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Resumo
Neste artigo consideramos problemas hiperbélicos da forma

Uy + nA%ut + aus + Au = f(u)

com A : D(A) C X — X setorial em um espago de Hilbert X, a > 0,
n > 0. Para o caso em que f é dissipativae A é —A+ %I com condigoes
de fronteira de Neumann, ¢ > 0, provamos que a dindmica assintética
deste problema é continua relativamente ao pardmetro n em n = 0.
Para n = 0, este problema tem estrutura hyperbdlica e, para n > 0, tem
estrutura parabdlica. Isto permite aproximar problemas hiperbdlicos
amortecidos por problemas do tipo parabdlico.



CONTINUITY OF THE ATTRACTORS FOR A SINGULARLY
PERTURBED HYPERBOLIC PROBLEM

ALEXANDRE N. CARVALHO* AND SIMONE M. BRUSCHI!

ABSTRACT. We consider damped hyperbolic problems of the form
U + nA%ut +auy + Au = f(u)

with A : D(A) € X — X sectorial in a Hilbert space X, a > 0, n > 0. We prove that
asymptotic dynamics of this problem is continuous with respect to  at n = 0. For n = 0,
this problem has hyperbolic structure and, for n > 0, has parabolic structure. This allow us
to approximate of a damped hyperbolic problem by a parabolic problem.

1. INTRODUCTION

In [7, 8] it is proved that the attractors of the family of hyperbolic problems eu; + u;, =
Au + f(u), in bounded domains, with Dirichlet boundary conditions and for dissipative
functions f, are continuous at € = 0. This shows that parabolic problems are approximated
by damped hyperbolic problems. In this paper we consider the approximation of a damped
hyperbolic problem by a “parabolic” problem. This approximation will be used in later
works to obtain finite dimensional approximations of damped hyperbolic problems.

Consider the following family of one dimensional scalar hyperbolic problems

g + 20 (=A + HV2u 4+ 200, = Au+ f(u), z€(0,1), t>0

1 (0) = (1) = 0, £ > 0, (<1
where 7 > 0, a > 0 and f : R — R is a C? function satisfying the dissipativeness condition.
lim sup M < —9. (1.2)

lu|=+o0 U

For each 77 > 0, the equation (1.1) generates C'-semigroup 7}, on Y° = H'(0,1) x L?(0, 1).
The semigroup T,(t), t > 0 is gradient system and asymptotically smooth. Furthermore,
T, (t) admits global attractors A,. Using regularity results we have A, C Y.

Let X = L?(0,1) = X° and denote by A the operator A : D(A) C X° — X° given by
D(A) = {u € H*(0,1);/(0) = /(1) = 0}, Au = —uy, + Ju, u € D(A). The operator A is
positive and self adjoint and therefore a sectorial operator. Let X be the fractional power
spaces associated to A.
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For convenience we rewrite (1.1) in the following abstract form

gel-ofl)

where D(Cp)) = X! x X7 =Y,

0 I u 0
Cy = LA —2(17A1/2+a)] e h([v}): [fe(u)] (1.4)

For n > 0, —C,) is a sectorial operator and generates an analytic semigroup of contractions
(see (3, 4]).

Define in the space Y° = X2 x X° the inner product ((u,v), (w, z))yo = (AZu, ATw) +
(v,z), and in Y, ((u,v), (w, 2))yr = (Au, Aw) + + (Azv, A2z), where (.,.) is the usual inner
product in L%(0,1).

Considering

dy (A, B) = sup inf dy(z,y) (1.5)

zcAYEB
we can define the continuity of a family of sets B,y C Y in the following form: a family B, is
continuous in 7 if it is upper semicontinuous at 7; that is, dy (B, By,) —+ 0 as n — o, and
lower semicontinuous at 7o; that is, dy (By,, By) — 0 as 1 — 1np.
The main result in this paper is

Teorema 1.1. The family of global attractors A,, n > 0 is continuous at n = 0.

