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Resumo

Neste artigo estudamos a existéncia de solugoes fracas em intervalos compactos
para uma equagao integrodiferencial do tipo neutro com retardamento nao limitado
modelada na forma —éit(a;(t) + G(t,x1)) = Az(t) + F(t, 1, fot h(t,s,zs)ds), onde A é
o gerador de um semigrupo fortemente continuo de operadores lineares num espago
de Banach X e F, G, h sdo funcGes apropriadas.



Existence Results for Partial Neutral Functional
Integrodifferential Equations with Unbounded Delay.

Eduardo Herndndez M.

Abstract

We prove the existence of mild solutions for a partial neutral integrodifferential
equation with unbounded delay using the Leray Schauder Alternative. The ideas
and techniques in this paper permit deduce a new and correct version of the ex-
istence result given recently by Balachandran in [1] for the case of partial neutral
integrodifferential equations with finite delay.

Keywords: Functional differential equations, semigroup of bounded linear operators,
fractional powers of closed operators.

1 Introduction

The purpose of this paper is to prove the existence of mild solutions for a class of
partial neutral integrodifferential equations with unbounded described in the form

%(x(t)+G(t,xt)) _ A:c(t)+F(t,ast,/:h(t,s,3:s)ds), L€ [0,T],

(1)

Lo = ‘PEBa

where A is the infinitesimal generator of an analytic semigroup of bounded linear operators
(T'(t))¢>0 on a Banach space X, the history z; : (—00,0] = X, z:(0) = z(t + 6), belongs
to some abstract phase space 3 defined axiomatically, 0 < o < Tand G: [0, T|xB = X,
F:lo,T]xBxX — X and h: [0,T) x [0,T) x B — X are appropriate functions.

Recently Balachandran [1, 2] studied the existence of mild solutions for a neutral
integrodifferential equations with finite delay modeled in the form

%(w(t)—I-G(t,xt)) _ Aa:(t)+F(t,:ct,/0th(t,s,ms)ds), te[0,7),

(2)
z, = @€ C(-n0]:X),

where A is the infinitesimal generator of a compact semigroup of bounded linear operator
on X and z; € C([-r,0] : X). In the paper [1], Balachandran proved the existence of



global solutions for the neutral problem (2) using the Leray Schauder Alternative and
considered some examples and applications. Lamentably the proof of the Balachandran
existence result, see Theorem 3.1 in [1], is in error. In fact, the author showed the existence
of solution assuming that the operator family AT(-) is bounded in the uniform operator
topology on (0, 7] which implies that A is bounded!, in opposition with the central idea
of the paper and of the considered example. '

In this work we prove the existence of mild solution for the neutral integrodifferential
problem (1) using the Leray Schauder Alternative. Our principals assumptions are that
(T (t)(—A)PG (o, T] x B, (i, B)) = 0 and that (T (t)F (o, T] x B,(p, B)) = 0 for every
t € (0,a], where af(-) is the Kuratowski’s measure of noncompactness in X. We remark
that the existence of mild solutions for the problem studied by Balachandran can be
obtained using the ideas and techniques in the proof of the main result of this work, see
Theorem (2).

Neutral differential equations arises in many areas of applied mathematics and such
equations have received much attention in recent years. A good guide to the literature
for neutral functional differential equations, is the the Hale book [5] and the references
therein. The works in partial neutral functional differential equations with delay, in what
follows ANFDE, was initiated by Herndndez & Henriquez in [6, 7]. In the cited papers
Hernandez & Henriquez proved the existence of mild, strong and periodic solutions for a
ANFDE modeled in the form
%(az(t) +G(t, ;) = Ax(t)+ F(t,z), t2a;

(3)

Ty — (,OEB,

where A is the infinitesimal generator of an analytic semigroup of linear operators on X
and B is a phase space defined axiomatically. In general, the results was obtained using
the semigroup theory and the Sadovskii fixed point theorem ( see [14]). Another related
papers are Herndndez [9] and Henriquez 8] respect to classical and periodical solutions.

Throughout this paper, X will be a Banach space provided with norm || - || and
A: D(A) = X will be the infinitesimal generator of an analytic semigroup T = (T'(t)):>0
of bounded linear operators on X. For the theory of strongly continuous semigroup, refer
to Pazy [13]. We will point out here some notations and properties that will be used in
this work. It is well know that there exist constants M and w € IR such that

| T() |< Me™, t>0.

