrix form

(89 (1)-(5 %) (2)+ ()
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The above problem can be seen as an abstract semilinear parabolic problem, in X =
L% (R") x L2 (R™), having the form

(3.10) %e = Ae + F(e),

where e = Z , A: D(A) C X — X is the sectorial operator given by D(A) = HZ(R") x

L% (R™), Ae = <_A§;> and F(e) = (ggu_)*_z(oég) It is known that X2 = E and using the

local existence results in [11] we have that (3.10) is locally well posed in E. More precisely, for
any initial data e, € X2 there a maximal positive time 7 and a function e € C([0,7), X 7)
such that e(0) = e, e € C*((0,7), X72) and (3.10) is satisfied. The above smoothness
properties of the solutions justify the computations in the following a priori estimates.

To obtain global existence of solutions in E we show its E—norm do not blow up in a
finite time. This is accomplished through the following a priori estimates.

Firstly, we obtain a priori estimate of the solutions in X.

3.1. First a priori estimate. Multiplying the first equation in (1.1) by Bupy, the second
by awvp,, integrating over R* and adding the results we obtain

14 |5 [ vy af )is| =5 [ Muup,(ads a8 [ v20,(e)da

(3.11) ai
+8 | f(uw)upy(z)dz + a/ h(z)vpy(x)dz.
R‘" n
Note that
(3.12) RnAuupy(x)dz £ —/Rn|Vu|2py(x)dx + 823 [/}Ran[?py(x)dx + /Rn‘uzpy(z)dx] ,
that
(3.13) IRnf(u)upy(:z:)dx < ——c/nu2py($)da: + d/npy(:z:)dm
and that
(3.14) /nh(z)vpy(x)dx < g/nUpr(m)dx+;—n RnhQ(.’c)py(az)dz.

Choosing 7 and pg suitably small we have

%[ﬁ Rnu2py(z)d:v —I—a/ v?py(z)dz] + %/IRnIVUIpr(z)da:

n

(3.15) < —cB| upy(z)dz —ad [ vipy(z)dz
Rn
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This estimate implies that
616) B[ ulfpla)ds+a | o®p(@)ds < OOl e, IOz, @),

for all t > 0 and as long as the local X 2-solution of (1) exists. Here C' : R? — [0, 00)

is increasing in each argument and locally bounded. Since (u(0),v(0)) € X 7, by taking
supremum over all y in R™ the estimate in (3.16) can be extended to the following one

3.17) Iy < (5 + 5 ) OOz 1Oz o)

Moreover, returning to (3.15) one can see that
t+r
(3.18) / Vu(r)2p, (z)dzdr < R
t R®

where R depends only on r being independent of .

3.2. Second a priori estimate. Now we will estimate the expression

|VU‘2py( )dz
Rn

which appears in the H, (R") norm of u. Multiplying the first equation in (1.1) by wp, and
integrating over R" we obtam

/ ufpy(:r)da::/ Auupy(z)dz + f(w)upy(z)dz — a/ vupy(z)dz.
n n Rn

n

Now, integrating by parts we have

/Auutpy( z)dr < -— 2dt/ [Vul?p,(z)

+i [/RanUIpr(x)dxwL /Rnu?py(x)dz] ,

[ ez =5 | P

where F(s fo z)dz, and using Young’s 1nequahty we find that

mMoreover,

1
a/ vugpy(z)de| < E/ u?p,(z)dz + — [ vpy(z)dz.
n 2 n 27’ Rn
With the above estimates we get
L[ va0Pas = [ Pawin@a + (18- 1) [ vn

(3.19)
2 1 2
< %— [Vu] py(z)dz + %/ﬂvv py(z)dz.
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1. Since, thanks to the assumption (3.8),

Chose now 7 and pp such that; 0 <1 -2 —1 <

(3.20) F(s) < —cs®+d

then

(3.21) — | Fu)py(z)dz+d | py(z)dz >0
R™ R

The estimates (3.16) and (3.18) allow us to use the Uniform Gronwall Lemma (see [20] page
89) to the differential inequality (3.19) and get that, for any ¢ > 0 and 7 > 0 fixed,