This shows that the attractor for the strongly semigroup generated by (1.1) when n = 0
can be approximated by the attractors of the analytic semigroup generated by the problem
(1.1) with n > 0.

This result will be used in a future work to obtain finite dimensional approximation (using
spatial discretization) of the attractor of (1.1) with n» = 0 by approximating the the attractor
of (1.1) with » > 0. In the approximation of the attractor of (1.1) with n > 0 by attractors of
finite dimensional problems it is crucial to be able to exploit the analyticity of the semigroup
generated by C,, n > 0.

This paper is organized as follows. In Section 2, we prove upper semicontinuity, which
is based on [7]. In order to do it we prove the family of attractors A, is uniform bounded
in Y° and Y!. Using compact embeddings and Arzela-Ascoli Theorem we obtain the upper
semicontinuity. In Section 3, we prove lower semicontinuity. In order to do it we use some
theorems which appear in (5], [2].

2. UPPER SEMICONTINUITY

The proof of upper semicontinuity for the family {.A,,n > 0} is organized in three parts.
We begin proving that this family is bounded in ¥°-norm and obtaining an estimate on
the integrals of the L2-norm of the u,. Then, we prove that the attractors are uniformly
bounded in Y!-norm. Finally, with these information and Arzeld-Ascoli Theorem, we prove
the upper semicontinuity of the family at n = 0. We remark that in the proof of the uniform
boundedness we use a alternative energy functional similar to the one used in [7].

If \; denotes the first eigenvalue of the operador A we have the following result.
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Lema 2.1. Let b be a real nonnegative number satisfying

1 Al \/)\_1 90)\1

bl T T 14
Then
1
5“?&”%2 +2b(¢, ¥) + —||<15||H1 > 4(|l¢I|Lz + lolln) (2.1)
%llwniz +2b(¢, ¥) + §l|¢l|m < Z(lli/)lliz +[18l131) (2.2)
and b
(2a — 2b)[|9]132 + 4ab(¢, ¥) + 2b[|8lI7n > inf{% 5}(|I¢lliz + l18l13)- (2.3)

With this lemma we are in condition to prove the attractors are uniformly bounded in Y.
Firstly, we prove the semigroups T;(t), t > 0, are uniformly bounded dissipative; that is, the
following result holds.

Teorema 2.1. Let 0 < n < ny. There exists a constant Cp > 0 and, for any ro, there ezists
to = t(ro) such that
175(t) (u, v)|lyo < Co, t 2> o

for all (u,v) with ||(u, v)|lyo < o

Proof: We fix a constant b satisfying the hypotheses of Lemma (2.1). For any n > 0, we
define the following energy functional in Y,

1 1 !

Vil6,9) = 1ol + 316150 + 2006.8) — [ F(o(a)ds, (24)
where F(v) = [ f(s)ds. This functional is similar to [7]. Let u,(t,uo,vo) be the solution of
(1.1), then

AV (o (4 du, du,, 5 ; 9 du,, B
7 Velun(t), 71 (1) = LUIZEONZ: + lua@l2n] + 26l 20112

+2b<%pﬂ( 0),un(t)) — {F (un (1)), %‘—;ﬂa»
Since (%(t) + Au, &) = %di(ﬂ @22 + |lug(t)||%:), and, by equation (1.1), we obtain

Ly, (1), D(t)) = —2n)l AT L2(2)]2, + (26 — 20)| D (1) 12,

N du N e 1 du
—4ab<7§l(t>u<>>+2b<< a(8)),u <>>—2bnun<t)u? - In(AFE W wO) oo

£)1172 = 2bllun (8) I + 4bnl|A4 o 7 (t )||L2HA““77( )z

From the hypothe31s of Lemma (2.1), we have b < %, and using Youngs Inequality and
Interpolation, we get

L duy,

4b?7||A' ( Mze < 0K |luy (8)]n (2.6)

> (¢ Mol ATug (8)]]2 — 2771|A4
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Now, using (2.6) and (2.3), in (2.5) we get