If T is a uniformly bounded and analytic semigroup such that 0 € p(A), then it is possible
to define the fractional power (—A)*, for 0 < a < 1, as a closed linear operator on its
domain D(—A)®. Furthermore, the subspace D(—A) is dense in X, and the expression

2 lla=ll (=A)* ||

defines a norm in D(—A)*. If X, represents the space D(—A)® endowed with the norm
| - |la, then the following properties are well known ( [13], pp. 74 ):

Lemma 1 If the previous conditions hold:

[\]



1. Let 0 < o < 1. Then X, is a Banach space.
2. If 0 < B < a then X, — Xp 1s continuous.

3. For every 0 < o < 1 there ezists Co > 0 such that
a Ca
| (AT <22, 0<t<T

4. For every 0 < a <1 there exists a positive constant C!, such that

| (T(t) = I)(=A)™ ||< Cqt®, 0<t<T.

In this work we will employ an axiomatic definition of the phase space B introduced
by Hale and Kato [4]. To establish the axioms of the space B we follows the terminology
used in Hino-Murakami-Naito [11], and thus, B will be a linear space of functions mapping
(—00,0] into X, endowed with a seminorm | - |ls. We will assume that B satisfies the
following axioms:

(A) If z : (—00,0 +a) = X, a > 0, is continuous on [0,0 + a) and z, € B, then for
every t € [0,0 + a) the following conditions hold:

i) z; is in B.
i) | e@t) 1< H || 2 ls.
iit) || o ||< K (¢ — o) sup{[| z(s) - 0 < s <t} + M(t = 0) || o s

where H > 0 is a constant; K, M : [0,00) — [0,00), K is continuous, M is locally
bounded and H, K, M are independent of z(-).

(A1) For the function z(-) in (A), 7, is a B-valued continuous function on (0,0 + a).

(B) The space B is complete.

The paper is organized as follows. In section 2, we define the different concepts used
in this work and discuss the existence of global solutions for the initial value problem
(1). Our results are based on the properties of analytic semigroups and the ideas and
techniques in [6, 7], [10] and [1].

Throughout this paper we assume that X is an abstract Banach space with norm || - ||.
The terminology and notations are those generally used in operator theory. In particular,
if X and Y are Banach spaces, we indicate by £ (X :Y) the Banach space of the bounded
linear operators of X in Y and we abbreviate to L (X) whenever X =Y. In addition,
B, |z : Z] will denote the closed ball in a metric space Z, with center at x and radius r.

Finally, we remark that for the proof of our existence theorem we shall make use of
the following result which is referred to as the Leray Schauder Alternative.

Theorem 1 ( Leray Schauder Alternative ) Let D a convex subset of a Banach space
X and assume that0 € S. Let F: D — D be a completely continuous map. Then the set
{zeD:z=XF(z), 0<A< 1} is unbounded or the map F' has a fiz point in 12
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2 Existence Results

In this section we study the existence of mild solutions for the abstract Cauchy prob-
lem (1). Henceforth we will assume that A is the infinitesimal generator of an analytic
semigroup, T(-) = (T(t)):>0, of linear operator on X. Further, to avoid unnecessary nota-
tions, we suppose that 0 € p(A) and that the semigroup T(-) is uniformly bounded, that
is to say, | T'(t)|| < M, for some constant M > 1 and every ¢t > 0.

Remark 1 In the rest of this work, to simplify notations, we only consider the case o = 0.

In order to define a concept of mild solution for (1), by comparison with the abstract
Cauchy problem

i(t) = Az(t) + f(0),

z(0) = .
whose properties are well known (see ([13]), we consider the following definition

Definition 1 We will say that a function z : (=00, T) — X, is a mild solution of the
abstract Cauchy problem (1) if: zg = @; the restriction of z(-) to the interval I = [0,T]
is continuous; for each 0 <t < T the function AT (t — s)G(s,ms), s € [0,t), 1s integrable
and

() = T(E)@(0)+G0,9) - Glt,z) - /OtAT(t—s)G(s,:cs)ds

(4)
t S
+ [T =9)F(s,3., [ hs,me)dnds,  tel
0 0

Along of this paper we assume that the following assumptions hold.

Assumptions :
H,; The function F: [ x Bx X = X satisfies the following Caratheodory conditions:

(i) For every t € I, the function F(t, ) Bx X — X is continuous.
(i) For each (¥,y) € Bx X, the function F'(-,%,y) : I — X is strongly measurable.

