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Resumo

Neste artigo usamos um critério de tipo Massera, para mostrar a existéncia de
solugoes periddicas de uma equacao funcional do tipo neutro modelada na forma

i(aﬂ(t) +G(t,zy)) = Az(t)+ F(t,z¢), t >0, (1)

dt
onde A é o gerador infinitesimal de um semigrupo analitico e compacto de operadores

lineares num espaco de Banach X; D é um apropriado espaco de fase e G, F :
R x D — X sao fungoes continuas e periddicas.
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Abstract

We prove the existence of a periodic solution for a partial neutral functional
differential equation with delay, using a Massera type criterion.

1 Introduction

By using a Massera type criterion we prove the existence of a periodic solution for a
class of partial neutral functional differential equation modeled in the form

—ci(ar(t) + G(t,2y)) = Az(t) + F(t,z0), t>0, (1)

di

where A is the infinitesimal generator of an compact analytic semigroup of linear oper-
ators, (7'(t))¢>0, on a Banach space X; the history x4, z,(6) = z(t + 6), belongs to a
appropriate phase space D and G, F : IR X D — X are continuous functions.

The Massera Theorem [9] is a pioneer work in the study of the relations between the
boundedness of solutions and the existence of periodic solutions. In Massera [9], is explain
this relation for a two dimensional periodic ordinary differential equations. Subsequently,
several authors considered this problem, see for example Yoshizawa for a n-dimensional
differential equation; Lopes and Hale, for n-dimensional ordinary and functional equations
with delay and Yong for a functional differential equations.

Recently Ezzinbi [1], using a Massera type criterion showed the existence of a periodic
solution for a partial functional differential equation modeled in the form

i(t) = Az(t)+ F(t,2),
g = @ €C=C(-r0]:X),

where A is the infinitesimal generator of a compact semigroup of bounded linear operators

on a Banach space.



Neutral differential equations arises in many areas of applied mathematics and such
equations have received much attention in recent years. A good guide to the literature
of neutral functional differential equations with finite delay is the Hale book [4] and
the references therein. The work in partial neutral functional differential equations with
infinite delay, was initiated by Hernandez & Henriquez in [6, 5]. In these papers Hernandez
& Henriquez proved the existence of mild, strong and periodic solutions for a neutral
equation modeled in the form

{ L(z(t) + G(t,24)) = Az(t) + F(t, 1), (3)
o =@ €DB.

where A is the infinitesimal generator of an analytic semigroup of linear operators on a
Banach space and B is a phase space defined axiomatically. In general, the results was
obtained using the semigroup theory and the Sadovskii fixed point Theorem.

Our purpose in this paper is establish similar existence results at those in Ezzinby [1],
now for the case of partial neutral differential equation with delay modeled as (1)-(2).

Throughout this paper, X will be a Banach space provided with norm || - || and
A : D(A) — X will be the infinitesimal generator of an compact analytic semigroup,
(T'(t))e>0, of linear operators on X. For the theory of strongly continuous semigroup, refer
to Pazy [10]. We will point out here some notations and properties that will be used in
this work. It is well known that there exist A > 1 and p € IR such that || T'(t) ||< Me?,
for every t > 0. If (T(t))i>0 is a uniformly bounded and analytic semigroup such that
0 € p(A), then it is possible to define the fractional power (—A)%, for a € (0,1], as a
closed linear operator on its domain D(—A)®. Furthermore, the subspace D(—A)* is
dense in X and the expression

I la=[l (=4)% [, z € D(-4)%,

defines a norm in D(—A)?. If X, represent the space D(—A)* endowed with the norm
|l - lla, then the following properties are well known ([10], pp. 74 ):

Lemma 1 If the previous conditions hold:

1. Let 0 < a<1. Then X, is a Banach space.

2. If 0 < B <a<lthen X, — Xg and the imbedding is compact whenever the
resolvent operator of A s compact.

3. For every 0 < a < 1 there exists Cy > 0 such that

Ca
| (AT s 2=, 1>

In what follows, to avoid unnecessary notations, we suppose that 0 € p(A) and that
for0 <9 <1

| T() I< M, t>0, and | (-A)°’T@H)I|<—, t>0, (4)

for some positive constant Cj.

Along of this paper 0 < 8 <1 and w > 0 are fixed numbers, G, F': IR xD — X are
continuous and we use the notation H; for the following conditions
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H; The function G is Xs-valued and (—A)PG is continuous.

