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DEFORMATIONS WITH CONSTANT MILNOR NUMBER AND
MULTIPLICITY OF NON-DEGENERATE COMPLEX
HYPERSURFACES

MARCELO JOSE SAIA  JOAO NIVALDO TOMAZELLA

Resumo

Neste trabalho é estudada a questdo de se determinar condicdes para que uma
deformagéo a um pardmetro de um germe de fungéo f : (C*,0) — (C,0) com singu-
laridade isolada na origem tenha niimero de Milnor constante. O principal resultado
mostra que se uma deformagéo f; = f(z) + Zf=1 0s(t)gs(z) é tal que os ideais Ja-
cobianos J(f;) = (0fi/0x1, ... ,0f;/0z,) sdo ndo degenerados em relagdo a algum
poliedro de Newton I'y, entdo a familia f;(z) é u-constante para pequenos valores de
t, se e somente se todos os germes g, tém I'-ordem n&o decrescente com respeito & I'-
ordem de f. Para familias de germes que satisfazem esta condicdo, obtemos também
uma resposta positiva para a seguinte questdo de Zariski: Quando a multiplicidade é
um tnvariante para o tipo topoldgico de germes de hipersuperficies?

Abstract

We investigate the p-constant deformations at one parameter of holomorphic germs
of functions f : (C*,0) — (C,0) with isolated singularity, in terms of some Newton
polyhedra associated to such germs. We consider familes f, = f(z) + Zf=1 8s(t)gs ()
and if the Jacobian ideals J(f;) = (9f;/0z1, ... ,0f:/0z,) are non-degenerate on
some fixed Newton polyhedron I';, we show that a deformation f;(z) is u-constant
for small values of ¢, if and only if all germs g, have non-decreasing I'-order with
respect to f. For this kind of germs we have a positive answer for the Zariski’s
question: Whether for a hypersurface singularity the multiplicity is an invariant of
the topological type?

1. 4~-CONSTANT DEFORMATIONS AND MULTIPLICITY

The topological triviality of families of germs of functions f; : (C*,0) — (C,0) is
one of the most interesting questions in singularity theory, and it is well known that in
the case of germs with isolated singularity, the constancy of the Milnor number of the
family is the condition for the topological triviality of the family f;. The determination
of necessary and sufficient conditions for a family of germs of functions f(z), to be u-
constant (or topologically trivial) has been investigated by several authors. Varchenko
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gives in [10] a full answer for this question for the case of weighted homogeneous germs
with isolated singularity.

Theorem 1.1. [10] Let F(z,t) = f(z) + Z£=1 0s(t)gs(z) be a deformation of a
weighted homogeneous polynomial germ f : (C*,0) — (C,0) with isolated singularity
at 0, where 65 : (C,0) — (C,0) and g, : (C*,0) — (C,0) are holomorphic germs of
functions and 65 # 0. Then the family f,(z) = F(z,t) is p-constant for small values
of t, if and only if all monomials of each germ g, have weighted degree higher or equal
than the weighted degree of f.

Another number that is associated to germs of functions is the multiplicity, and
Zariski asked in [12] the following question:

Whether for a hypersurface singularity the multiplicity is an invariant of the topo-
logical type?

A positive answer for Zariski’s question was previously known for the case of plane
curves, for homogeneous surfaces and for quasi homogeneous complex hypersurfaces
with isolated singularity, as shown by Greuel in [4].

In the case of semi quasi homogeneous germs, a positive answer for Zariski’s ques-
tion was done by Greuel in [4] and independently by D. O’Shea in [7]. Both authors
applied the theorem 1.1 of Varchenko, but used different methods.

Theorem 1.2. [4], [7] Let F(z,t) = f(z) + Z§=1 0s(t)gs(z) be a p-constant defor-
mation of a weighted homogeneous polynomial germ f : (C*,0) — (C,0) with isolated
singularity at 0. Then the family is also m-constant (m denotes the multiplicity).