H, There exist constants 0 < B < 1, ¢, ¢y such that the function G is Xp-valued,
(=A)PG :[0,T] x B — X is continuous and

| (=4)PGY) | < alldlls+e
for every (t,%) € [0,T] x B.
H,; The function h: I x I x B—= X satisfies the following Caratheodory conditions:

(i) For every (t,s) € I x I the function h(t,s,-) : B — X is continuous.
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(ii) For each 1 € B the function h(-,4) : I x I — X is strongly measurable.

H, There exist continuous functions my,my : I — [0,00) such that for every ¢ € B,
zeXand 0<s<t<T

| Ft,,2) || < mp®Q 1% lls + [l 2 ),

I At s, ) | < ma(s)Qu(ll ¥ [ls),

where 0, Q) : [0,00) = (0, c0) are continuous nondecreasing functions.

Let ¢ € B, y : (—00,T] = X be the function defined by
{ T(t)p(0) fort >0,

o(t) for t <0,

y(t) =

and S(T') be the space
S(T) ={u:(—00,T| =+ X : ug=0; u € C([0,7): X)}
endowed with the norm of uniform convergence on [0, T].

For ¢ € B, we referred as condition G, to

G, Let p € B. We said that the system verifies condition G, if for every bounded
set Q in S(T) the set of functions {t = G(t,z; + ;) : © € Q} is equicontinuous on
[0, T].

The proof of the next result follows using the steeps in the proof of Lemma 5.6.7 in
Pazy [13]. In the next Lemma I'(-) is the classical gamma function.

Lemma 2 Let v(-), w(-) : [0,T) = [0,00) continuous functions and 0 < a < 1. Ifv(-) is
nondecreasing and

ds, t € (0,7,

(0%

v(t) < wlt) +19/0t U_(Sg)

(t

then .
ﬂF(a}nTnD’ n— ,19TCX
/v(t) < e T'(na) g Z (

) - w(t)

=0 ¢

for every t € [0,T) and everyn € N such that na > 1.

Remark 2 In the nest result, for a bounded function £€:[0,7) = [0,00) and 0 <t < T
we employ the notation

& =sup{£(0) : 6 € [0,¢]}. (5)



Theorem 2 Let v € B and assume that assumptions Hy — Hy and condition G, hold.
Suppose, furthermore, that the following conditions hold:

(a) For every r > 0 and every € > 0 there are compact sets Wi C X such that
T(e)(-A)PG(s,9) € W}, and T(e)F(s,¥,2) € W2, for every s € [0,T], ¢ €
B.[0,B] and z € B.[0, X].

(b) p=| (—A)? || Kre1 <1 and

T bKrM &g ds
m¢(s) + d </ <
) G mats) + m(s)ds < | gy <
where C = ab,
b T(1= B)nTn(l -B)-1 n—1 b T1 -6 KTcl c K

= T (1=B)) Jo p = 2TV1I=BCL . T .

b € Z(l—ﬁ),bl =5 y @ MT”‘leB’{_l_ua‘la

— W - w -8 = Cl_ﬁCQTﬁ

o = [l lls (TH +c || (=) || (0 + Mr)+ | (=A)7° [l ex(M +1) + ===,

Cy_p 1s the constant in Lemma (1) and n is the first natural number such that
no > 1.

Then there exist o mild solution of the integrodifferential problem (1).

Proof: In order to use the Leray Schauder Alternative we obtain a priori estimates for
the solutions of the integral equation

t
2(t) = AT()(@(0) + G(0,)) — AG(t, ) — A /0 AT(t — 5)G(s, z,)ds
(6)
t s
+)\/ T(t— S)F(S,CITS,/ h(s,T,z,)dT)ds, t e [0,T).
0 0
Let z(+) be a solution of (6). Using the assumptions Hy — H,, the notation introduced in
(5) and the inequality
| 20 ls< Mr || ¢ |l +Ersup{|| z(s) [: 0< s <t} = Mr | ¢ lls +Kr | 2 |le=v()

we find that
2@ < ME e ls+ 1 A el lla +e)+ I (=A™ 1 el ae lls +e2)
[ 1T = ) Il (-4 6l | ds
+M/ m (s)Q (v +/ ma () (v(7))dr)ds
< MH s+ 1 A @l e ls +e)+ | (A aMrllels

