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Departamento de Matematica - ICMC - USP.

Resumo

Neste artigo mostramos a existéncia de solugoes fracas e cldssicas para um prob-
lema de segunda ordem com condi¢do nao local modelado na forma

i(t) = Au(t)+ f(t,u(t),u(t)), t e (=To,Th),
U(O) = Xy + q(tlatQa -~-7tn : ’U(),U()),
'll(()) = Yo +p(t1’t2,""tn :u(-),ﬂ(-)),

onde A é o gerador infinitesimal de uma fungao coseno fortemente continua de
operadores lineares num espago Banach X, -Tp < 0 < t; < tg < ... <1p <17y
f RxXxX—= X, qp: [(—To, T1)"™ X X? — X sdo apropriadas e o simbolo
h(t1,t2,t3, . tn, (), %()) € usado no sentido que “-”, somente pode ser substituido
pelos pontos t;, por exemplo h(t1, 2,13, ety u(), () = o (ogu(ts) + Bu(ts))-
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Abstract

In this paper we give some existence results for a nonlocal Cauchy problem
associated with the second order differential equation i(t) = Au(t) + f(t,u(t), u(t)),
where A is the infinitesimal generator of a strongly continuous cosine family on a
Banach space X and f is a appropriate continuous function.
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1 Introduction

This paper is concern with the second order nonlocal Cauchy problem

u(t) = Au(t) + f(t: ’U,(t), ’ll(t)), te (—TO: Tl)a
u(0) ==z +q(t1,t2, ., tn u(-),u(:)), (1)
U(O) =yo+p(t1,t2,---,tn :u(-),?l(')),

where A is the infinitesimal generator of a strongly continuous cosine function of linear
operators, (C(t))wcr, On 2 Banach space X; —Tp < 0 < t) < fp < ... <p < Ty
f:RxXxX—X,qp: (—To, Th]™ X X2 — X are appropriated functions and the
symbol h(ty, ta, ta, ..., tn, u(:), 4(+)) is used in the sense that “-” can be substitute only for
the points ¢;, for instance h(t1,t2,t3, - tn, u(-),u(-)) = T (asu(ts) + Bu(t:))-

Motivated for numerous applications Byszewski studied in [1], the first order evolution
nonlocal problem

a(t) = Au(t) + f(t, u(®)), t€ (=To, 1), (2)
u(O) =y + q(tl, to,oyln U(‘)),

where A is the infinitesimal generator of a Cyp-semigroup of linear operators on a Banach
space X. In the cited paper, Byszewski prove the existence of mild, strong and classical
solutions for (2), employing usual assumptions on f and the semigroup theory. For a
more complete reference for differential equations with nonlocal conditions refer to (1])-[4]
for the first order case and to [5]-[6] for the second order problem.

Our goal will be give some existence results of mild and classical solutions for the
abstract nonlocal Cauchy problem (1) using the theory of cosine functions.
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Throughout this paper, X will be a Banach space provided with a norm I = |5 A
D(A) — X will be the infinitesimal generator of strongly continuous cosine function of
linear operators, C = (C(t))ier, on X and S = (S(t))icr will be the associated sine
function, that is S(t)z = [y C(s)zds, = € X. For the theory of cosine functions, refer
Fatorinni [7] and Travis [8]. We will point out here some notations and properties that
will be essential for us. Along of this paper we denote by D(A) and E the sets;

D(A) = {z € X : C(t)z is twise continuously differentiable},

E = {z € X : C(t)z is once continuously differentiable}.
The properties in the next result are well know ( 8, pp.77] ).

Lemma 1.1 In the previous condition, the next properties hold.
1. If x € X then S(t)z € E.
2. If x € E then S(t)z € D(A), 4C(t)z = AS(t)z and di:z-S(t)x = AS(t)w.
3. If z € D(A) then C(t)z € D(A) and £;C(t)z = AC(t)z = C(t)Az.
J. If z € D(A) then S(t)z € D(A) and 4S(t)z = AS(t)z = S(t)As.

This work contain two sections. In section 2 we discuss the existence of solution for
the abstract nonlocal problem (1). Firstly, we introduce the concept of mild and classical
solution and subsequently employing the contraction mapping principle and the ideas in
8], we prove the existence of mild and classical solutions.

The terminology and notations are those generally used in operator theory. In par-
ticular, if Z is a Banach space, we indicate by L£(Z) the Banach space of the bounded
linear operators from Z into Z. In addition B,z : 7] will denote the closed ball in Z with
center at z and radius 7.

Finally, for a nonnegative bounded function & : (=To,T1) — IR we will employ the
notation &, ¢ € (=Tp, T1), for & = sup{£(0) : 6 € (=T, t]}.

Remark 1.2 In the rest of this work, we use the notations q(t; : z,y) and p(t; : z,y) for
q(t1,ta, o tn T, y) and p(ty,ta, . tn z,y) respectively.