H, G(t,v) = V(t,)+h(t) where V, h are Xg-valued; (—A)PV, (—A)Ph are continuous;
(=A)PV (-, %), (—A)Ph are w-periodic and (—A)PV(t,-) is linear.

Hs G(t,¢) = V(t, 1/)) + G4 (t,%) where V, G, are Xg-valued; (—A)PV, (=A)PG, are
continuous; (—A)PV (-, %), (—A)PG (-, g/)) are w-periodic and (—A)PV(t,-) is linear.

H, F(t,¥) = L(t,¢) + f(t) where L, f are continuous; L(-,%), f are w-periodic and
L(t,-) is linear.

Hs F(t,¢) = L(t,%) + Fi(t,) where L, Fy are continuous; L(-,%), Fi(-,¢) are w-
periodic and L(¢,-) is linear.
Hg For every R > 0 and all 7' > 0 the set of functions

{s = G(s,z5):a € C([-r,T]: X), BES[I_J?T] I z(8) |< R}

is equicontinuous on [0, 7.
H; For every R > 0 and all 7" > 0 the set of functions
{s = G(s,25) 1z € Cp((—00,T): X), sup | z(9)||<R}

fe[—o00,T)
is equicontinuous on [0, 7).
We remark that for the proofs of our results we will use the following results.

Theorem 1 Let Y be a Banach space and T := 1"y +y where I'; : Y — Y s a bounded
linear operator and y € Y. If there exist zo € Y such that the set {T"(zo) : n € IN} is
relatively compact in'Y', then I' has a fized point in Y.

Theorem 2 Let X,Y be Banach spaces and M be a nonempty convexr subset of X. If
[': M — 2Y is a multivalued map such that

(i) For every x € M, the set I'(z) is nonempty, convex and closed,
(ii) The set T(M) = Uyem L'z is relatively compact,
(ii1) T is upper semi-continuous,

then T’ has a fized point in M.

The paper has four sections. In sections 2 and 3 we discuss the existence of a periodic
solution for partial neutral differential equations with bounded and unbounded delay
respectively. In section 4 some examples are discussed. Our results are based on the
properties of analytic semigroups and the ideas and techniques in Hernandez & Henriquez
[6, 5] and Ezzinbi [1].

Throughout this paper B,(z : Z), ( B[z : Z]) will be the open ( the closed ) ball in a
metric space Z with center at z and radius . For a bounded function ¢ : [a,b] — [0, c0)
and a < t < b we will employ the notation &, ; for

ot = sup{{(s) JERS [aat]}' (5)
Finally, if D is a Banach phase space, the norm in D will be denote by || - ||p.
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2 A periodic solution for a partial neutral
differential equation with bounded delay

In this section we prove the existence of an periodic solution of the initial value problem

d

W)+ G z)) = Ae(l) + F(t,), (6)

g = @€C=C(-r0:X). (7)

Definition 1 A function z : [-r,T] — X is a mild solution of the abstract Cauchy
problem (6)-(7) if: xo = ¢; the restriction of z(-) to the interval [0,T] is continuous; for
each 0 < t < T the function AT(t — s)G(s,xs), s € [0,1), is integrable and

2(t) = T(O((0) +G(0,¢) = Glt,z) — [ AT(t ~ $)G(s,2,)ds

+/ (t — ) F(s,z,)ds, t € [0,T). (8)

The existence of mild solutions for the abstract Cauchy problem (6), (7) follows from
Theorems 2.1 and 2.2 in [5]; for this reason we choose to omit the proof of the next two

results.

Theorem 3 Let p € C, T > 0 and assume that the following conditions hold:

(a) There exist constants 8 € (0,1) and L > 0 such that the function G is Xg-valued,
L|(-A)|<1 and

I (=AY G(t,41) = (=AY G (s, 9p2) 1< LIt = s+ [ o1 — 92 [le), (9)
for every 0 < s,t < T and 1,1, € C.
(b) The function F is continuous and takes bounded sets into the bounded sets.

Then there exists a mild solution z(-,¢) of the abstract Cauchy problem (6)-(7) defined
on [—r,b], for some 0 < b < T.

