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Resumo

Neste artigo estudamos a existéncia de padroes para problemas para-
bélicos com condigdo de fronteira nao linear em dominios pequenos,
conectados por canais finos. Analisamos a convergéncia de auto-valores
e auto-vetores do operador de Laplace em nesses dominios e usamos
esta informagao para mostrar que a dinamica assintética da equagao do
calor nesses dominios é equivalente a dinamica assintética de um sis-
tema de duas equagoes diferenciais ordindrias (fracamente) acopladas
por difusdo. A principal ferramenta empregada é a Teoria de Var-
iedades Invariantes.



PATTERNS IN PARABOLIC PROBLEMS WITH NONLINEAR
BOUNDARY CONDITIONS

ALEXANDRE N. CARVALHO* AND GERMAN LOZADA-CRUZ?

ABSTRACT. In this paper we study the existence patterns in parabolic problems with non-
linear boundary conditions on small domains connected by thins channels. We Study the
convergence of eigenvalues and eigenfunctions of the Laplace operator in such domains.
This information is used to show that the asymptotic dynamics of the heat equation in this
domain is equivalent to the asymptotic dynamics of a system of two differential equations
diffusively (weakly) coupled. The main tool employed here is the Invariant Manifold Theory.

1. INTRODUCTION

Our aim is to show the existence of patterns for the following problem

=3IA in
;Ltau e Au+ f(u) in Q. 1)
3 on = g(u) on 09,

where Q. = QU R, (see Figure 1), Q = QL UQE with QF, QFf c RY domains, R, is a channel
that connects QF and QF, /\‘5—5 is the diffusion coefficient, f and g are nonlinear functions that
satisfy certain dissipativeness properties and A5 is the second eigenvalue for the problem

{—Au = Au in £,

1.2
e =0 on .. ~ (L2)

H. Matano [10] in 1979 shows an important result on existence of patterns for reaction-
diffusion problems with homogeneous Neumann boundary conditions
{ut =Au+k f(u) in D

(1.3)

g—z =0 on 0D,

where D is a nonconvex domain. In this direction other results were obtained later by the
others authors like J. K. Hale and J. Vegas [7], S. Jimbo [9], etc.

N. Consul and J. Sola-Morales [6] in 1995 extended Matano’s results proving the exis-
tence of stable nonconstant stable equilibria for diffusion equations with nonlinear boundary
conditions

(1.4)

% =k f(u) on 0D,

{ut =Au inD
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FIGURE 1. Domain €,

The problem (1.4) is also a model of reaction-diffusion like the problem (1.3), but the reaction
happens only in the boundary of the domain, for example the presence of solid catalyzer.

Denoting by A, k = 1,2, ... the eigenvalues of (1.2), the first eigenvalue A{ = 0, the second
eigenvalue \§ go to zero when ¢ — 0 and third eigenvalue is bounded away from zero for €
sufficient small. Thus we conclude that the first eigenvalue p§ of

k) .

{;\Efu = . in £, (L5)
X;‘ﬁ = 0 on 0
is zero, the second eigenvalue p§ =6 and pup — +ocoase — 0,k €N, k > 3.

With this we intuitively guess that the system (1.1) should approach a system of two
couple ordinary differential equations.

We show that if f and g satisfy f(u)u < 0, g(u)(u) < O when |u| is large then, the
problem (1.1) has a stable nonconstant equilibrium for e and ¢ sufficient small. This will be
shown using invariant manifold theorem.

This paper is organized as follows. In section 2 we study the eigenvalue problem (1.2),
showing the convergence of eigenvalues and eigenfunctions. In section 3 we present prob-
lem (1.1) and determine the system couple of ordinary differential equations that approach
(1.1). Also, we show that the dynamics of this system is equivalent to dynamics of the
system (1.1), here we use invariant manifold theorem and the results of the section 2. In
section 4 we present the patterns for specific functions f and g with ¢ sufficient small.