A ke e ot | A e+ [ 7oty e s ds

91_%2?_+M/mf ) (v(s) + [ ma(r)u(v(r))dr)ds



where C)_g is the constant in Lemma 1. Since v(+) is nondecreasing follow that

t
lol ot (~A)? ekr ol +Cgen [ kg

+M/ my(s)Q (v +/ my (1) (v(T))d7)ds

and hence
a Ci_ger [t v(s)
<
lale < T2+ T2 [ g
M t
+1—_—/; ( )Qf +/ mh Qh( (1 ))dT)ds

where a, =|| @ |ls (M H+cy || (=A)7 || (M +Mr)+ || (=4)77 | e (M+1)+ =521 and
the assumption p = Krc; || (—A)™ ||< 1 has been used. Employing the last inequality
and the definition of v(-) we obtain that

ds

o(t) = Mr|lls+Kr |zl Mrllels +KTa1 + ErCiga /Ot : v(s)

— 1—p t—s)i-F

EM 0 tote) + [ ) (o (rr s

and from lemma 2 that

w(£) < b- <a+ KM /tmf(s)fzf <v(s) +/05 mh(f)nh(u(f))m) ds) = w(t)

1—pJo

b ra-—g)nrrii-A-1

where a = My || @ ||s 522, b=¢" o0 - TS (M) T2, by = “E2=E% and

n is the first natural number such that n(1 — B) > 1. From the definition of w(-) we see

M)y (o) + [ ()0

w(t) <

thus
bKr+M
1—p

since Qf(+) and Q(-) are nondecreasing. Let z(t) = w(t) + J§ mn(7)Qn(w(r))dr. Then
2(0) = w(0) and from (7) we find

i) < m (62 (w(t) + [ t mh(f)ﬂh(w(T))dT> (7)

) < () +ma(w(D)

A (00 20+ ()
bKrM
(1—u

%

mmwwmm>mmw»+muw»
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and hence,

o0 1

mf(s)+mh(s))ds</ i

ds
2(0) Qy(s) + 2n(s)

/t #(s) /t(bKTM
0 Qs(z(s)) + Qn(z(s)) 0o 1—p

Then

z(t) ds e 1
/z<0> (o) + () /z(m 0+ )™
which implies that z(-) is bounded in [0,T], C'= 2(0), and therefore that the set
{z € C([0,T): X) : z(-) ésolugdo de (6) ,\ € (0,1)}
is bounded in C([0,T] : X).
Next, we rewrite equation (4). Let y : (—oo, T] — X the function defined by
{ T(t)p(0) fort =0,

o(t) for t <0.

y(t) =

If u(-) is a mild solution of (1), we can to decompose it as u(t) = y(t) + z(t), which
implies that u; = y; + 2y, o = 0 and that z(+) is solution of the integral equation

z(t) = T@#)G(0,9) — Gtz +yp) — /Ot AT (t — s)G(s, x5 + ys)ds
(8)

S

s /OtT(t — §)F(s, x5+ ys,/o h(s, T, T, + yr)dT)ds,
moreover, using the relation T'(t)z —z = A JiT(s)z, v € X, follow that
o) = TGO,) - Gltzi+u) — [ AT = 5)G(s, . +us)ds
+ /Ot AT (t — 8)G(t, z + yi)ds |

S

-+ /OtT(t ~ 8)F(s,z, + ys,/o h(s, T, T, + y,)dT)ds.
On the space
S(T) ={z:(-00,0] > X :20=0, T € C([0,7]: X)}
provided with the uniform convergence topology we define the map I' : S(T) — S(T') by
I'z{t) = 0, t <0,

ra(t) = T(t)(G(O,cp)—G(t,zt+yt))—/OLAT(t—s)G(s,a:s—kys)ds

t
+/0 AT (t — s)G(¢, z¢ + yi)ds

t
+/ T(t—s)F(s,zs + ys,/ h(s, T, T, + yr)dT)ds t>0.
0 0
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This expressions leads us to define the maps I'; : S(T') — S(T),:=1,2,3,4, by I'iz(t) = 0,
for t <0 and