Trotman gives in [9] a positive answer for Zariski’s question for the case of defor-
mations of type F(z,t) = f(z) + tg(z) (a first order deformation) of a complex germ
f with isolated singularity.

Theorem 1.3. [9] Let F(z,t) = f(z) + tg(z) be a p-constant deformation of a holo-
morphic germ f with isolated singularity at 0. Then the family fi(z) = F(z,t) s
m-constant.

In this article we investigate the relationship between these questions and some
Newton polyhedra associated to the germ f. The use of Newton polyhedra to give
sufficient conditions for the u-constancy was done by Kouchnirenko in [5]. Yoshinaga
in [11] and Damon-Gaffney in [3] also dealt with the Newton polyhedron to obtain
sufficient conditions for the topological triviality of families in terms of the Newton
polyhedron of f.

In the first part we study the u-constant families and give necessary and sufficient
conditions, in terms of the Newton polyhedron defined by the Jacobian ideal of f,
for the p-constancy for a deformation at one parameter of f with isolated singularity.
Then we consider the case of families of germs which are non-degenerate on some fixed
Newton polyhedron I'; (see 4.6). We give necessary and sufficient conditions for the
p-constancy of deformations of such germs, in terms of the Newton polyhedron I';.
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In the final section we apply the results on non-degeneracy to show that p-constant
deformations of non-degenerate germs on some Newton polyhedron also have constant
multiplicity, giving a positive answer for Zariski’s question for this kind of germs.

2. u-CONSTANT DEFORMATIONS AND INTEGRAL CLOSURE

We fix a system of local coordinates z of C", consider the ring O, of holomorphic
germs f : (C",0) — C and denote by m, its maximal ideal. Due to the identification
between (0, and the ring of convergent power series C{z1, ... ,Z,} we identify a germ
f € O, with its power series f(z) = Y aaz®, with z* = 7% ... 23"

The Milnor number, denoted by u(f), of a germ f € O, is algebraically defined as
the dim¢ @,/ J(f), where J(f) denotes the ideal generated by the partial derivatives
{0f)0xi,i =1,... ,n} of f. A deformation F': (C" x C?,0) — (C,0) of f is said to
be p-constant if u(f;) = p(f) for small values of .

Greuel gives in [4] a very interesting result showing the relationship between the
p-constant deformations of f and the integral closure of the Jacobian ideal J(F) =
(OF |8z, ... ,0F |8z,) of F with respect to the z-coordinates.

Definition 2.1. Given an ideal I in a ring R, the integral closure of I is the ideal
1, of the elements h € R which satisfies a relation h* +a k¥ 14+ -+ ar_1h+a; =0,
with a; € I i.

Teissier gave in [8, p.288] the following characterization of the integral closure of
ideals in R = O,.

Proposition 2.2. If I is an ideal in O,, the following statements are equivalent:

(i) hel,

(ii) For each system of generators hy, ... ,h. of I there erists a neighbourhood U of
0 and a constant C > 0 such that |h(z)| < Csup{|hi ()|, ..., |k ()|}, for all
zeU.

(iii) For each analytic curve ¢ : (C,0) — (C",0), ho ¢ lies in (e*(I)) Os.

The item (iii) of this proposition is called valuative criterion since it is equivalent
to the condition v(ho ) > inf {v(hi 0 ®),... ,v(h, 0 )}, where v denotes the usual
valuation of a complex curve. In this case, the valuation is the multiplicity of the
curve, see 5.1 for the definition of multiplicity.