2. EIGENVALUE PROBLEM

There are several works where eigenvalue problems for the Laplacian on varying domains
are studied, for example: [1, 3, 7, 9, 11] etc.
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Consider QF and QF domains in RY, N > 2 with QLNQE = 0. Put R, = {(ez, €M) :
(z,y) € R} C R x RY"! where n > 0, R, is a channel that connects QF and QF. Let
Qe = QF U R U QF (see Figure 1) where 0 < € < ¢ with ¢ > 0. Denote Q = Qf U Qf.

Consider the eigenvalue problem (1.2).

Teorema 2.1. (Convergence of Eigenvalues)
(2) A{ — 0, whene—0

(i7) A5 — 0, whene—0

(i43) 0 is not accumulation point of {A\§:0 < € < €}.
Proof.

(i) It is easy see that
Al = Ai=0
W = 19072, of =72

(i) Now, we study the second eigenvalue A5 of (1.2). Here we use the idea of Carvalho

and Pereira in [2]. First we exhibit a test function ¢ € H' () N C(Q) that only

depend of z,
c§ in Q&
@ = < linear in R, (2.1)
cs in QF,

where ¢, ¢§ are solutions of

{ Ja. 7= |0 (2.2)

lefllz@y = 1.
The system (2.2) is equivalent to the following system

51081+ Iy, o+ 5I0F] =0 -
()?196] + S (9)? + (c5)*12%] = 1. | '

Observe that [, ¢ — 0 when e — 0, also Jr.(¥)? — 0 when € — 0. Since |Qg]
and |Qf| are real nonnegative real numbers, the second equation of (2.3) follow that
¢§ and c§ are bounded in R. Thus, there is a subsequence, denoted by ¢§ and c§, that
converges for ¢ and cJ respectively. The first equation of (2.3) we see that cj and c5
have opposite sign, for uniqueness of the limit we consider ci with negative signal.
Thus we have that the system (2.3) has a limit system given by

{c‘flﬂél + 3|08 =0

(2.4
()24 + (D)5 = 1. )

Solving (2.4) we have

o o8 . [%
o=\ T T\ g (2:5)
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where |Q| = |QF| + |QF|. With this we have the following function

§ @ 0l
o J&, in ‘
i {cg, in QF. ' (2:6)

Obviously
/Q‘Pg =0 and ||}]|2(@) = 1.

In fact ¢ is the eigenfunction associated to AJ.
Now by the min-max principle we have

Ay < /IWQI2 /IWQI2
C
< ___1
< (0 )/RC

£ Gl (2.7)

where Cp = &I?—R—ll, M = max{C},Cy} with C;, C; upper bounds for ¢ and c§
respectively.
From (2.7) follows that \§ — 0 where € — 0 for n > 5

(441) Now, let A§ the third eigenvalue of (1.2) and 5 an associated normalized eigenfunc-
tion. The eigenfunction ¢§ satisfy

ch p5=0
Jo, P35 =0 (2.8)
le5llz2() = 1,
where ¢§ is an eigenfunction associated to A3.
Now we show that 0 is not accumulation point of {\§: 0 < € < €}, that is

liminf A§ > 0. (2.9)

e—0

In fact, suppose that (2.9) is not satisfy, thus there is a sequence {¢;}52; with ¢; — 0

as j — oo such that
lim A\ =0,

J o0

then
f vt < | 1w =3 = 5
The last inequality follows that

/ |Vig|> — 0, when € — 0. (2.10)
QG

By the same reasoning

/ |Vig|? — 0, when e — 0. (2.11)
of
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From (2.10) and (2.11) it follows that

0oL
0 — {2 12 ggz | (2.12)
where ¢; and ¢, satisfy the follow system
alOf +clQF] =0
ad|Q8| +cedIQf =0 (2.13)

(e)?15] + (e2)?I9§] =1.
But the system is incompatible, e.g., do not exist ¢, ¢y that satisfy (2.13). Thus we
have a contradiction. Therefore (2.9) is valid. @