Mz(t) = T)(G0,¢) - Gtz +ui)),
Coz(t) = -—/0 AT (t — 5)G(s,zs + ys)ds,

t
Taz(t) = /0 AT(t — 8)G(t, 70 + y1)ds,

S

t
T,a(t) = /OT(t—s)F(s,:vs+y5,/O h(s, T,z +y,)dr)ds,

for 0 <t < T andi=1,23,4. From Hy — Hs, it is clear that I';,I'; and 'y are well
defined. On the other hand, since G is Xg-valued and (—A)PG is continuous then both
(—A)PG(s,zs + ys) and G(s,zs + y,) are continuous. In addition, in view of the fact
that T'(-) is an analytic semigroups ( see [13]), the operator function s — AT (t — s) is
continuous in the uniform operator topology on [0,t) and thus AT (t — s)G(s, s + Ys) is
continuous on [0,t). Applying the estimations established in Lemma (1) we obtain that

| (ATt = )G(s, 2 +95) | = || (~A)PT(t = 5)(=A)G(s,zs +vs) |
C1_ﬂCt€

= G- 2

which, by Bochner’s Theorem ( see [12] ), implies that | AT(t — s)G(s,zs + ys) || is
integrable on [0,%). This concludes the proof that T'; is also a well defined map with
values in S(T').

On the other hand, from Axiom (A) the map [0,T] x S(T) — B; (s,z) — s is
continuous. If (z™)nen is a convergent sequence in S(T) with limit z, then from Hj
(—A)BG(s,a? +ys) converge to (—A)’G(s,zs + y,) for s € [0, 7] and from (5) and (9)
we infer that [(z") — Ta(z) in C([0,T] : X), which proves that I’y is continuous. Using
H, Hj, H, and similar arguments to those in the proof of Theorem 3.1 in [1], we can to
prove that I';,T'3, 'y are continuous, we omit details. Thus I' is continuous.

Next, we will prove that each map I'; is completely continuous. Let B,[0,S(T)] the
closed ball in S(T'), with center at 0 and radius 7. By Ascoli’s theorem is sufficient to
show that the set T;(B,[0, S(T)]) is equicontinuous on [0, T] and that Ii(B.[0,S(T)))(t) =
{Tyz(t) : © € B,[0,S(T)]} is relatively compact in X for every t € [0,T.

To begin, we observe that from axiom A,

| 2 + vt < Ko7 + (Mr + Ko MH) || ¢ ||l5:=17,

for every = € B.[0,S(T)] and every t € [0,T]. Now, we study the property for each I';
separately. In what follows we use the notation B, = B0, S{T)}.

I'; From G, the set I'1B; is equicontinuous on [0, T]. Moreover, for ¢t >0 and 0 <e<t
follow that

[B,(1) = {T(H)G(O,¢)+Tt—e)(-A)T(e)(-A")G(t,ze+u): 7 € Br}
c {T(t)G(0,9) + T(t - ) (=A" )W},

where W/, is the compact set in (a), thus I'; B,(t) is relatively compact. Since I') B, (0) =
{0}, the previous remark prove that I'; is a compact operator.

9



I, In first time we prove that I'y B, is equicontinuous. Let 0 <tyg<t<Tand 0 <e<tp.
Directly of the definition of I'; we have that for z € B,

I T2z(2) — Loz (to) ||
< [N AT 9) - Tl = DA GCla,z 3 | d

to

+ [ NTE—t) =L (—A)' T (to — 5) (= AP G(s, s +ys) || ds

b [ 1 AT - (AP G2+ 12 I

IN

[N AP = 5= 5) ~ Tl = s = TG4 Clozi+3.) | ds
¢ (t — to)?

+ Ci_glar™+c¢ ,
7 1—plar™ + ¢c2) 5

+2M61_5(C1T* + 62)

thus

| Fzﬂc(t)t": oz (to) |l
< [N ATITE - 5= 5) - Tlo— s~ PTG (-4 Clorza 1) I ds
e (t—t)°

+2MCy_glerr™ + 62)(3 + 5

Let W%,T* be the compact set in (a). Since T(-) is analytic, the function s —

)- (10)

(—=A)'=PT(s) is continuous in the uniform operator topology on (0,7 and consequently
the set of functions {s — (—A)' T (s)z : z € W;T} is equicontinuous on [§,7]. Let
0 < § < e such that

| (~A)' T (s)z — (-A)'PT(s)z |< e (11)

for every = € W%yr, and every £ < s,8' < T with [ s — |< 6 < e. Using (11) in (10),
follows that for |t —to |< 0 < e and z € B,

. .
H Fgﬂ?(t) — Fgl‘(to) H_<__ (to - 6)6 + 4Mcl_g(617"* + CQ)E'.