Theorem 4 Let v € C and T' > 0. Assume that condition (a) of the previous Theorem
holds and that there exists N > 0 such that

| F(te) = Fit,d) IS Nl ¢ = e, (10)

for all 0 <t < T and every p, € C. Then there exists a unique mild solution z(-,¢) of
(6)-(7) defined on [—r,b] for some 0 < b < T. Moreover, b can be to chosen as min{T, bo},

where by is a positive constant independent of .

To prove the main result of this section, is fundamental the next result.

4



Theorem 5 Let T > r and assume that assumption Hy, Hg hold. Suppose, furthermore,
that the following conditions hold.

(a) For every ¢ € C the set
X(g) = {x € C([-r,T] : X) : x is solution of (6)-(7)}
is nonempty.
(b) For every R > 0, the set
{(-A)PG(s,z,), F(s,25) : s €[0,T], z € X(x0) and || x ||—er< R 1,
is bounded.

Then the multivalued map T : C — 2¢; ¢ — Xr(p) = {x1 : x € X(¢)} is compact,
that is, for every R > 0 the set Up 7 = Ujjpj.<r X1 () is relatively compact in C.

Proof: Let R > 0 and Ur = Ujg|c<r X(). From (b), we fix N > 0 such that ||
(—A)PG(s,2,) ||[< N and || F(s,zs) ||< N for every & € U and every s € [0,T]. In order
to use the Ascoli Theorem, we divide the proof in two steps.

Step 1 The set Ug(t) = {z(t) : € Ur} is relatively compact for ¢ € (0,7].

Let 0 < e <t < T. Since (T(t))i>0 iIs analytic, the operator function s — AT'(s) is
continuous in the uniform operator topology on (0,7}, which by the estimate

Ci—pN

(f—_q)l——b” s €10,1), z € Ur (11)

| (AT (t = s)(=A)YG(s, ) [I<

implies that the function s —|| (=A)'~PT'(t — s)G(s, ) || is integrable on [0, ) for every
x € Ur. Under the previous conditions, for x € Ur we get

2(t) = T(T(t = )(w(0) + G(0,0)) + (—AF) (= AP)G(t, 2.)

—|-T(e)/0 (—APPT(E — s — &)(=APG(s, z,)ds

4 [f (CA)PT( - s)(—AYC(s, 2,)ds

t—e

+T(e) /ot_E T(t—s—¢)F(s,z,)ds + t T(t—s)F(s,z5)ds,

t—e
and hence
o(t) € T()MBrynl0,X]+(~A)Bn[0,X] + W} +Cl + WP +C2,

where each W} is compact, diam(C}) < QCI_BN% and diam(C?) < 2M Ne. Since
(—A)~F is compact, these remarks implies that Ur (L) is totally bounded and consequently
relatively compact in X.



Step 2 Uz is equicontinuous on (0,7].

Let 0 < € < tg <t <T. The strong continuity of (7'(¢));>0 implies that the set of
functions {s = T'(s)z : ¢ € T(¢)Bryn(0, X) } is equicontinuous on [0,7]. Let 0 < 6 < ¢
be such that

I T(e)e ~T()e | < € o€ T(Brun(0,X),
| Gt w) — Gltoyua) | < & € C((=r,T): X), [ v |-z B+ N,

when | s —s'|<d, 0<s,8 <Tand0<t—1t <.
Under the previous conditions, for z € Uz and 0 <t — 15 < § we get

| z(to) — 2() |
< (Tt =€) = T(t = €))T(e)((0) + G(0,)) |
+ ” tG—(tO’ xto) - G(t’ 'Ti) ”
[T APt — s — T = T(t = 1)) T()(=A)°G(s,2,) | ds

[ 1T = T = to) ] (~A)PT(to - 5)(~A)PG(s,2.,) || ds

f.o—E

+ [ (A PT( = )= APC(s,2) | ds
+/0t0_E | T(to— s —e)({ = T(t —t))T(c)F(s,zs) || ds
+/tt_ | (T(to— s) = T(t — 5)) F(s,) || ds + /tt I = s)F(s,25) || ds

(to — ¢€) (t —t0)?

B . B -
+ szCI_ﬁNfﬁ— + NCup—2 + eM (1o = )

IN

2¢+eCi_p
+2M Ne+ MN(t — to),

thus

| z(te) —z(t) || < cre+ cae” + c38® + c4d,

where the constants ¢; are independent of z(-). This proves that Uz is equicontinuous
from the right side at to > 0. The equicontinuity in to > 0 is proved in similar form, we
omit details. Thus, Uz is equicontinuous on (0,7].