Teorema 2.2. (Convergence of Eigenfunctions)
(1) @5 — @2 in H*(Q) whene — 0, k> 1
(i1) @5 — 3 in L*(Q) when e — 0
(431) 0§ — @ in H(Q), H*(Q) when ¢ — 0
Proof.
(z) Observe that ¢ = Iﬂ—ell_{ and @l = |91|% are the corresponding eigenfunctions of
Af == X =0,
It is clear that ¢§ — ¢? in H*(Q) for all integer k > 0.
(i1) Let \§ be the second eigenvalue of (1.2) and 5 a corresponding normalized eigen-
function. The eigenfunction ¢ satisfy the following conditions

{fﬂe i€ - (2.14)

15l 2 = 1.

= }/ResOS S/Re|s0§|
(/m |w312>%</m 12)}

‘1‘ €
< (RDHIeSN a0 (2.15)

oo

From (2.14)

‘/w%
Q

IA

From (2.15) it follows that

/go%—»Oe/cpg%Owhene—»O. (2.16)
Q e

Also we have that

|o5|*> — 0 when € — 0. (2.17)
Re
Using (2.17) in the second equation of (2.14) follow that

/ |08 — 1 when € — 0. (2.18)
Q
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Now we show that

/ @505 — 1, when € — 0. (2.19)
Q .
In fact, we know that
[1vese < [ 1ves =5 (2.20)
Q Qe
Thus we have
/ |Vp5|?> — 0 when € — 0. (2.21)
Q
Therefore
V5 — 0, when € — 0. (2.22)

Since H'(R) is compactly embedded in L*(£2), ¢ has a convergent subsequence, that
we write again ¢§, such that this subsequence converges for . Thus we have

05 — o, strongly in L%(Q) (2.23
Vs — 0, strongly in L?(Q). 23)
Since V is a closed operator we have that
p € HY(Q)
2.
{Vc,o = (2.24)
From (2.24) and the uniqueness of limit follow that
0 €1, in Qé’
= = 2.25
L & {cz, in. 5, (2.25)
where c¢; and ¢, satisfy
()?198] + (2?15 = 1. ‘

From (2.26) it follows that

|92
IQLI Q

08
[

and ¢y =

Returning to (2.19) we have

/cp%sog = /
Q Q

= / clc(l)—i—/ cacy, when € — 0.
ok

P3Py +/ 0503

ot
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The first equation of (2.26) we see that ¢; and ¢, have opposite signs. We consider c;
with negative sign and c; with positive sign. In this case ¢; = ¢ and ¢, = ¢. Thus
we have

/ 0508 — (?10F] + ())*|QF| = 1, when € — 0.
Q

If ¢; > 0 and ¢y < O the constants ¢ and ¢} have the same signs. Also the last
equation is valid. Therefore (2.19) is proved.
Now we show ¢§ — 3, when ¢ — 0. In fact,

o5 — By = 95220 + 103 2aq — 2 / 5
0

< Ngslzey +1 -2 /Q P50

< 2- 2/{)@5908- (2.27)
Using (2.19) and (2.27) it follows that
s — ©ollz2@) — 0, when e — 0. (2.28)
(4i7) From (2.28) and (2.21) we conclude that
llos — @31y — 0, when e — 0. (2.29)
Consider the norm
lull 20y = [Aull 2@y + lullz2 ey, u € H*(Q), (2.30)
that is equivalent to the norm in H%(Q). Since Ayp§ = A§p§ it follows that
Ap3llz2(0) = A508llz20) < A3 — 0 when € — 0. (2.31)
From (2.31) and (2.18) there exists a constant C' such that
05l g2y < C < oo \ (2.32)

Since the embedding H%(Q) — H'(Q) is compact, ¢§ has a subsequence we denoted
again by 5, such that it is converge for ¢ in H'(£2). We also know that the embedding
HY(Q) — L%(Q) is compact and since this limit is unique it follows that ¢ = 5.
Thus we have that 5 — ¢9 in H%(Q) in the norm given by (2.30) when ¢ — 0. M

3. REACTION-DIFFUSION PROBLEM

In this section we consider the reaction-diffusion problem (1.1) with Q. = Q U R, where
R, is given in the section 2.