The last inequality prove that I'(B;) is equicontinuous from the right side at to. In the
same manner we can to prove that I's(B,) is equicontinuous at any to > 0. We omit

details.
Now, we prove that T'sB,(t) is relatively compact for every t € [0,7]. The case t =0

is trivial. Let 0 < ¢ <t < T. For z € B, we find,

In(t) = /OH(~A)1‘ﬂT(t—s—%)T(%)(—A)ﬂG(s,xs-l-ys)ds

+ (=A)"PT(t - s)(—A)PG(s,zs + ys)ds. (12)

t—e

Let W%,T* be the compact set in (a) and B, = {(~A)'PT(s)z:8€[5,T],z€ W%l,r* }.
Using that (—A)PT(-) is strongly continuous on (£, 7], we infer that B, is relatively com-
pact in X and from the mean value theorem for the Bochner integral and (12) we find

10



that
Tyz(t) € (t—¢)Conv(Be) + C; (13)

where Conv(B,) denote the convex hull of B, and Diam(C.) < 2C_g(cir* + cz)ig. Since
Conv(B,) is relatively compact, we conclude from (13) that I'y B, (t) is completely bounded
and therefore relatively compact in X. This proves that I'; is completely continuous.

I's The assertion can be proved arguing as in the previous case.

I', In this case we include only the principal ideas and estimates. Let 0 < tg <t < T
and 0 < € < to. For z € B, we find

| Taz(t) - Tyz(to) |l
z /00 | (T(t—s)—T(to— s)JF (s, @5 + ys,/o h(s, T,z + y;)dT) || ds

b [ T 9) = Tl = NIF(s 2+ [ blos 7,20 + yr)dr) | ds

to—€

{5 s
+ [ || TEt=s)F(s,zs + ys,/o h(s, 7,2, +y,)d7) || ds = L + o + I3, (14)
to

We estimate each I; separately. Let r*™ := max{r*, Qa(r*) - JF mp(r)dr} and W2,.. be
the compact set in (a). Since T(-) is strongly continuous, there is 0 < § < € such that

| T(s)z —T(s")w [|[<e

for every & € W2,.. and every 0 < s,s' < T with | s — s |< 6. Then

I

IN

AWWHﬂﬁﬂ—d—T%—S—dﬁkﬁwwﬁwgﬁM&nm+%MﬂHw
< (to —€)e

since || 75 + s |< r* and [§ || h(s, T, 27 + y,) || dr < r** on [0, T1], thus

I < (to — €)e, (15)

forz € B, and |t —to |[< .
On the other hand,

Lo 2t [* w0 (o4 s+ [ mu) e+ leler) ds

thus
. T to
I, < 2MQy (T*—}—Qh(r*)-/o mh(T)dT> /t my(s)ds. (16)
0—¢€
Similarly
- T ot
L < My <T*+Qh(r*)-/0 mh(T)m) /t my(s)ds. (17)

11



From the inequalities (15), (16), (17) and (14) follows that I';(B;) is equicontinuous from
the right side at ty. In the same manner we can to prove that I's(B;) is equicontinuous
at any to > 0.

Now, we discuss the compactness of I'yB,(t). The case t = 0 is trivial. Let 0 <t < T
and 0 < € < t. Let 7 := max{r*, Qu(r*) - JEmy(r)dr} and W?... be the compact set in
condition (a). From the mean value theorem we get '

Tu(t) = /

0

t—e

T(t—s—eT(e)F(s, x5+ ys, /0 h(s,T,z; + y.)d7)ds

i ]
+ T(t—s)F(s,xs + ys,/o h(s, T,z + y;)dT)ds

t—e

€ (t — €)Conv(B) + C;
where Conv(B) is the convex hull of B,
B.={T(s)z:s€(0,T], z € W}

and
t

- T
Diam(Ce) < 2MQy (r* + Q. (1) /0 mh(T)dT> / my(s)ds.
t—e
This means that [';B,(t) is totally bounded and consequently relatively compact in X.

Thus I'y is completely continuous.
These remarks enable us to assert that I' is a completely continuous map on S (7).
Finally, the Leray Schauder Alternative asserts that I’ has a fixed point which is a
mild solution of the integrodifferential problem (1). The proof is complete.

The next result is a immediate consequence of theorem (1), we omit the proof.