From the steps 1 and 2 follow that the set {z|j, 1) : © € Ur} is relatively compact in
C([p,T) : X) for every p > 0, which in turn implies that Uz 7 is relatively compact in
C([-r,0] : X). This completes the proof.

Corollary 1 Assume that the hypothesis in Theorems 4 and 5 are fulfilled. Then the map
@ — x7(+, ) is a completely continuous function.

Proof: The assertion follow from the Lebesgue dominated convergence Theorem, the
estimate (11) and Theorem 5. We omit details.

Definition 2 A function z : IR — X is an w-periodic solution of equation (6) if: x(-) is
a mild solution of (6) and z(t + w) = z(t) for every t € IR.
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Using the ideas and techniques in [6] is possible to establish sufficient conditions for
the existence of global solutions of (6). In what follows, we always assume that the mild
solutions are defined on [0, c0).

Theorem 6 Let conditions Ha, Ha and Hg be satisfied. If the equation (6) has a bounded
mild solution, then there exist an w-periodic solution of (6).

Proof: For a mild solution z(-) = z(+,¢), we introduce the decomposition z(-) = v(-) +
z(+), where v(+) is the mild solution of

L ut) + V(L)) = Au(t)+ Lit,w),
Up = &,

and z(-) is the mild solution of

%(u(i)—lrl/(t,ut)-l—h(t)) = Au(t) + L(t,w) + f(2),

UOZO.

Let y : [=7,00) — X be a bounded mild solution of (6) and I' : C — C be the map
[(p) :=T1(p) + 2, 1= v, + 2,. Since I'y is a bounded linear operator and U,>; ["*(yo) =
{Ynw : n € IN} is relatively compact in C, see Theorem 5, follow from Theorem 1 that T
has a fixed point in C. This fixed point give a periodic solution. The proof is complete.

Observation 1 In the rest of this paper C'P is the space
CP={u:IR — X :u isw-periodic},
endowed with the uniform converge topology.

Now we prove the main result of this work.

Theorem 7 Let conditions Hs, Hs and Hg be satisfied and assume that the following
conditions are fulfilled.

(a) The functions (—A)PV, (—A)PGy, F and Fy takes bounded sets into the bounded

sets.

(b) There is p > 0 such that for every u € B,[0,C P] the neutral equation

%(U(t) +V(t,y:) + Gl(tvut)> = Ay(t) + L(t,y.) + F1(t,ue),

has an w-periodic solution z(-,u) € B,[0,C P].

Then the equation (6) has an w-periodic solution.
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Proof: On B, = B,[0,C P], we define the multivalued map I' : B, — 28 by: z € T'(u)
if, and only if,

z(t) = T—s)(z(s)+V(s,z5) + Gi(s,z5)) = V(t, @) — Gi(t, we)
—/S AT(t = )V (7, ) + Ga (7w, ) )dr

_I_I/StT(t B T)(L(,/._’g;,r) + Fl(T7 uT))dT, > s.

Next we prove that ' verifies the hypothesis of Theorem 2. Clearly assumption (i)
holds. The condition (ii) follow from the proof of Theorem 5. In relation with (iii) we
observe that from (ii), is sufficient to show that I' is closed. If (u*)nem, (2")nem are
sequences in B, such that " € I'u"; v" — u and z, — z then

(=AY (V(r,2) + Gi(mu]) — (=AP(V(r,z.) + Gi(r,ur)),
T@)(L(r,27) + Fi(mur)) — TE)(L(7 zr) + F1(7,ur)),

for 7 € IR and t > s. From the Lebesgue dominated convergence Theorem, (a) and the

estimate

| (=AY (V(r,27) + Gi(r,u})) ||
(t —s)t-F ’

| AT (¢ = s)(V(7,27) + Ga(7,u7)) IS Chp

we conclude that
z(t) = T -s)(z(s)+ V(s,zs) + Gi(s,x5)) — V(t,2e) — G, uy)
= / AT (t — 7)(V (7, 25) + Ga (7, us))dr

t
+/ T(t—7)(L(ryz,) + Fi(T,u.))dr, t>s,

which proves that € I'u. Thus I' is closed and consequently upper semi-continuous.
Finally, from Theorem 1 the operator I' has a fixed point. This fixed point is an

w-periodic solution of (6). The proof is finished.