Without loss generality we will suppose that || = 1.

By theorems 2.1 and 2.2, we intuitively guess that the system (1.1) can be approximated
by a system of two coupled ordinary differential equations.

Now we determine the limit system for the problem (1.1). This can be seen in Carvalho
and Cuminato [5] and Carvalho [4].
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First we need understand the eigenvalue problem (1.5).

Denote by pf < w5 < p§ < ... the eigenvalues of problem (1.5) arranged in increas-
ing order, counting multiplicity and ¢f, ¢, 5, .... a sequence of orthonormal eigenfunctions
corresponding to the sequence of eigenvalues. Then we have

Proposigao 3.1.

pr =0, ¢i—1, whene—0

py =96, o5 — 0 when e — 0. (3.1)
Moreover p§ — +oo when € — 0.
Proof. The proof is an immediate consequence of uj = ;\‘%)\;, k = 1,2,..., where \; are
eigenvalues of (1.2). [ |

Now we consider the following decomposition of u
u = u1] + U +w,

where w e V+, V = span[pf, ©5],

U = /wpi, (3.2)
Qe

uy = /usoé, (3.3)
Qe

W o= uU— Up] — Ugyps. (3.4)

This decomposition induces, in the problem (1.1), the following decomposition

m=:AfM%+LQWMﬁ

o = b+ [ flues / o(u) | (3.5)

o)
w o= ;Aerf /f u)p§ /Eg(U)wi]wi

-] s+ [ sl

0 Ow
= g(uap] + uaps +w).

\s On
Since the third eigenvalue p§ goes to infinity when ¢ — 0, we guess that w is not important
in the asymptotic behavior (1.1) and we have

i~ fo, Flurf +usps) et + fon, 9(met + uapt)et (36)
Uy ~ —O0Uy + fQE fur9§ + uaph)ws + faﬂs g(urps + u2p§) 5.
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Using the convergence of eigenvalues and eigenfunctions we have that limit system should
be

Uy = Jo fur +u2d) + [50 9(u1 + upph) (3.7)
dy = —0ug + [o f(ur + u208)0d + [50 9(ur + ugd)). '
which is equivalent to
U = Q| f(u1 + Qua) + |QF| f (w1 + Sus)
+109Fun + cuz) + |902Flg (e + o) s

Uy = —bug + || F(ur + SQua) + Q8|3 f (w1 + Suy)
+|09§12g(ur + Qua) + |0QF|Sg(ur + Sus),

where
(75! 19541
4= -l 4= ok

The variables u; and us may not be the best choice of variables to study this problem. A
better choice is probably a set of variables that reflected the average over Qf and QF. To
relate u; and us with these averages we consider

w = (o)™ [

u(z)dz and vy = (IQ?D—I/ u(z)dz

o off
thus,
u = || + |QF
1 1% | ; IRolW (3.9)
U2 = _(|Qo 1192 |) ?(v1 — v2)
and
v = ug + Qus
{v ~ i (3.10)
o= U + Coua.
With the variables (3.10) the system (3.8) becomes
. ) L
o = =0QF (v — v2) + flur) + lﬁ%‘%g(vl) (3.11)

vy = 6|Q&| (v — ve) + f(va) + '—la%?g(vz)‘

Now our aim is to show that the dynamics of (1.1) can be described by the dynamics of
(3.11), for this we employ the Invariant Manifold Theory.