Proposition 1 Let ¢ € B and assume that Hy — H, and condition G, hold. If any of
the following conditions hold

(a) The functions F, (—=A)PG are completely conlinuous.

(b) The function F' takes bounded set into bounded sets and the semigroup T'(-) is com-
pact.

Then there ezist a mild solution of the integrodifferential equation (1).
3 Example 3.1

We consider briefly the Example 2.1 in [6]. Let B be the space Cy X L%*(g; X), with

r =0, see [6, 11], and X = L*([0,7]). In this case H=1K@t) =1+ (f_otg(f)dT)f anid
M(t) = ~v(—t)? for all ¢ > 0. Now, we consider the boundary value problem
a t m 52
Sy + [ [Mbls—tm el mindsl = Fgulti€) + aol&)u()
(18)

i
+ [ als-tpuls,€)ds, 20, 0sE<m,
-0
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u(t,0) = u(t,m)=0, t20, (19)
w(r,€) = ¢(r,€), 7<0, 0<E<m (20)

In addition to the condition (7) — (vi) in [6] we assume that

(vii) The function a(-) € L*(IR); £b(s,7,£) is measurable and

2
tEOT]/ // (5'3 tﬂ%f)) dndsd§ < oo,
O 2
tggég‘]-/o /—00/0 (%(S—tanaé)) g(s)—ldﬂd8d§<oo_

Under these conditions we define G : [0,00) x B — X and F': [0,00) x Bx X — X by

GlU)E) = /'° / " (s, m, €)(s, m)dnds

v} - 0 I ? ) 7
Fit,$,2)(€) = ao(&)(0,6)+ / a(s — )p(s, €)ds + a(€).

With the previous notation, we can to represent (18)—(20) as the abstract Cauchy problem
d t
(a(t) + G(t,20) = Ax(®) + Flt, 20, [ blor5,2)ds), £20, (21)

where h: I x I x B — X is defined by h(t, s,¥)(§) = a(s—t)1(0,£) and A is the operator
Az = 2" with domain

D(A) = {f(-) € L*((0,]) : f"(:) € L*([0,]), f(0) = f(m) = O}.

It’s well know that A is the infinitesimal generator of a analytic and compact semigroup
on X. Moreover, see [6] G([0,T] x B) C D((—A)"/?) and

I (—A)2G( W) IS Nyl s
for every (t,v) € [0,T] x B, where

Nl—// /Ogs< sn§)>2dndsd(.

We affirm that condition G, hold for every ¢ € B. To prove this affirmation we take
w €Band z: (—00,T) = X such that o = ¢, € C([0,T] : X) and || z(t) ||r2jo,m< T
for every ¢ € [0,7]. In this condition, for h > 0 we have that

Gt + hy 2 (€) — Gt ) / / (b(s — t = h,m, €) — b(s — t,7,))z(s, n)dnds

t+h
[ [ bls =t = by, E)als, n)dnds
t 0

13



then

Soen@| < [ [ 1ot~ tm8alsm | dnds+ [ 160,m,a(sn) | dn
<l ls ( L (Be- t,n,o)zg—l(s)dnds)%
+f (/0” (26-10) dn)% )26 lus s
+ ([ #0,m.9d0) " 120 |1z
thus
I Sotz i < el [ [ [ (%s—t,n,§>)29(s>-ldndsd£

T rt o7 [ Ob 2
4r? il
+4r T/o /0 /0 (83(3 t,n,f)) dndsdé
ar? [ [ 02(0,m, €)dnd
+a4r® [* [ 6%(0,m, )
which implies that the set of functions
{t = Gt,z;): z:(—00,T) = X, 2o =, € C(0,T]: X), | z(t) [[<7, t € (0,7}

is equicontinuous. Thus condition G, hold for every ¢ € B.
On the other, for 1 € B and t > 0 we have that

| F(t,,2) Iz < N+ (1 ao() lloo +1) U % [l5 + Il 2 [[22),

[RIGERORIZ 1'a() llooll # ls<ll a() lloo + Il a() llooll % 5

thus my(s) = 1, (s) = Ny + (| ao(") lleo +1)5, ma(s) = 1 and Qu(s) =l a(") llo + |
a(-) ||eo 8% A inspection of the constants a, b, c1, ¢z in the prof of Theorem 2, permit to
infer that for ¢, = N, sufficiently small condition (b) is verified. The existence of mild
solution is consequence of Theorem 2.

IN
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