(3.22) (Vu(t + 1)y (z)de — / Flut+ )z +d | ple)ie <,

9 Je

for some M = M ([[u(0) ]|z, ||v(0)||leu(Rn),T) with the right hand side of (3.22) being
independent of t. From (3.21), (3.22) we obtain a bound for ||Vu(t)||z2 gn), uniform for
t € [r,00) and for initial conditions varying in bounded subsets of X. Moreover, (3.19)

allows us together with estimates (3.16), (3.18) and (3.20) to bound the second left hand
side term in (3.19)

(3.23) /Ot uZ(s)py(z)dzds < N.

where N = N(||u(0)|| g3 &n), [v(0)llz2 ny),t)- We are ready now to give an additional a
priori estimate of w.

3.3. Third a priori estimate. We only sketch it. Differentiating the first equation of (1.1)
with respect to t, multiplying the result by tu;p,(z) and integrating, we obtain

(3.24) / ug tugpy(z)de = [ Augtugpy(z)ds — a/ vitupy(z)dz + | f'(u) tulp,(z)dz.
n Rn R» '

n

Estimating each component of the above expression we obtain

1 1
/nuntutpy(x)d:r; = §/n<t w)?py (z)dz — §/Rnufpy(m)da:,

/ Augtugpy(z)de < —/ |Vu|? t py(z)dz + ‘%Q |Vt py(z)dz
n Rn

+% ut t py(z)dz
and

1
a/ vt upy(z)da| < %/ u? tp,(z)dr + 50 Je ( év + Bu + h(z))tp,(z)dz

where we have used the second equation of (1.1) in the last estimate. Collecting the above
estimates and using the growth condition (3.6), we get

4 [ witptalas + [ [Vl eneis < [ v
R™ Rn

+ (po + a)/ uttp,(z)dz + %/n(—év + Bu + h(z))*tpy(z)dz.

n
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The estimates (3.16) and (3.23) and the Gronwall Lemma (see [20]) lead to the following
local in time estimate:

[ utan(ods < NalluO)g s 1000z o
valid for ¢ € [0,7]. This bound immediately implies boundedness of
(3.25) / ulp,(z)dz
uniformly for ¢ € [¢,T], 0 < e < T and for (u(0),v(0)) in bounded subsets of X 2.

3.4. Fourth a priori estimate. Finally we use the above estimates to obtain a bound for
the L2 (R®)—norm of f(u). To that end we multiply the first equation in (1.1) by f(u)py

u
and integrate over R™ to obtain

/utf(u)py(z)dx = [ Auf(u)py(z)dz — a/ vf(u)py(z)dz + | f(u)py(z)dz
R® R® R" Rr

=— Rnf’(u)|Vu|2py(x)dx - Rnf(u)Vquy(m)d:v

~a [ vfne)s+ [ fWi s
R» Rn

For the terms in the above equation we have that

/Rnutf(u)py(m)dz = /nufpy(x)dm +% Rnf(u)pr(a:)d:c,

[ ot (@)is

1
5/ o?v?p,(z)dz + = [ f(u)’py(z)dz,
Rn 4 Rn

7| Vul*p,(2)de < b [ |VuPp,(z)dz,
R™ Rn

Po 2 2
<2|[ swrai+ [ v e

[ 1) Vuvp(@)ds

and choosing po < = these imply that

20) [ fwip ez <4

Rn

u?py,(z)dz + 4/ av?p,(z)dz + (4b+1) [ |Vul?py(z)dz
Rn R"

providing, through the previous estimates, the bound for f(u(t)) in L (R") uniform for
t € [¢,T) and for (u(0),v(0)) in bounded subsets of Xs.