INVARIANT MANIFOLDS

Let X and Y be Banach spaces and —A : D(A) C X — X be a sectorial operator such that
Re o(—A) > 0. Let {T'(t) : t > 0} be an analytic of semigroup of bounded linear operators
generated by A and denote by (—A)* the « fractional power of —A and X* := D((—-A)%)
be a Banach space endowed with the graphic norm (see [8]).
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Definicao 3.1. Let F: X*xY — X, G: X*xY — Y be locally Lipschitz continuous
functions and B € L(Y). A set S C X* XY 1s an invariant manifold for the differential
equation

. 3.12
y = By+G(z,y), (3.12)
if there exists 0 : Y — X such that S = {(z,y) € X*xY : 2z =0o(y)} and for any (zo, yo) €
S, there exzists a solution (z(-),y(-)) of (3.12) on R such that (z(t),y(t)) € S, Vt € R. An
invariant manifold S is said to be exponentially attracting if there are positive constants -y
and K such that

{55 — Az + F(z,v)

l2(t) — o(y(®))llx> < Ke™|lzo = o (yo)llxe,
whenever (z(t),y(t)) is a solution of (3.12).

Observe that the system (3.7) can be rewritten as follows

1 = G§(ug, uz,w)
’llg :—5UQ+G§(U1,UQ,UJ) (313)
w = Aw+ F(u,us,w),
where
A = iA
A5
B(UI,UQ)T = O 5U2
Guunw) = [ i+ [ ol
00
Gi(ul,uz,w) = /f / 9”)992 (3-14)
Ele
Fe(ulvu%w) o= GO(U‘I’UQ’ )Wl_Gi(ulﬁu%w)wg'

Putting y = (u1, uz) we have
. 3.15
y = By+Geyw), (3.15)

where G.(y,w) = (G§(u1, u2,w), G5 (u1, ug,w)). Let € > 0 be a positive parameter and X, be
a Banach space and —A. : D(A) C X — X, be a sectorial operator. Denote by (—Ae)®, the
a fractional powers of —A, and X& := D((—A¢)*), the associated fractional power spaces.

{u‘) = Aw + F.(y,w),

Lema 3.1. (Gronwall’s Inequality) Let ¥, a, 8 : [a,b] — R™ be continuous functions
with B(t) integrable, L > 0 a constant. Assume that

V() < aft +L/ﬁ s)ds, a <t <b. (3.16)
Then,

Y(t) < aflt +L/ﬁ (s)ele LB gg. (3.17)
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Furthermore, if o 1s decreasing

Y(t) < a(b)elt P _ /b eli LAWduG () ds < at)eld LA, (3.18)
In particular if 5(t) = 1 we have that t
W(t) < aft) + L / ba(s)eL(s_t)ds (3.19)
and if in addition o is decreasing we have thctlt
¥(t) < a(b)elt — /b el (s)ds < a(t)elt?. (3.20)
t
Proof. Put R(t ft s)ds, differentiate and use (3.16). &

Teorema 3.1. Let X, and Y be a Banach spaces, A. be a sectorial operator on X.. Assume
that F.: X* XY — X and G, : X& xY — Y are functions satisfying
(1) [|1Fe(z,y) = Fe(z,w)llx. < Le(llz = 2llxe + ly — wly),
(2) |Fe(z, y)llx. < Nr,
(3) [|Ge(=,y) = Ge(z, W)y < Le(llz — 2llxe + lly — wlly),
(4) [|Ge (fU Yy < Neg,
for each (z,y), (z,w) in X* x Y. Assume also that
(5) lle™A<wl|xe < Me P |lw|xa, t >0,
(6) lle~tw||xe < Mt POt||w||x,, t > 0, for any w € X& where B(e) — co when e —
0.
and that B € L(Y). Consider the weakly couple system

T = Az + F(z,y),
; 3.21
{y = By + Ge(z, ). e

Then, for small enough €, there is an exponentially attracting invariant manifold
Se={(z,y) 1z =0dy),y €Y}
for (3.21), where o : Y — X2 satisfies
s(€) = sup [loc(y)l| xe
yeY

loe(y) — oe(2)llx= < Uy — 2llv,
with s(e), 1(€) — when € — 0. If F,, G¢ are smooth; then o is smooth and its derivative