LY (ua(8), 22(0) < —Sho( 12O, + (e ) 0.7

+2b(f (uy (1)), ug(t))
for all n < o, where ko = inf{%, 2}.
Since (1.2), there exists c5/4 > 0 such that

J
f(v)v < —-Z’UQ + cs/4 (2.8)
)
F(v) < —102 + Cs/4 (2.9)
Thus, by (2.8), we have: '
)
(f (un(0)), un(@)) < =7 llun(D)1Z2 + oy (2.10)
Therefore, by (2.10), we have from (2.7) that
d du 5 .du
Ly (1), Z2(0)) < — Kol ()] + a8 ) + e (211)

On the other hand, the functional V, is lower bounded. In fact, from (2.9) and (2.1), we
have

Volun(®), S20)) 2 701 Ol + (D) — car 212)

Finally, we show that for any 7o > 0 exists ¢, = t(ro) such that if (||%1(0)||%2 o
lun(0)lI32) < 0 then

du
Vil (1), 222(0)) < Ky
for all t > t,. |
In fact, let 7 be large enough such that —2ko7 + cs4 = —1. Hence, if (||d—dl%ﬂ-(t)||%2 +

" d
g (B)]12) > 7, then L4 (u, (2), 2 (1)) < —1.

Let M = max{V (u,v); ||ull?p + |[v||3. < 7} and Cp = {(u,v); V(u,v) < M} which is
bounded due to (2.12) and it follows by definition Bz(0) C Cys.

We show that for each (ug,vy) € By, exists to = t(uo,vo) such that T;,(¢o)(uo, v0) € Cur.
Moreover, sup{t(ug, vo); (%o, %) € Br} < co. In fact, we have two cases to consider

i) If (up, vo) € C then V(ug,v0) < M.

ii) If (ug, vo) & Chr then (ug, vo) ¢ Br(0). Consequently, we have that %Vb(u(t), v(t)) < -1
for all ¢t such that (u(t),v(t)) ¢ Br(0), thus V;(u(t), v(t)) < Vi(uo,vo) — t.

Hence, Vy(u(t),v(t)) < K —t, where K = max{V (u,v); (u,v) € B,,}. Therefore, consider
to = K — M > 0. Moreover, t, was chosen uniform in B,,(0).

We verified that C), is positively invariant under 7, (t). In fact, if exists the last time, £,
such that V(T (%) (uo, vo)) = M, T(t)(uo, vo) € Cy for tg <t <t e T(t)(uo, vo) & Car for
t < t, thus T, (t)(uo,vo) ¢ Br(0). Hence, V(T;(t)(uo, v0)) < V(Ty(t)(uo, v0)) = M, what is a
contradiction.



CONTINUITY OF ATTRACTORS 5

Therefore, for any ry exists tp such that V(7},(¢)(uo, v)) < M for all ¢ > t, and conse-
quently, from (2.12) '

du
"( WEZz + llug ()7 < Co

para t > tg.
Since the attractors A, are invariant, it follows from the Theorem 2.1, the following result

Coroldrio 2.1. There ezists a constant C; > 0 such that

ol + l9ll7: < Ch,
for all (¢,v) € A, and for alln, 0 < n < 1.

We also need and estimate for / ||%u%l(s)||%2ds to be able to prove the bounded of
0

attractors in Y. We get this estimate at the following proprosition.

Proposigao 2.1. Let 0 <7 < ng. For any o > 0 there ezists a constant C§(ry) such that,
for any solution u,(t) of (1.1), with (||luo||?: + ||’Uo“%2)% <19, we have

du .
| 156 s < Ciro
Proof: For any n > 0, we consider the Lyapunov functional

V(6,) = Vil ¥) = 510l + 36l — [ Plo(e)ds,

where F'(v) is the same as in the proof of Theorem 2.1.
Consider u,(t) = uy(t, uo, o), a solution of (1.1). From (2.5) with b = 0, we have

d d d 1d d
2V (ug(2), Z2(8)) =20l L (O 2 AT =L (1) 17 < -2a]l 2 (0)]32.
Thus,
Va0, 220) = V() < ~20 [ 122(0) s (213)
or,

du,

du,, 1
[ 1B < 07 ) = V), G20 (2.14)