Remark 5. In all the estimates for which the supremum over y must be taken one can easily
see that the involved bounds do not depend on y. This is what must be done in estimates
(3.18), (3.22), (8.28), (3.25) and (3.26).
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3.5. Existence of a global attractor. The estimates obtained for u, in (3.25) and for f(u)
in (3.26) will be easily, using the elliptic regularity theory, converted to an estimate for u in
H2 (R™). Rewriting the first equation in (1.1) in the form of an “elliptic” equation

Au=u; +av— f(u)

we see that its right hand side is bounded in L} (R™), thanks to the previous a priori estimates.
From the fact that A HZ(R") C L(R™) — L2 (R") generates an analytic semigroup (see
[15, 4]) we have a HZ (R") bound C’ for u vahd for t € [¢,T] and uniform for (u(0),v(0))

varying in bounded subsets of X7;

(327 u® g e < © (IO llig @ O g - € 6T
In what follows we will prove that the semigroup associated to the problem (1.1) is asymp-
totically compact. This is accomplished through the above a priori estimates and through
the Variation of Constants Formula for (3.9); that is, if T'(¢)(uo, vy) = (ZEZ Zg:gg;) is the
semigroup associated to (3.9), then
u(t, ug, vo) = e>tug + /teA(t‘S)[f(u(s, ug,vg)) — av(s, U, Vo)|ds,
(3.28) N

t
v(t, ug, vo) = e **vg +/ e~%0=%) Bu(s, ug, vo)ds + 1_‘;’5—“h.
0

From (3.27) and compactness of the embedding Hf, (R") < H,(R"™) we have that the first
coordinate u of T'(t) is compact. For the second coordinate v of T'(t) it is evident from the
Variation of Constants Formula (3.28) that it decomposes into a part convergent to & 7 and an
integral part which is compact in L%(]R") These assure that 7'(¢) is asymptotically compact
in E, = H}(R") x L2(R").

Wlth all the above computations and Theorem 1 we have proved the following result:
Theorem 2. Assuming that f satzsﬁes (3.6), (3.7), (3.8) and h € L} (R"), the problem
(1.1) defines a bounded dzsszpatwe (Xz — E,)-asymptotically compact semigroup on Xz and
therefore (1.1) has an (X2 — E,)-attractor A.

When h € HE(R™), it follows from the a priori estimate (3.27), from the Variation of
Constant Formula (3.28) and from the definition of (X7 — E,)—attractor that the following
holds:

Corollary 1. The attractor for (1.1) is a bounded subset of H{,(R™) x Hf,(R") whenever
h € H(RM).
4. APPLICATION TO FIELD-NOYES EQUATIONS

In this section we consider a slight generalization of the the Field-Noyes system which
is a model for the Belousov-Zhabotinskii reactions in chemical kinetics (see for example
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[18, 8, 9, 14]). To avoid unnecessary technicalities we restrict the presentation to the case of
dimension n = 1; that is, we consider the system

Up = Ugg + (v —uv + f(u)),
(4.1) Uu:é(’yw—v—uv), t>0, z€eR

vy = o(u — w),

where a, 8,7, 0 are positive constants.

Assuming that f is locally Lipschitz the above problem is locally well posed in H} (R) x
L, (R) x Lj, (R).

We will be interested in the solutions of the above system which start at non-negative
initial data. Following [18], Chapter 14, it can be shown that for a dense subset of the cone
E = HL(R,R*) x L (R, R*) x L (R, R*) (say [C;°(R, R*)]°) the solution will stay in E as
long as it exists. To prove that solutions that start in E' will stay in E' as long as they exist

we consider the following auxiliary system
U = Ugy + (v —uv + f(u)) + 7,

(4.2) vltzé(fyw—v—uv)+n, t>0,z€eR, n>0

voy = o(u — w) + 1,

with initial data in [C°(R, R*)]® and apply the reasoning used in [18]. Letting n go to zero
we obtain the same conclusion for the system (4.1) with initial data in [C{°(R,R*)J*. To
obtain the result for (4.1) in E it is enough to use continuity with respect to initial data.