\

2 Existence Results

In this section we discuss the existence of mild and classical solutions for the abstract
nonlocal Cauchy problem (1). By comparison with Travis [8], we introduce the following
definitions:

Definition 2.1 A function u € C'((-=To,Th) : X) is a mild of the nonlocal Cauchy
problem (1), if

u(t) = Ct)(zo+qlti:u,w))+ S(t)(yo + p(t; s u,0)) + /Ot S(t—s)f(s,u(s),u(s))ds

for every t € (—To, Th).



Definition 2.2 A function u(-) € C*((=Ty, Th) : X) is a classical solution of the nonlocal
Cauchy problem (1), if u(-) is solution of (1).

Next, we show the existence and uniqueness of mild solutions using the contraction
mapping principle, for this reason we introduce the following technical assumptions.

Assumptions : In the following assumtions 7,7, are fixed positive numbers.

(A1) The function f is continuous and there exist positive constants {'(f) and {*(f) such
that

I f(t,zy) = ft,a' ) IS T Nz = [+ B Ty =o'l
for every =, ' € B,,[0,X] and y,y’ € B,,[0, X].

(Az) The functions q(t; : -), p(ti : ) : [~To, Ti]" x X? — X are continuous and there exist
positive constants [*(p), I*(¢) such that

gt u,@) — gt 0,9) | < Ma) lu=alln +2() v =7 lln,
I p(t; s u, @) = plti:0,8) | < U@) [u—iln +E(p) | v -1 n,

for every (u, ), (v,) in C((=To, T1) : B, [0, X] x By,[0, X])
(A3) There exist functions B : (=T, T1) — L£(X) and g : [-To, Ty]" x X? — X such that

i) B(0) = 0, B(-) is strongly continuous and %C’(t)q(ti 1. 8,0) = Biflgll: ' 2,9)
for every z,y € X,

ii) g is continuous and there exist positive constants I'(g) such that
| gt - u,v) — gt @, 9) S U(9) | u— il +1%(9) | v =7 [l
for every (u, ), (v,7) € C((=To, T1) : Br [0, X] x By, [0, X]).

Remark 2.3 In the proof of the following theorem we will employ the notations Ny, m =
p:q, 9, for

N, = sup{m(t; : u,v) : (u,v) € C((=To, Th) : By, [0, X] % B,,[0,X])}
and Ny for the sup of the function f on [Ty, Th) x B, [0, X] x By,[0, X].

Theorem 2.4 Let 7y € EN By, (0,X), Yo € By, (0, X) and assume that assumption A;-
As holds. If

1C llzy (Il w0 | +Ng) + I S llz (1o | +Np + Ny(To + T1)) S 1, (3)
I AS()zo llm + 1| B lln No+ || C llzy (Il wo I| +Np + Ny (To + T1)) < 7. (4)

and
1C Ny E(g) + (I C llzy + I S lr) () + (To + TE()+ | B Il g)<1l, 1=12

then there ezists a unique mild solution of (1).
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Proof: Let Z = {(u,v) : w,v € C((=Tp,T1) : X), & = v} endowed with the norm
I (o) h=llwlin + | vl and ¥V = {(u,v) € Z:|| u [n < o, | v [l < 2} Clearly Z
is a Banach space and Y a closed subset of Z. On the space Y we define the mapping
D : (u,v) = (P1(u), P2(u)) by

O1(u)(t) = Ct)(zo+qlti - u, 1)) + S)(yo + p(ti : u, )

+ /Ot S(t —s)f(s,u(s),u(s))ds,

Oo(u)(t) = AS()zo+ B(t)g(ti : u,w) + C()(yo + p(ti : u,w))
+/ (t = s)f(s,u(s),u(s))ds.

Next we’ll prove that ® is a contraction mapping on Y. A simple estimate show that for
(u,v) €Y

I @)@ | < 1Cllny (2o | +N)+ 1S NIz (190 | +Np + Np(To +T1)),  (5)

| @2(u)(®) | < || ASzo [l + || B [l Ng+ | C iy (Il wo | +Np + Ny(To + T1)) , (6)

thus, from (3)-(4) and (5)-(6) follow that ®(u,v) € Y.
To prove that ® is a contraction, we take (u,w), (v,2) in Y. Then for ¢t € (—=Tp,T1)
we see that can be compute

| @1(u) () = @) | < I1C lln (@) Ilw=vlln +(9) | 4= |z,
+ 1Sz (') | w = v |l +() || 4 — b ||y )

+ [0Sy (1) Ww=v llo +2(7) 5= ll) @0
thus

| 81w) = 210) Il < (I Clin '@+ 11 S lln () + (To + T () v = v |l
+(1C Il 2@+ 1S I (@) + (To + TEED) e =6 -
(7)
Similarly

| 2(w) = ®o(0) Iln < (Il Blln M(9)+ 1 C i (') + (To + TI(A)) N u = Il
(Il B Il 2(9)+ | C i (2(p) + (To + T)E(A))) 6= Il
(8)
From (7)-(8)
| @(u,w) — B(v,2) 1< O || (w,w) = (v,2) |1,

and thus, ® is a contraction. Clearly the unique fix point of @ is the unique mild solution
of (1). The proof is complete.