Under the assumptions on f , we have that

i) V(¢,9) 2 c(llgllizn + 10ll7.) = ¢;
i) V(¢,%) < cr(ro)(I8ll7n + 1¥1172);

Hence,

[ 152 < (1 o) = V (a8, S0)

(V (w0, v0) = e(llun ()17 + Ildu"( DlI3:) +¢) < gg(V(uo, ) +¢)

IN
SDI,._.
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Therefore,

d d 1
[T 1% s = i [N < Vw46 (215)
0

Using ii), we get

du 1
/0 1= ($)1z2ds < o= (V (o, vo) + ¢) < exro) (luollfn + lluollZz) + ¢ = Cg (o) (2.16)
Moreover, (i) implies that

1L 0) 22 + Nn O < 3OV un(8), B28)) + ¢) < LV (i, 00) + €)
< %(q(ro)(nvou + [luoll2) + )

Therefore, (| S (HI12: + lun(8)[12:) < Ci (ro).

Now we prove that the attractors .4, are uniformly bounded in Y. This uniform bound-
edness and a compact imbedding are necessary conditions to obtain that the limit of the
orbits in A4, is an orbit in A.

Teorema 2.2. Let 0 < n < . There exists a constant Cy > 0 and for each rq and r,, exist
constants C5(ro) > 0 and C3(r1) > 0, such that for any solution u,(t,uo,vo) of (1.1), with
| (w0, v0) [I30 < 70 and ||(uo, vo)l[31 < 71, then

LRI+ 120 + (e < Clro) + Cilr)e=,

forallt <0

Proof. Assume that ||(ug,v0)||2:1 < 71, then T, (¢)(ug, vo) € C*([0,00),Y°) N C([0,00),Y?).
We now consider the following linear problem:

wy + 20 AYV2w, + 2aw, + Aw = f'(u )d(;;, 0<z<1l,t>0

We(0) =1(l) =0, >0, (2.17)
d .
wy(0) = vy, th'l(O) = —2nAz — 2avg — Aug — f(uo)

du dw

As f'(uy)—t € C([0,00), L?) and (w,(0), —2(0)) € Y? then there is only one solution
wy(t, z) of (2.17). But dd_t( t) satisfy (2.17), then w,(t,z) = d—dq%’l(t)

We fix constant b satisfying the hypotheses of Lemma (2.1) and we define a functional to
equation (2.17)

1
Va(,) = SIlEa + 5161 + 260, 0),
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§ 2 w dw
Using (% (t) + Aw, 3¢ —é 7 (1= (D172 + lwy(B)]5:) and (2.17), we get

DVi(w,(t), L) = —2m)] AP DR (1) 2, + (26 — 20| L2 )2,
—4M%%wwwmmmm
s (2.18)
2B a0 ) A3 ) )
T () (8), B
Using (2.3), Youngs Inequality and Interpolation in (2.18) we obtain, for n < nq,
%%mm%ﬂ(iﬁWfIIWWHm
wawﬂﬁmw¢wﬂwwmmm (2.19)

— (1 %0 ) 2, + ffwy (2) 2 + 2 (6 (1) 24

We now obtain an estimate for || f'(v)||z(z2,L2). Due to f € C*(R,R) then f¢: H'(0,1) —
L?(0,1) is a C' mapping. Moreover, if v € H?(0,1) N H'(0,1) then f’(v) is a continuous
and linear mapping from L? into L? and || f'(v)w||7. < [|If'(v)||Z|lw||?.. But, ||f/(v)||% <
V2(Il(f' ()17 + 1/ (0)1I72) and:

D) @)NZ: < e Uolla) oIz
i) || ()72 < e ([vllm).
Therefore

1F' W)l ezz,ezy < C*(lvlla) (1 + Jollzn)- (2.20)
From equation (1.1), we have

d?u 1 du du,
nwmﬂmmmwm%ELwAJ—wﬂm

< N ullzn + 10 + 2022 + e

Therefore,
2 dwy 15 2 2
[l [72 < (]| £ 2+”Ji 122+ llwnllZ+ llwnli7n) (2.21)
e .
< c(lf ( )]|L2 + =72 172 + llwall7)
From Proposition (2.1), we have (|| [| 2 +lugll3n) < Ci(ro), for (J|uoll?n +vol|22) < o,

then, by (2.20),

1 () w1z < C*(lutgllzr L+ NuglE) lwn @72 < Calro)llwg DNz (222)



Corolario 2.2. Let 0 < n < 1.
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Therefore, using (2.22) and ( .2), in (2.19), we get

L Vi (wy(2), tﬂ(t)) o (1B 012, + Yy (D1121)
(21 +-——1| MOl @(m)

0

)

1( ISR 0122 + 2650 1), (1)) + Sl (B))
2

(—k_ + kil))\l)ll n( )||L2CQ(T0)

k dw .

< =G Vo(wy, —51) + C3(ro) lwnll3

Solving the differential inequality and using the Proposition (2.1), we get

Valwn (), 20()) < e~ B4V} (wy (0), 2(0)) + Cs(ro) / gl [Bads

dw,7

< e V4 (wy(0), “22(0)) + C5(ro)Cy (ro)
Hence, using (2.1) and (2.2), in (2.24) we get

1w Nz + = @)1z2 < 3e™ (g ()2 + | =2

As we saw before in (2. 21) we obtain from (2.25)

lwn O + 220012, + lluy (11
Scnﬂun)nm (1+ ) (lwn @B + 1222 (2)]12.)
< Cylro) + (1 + A[C3 (ro) + e~ ([[wn (O)I2: + |22 (0)]2,)]

I
+ +
g?T‘

d'u),7 dw,,

(OIIZ2) + C5(ro)

—==1
Since || 7

dwn

(lwn @5 + 1= Ollz2 + lun(@)72) < C5(ro) + Cie™s'ry

Finally, we deduce the followmg results:

in m, that means, exist a set B C Y, B bounded such that
T,(t)(C) C B, parat <t
for any subset C C Y, C bounded and some t; = t(ro,71).
Corolarm 2.3. Let 0 < np < mny. There are constants Cs and C4 such that:

61132 + ¥l < Cs, for all (4,9) € A,

2
d*ty,

| | du,
dt?

t)||32 < Cy for all solution (u,(t), E(t)) € A,

We now are in conditions to prove upper semicontinuity.

(0)||z2 < 2n||uoll e + 2alvollz2 + lJuoll 2 + || f (uo)l|z2, we get from (2.26),

(2.23)

(2.24)

(2.25)

(2.26)

(2.27)

The system (1.1) is bounded dissipative in Y, uniformly
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Teorema 2.3. The family of global attractors, A,, of (1.1) is upper semzcontmuous inn =0,
Ao := A; that means, Ve > 0, Ing such that n < np,

dyo( A, A) <

Proof: In order to prove the upper semicontinuity we prove the following statement

Statement 1. Let 7 be a sequence of positive numbers such that limy_,o M = 0 and consider

(uk(2), %‘tﬁ(t)) a sequence of solutions of (1.1) with n = nx and (u(t), %%’i(t)) € A, for all

duy,
t > 0. Then exists a subsequence ny; such that (u,(0), %%L(O)) converges to (@,v) € A in

Yo.

Proof of Statement(1):. In fact, by Corollary 2.3, there exists a bounded set B in Y!
such that

(JA)uAcCB.