3 A periodic solution for a partial neutral
differential equation with unbounded delay

In this section we discuss the existence of an w-periodic solution for a partial functional
neutral differential equation with unbounded delay modeled in the form

i(m(t)%—G(t,m)) = Az(t)+ F(t, ), (12)

dt
z, = YEB,; (13)

where the history z; : (—c0,0] = X, z,(0) = z(t+0), belongs to some abstract phase space
B defined axiomatically and F,G : IR x B — X are appropriate continuous functions.

8



In the rest of this paper B will be a abstract phase space defined axiomatically as in
Hale and Kato [2]. To establish the axioms of the space B we follows the terminology

used 1n Hino-Murakami-Naito 7], and thus, B will be a linear space of functions mapping
(—o00,0] into X, endowed with a seminorm || - ||5. We will assume that B satisfies the
following axioms:

(A) If 2 : (—oc0,0+a) = X, a > 0, is continuous on [o,0 + a) and z, € B, then for
every t € [0,0 + a), the following conditions hold:
1) z,isin B.
i) N2 1< B | 2 s
iii) || 21 [|s< K (¢ — o) sup{[| z(s) [|: 0 < s <t} + M(t - 0) || 2o [[5,

where H > 0 is a constant; K, M : [0,00) — [0,00), K is continuous, M is locally
bounded and H, K, M are independent of z(-).

(A1) For the function z(-) in (A), 2, is a B-valued continuous function on [o, 0 + a).
(B) The space B is complete.

(C2) If a uniformly bounded sequence (¢"), in Coo converges to a function ¢ in the
compact-open topology, then ¢ € B and ||¢" — ¢l = 0as n — oo.

Example 1
We consider the phase space B := C,. x LP(g; X),r >0, 1 < p < oo in [7], which
consists of all classes of functions ¢ : (—oo0,0] — X such that ¢ is continuous on

[—r,0], Lebesgue-measurable and ¢ | ¢(-) |? is Lebesgue integrable on (—oo, —r), where
g:(—o00,—r) — IR is a positive Lebesgue integrable function. The seminorm in || - ||5 is

defined by

@ llss=sup{ll (@)l : =r <0< 0} + ([ 9(0) 1 (0) I at)

We will assume that g satisfies conditions (g-6) and (g-7) in the terminology of [7]. This
means that ¢ is integrable on (—oo, —r) and that there exists a non-negative and locally

bounded function v on (—o0,0] such that

g(& + 0) < (&) 9(9),

for all £ < 0 and 6 € (—oo0,—7) \ N¢, where N¢ C (—o0,—r) is a set with Lebesgue
measure zero. In this case, B is a phase space which verifies axioms (A), (A1), (B) and
(C2) ( see [7], Theorem 1.3.8).

1/p

Definition 3 A function = : (—oo,T] = X is a mild solution of the abstract Cauchy
problem (12)-(13) if: xo = @; the restriction of x(-) to the interval [0,T] is continuous;
for each 0 <t < T the function AT(t — s)G(s,zs), s € [0,1), is integrable and

z(t) = T(f)(¢(0)+G(0,¢))—G(t,mt)—/OtAT(t—S)G(S,Is)dS

[ T-9Fs,z)ds,  teT) (14)



Lemma 2 Let Assumption Hy,Hy be satisfied. If x : (—o0,T] = X is a bounded mild
solution of (12), then the set U = {xn, : n € IN} is relatively compact in B.

Proof: Let (zn,.)keN a sequence in U. For n > 0 we define the set U(n) = {zn,. : ngp >
n}. Using the same arguments in the proof of Theorem 5, follows that U(n) is relatively
compact in C([-r,,0]; X) when nw > r. Using a diagonalized process we can to obtain a
subsequence of (., )kem; Which be indicated by the same index, that converges uniformly
on compact subsets of (—o0,0] to some function z € Cy((—o0,0] : X). Since B verifies
axiom C 2, follow that * € B and that z,,, — @ in B. These remarks implies that U is
relatively compact in B.

Definition 4 A function z : IR — X is an w-periodic solution of equation (12) if: x(-)
is @ mild solution of (12) and z(t + w) = z(t) for every t € IR.