Do, satisfy

sup [| Doe(y) || pevxe) < Ue).
yey

Corolério 3.1. Let f,g : R — R are functions global Lipschitz, bounded with bounded
derivative. Assume that
f(w) g(u)

limsup —= <0 and limsup —= < 0.
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Then, there exists a exponentially attracting invariant manifold
S = {(u1, ug,w) : w = 0(u1, ua), (u1,up) € R?*}
for (3.5). The flow on S is given by u(t, ) = u1¢§(x) + ugp§(z) + oe(u, ug), where (uy, us)

18 the solution of

{in = G§(uy,uz, o(uy, uz)) (3.22)

Uy = —0ug + G{(u1, uz, o(uy, ug)).
Furthermore, o — 0 in C1(V, V1), as € — 0, where V = span [0S, ©5).
Proof. First let us define

M, = sup f(z), L1 =sup f'(z),

zeR zeR
M, = supg(z), Ly =supg'(z).
z€R z€R

We will show that G§ and GY are globally Lipschitz continuous bounded functions with
bounded derivative. In fact, if a = uy¢§ + u2p5 + w then,

1G5 (u, )] = | / Fla)es + /6 g(@)ei] < / (@) 1] + / 19(@)] I

o0,
< ol + M5 [ Il < Ma(j? AL
Y 29, 1|2

< M,

where M{9 = M, |Q. |z + M, '8911 , Qe = 1+ €Y Ry| < 11, my = max|p;|, me = max |ps)
and 09| < |09 + |OR| < |3Q| +e+ €Mt <1y, Also,

G (s sl = | / f(a)g + /a NOPARS / F@)] 1051 + /6 19(@)] I3

< M / 5] + M, / 10| < Myms|Qu] + My sl
Q. a0

< Mymyly + Mymgly = M9

To obtain the global Lipschitz continuity, let y1 = (u1, u2), Y2 = (v1,v2), & = WP +uzP5+wn,
b = 019§ + V2§ + wo, then we have

Golan) = Golamwl = | | 1fa) = F(ENg; + /8 [9(a) — g}
< /|f "“””*/m l9(a) - g(B)] |4
< / ()] la — b lwi|+/m 16/ (72)] o — b 15|
<

Ll/ o — b mlm/ ja - b] 5],
Qe o0

€



71,72 € [a,b]. Hence

Go(yr,w1) =

IN

IA

<
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C8 (g, wa)| < L[ et — vl / 652 + s — va] / 6] 1
T / e — 5] - s ] / 2
Qe Qe
+ug= vl [ il e+ [ =l ol ]
0 00

Li[ |l — nillge + llwr — w22y | + L2 Co(1Q2])ur — vy
+C1(192)uz — vl + Co(I) € 7" llwr — wallzn(a,) ]

Li[ Iy = nillr + lwr — wellz2e.) |

+La[Ca(1Q)lly1 — vallze + C2(1Q0) € 2" lwy — wallma,) ]
Ls(19) 191 — vallze + La(JQ)e T i — wallzn ey,

where L(|Q]) = Li+L2C3(|2), C3(12]) = max{Co(|2), C1(120)}, La(I2]) = L1+ L2Co(|02)).

|G1(y1, wi) — Gi(yg,wg)l =

[F(a) — FO)ls+ / l9(a) — 9(®))5|

|
Qe 00

< [ 15@ - Ol el + [ lot@) - 9O les)
Qe 00

< / 7] la — B[] + / 19'(72)] & — 8] |es5]
Qe 00
< LI/ la — b] || +L2/ la = b |g5].
e 00
and
1GS(y1,01) — G(yz,wa)| < Ln[lus — v + us — 0| + [lwr — wallz20n)]

IN +

IN +

L[ |ur = va] + Co(JQ)e 7 [ug — va] + Ca(|2)e " |wr — wallmn(a.)]
L[ ly1 — nllre + llwr — wallm o)