As in the previous example, let E = H} (R, R*)x L2 (R, R")x L, (R,R*), E, = H}(R,R™)
xL2(R,R*) x L(R,R*) and E* the space E with the convergence notion defined in (3.2)
for bounded sequences in E.

Assume that f has locally bounded derivative, that it satisfies (3.8) with suitably large
constant ¢ and that ca—~2 > 0. Under these assumptions we prove that the semigroup gen-
erated by (4.1) in E is bounded dissipative, (E — E,)-asymptotically compact and therefore
posses a (E — E,)-global attractor.

In what follows we sketch the a priori estimates required to obtain boundedness of the
semigroup in F and (E — E,)—asymptotic compactness.

The first a priori estimate gives a bound for the solutions in L{, (R, R*) x L{ (R, R*) x
L2 (R,R*) and it is obtained by multiplying each equation by the corresponding variable
times p,, integrating and adding the results. Here we use the fact that all variables assume
only nonnegative values to get rid of the terms —u?v and —uv?. Using Young inequality and
Divergence Theorem we obtain

%%/(U2py+’lj2py+w2py)dm +%/R'uz’2pydx S _(_XQQ u2pydI
E R
(4.3)

—215 /U2pyda: - %—/uﬂpydm + %/vaydz + M,
R R R
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for some constant M,.
Since ca—v% > 0 we have that |Ju||?. +Hv||L2  (®) -I—||w||L2 (%) Temains bounded uniformly

for initial data in bounded subsets of E and for t > 0. Furthermore there is a constant
K = K(d, p) > 0 such that

timsup ([l o) + 10135 ) + ol ey) < K (4.4)

uniformly for initial data in bounded subsets of E. Moreover, returning to (4.3) one can see
that

/t w /]R s ()2, () dzdr < R (4.5)

where R depends only on 7 being independent of .

For a second a priori estimate we obtain dissipation for the first coordinate u in
H} (R). Since this differs considerably from the estimates in the previous example we include
the computations. Multiply the first equation in (4.1) by u,p, and integrate over R to obtain

/Rufpy(x)d:r = /Rumutpy(a:)da: -+ a/R(w —uv + f(u))upy(z)dz
<-4 [ 2o @)ds + of 4 [ Fn@io+ 8 [ 2oz @)

+'-0—2Q/ufpy($)dz + a/vutpy(m)d:c - a/vuutpy(z)dm.
R R R
The last two term in the inequality above are estimated as follows
1 ;
a/Rvutpy(m)d:c < Z/ﬂzufpy(x)dz + ko/vzpy(x)d:r (4.7)

R
for some ko > 0 and using the Nirenber-Gagliardo type inequality (3.5) there are constants
ki and ks such that

. /R vutepy (2)ds = — /R (20, (2) iz

S:l&

/u%py T)dz + ?/ (yw — v — uv) py(z)dz
R

< %_gf/ Wy (©) da:+/c1/(u4py(a:)+u6py(x)+v2py(a:)+w2py(z))dx (4.8)
R R
S | up @)z + i ([l ol o+ el o )
~odi py(z 2 L2 (R) 11 Hf, (R) 2 (®) 1“1 HL (R)

+k1 R(U2py(x) +w?py(x))dz.
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Rearranging estimate (4.6) and using (4.7), (4.8) we obtain

d(1 1
(5 [tz —a [ Pl is+ § [won(a)is) + § [ tpfodas

(4.9) <o / 2 ) e o (R B / 20 )i+ B / ()
R R

R

o (11l gyl ey + lullds gy el @) -

Thanks to the estimates (4.5) and (4.4) we are able to apply the Uniform Gronwall Lemma
(see [20] page 89) to (4.9) and conclude that the functional

% /IR & l)ds — o /R P, eide

is bounded uniformly for initial data in bounded subsets of E and for t € [r, 00), with r > 0
fixed. Therefore u € H\ (R) with the norm bounded uniformly for initial data in bounded
subsets of E and t € [r, 00).