Definition 2.3. An element h € O,, is in the strict integral closure, denoted by
T+, of an ideal in O,, if for each system of generators hy,... , hy of I there exists a
neighbourhood U of 0 and a constant C > 0 such that |h(z)| < C sup,;{|h;(z)|}, for
all z € U, or equivalently, v(h o @) > inf {v(g1 0 ®),... ,v(gs 0 @)}, for each analytic
curve ¢ : (C,0) — (C*,0).
Theorem 2.4. [4,p.161] Let F': (C*xC,0) — (C,0) be a one parameter deformation
of a holomorphic germ f: (C",0) — (C,0) with isolated singularity. The following
statements are equivalent
(i) F is a p-constant deformation of f
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(i) & € T(F)
(ili) & "’F € J(F)
(iv) % aF €J
(v) The polar curve of F' with respect to {¢ = 0} does not split, i.e.,
oF
{(:r,t) eC"xC | %(m’t) =0,¥i=1,... ,n} = {0} x C near (0,0).
Next we give necessary and sufficient conditions for a deformation F'(z,t) to be p-

constant. These conditions will be given in terms of some suitable Newton polyhedra
associated to the germ f.

3. p-CONSTANT DEFORMATIONS AND NEWTON POLYHEDRA
For a germ f(z) = 5. axz®, we call supp f = {k € Z" : ax # 0}.
Definition 3.1. Let I be an ideal in O,, we call supp I =U{supp g : g€ I}.

Definition 3.2. The Newton polyhedron of I, denoted by I'; (), is the convex hull in
R?% of the set U {k+v: kesuppl, veR} } ['(I) denotes the union of all compact
faces of I'.(I).

We call J(f) the system of generators {9f/0x1,...,0f/ 0z, }, of the Jacobian ideal
of f. The integral closure of this ideal is useful to give conditons for the y-constancy.

Definition 3.3. We call T(f) the convez hull in R} of U {m +RY: 2™ € J(f)} i

In the next lemma we show a necessary condition for the y-constancy of the families
given by first order deformations.

Lemma 3.4. Let F(z,t) = f(z) + tg(z) be a first order deformation of a complex
germ f with isolated singularity. A necessary condition for the p-constancy of the

family f, is T4 (g) S T().
Proof. If T'y(9) € T(f), it follows from the valuative criterion that there exists an
holomorphic curve 7: (C,0) — (C",0), such that

V(g07)<inf{u(gg{i07>, Vi=dyo- ,n}.

Consider the curve ¢: (C,0) — (C"* x C, 0), defined as ¥ = (7,0). Since gj =
) f . OF of 1

, we obtain —o9 = o~ and the result follows from Theorem 2.4. [J
6(151 8 ,; 3:3,- Bmi

We describe now sufficient conditions for the p constancy.
Yoshinaga in [11] gave conditions for the topological triviality of families of type
F(z,t) = f(z) + tg(z) in terms of the gradient polyhedron A, (f), defined as the

convex hull of the set U{m—l—R’j_ : ‘xlngl +...+ mnaf 1 > Slxml} for a positive




u-CONSTANT DEFORMATIONS AND MULTIPLICITY 5

&(m) in a neighbourhood of the origin in C". In the Theorem 1.6 of [11] it is shonw
that if T (9) C A(f), then F(z,t) = f(z) + tg(z) is topologically trivial for
sufficiently small values of . Damon-Gaffney in [3] also gave similar results for the
topological triviality. We remember that if a germ g satisfies the condition Iy (9) C
A (f), it is equivalent to say that g is in integral closure of the ideal generated by
the system {xlgxfl,... ,xng—z% .

As an immediate consequence of the results of Yoshinaga and Damon-Gaffney, we
have the following

Proposition 3.5. Let F(z,t) = f(z) + E§=1 0s(t)gs(z), be a deformation of f with

isolated singularity at 0. If T (g9,) C Ay(f) for all s =1,...,¢, then F(x,t) is
p-constant for sufficiently small values of t.

Next we give a sufficient condition for the p-constance in terms of the polyhedron

T(f).

Proposition 3.6. Let F(z,t) = f(z) + Z§=l 65(t)gs be a deformation of a complex
germ f with isolated singularity. If 'y (J(gs)) C T(f) for all s = 1,...,¢, then
F(z,t) is p-constant for small values of t.