Thus, U; Uy, ux(t) is a pre-compact (relatively) set in H' and the family u,(t) € C(R, H?), is
equicontinuous from R in H!.
Consider J,,, m > 0, a sequence of compact intervals in R such that J,, C Jy,y1, m > 0
and U, J, = R. By Arzela-Ascolis Theorem, exists a subsequence uy, of u; such that uy,
converge to @ in C(Jy, H'). By induction, using Arzela-Ascolis Theorem in the subsequence
ug, Wwe extract a subsequence ug, ., that converges to @ in C(Jp41, H'). Considering the
Cantor diagonal procedure, there exists a subsequence of positive numbers 7;, of 1, and a
correspondence subsequence u;, of u; which are solutions of (1.1) with » = n;, and such that
. — G in C’(J Hl) for all compact interval J. Then @ € C(R, H') and sup;eg ||@(¢)||m <

K1 Also, |]A2 ( N2 = ||d —2 ()|l < K, for all ¢ and for all n;,. Therefore,

1 duj,
dt

Sup(27bk||f42 =()llz2) =0

as jr — 00.
Zu.
It follows from Corollary 2.3 that ddt (t) € L*(J,H') and ddték € L*°(J,L?). Hence,

Wie () ¢ W1°°(J L?) s C#(J,I?) and the family {23 (t) € CHOLY + k2 1} i

bounded; that is || d

< K, k > 1. Therefore, the family —& O 7 t is equicontinuous in
C(J, L*) and consequently {—J—— k=1,2,3---} is relatively compact in C(J, L?). Thus,

du;, .
exists a subsequence of ddik’ that we continue denote to ;tk’ and exists ¥ € C(J, L?) such

that ddgk — ¥ in C(J, L?), for all compact J. Since gf is a closed operator and u;, — 4,
then Cé—?ti = 7 and sup,cg{||3(t)||z2} < K. But (&, ) is globally defined in Y°, it remains only

to show that (%,?) is a weak solution of (1.1) with = 0. Indeed, since (ux,vi) satisfy the
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integral equation:

(ug, vi) = € (uok, vor) +/0 eC(t_s)(O, f(ug(s)) — ZUA%vk(s))ds, (2.28)

(uok, vox) — (%(0),%(0)) in H* x L? and
1€ ((uok, vor) — (@(0),5(0)))llye < Me!||(uor, vor) — (@(0),5(0))[|yo
then ||e“t((uok,vor) — (%(0),8(0)))|lyo — 0 as k — oo uniformly to ¢ in compacts. Also
(0, f(uk(s))) — (0, f(@(s))) in C(R, H' x L?) uniformly to s in compacts. And, as we
observed before,
(275142 v; (s)]22) — O
as jp — 00, uniformly to s in compacts. Thus,

t
e (uok, vor) + / e?U(0, f(ux(s))) + (0, —2nA2uy(s))]ds
0
converges to

(a(0),0)) + [ €“-(0, F(a(s))ds

0
as k — oco. But

£ ok, v08) + / S0, f(ur(s))) + (0, —2Abvy(s))]ds = (ue, ve).

converges to (4, 7) as k — oco. Therefore,

(8,9) = €°4(a(0), 3(0)) + / eC=9((0, £ (a(s))))ds,

and it is a weak solution of (1.1) with n = 0.

To complete the proof, we now show that the statement implies the upper semicontinuity.
Indeed, suppose that the family of the attractors is not upper semicontinuity in 7 = 0, that
means there is ¢y > 0, a sequence of positive numbers 7, converging to 0 and a corresponding
sequence (Ugn, Von) With (uon, Von) € A, such that

dyo((Uon,Von), A) > €, Vn € N.

Considering u,(t) solution of (1.1) with initial condition (uon, von), we have (u,(t), %un(t))
€ A,, and there is no subsequence of (ugn,von) converging to some (#,7) € A. What
contradicts the Statement 1

3. LOWER SEMICONTINUITY OF THE ATTRACTORS

Considering the theorem proved by Hale in [5], we can see that the proof of lower semi-
continuity of attractors needs the verification of several hypotheses. Among them, there is
the hypothesis on the lower semicontinuity of the local unstable manifolds. We prove this
using the results obtained by Carvalho and Hines in [2].