Also, returning to (4.9) we find that

(4.10) /tH-T /RU?(T)py(II))d.'EdT < ks

form some k3 depending on 7.

Now, using the dissipativeness condition (3.8) we obtain that the semigroup generated by
(4.1) is a bounded dissipative. Next we show that this semigroup is asymptotically compact
verifying that its first coordinate u is a compact operator and reasoning as in the FitzHugh-
Nagumo equation for the remaining coordinates.

Our third a priori estimate is devoted to the bound of [ u7p,dz over time intervals
of the form [¢, 7] with 0 < e < T' < oo. This is obtained differentiating the first equation in
(4.1) with respect to ¢, multiplying by tu;p, and integrating the result to obtain:

(4.11) /Rutttutpy(x)dm = /Rutmtutpy(a:)dw + a/m(v —uv + f(u))tupy(z)de.
Note that
l1d 5 1 .
(4.12) Rutttutpy(z)da: =5 IRuttpy(:v)dx —3 1Rv,bt,oy(a:)d:z:
and
1 1
(4.13) /Rumtutpy(z)da: < ~3 /Rufztpy(x)dx + 3 /Ruftpy(x)dx

also, since v > 0, using the second equation of (4.1), we find that:
= / imne)ds —a / (0 + (o)) tuepy (@) ds < —a / Heiglo by ()
R

(4.14) .
= —Zuut('yw — v —uv)tpy(x)dz
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and that
(4.15) a/R(v)ttutpy(x)dx = /R(fyv — v — uv)tuepy(z)dz.

Now, thanks to the local boundedness of f', to the embedding H\ (R) < L*®(R) and to
the boundedness of u in H} (R) obtained in the previous a priori estimate, we have that
(4.16) /f uitp,(z)dz < k4/Rut2tpy(x)dx
for ¢ € [r, 00).

Using (4.12), (4.13), (4.14), (4.15), (4.16) and (4.11) we have

d
dt/uttpy( )dz—i—/ufztpy(m)dx < /ufpy(:c)da:+k5/uftpy(a:)dz—f-ks
R R R

which gives the required uniform with respect to initial data in bounded subsets of E and
tot € [¢,T),0 <7 <e<T < oo bound for u; in L, (R) . Rewriting the first equation of
(4.1) in an “elliptic” form:
Uze = Uy — (v — uv + f(u))
we see that
Usz € L([¢, T]; Li,(R))

and that u is bounded in HZ(R) uniformly for initial data in bounded subsets of E and for
t € le, T

This last a priori estimate implies that the first coordinate u of the semigroup generated by
(4.1) is compact in H,(R) and using an argument with the Variation of Constants Formula
as in the previous example we concluded that this semigroup is asymptotically compact.

Theorem 3. Assuming that f has locally bounded first derivative and satisfies (3.8), the
problem (4.1) defines a bounded dissipative (E — E,)-asymptotically compact semigroup on
E and therefore (4.1) has an (E — E,)-attractor A.

5. APPENDIX

In this appendix we prove a characterization of the spaces L} (R™) which is suitable for
obtaining the compact embedding (3.3) and compare the results in this paper with the
previously known results for partial dissipative systems.

5.1. Characterization of the spaces L} (R"). In this subsection we give an equivalent
characterization of the uniformly local spaces. This characterization is then used to prove
the compact embedding results in (3.3).

Lemma 1. Assume that p is strictly positive, integrable and decreasing in each wvariable.
Then the following equivalence holds

(5.1) ¢ € L] (R*)<there are constants C,r > 0 such that / |6(z)|%dz < C, Yy € R"
B(y,r)

where B(y,r) is the 0 < 0 < 1, ball of radius v centered at y.
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Proof: It is evident that if the above condition holds for one value of r it must hold for any
r > 0. Assume that ¢ € L] (R™) then, for each ball B(y,r)

/B( | |6(2)|py (z)dz < M.