Proof. The first part of the proof follows the proof of the Lemma 2.1 in [11]. Suppose

that 1"+ (J(gs)) € T(f), from item (ii) of proposition 2.2, we obtain that for each

t=1,...,nand s =1,...,¢ there ex1st a neighbourhood U; s of 0 and a constant
8:1:1

Czs>0 such thatlag’ <o,ssup{ of },and
Zlé (t)] Cis sup{ }

8z,
e
PG P
Therefore, for all z in a nelghbourhood UCU, forallsg=1,... ;Landi=1,... 0

yree gy

Bf'

ax,,

s=1

oF 6f Bgs
ap| 2] |+ 550 22 2 g ] -
of | < of
> = ;
2 sup |5 ; |65(£)|Ci s L {l oz, }
of
{d —
Z 105()|Ci.5) sup B
> (1 —a)sup of ,
i T
for some 0 < o < 1 with |6,(¢)C;is| < aforalli=1,... ,nand s= ..., ~

This inequality implies that <8z - ,%> C <§—£,... ,;’Ti>.
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Now we show that for each analytic curve ¢ : (C,0) — (C**+!,0),

u(%—fmp) Zmiin{u (g—zo;b)}.

We write 9 = (¢, )), hence

V(%—I: o;b) stin{z/(égo/\)-}—y(gsogo)}stin{l-i-v(gsmp)}.

From the hypothesis, for each s =1,... ,¢, we have g, € <5‘¥;, - ,%>, hence

V(gsogo)Zmiin{u (g;z ogo>} Zrain{u(?i o¢>},

therefore v (%}—;— o ¢) >min {1+ v (gs 0 )} > min {u (Zf o 1/1) }

and the result follows from 2.4. O

We see in the example below that the conditions shown in the propositions 3.5 and
3.6 gives rise to different classes of p-constant deformations F(z,t) = f(z) + tg(z).

Example 3.7. Let f(z,y) = y” + 2%y + 2°.

From the Theorem 1.3 of Yoshinaga (see corollary 4.2), we know that A, (f) =
'+ (f) is the polygon with vertices (0,7), (4,1) and (9,0). From the corollary 4.2 we
see that the polygon T'(f) has vertices (0,6), (3,1) and (4, 0).

If we consider g(z,y) = z%y*, we have ' (g) C AL(f), hence the deformation
F(z,y,t) = y" + 2%y + 2° + tz®y* is p-constant from 3.5, but 'y (J(g)) & T(f).

We also see in this example that the condition I'y (J(g)) C T'(f) does not imply that
', (g9) € AL(f), for this, consider g(z,y) = z°. Here we conclude that the deformation
F(z,y,t) =y + o'y + 2% + tz° is p-constant from 3.6, and ' (g) ¢ A, (f).

4. NON-DEGENERATE IDEALS AND pu-CONSTANCY

In this section we describe how to obtain p-constant deformations in terms of non-
degeneracy conditions given by some Newton polyhedra associated to the germ f.

Let I be an ideal of finite codimension in O,, for each face A C I'(I) we denote by
C(A) the union of half-rays emanating from the origin and passing through A. We
call A the subring with unity of O, given by Ax = {g € O, : suppg C C(A)NZ*}.
If D is a fixed subset of ', (1) and g = 3, axz*, we set gp = 5, p axz®.

Definition 4.1. Let I be an ideal of finite codimension in O,, we say that I is
Newton non-degenerate if there exists a system of generators {gi,...,gs} of I such
that, for each compact face A C I'(f), the ideal o generated by {g1,,...,9s,} has
finite codimension in Ax.
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Agerm g = Y axz® is Newton non-degenerate, if the ideal generated by the
system {£,09/0%1,...,Ta09 8z} is of finite codimension in ©,, and is Newton non-
degenerate.

A germ g is said to have non-decreasing Newton order with respect to (1) if
T'i(9) CT+().