Then, we begin by proving lower semicontinuity of the local unstable manifolds in the
equilibrium points.
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First of all, the equilibrium points from (1.1) are the same for all n > 0. Theses equilibrium
points are given by: ®, = (¢,0) where ¢ satisfy

¢"+ f(¢) =

Therefore, the family ®, = (¢, 0) are continuous in 7.

We denote the equilibrium points by ®; = (¢;,0). For each n > 0 and ®; let S}, and
Ujn be a local stable and unstable manifolds respectively, for the (1.1) linearized in ®;. Let
Pj, and Qj, be the associated spectral projections onto Uy, and Sj, respectively. Let W,
be the unstable manifold of ®; for the (1.1). There is a neighborhood Nj, of ®; and a
homeomorphism, o, : Nj, (\Ujn = Njn () Win.

Let the linearized equations in ®; be,

%m = [—OA —2(77A{/2+a)] m * [f’(gj)u] (L)

We need to prove that: given

) |0 I 0 0
Col®s) = [—A —2(nAV/? +a)] * [f’(¢>j) 0]
then there are o_ < 0 and o > 0 such that spectrum of C}(®;), o(C; (®;)) satisfy

N Nlo-r 0] =0

At first, if pn is a complex eigenvalue of C;(®;) then Re(un) < —a. In fact, if A is a
eigenvalue of C;(®) with associated eigenvector (u,v) € H* x H' then A and (u,v) satisfy:
Au(z) + 2adu(z) + 2nAA2 (z) + Au(z) + f/(¢(z))u(z) = 0. (3.2)

If A € C then by multiplying (3.2) for @ and integrating of 0 to 1 and by considering u
normalized in L?, we get:

1 %
R 2’/]/\”,/41/4’11“%2 + |ull3 + / f'(®)|u(z)|?dz = 0, (3.3)
0

Separating the imaginary part we obtain:
2Re(\)Im()) + 2alm () + 27Im(A)[|AY*ulj2. = 0
Since A € C, then
Re(\) = —n|AY*ul|7: —a < ~a.
Thus, it is enough to show the spectrum separation for all 7 > 0 only for real eigenvalues

of C,(¢) in a neighborhood of zero.
With this goal we prove the following result

Teorema 3.1. The eigenvalues of C;(®) converge to the eigenvalues of C'(®) as n — 0.

Proof: We prove that for any € > 0, exists 79 = mp(e) such that for n < 79 we have
K. C p(C;(®)), where K, = B\ U; Be(1;) € p;j € o(C'(®)).
In fact, we rewrite C; (@) as

C,(®) = C'(®) + By,



12 ALEXANDRE N. CARVALHO AND SIMONE M. BRUSCHI

0 0

where B, = [0 _onAV?

}. At first, we remark B, is C'(®)-relatively bounded due to

10 Pl ciz = 20142012 = 2ol < 21C' @[] s

And, for A € K. p(C'(®)),
[By(A = C'(2)) 7| < 2n||C"(2)(A = C"(2)) 7|
=2n[|A(A - C"(@)) 7 — Il < 2n(1+ |A(X = C") 7))
< 2n(1+ AR, C'(@)I) < 2n(1+ KM) < 1
where ||[R(\,C'(®)|| < M, |A| < K and n < ny = ﬂT-leM)
Therefore, A € p(C;(®)) and o(C;(®)) N Bx C U, Be(u;) for n < mo.
Lema 3.1. Let ® = (¢,0) be an equilibrium point of (1.1), for alln > 0. And g¢ : H* x L? —
H' x L? which is given by g%( [:j] W&} = gl [ﬂ) and

9(@ (r,8)) = [f?r)] - [f(qs(zm))} - [f’(qz?(x)) 8} [ - (x)] -

Then, the Lipschitz constant of g in B1 (®) converges to zero as n — co.