Since p is strictly positive in B(0,7) it is bounded below by a positive constant m, the same
lower bound will be valid for p,(z) in B(y,r). Therefore

m [ 16z < / 16(2)|%(z — y)dz < M
B(y,r) B(y,r)

and consequently

|p(z)|%dz < —.
/B(w) L

To show the other implication note that the balls in (5.1) can be replaced with cubes.
Choose 7 > 0 and let C(;,,... i,y = 117, [7 75, 7(3; +1)]. It follows from the integral criteria for
convergence of multiple series that

S;= Y  sup p(z) < +oo.
(il’...,in)zec(ip“win)

The remaining of the proof follows from the estimate

IR{in|<25(96)l"py(ﬂC)de‘ = Rnlcﬁ(z+y)|*’p(2)dz

< 2 </ |6(2 +y)|'dz _ sup p(w))
(ilu"'yin) C J:EC](ilv‘“v"-n)

(i1, 4in)
<C ) sup  p(z),
(1s~s8n) T€C(iy, -+ sin)

and the fact that its right hand side is independent of y.

Thanks to the above characterization we have the following compactness result:

Lemma 2. Let p be strictly positive integrable function, satisfying (3.1), which is decreasing
with respect to each variable. Then, the embedding

, np
WP (R") = LYR"), 1<p<g< E=p
is compact and therefore the general embedding (8.3) is also compact.

Proof: As in the previous lemma we can cover R” by a countable number of cubes, Cj, j =
1,2,---, having disjoint interiors. In each of the cubes C; we have the compact embedding

W (Cy) = LU(C;), 1<p<g< nﬂ
-bp
and L(C;) = LI(C}) with equivalent norms. Let {¢n} be a bounded sequence in W,-”(R™).

Extract a subsequence {@,, } which is convergent in LI(C;). Proceeding by induction, once
we have constructed the subsequence {¢,,}, let {¢y,,,} be a subsequence of {¢y, } which is
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convergent in L(Cy). Now the Cantor diagonal process implies that {¢,} has a subsequence,
denoted again by {#,}, which is convergent in L?(C}) for every j. Let ¢ be the limit of this
subsequence.

Thanks to the characterization in the previous lemma, to (3.4) and the fact that {¢,} is
a bounded sequence in L{ (R™), the convergence of {¢,} to ¢ in the sense described above
implies that ¢ is in Lj, (R"). Therefore ¢ € LI(R"). It remains to prove that {¢,} converges
to ¢ in LI(R™). To prove this, note that

/R" |pn(z) — B(2)|"p(z)dz < Z sup p(z / |pn(z) — ¢(z)|%dz < QqCZ sup p(z).

1 2€C; —1 %€C;j

Since the above series is convergent glven € > 0 there exists a natural number N such that

| tente) = o(a@)rol dm<zsupp<x . 1) = s+ 2

1:6]

and therefore, by the definition of ¢,,
limsup [ [64(2) ~ §(a)'p(z)ds < 21Ce

n—oo

for any € > 0. This proves the lemma.

5.2. Further Remarks. Now we compare the results in this paper with the results of [19].
First note that with the assumptions in [19] and following the same a priori estimates as
in Section 3 one can state that the global attractor B obtained in [19] is a bounded subset
of H2(R™) x H*(R") and therefore a bounded subset of HY(R") x H (R"), as long as p
is a bounded weight function. This together with the invariance of the attractor and with
the remarks stated in the Introduction concerning travelling waves and constant stationary
solutions assures that B & A.

Also, proceeding as in Subsection 3.2 we may obtain the result in [19], Lemma 2.2 without

the assumption A'(s) > —C in it. This is the only place in that work where this condition is
needed and therefore it can be dropped. In our case the weight p and the lack of embedding
for H}(R") into LA(R™), p > 2, prevents us from dropping (3.7).
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