When the germ f is Newton non-degenerate, Damon-Gaffney and Yoshinaga also
gave a similar result as an immediate consequence of 3.5;

Corollary 4.2. Suppose that f : (C",0) — (C,0) is a Newton non-degenerate germ
with an isolated singularity. If each gs has non-decreasing Newton order with respect
to T, (f), the deformation f (z) + 2§=1 65(t)gs(z) is p-constant for sufficiently small
values of t.

From 3.6, we also have the following:

Corollary 4.3. Suppose that the system of generators {0f [0z, ...,0 f/0zn} of the
Jacobian ideal J(f) is Newton non-degenerate and for each germ gs, T4 (J(gs)) S
T, (J(f)). Then F(z,t) is p-constant for small values of t.

The next example shows that these two conditions are not enough to give all p-
constant deformations of any germ with isolated singularity.

Example 4.4. Briangon and Speder showed in [1] that the family of hypersurfaces
X, € C? defined by the equations fi(z,y, z) = 25 +y'z + ' +1y°z = 0 has constant
topological type, but the monomial 3%z does not satisfies the condition of corollary
4.3. We can not apply the corollary 4.2 either, since f is not Newton non-degenerate
because the ideal generated by the system {z0f 0z, y0f /Oy, 20f [0z} does not have
finite codimension in O.

The germ f(z,y,2) = 2° + y7z + z'® has isolated singularity at 0 and is weighted
homogeneous of weights (1,2, 3) and degree d(f) = 15, hence the p-constancy of this
family follows from the Theorem 1.1 of Varchenko.

In order to generalize these results for a bigger class of germs that contains the
Newton non-degenerate germs and also the class of semi weighted homogeneous germs,
we apply the results of Bivia-Fukui-Saia, given in [2] to show a necessary and sufficient
condition for the p-constancy of families defined by germs which are non-degenerate
on some Newton polyhedron. We recover here the basic results for this definition.

A subset I'y C R% is a Newton polyhedron if there exist some ki,...,kr € Q} such
that T’y is the convex hull in R? of the set {ki+v:veR}i=1,... ,7} and Ty
intersects all the coordinate axis. We denote by T the union of the compact faces of
', and by I'_ the set R"* ~ T'; and by V,(I'-) the n-dimensional volume of I'_.

From the boundary of a Newton polyhedron I'y, C R™ we construct a piecewise-
linear function ¢r : R* — R with the following properties:

(i) ¢r is linear on each cone C(A), where A is a compact face of I
(ii) ¢r takes positive integer values on the lattice points of R% ~\ {0};

(iii) there exists a positive integer M such that ¢r(k) = M, forall k €T
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This map ¢r induces a filtration of O, = Ay D A; D Ay D ..., by the ideals
Ay ={9€ O, :suppg C ¢;'(¢+ N)}, for all ¢ € N, called the Newton filtration of
Or associated to I' (see [5](2.1)).

For any compact face A of I, this filtration induces a filtration on A, in a natural
way.

Definition 4.5. The I'-order of a germ g = ), axz*, with respect to the filtration
induced by I is defined as

d(g) = min{¢r(k) : k € suppg} = max{q: g € A,}.

The principal part of g, denoted by in(g), is the sum of terms arz* such that
¢r(k) = d(g). Given a face A of ', the principal part of g over A, denoted by ina(g),
is the polynomial

ina(g9) = Z{akx" :k € suppg NC(A) and ¢rp(k) = d(g)}.

Definition 4.6. A system of generators g,..., g, of a finite codimension ideal I is
non-degenerate on Iy if, for each compact face A C T, the ideal of Ax generated by
ina(g1), - .,ina(gs) has finite codimension in Ax. When the system g, ..., g, does
not satisfy the above definition, we say that this system is degenerate on ..

We remark that this definition depends of the system of generators, while the
definition of Newton non-degeneracy does not depend of the system on generators of

the ideal.
The next theorem is essential to prove the main results of this section.