Lo[ Jur — w1 + Ca(|19)|uz — va| + C5(1Qe " [lwr — wallma,)]
Ls(12) 1 = allze + Lo(I12)e = llwn — wall ),

where L5(|Ql) = L1 + CG(IQDLQ, 05 = max{l, C4(|Q|)}, LG(IQI) = L1 + C5(|QDL2 Thus

HGe(wlayl)“Ge(w%y?)”Rz = ||(G6(w1,y1) - GS(W,yz): Gi(wlayl) - Gi(wz)?ﬂ))HR?
= |G§(wr, 1) — Gy(wz, y2)| + |G (w1, y1) — G5 (w2, y2)|



14 ALEXANDRE N. CARVALHO AND GERMAN LOZADA-CRUZ

and

”Gf(wl,yl)_Ge(w27y2)||R2
< Ly(|19)) Il — vallre + La(1) € 7 [lwr — wallmay
1=
+ Ls (1) lv1 — vallze + Le(1Q) € 7 llon — wallana
< L(1Q)) 1 — vallez + Le(IQ)e T flwr — wallnqa,
1 1
1on (N2 /6?2
< 12000 I = el + Za(i2)e'5* (2)” () 1961 - )l
2

Lg(|€2]) 1= 1
< 12190) lon = el + 2 €5 (05) o —

3 )
X (9)

where L7 = L3(|Q|) + L3(|Q]), Ls = La(|2]) + Le(|©2]). Using (2.7) we see that the expression
= (/\5)% is bounded uniformly for € in a neighborhood of zero; that is,

e (Ag)% <Coy e—0

Gl = (G ), ~ua + G 9)) e = 1G5 9} +1G5 w0
< M{9+ M{? = Ng.
Also
a / € / €
G we)| S [ @GP+ [ 1) et
U1 Qe Qe

< Ly + Lom?|0Q| < Ly + Lamil,

l——G’g(ul, Usg, w)]

8u2

IN

l/wmnmuw+/ 19(8) 15 1
Qe O
Ll + L2 m1m2|8ﬂe| S Ll + L2m1m2l2

IA

Gh(u,uzy )| < mwum+/ 16/(0) 1]
Qe

€

< Ll/ |<ﬂi|+L2/ |5 |
Qe 00

08,
Ly} + Lo 2

1 -

2|2

5w

IN
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Similarly

0
I'éu—lGi(Ul,UQ,w)l < L1+L2mfl2
0
]—G’i(ul,ug,w)| < L1+L2m§l2
8’&2

0
’%Gg(ul,uz,wﬂ S lelll'f-Lgmllg.

Now for the function F, we have

1
d
|Fe(wr, y1) — Fe(ws, v2)||x. = H/O d—SFe((wl,?Jl)S + (w2, ¥2)(1 = 8))ds]| L2(q,)- (3.23)

Now

d

_Fe((whyl)s + (w2,y2)(1 - S)) —

7 f((w1,11)s + (w2, 42)(1 — 8))

w1, Y1)s + (wa, y2) (1 — 8))eps
w1, Y1)8 + (w2, ¥2)(1 — 8))¢1 ]
[(w1,91) — (w2, ¥2)]

*) [(w1,91) — (w2, y2)]}

(%) [(wr,91) — (w2, y2)]p5-

—~~ ~~
N

|
) Q&]Q

on oan O

I
k’i
—

*
~—

—

QR
M N
\/\\

)

Replacing this last expression in (3.23) we have

[Fe(wi,v1) = Felwzs42) llx. S/O 1£°Ce) [(w1, 1) = (w2, v2)]

Go)'(*) [(wr,91) — (w2, y2)]
(G1)' (%) [(wr,91) — (w2,y2)]¢§|lL2(nE)
|7 ()] (w1, 91) — (w2, ¥2)ll z2(a0)
[(GO) ()] Il(wr, 41) — (w2, y2)llz2(0)
[(GD | (w1, y1) — (w2, ¥2) [l 220
L[ lwr — wall 20 + v — v2llr2 ]
L[ |lwr = wallz2(.) + llvn — y2lle2 |