Proof: Let (u,v), (w,z) € H' x L? ﬂB% (®), then by the Mean Value Theorem we have:
llg°(u, v) —g°(w, 2 “H1><L2 = [|f(u) = f(w) = f'(¢)(u — w7
/ﬁf (u(z) - w(&) - (FE@)P(ule) - w(z)ds

_ALN() ta(u(z) — w(z)) - S G@)Pdalu - wl3,
< K(flu = wll3)llu — wllFs
where K (||u — wl|%:) goes to zero as |ju — w|| g1 goes to zero.

From the results in [3] we have the resolvent of C, compact then T(t) is a compact

semigroup and
1 Z5(s) (u, v)|| < Ke?||(u,v)]], s <0, (u,v) € Wy,
1T () (w, v)|| < Ke™P*||(u, v)]|, s >0, (u,v) € Ws

Thus, from Theorem 4.3 in [2] we have the following result

Proposicao 3.1. The distance between the flow and the unstable manifold is bounded by
Me™PY|Qjn(uo, vo) — 0jn(Pinuowe)|| and the Lipschtiz constant Ly, of oj, can be chosen
uniformly in 7.

We have the following result on the continuity of semigroups 7,,(t) on Ainn =10

Teorema 3.2. Foranye >0, 7 >0
i. There is no = no(e, ) such that

i) - 7|y <
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for all {Z] EAand0<t<T;

. There are a real number 0* = 6(e,7) > 0 and a ng > 0 such that
T3 (8) (, ) — To®)(w,0)lly < €

for 0 <t <7, (u,v) € A, (u,v), € Ay, ||(u,v) — (u,v),]ly <6* en < n.

Proof: i) We rewrite C,(u,v) + h(u,v),

erle] e (sp=e )+ Lo o] =€ o] rssp o),

where g( [:f]) = [_ 2170 A%v] e h( [Z]) = [ f?u)] Using Variation Constant Formula we have:

10 [2] = ot [2] + [ e oo [E]n+ o [ pas

0

and

1) [2] = o o] + [ ewmay ] nas

Thus, for 0 <t < 7, we have:

2] - T < e - aze pines

+ [ ee=g( 6)( 2 s o

Using e®* is a contraction semigroup, h : H! x L? — H' x L? Lipschitz in bounded and for
(u,v) € A, ||(u,v)|lyr <1 and Theorem (2.2), we obtain ||T7(s)( {Z] )ly1 < K for all s >0
and (u,v) € A then, by (3.4), we get

2 -z < [z [:]) - 7] ias + 2mpascs
Finally, by using Gronwall, we obtain

2] - 7]y < 2marrererse < sqpascrersr

ii) Using i) and [|T(¢)((u, v)y) — Ty(8)((w, )| < €"[|(w,v) — (u, v)yly we have
1T () (w, 0)g = T(@) (1w, 0)lly < X[I(w,v)y = (u,0)lly + 2nM KreME

Thus, we consider 6* such that e7||(u, v), — (u,v)|ly < & and 7o such that 2nM KreML™ <
for n < mg then

£
2

1T (8)(w, ) — T(6) (, )y < e
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Observacao 3.1. It follows from the convergence of the eigenvalues in n that:

i. If the equilibrium points of (1.1) for n =0 are hyperbolic then the equilibrium points of
(1.1) are also hyperbolic.

w. The projections Py, and Qj, are uniform bounded.

ii. From the results in [9], the equilibrium points of the parabolic problem u, = ugg + f(u)
are generically hyperbolic then, by using a perturbation arguments in f, we get that the
equilibrium points of (1.1), which are in finite number, are also generically hyperbolic.

Using remarks i. and ii. and Proposition(3.1), by theorem 2.1 in [2], we get that the local
unstable manifolds are lower semicontinuity.

The lower semicontinuity of local unstable manifolds together with continuity of 7, (¢) for
n > 0 and the fact of T,,(¢) is a gradient system, we get the main result.

Teorema 3.3. The family of the global attractors, A,, of (1.1) is lower semicontinuous in
n—= 0, Ao = A.
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