Theorem 4.7. ([2], Theorem 3.3.) Let g1,...,g, be a system of generators of an
ideal I with finite codimension in O, and let Ty C R™ be a Newton polyhedron. If M
is the value on T' of the filtration induced by T'y and dy = d(¢1),...,dn = d(g,) are
the levels of the given set of generators of I with respect to this filtration, then
dy...d,
(i) we have the inequality dime O, /1 > I—M;——n! Va(T2),

(i) the equality holds if and only if the system gi,...,gn is non-degenerate on T',.

From now on we consider a deformation F'(z,t) = f(x) +Zf=1 05(t)gs(x), of a germ
f:(C™,0) — (C,0) with isolated singularity at 0 and fix a Newton polyhedron I'.

We denote by D;, D}, Dy;, the I'-order of the partial derivatives gxf—_, g—i’}, %f re-

spectively.

Theorem 4.8. Suppose that the system of generators {0f/0z1,...,0f/0x,} of the
Jacobian ideal J(f) is non-degenerate on T'y. If Df > D; for alli = 1,... ,n and
all s =1,...,£. Then, for small values of t, the system {0f,/0z1,...,0f;/0x,} of
generators of the Jacobian ideal J(f;) is non-degenerate on T, and p(f;) is constant.

Proof. Suppose first that D} > D; for all 2 = 1,... ,n and all s = 1,..., 4, hence,
Dy = D; for all i = 1,... ,n and, for all ¢ the principal part of each 8 f;/dz; is equal
to the principal part of 0f/0z;. From the non-degeneracy of J(f) on Iy, we obtain
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the non-degeneracy of each Jacobian ideal J(f;) and the equality p(f;) = pu(f) follows
from the part (ii) of the theorem 4.7.

If there exist D] = D;, the non-degeneracy of each Jacobian ideal J(f;) for small
values of ¢ follows from the fact that the set of non-degenerate ideals on some Newton
polyhedron is open, for the Zariski topology. Hence the equality pu(f;) = u(f) follows
from the part (ii) of the theorem 4.7. O

The following example ilustrates this result.

Example 4.9. Let f(z,y) = z'2 + 3. Fix the Newton polyhedron Ty, = T',(f),
since f is weighted homogeneous with respect to the weight w = (2, 3), we obtain
that I'; has only one compact face with vertices (12,0) and (0, 8). The jacobian ideal
J(f) = (fz, fy) is non-degenerate on I';, with d(f,) = 22 and d(f,) = 21.

Consider the family fi(z,y) = z'% + y® — 2t25y*. Here d(fiz) = 22 = d(f,) and
d(fty) = 21 = d(fy). The principal part of the generators { fiz, fiy} of the Jacobian
ideal J(f;) is different from the principal part of the generators {f., f,} of the Jacobian
ideal J(f), but for each 0 < ¢ < 1, the system of generators {fiz, fiy} is also non-
degenerate, hence u(f) = u(f;) for all 0 < ¢t < 1. For ¢t = 1, we see that the germ
f1 = (2® — y*)? has not isolated singularity, hence u(f;) = co.

On the other side, we can also prove the folowing

Theorem 4.10. Suppose that the system of generators {0f /0z,,...,0f/0z,} of the
Jacobian ideal J(f) is non-degenerate on T'y. If for small values of t, the system of
generators {0f;/0z1,...,0f;/0zn} of the Jacobian ideal J(f;) is non-degenerate on
Ty and p(ft) is constant, then D > D; foralli=1,... ,nandalls=1,... ¢.

Proof. If p(fi) = p(f), since J(f;) is non-degenerate on T , it follows from part (ii)
Dy ... Dy,
of the theorem 4.7 that u(f;) = ———-""n!V,(I_). From the hypothesis we have

Mn
Dy iv. Dy ) =
pify = ) = 1—Dn! Va(T-), where the last equality holds from part (ii) of

the theorem 4.7 . Hence D¢y ... Dy, = D; ... D,.
But for small values of ¢, we have

Dy =min. {D;,D{,}, foralli=1... ,n;8=1,... 4.