+ + A+ + A

L[ |lw1 — wallr2(0n + llv1 — vallr2 ]

and therefore

| Fe(wi,v1) — Fe(wa, 12)llx. < f,||y1 — Ya||lr2 + f,||w1 . w2||H1(Q€)
< Ll = pellge + L||Vwr = Vws| 12,
- ~ AS.1 , 0 1
< Llg —welles + L (F)% (5% IVer = Vwnllzaay
2
. L o
< Ly — yollre + 3 (A3)7 [Jwr = w2”x§(95)
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where L = Ly + L+ L, L = max(GgY, A max(G§)’. Note that, for n > <15, (2.7) implies

n(N-1)—1

L( ;)% < LCye™ 2 — — 0, quando € — 0.

Finally, we have that

|F€(u1’u27w)| < |f()| + lGB(’LLl,Ug,wN |(10§| A IGi(ul?u%w” |90§|
< M;+ le’gml + ]V[éf’gmg = M(f’g).

2 2 2 2
| F(u1, ug,w))? < M(f,g>/Q < M7 .|| < M7l

Qe
and ||F(uy, us,w)|| 20, < Nr, where Np = M;,0v/15.
With this we see that F;, and G, satisfy the hipotheses of Theorem 3.1. T

Teorema 3.2. Assume that the system (3.11) is structurally stable. Then, for small enough
€, the flow on the invariant manifold given by (3.22) is topologically equivalent to the flow
(3.11).

Proof. For each € enough small the flow in the two-dimensional subspace V' given by v(¢, z) =
u1p? + ugp), where (uq,us) is solution of

{’dl = Gg(u1,U2,Ue(U17u2))

3.24
Uy = —Oug + G%(uq, ug, oc(ug, uz)). (524

Since the application v — u = v+0,(v) is a conjugation between orbits of this flow (3.24) and
the orbits of (3.22), we only have to prove that the system (3.24) is topologically conjugate
to (3.11). We see that what remains to be proved is that the vector fields

Xe(uy,ug) = (Xo(e), X1(¢€)) and
XO(ul)UQ) — (XO(O)aXl(O))’

where
Xo(e) = fu1s + uah + o (u1, uz))es
Qe
+ [ gl + v + ol w2}
00
W)= g / Flnacs - tnes ol it
Q.

+ / 9w + Uzl + 0 (1, ua)) S
00

Xo(0) = [ fln+ued)+ [ gl )
. 0.
X1(0) = —dus+ f(u1+’u2€03)<ﬂ3+/ g(u1 + uspd)
Q. 0,

are C! closed. This follows easily from the fact that o approaches 0 in the C' topology and
the asymptotic properties of the eigenvalues and eigenfunctions of ,\%A ase— 0. I#
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P, P,
u
. P,
1
P ‘ P,
P3

FIGURE 2. Approximate Phase Portrait: § << 1, g(u) =u—1u?, f=0

4. PATTERNS

In this section we to return to the system (3.11). Now we want obtain the patterns
for (1.1). For this purpose we consider § sufficiently small, g(u) = v — u® and f(u) = 0.
Thus the system (3.11) have nine equilibrium points (see Figure 2). ‘

P = (0,0), B=(0,1), P;=(0,-1),
P4 = (170)1 P5=(1)1)) Pﬁz(la_l)a
P, = (-1,0), Bs=(-1,1), Po=(-1,-1).
All theses equilibrium points are hyperbolic. The equilibrium P, Fs, FPs, Py are stable.
We have seen that the dynamics of (3.11) is equivalent to dynamics of (1.1), the equilibrium
points of the form P = (v, v2) with vy # vy correspond to stable nonconstant equilibrium

(patterns) for (1.1). Thus we have two patterns for the system (1.1). Observe that the
equilibrium stable in the form P = (v, v2) with v; = v, not correspond to patterns for (1.1).
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