Now we consider, briefly, some simple examples of functions satisfying (A3z). In the
next examples, we said that h(t; : -) : [0,T]" x Z — W satisfies the condition H(Z, W) if
exist positive constants I*(h) such that

I At u, @) = hti:v,9) lw < () [lu—vllz +2(h) | -5,
for every (u,a), (v,0) in C((=To,T}) : Z X Z).
1) Let [D(A)] be the space D(A) endowed with the graph norm. If h(t; : -) verifies the
condition H(X, [D(A)]) then h(t; : -) verifies (Ags) since,

%C’(t)h(ti cx,y) = AS()h(t; : z,y) = SE)Ah(L : z,v),

for each z,y € X.

2) Assume that (C(t))wcr satisfies condition F' ( see [8, pp.81] for details ). If [D(B)]
is the space D(B) endowed with the graph norm and h(¢; : -) verifies the condition
H(X, [D(B)]) then h(t; : -) verifies (As). The assertion is clear since BS(-) is
uniformly bounded on [-T}, 71] and

%C’(t)h(ti :xz,y) = AS(t)h(t; : z,y) = BS(t)Bh(t; : z,y)

for every z,y € X.
3) Let r € IR and h(t; : -) verifying condition H(X, X). From Proposition 2.2 in [8] we
have that,

(C(r+1t)—C(r—1t))h(t; : z,y)

N =

%C(t)S(T)h(ti :z,y) = AS(t)S(r)h(t; - z,y) =

for each z,y € X, thus ¢(t; : z,y)) = S(r)h(t; : x,y) verifies As.
2.1 Classical Solutions

The proof of the following theorem is similar to the proof of Proposition 3.2 in Travis
(8] and for this reason we only consider the principal steeps of the proof by completeness.

Theorem 2.5 (Classical solution) Let assumptions in Theorem 2.4 be satisfied. Assume
that f is continuously differentiable and that ezists I*(f) > 0 such that

max{|| fs; (t,2,y) = fo;(t,2,9) 15 =1,2,3 < P(Hlly-7l, (9)

for every (z,y) € B, [0, X] x X.
If u(-) is the mild solution of (1) and (u(0),%(0)) € D(A) x E and u(0) € E then u(-)
is a classical solution.



Proof: Since fz;(s, u(s),%(s)) is bounded on (—Tp,T1), from the contraction mapping
principle there exists a unique solution, v € C((—7p,T;) : X), of the integral equation

v(t) = Cgt)(AU(O)+f(0,U(0)ﬂl(0)))+A5(f)(ﬂ(0))
+ /0 C(t = 5) (far (s, u(5), uls)) + fry (5, u(s), u(5))i(s) + foa(s,u(s), u(s))v(s)) ds

From the steps in the proof of Proposition 3.3 in (8], follow that z(t) = %(0) + f5 v(s)ds =
u(t), thus s — f(s,u(s),u(s)) is once continuously differentiable on (—Ty,7;). From
Proposition 2.4 in Travis [8], there exist a unique classical solution, w : (=Tp, T1) — X,
of
W(t) = Aw(t) + f(t, u(t),u(z)), te (-Ty, Th),
w(0) = zo+ q(t; : u,u) = u(0), (10)
w(0) =yo+p(ti:u,u) =1u(0),
moreover

t
w(t) = C(t)(zo + q(t; = u, @) + S(t)(yo + p(ti : u,0)) + /0 S(t—s)f(s,u(s),u(s))ds.
‘Obviously u = w and therefore u is a classical solution. The proof is complete.

The methods used in the proofs of the previous theorems can be used to show similar
existence results for

i) =Au(t) + f(tu(t),  te(-To,T),
u(0) = zo +q(ti : w), (11)
U(O) = Yo +p(t1- 5 ’LL).

Definition 2.6 A function u € C*'((—To,T}) : X) is a mild solution of (11) if
() = C(0(zo + alt :0)) + SO o +plt 1) + [ S(t = 5)f(s,u(e))ds,

for every t € (—=Tp,Th).

Definition 2.7 A function u € C*((—Ty,T1) : X) is a classical solution of the nonlocal
Cauchy problem (11), if u is solution of (11).

Assumption : In the following assumption, 7, is a fixed positive constant.
(A4) There exist positive constants I(f),[(g),[(p) such that

I ftz) - fto) Il < W) Ilz-yl,
la(ti:w) —qti:v) | < Ug) [[u—wvln,
[ p(ti:w) —p(ti:v) || < Up) [lu—vln,

for every (z,y) € B, [0, X] % By, [0, X], (u,v) € C((-To,T1) : B.,[0, X] x B, [0, X]).
Theorem 2.8 Assume that assumption (A4) hold and that
I Cllmy (Il o [l +Ng) + | S llzy ([ wo [ +Np + Np(To +T1)) <y,
| Cllmy Ug)+ || Sl (WA (To+Th) +i(p) < 1.
Then there exist a unique mild solution of the nonlocal Cauchy problem (11).

Theorem 2.9 Assume that assumption in Theorem 2.8 hold and that f is continuously
differentiable. If u(-) is the mild solution of (11) and (u(0),%(0)) € D(A) x E then u(-)
is a classical solution.
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