Hence we obtain Dy; = D; foralli = 1... ,n. Therefore D > D, foralli=1... ,n
and s=1... [ O

Example 4.11. Generalized Briancon-Speder Example

We shall consider here families of type fi(z,y,2) = 25 + y"z + 215 4 tz%yb2¢ for a
fixed monomial z%y°2°.

In order to study the p-constancy of this family, we first check when 2%y®z¢ satisfies
the necessary condition ', (z%y°2¢) C T(f) given in the lemma 3.4.

The Jacobian ideal J(f), generated by the system {15z* + y7, TySz, 52*}, is New-
ton non-degenerate, hence T'(f) = I'; (J(f)), whose vertices are (14,0,0), (0,7,0),
(1,6,0) and (0,0,4) in R3. Therefore, we consider the monomials z%y®z° such that

(a‘vb’ c) L= F+(J(f))
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For instance, if we fix the monomial z°y%2¢ = 352, the Newton polyhedron I, that
we consider is associated to the set of weights (1,2,3) and has only one compact face
with vertices (3,0, 0), (0,2,0) and (0,0,1).

An easy calculation shows that the I'-order of the partial derivatives of f are:
d(15z' +y7) = 14, d(7y8z) = 13, d(52*) = 12 and J(f) is non-degenerate on I',.

The I'-order of the partial derivatives of the monomial y8z are: d(8(y%2)/dz) = oo,
d(6y®z) = 13 and d(y°) = 12, hence we apply the theorem 4.8 to conclude that the
system of generators {15z 4 y7, 7y%z + t6y°2, 52* + %} is non-degenerate on I',
and the family f; is y-constant for small values of ¢.

An analogous argument can be applied to any family f,(z) = f + Zﬁ:l 0s(t)gs
satisfying the conditions of the Theorem 4.8 for this Newton polyhedron.

But there are some monomials 2°y°z° satisfying the condition (a,b,¢) € T'1(J(f))
that do not satisfy the conditions of the Theorem 4.8 for this Newton polyhedron.
For example, if we consider z°y®2° = yz*, the T'-order of d(d(yz%)/dy) = 11 and we
can not apply the theorem 4.8.

On the other side we can apply the theorem 4.10 to show that the family f;(z,y, z) =
2° + y'z + 2'° 4 tyz* is not p-constant. For this we fix the Newton polyhedron
'y =T (J(f:)). An easy calculation shows that J(f;) is Newton non-degenerate and
J(ft) is degenerate on this polyhedron, hence u(f;) < p(f) for all £ # 0.

Analogous argument can be applied to any family fi(z) = f + Zﬁ=1 05(t)gs such
that J(f;) is Newton non-degenerate.

9. Y-CONSTANT DEFORMATIONS AND THE MULTIPLICITY

Zariski propposed in [12] the following question:

Whether for a hypersurface singularity the multiplicity is an invariant of the topo-
logical type?

It is well known that this question has a positive answer in the case of plane curves
and for quasi homogeneous complex hypersurfaces, as is shown by Greuel in [4].

Definition 5.1. The multiplicity of a germ f(z) = 3" azz*, is defined as the lowest
degree in the power series of f(z).

From the results given in the section 4 we obtain a positive answer for Zariski’s
question for families of germs which are non-degenerate on some Newton polyhedron

AR

Corollary 5.2. Let F(z,t) = f(z) + Zﬁ=1 0s(t)gs(t) be a deformation of a germ
[ with isolated singularity such that for small values of t, the system of generators
{0f:/0xy,...,0f:/0x,} of each Jacobian ideal J(f;) is non-degenerate on T . If u(f,)
is constant, then F(z,t) is m-constant.

Proof. To prove this corollary we apply the theorem 4.10 to conclude that Df > D;
foralle=1,...,nand all s =1,... ¢, therefore I'; (g;) C T (f) forall s =1,...,¢
and the equality m(f;) = m(f) follows. O
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