The proofs of the following results are similar to the proofs of Theorems 6 and 7. We
only remark that the continuity of ¢ — 2. (-, ) is discussed in [6].

Theorem 8 Let conditions Hy, Hy and Hy be satisfied. If the equation (12) has a
bounded mild solution then there exist an w-periodic solution of (12).

Theorem 9 Let conditions Hs, Hs and H; be satisfied and assume that the following
conditions are fulfilled.

(a) The functions (—A)PV, (~A)FGy, F and Fy takes bounded sets into the bounded

sets.

(b) There is p > 0 such that for every u € B,[0, CP] the neutral equation

d
S0+ V(ELy) +Giltw) = Ay + Lty + At w),

has an w-periodic solution z(-,u) € B,[0,CP].

Then the neutral equation (12) has an w-periodic solution.

4 Applications

In this section we illustrate some of the results in this work. Along of this section,
X = L*([0,7]) and A is the operator Az = z” with domain

D(A) := {f() € L*([0,]) : f"(-) € L*([0,7]), f(0) = f(m) = O}.

It’s well known that A is the infinitesimal generator of a strongly continuous semigroup,
(T'(1))e>0, on X, which is compact, analytic and self-adjoint. Furthermore, A has discrete
spectrum, the eigenvalues are —n?, n € IN, with corresponding normalized eigenvectors

EplE] = (2>1/2 sin(n€) and the following properties hold:

™

(a) {z,:n € IN} is an orthonormal basis of X.
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(b) If f € D(A) then A(f) = =22, n* < f,2n > 2zn.
(c) Forevery f € X, (—A)™f =02, =5 < f,2s > z,. In particular, ||(—4)7Y3|| = 1.

(d) The operator (—A)® is given by (—A)*f = Y202 n** < f 2, > z, on the space
D((—=A)*)={feX T2 n®™ < fzn >z, € X}.

(e) Forevery f € X, T(t)f = 3554 et < f,z, > z,. Moreover, there exist constants
M > 1, > 0 such that

~ Cge_”t
| T(t) |< Me™, t>0, and | (=A)’T(¢) ||< —5— t>0,

for some Cy > 0.

4.1 A neutral equation with bounded Delay

Considering the example in Ezzimby [1], in this section we study the following neutral

equation

%[u(t,é') n /—Or /07r b(s,n, E)u(t + s,n)dnds] = gf—?u(t,f)
+a1(t)$(t =T 6) S § ag(t)p(t, ‘T(t - rvf)) = Q(t7€)) (15)
w(t,0) = ult,r)=0, t = 0 (16)
wilme] = wlnl) T€[-nr0], 0<¢L< T, (17)

where

(i) The function b(+) is measurable and

sup /W /-7r b*(t,m, )dndé < oo.
te[-r,00) /0 JO

(i1) The function L3 b(r,7n,¢) is measurable; b(7,n,m) = 0; b(7,7n, 0) = 0 and

a¢
N, = /OW /_O /O (%b(nn,@)?dndm( <1.

(iii) The functions p,q: IR?> — IR are continuous and w-periodic in the first variable.

(iv) The substitution operators g, f : IR x X — X defined by g(t,z)(€) = p(t,z,§) and
f(t,z)(€) = q(t,x, &) are w-periodic, continuous and there exist & > 0 such that

Ig(t,2) ISk [l |l (t,2) € IR x X.

11



(v) The functions a; : IR — IR are w-periodic, continuous and there exist constants /, s
such that

et ar(t) |+ [l aalt) | k< 1, 20,

On the space IR x C we define the maps G, F, F} by

Gt w)e) = [ [ b (s, mdnds

L(t,9)(€) = a(t)p(-r)(E),
B, 9)(6) = aa(t)g(t,9(=r))(E) + f(2)(E)

With the previous notations, the initial boundary value problem (15)-(17) can be modeled
as the abstract Cauchy problem
d

dt( z(t) + G(t,z:)) = Ax(t)+ L(t,ze) + Fi(t, ze), t >0 (18)

A straithforward estimation using (i)-(iv) shows that G, L and F; are continuous func-
tions. Moreover, from (d) in the first part of this section and (ii) follow that G is a
X -valued bounded linear operator and that | (=A)Y2G(t,-) || N, for every t € IR.

Next we prove that G satisfies Hg. Let R > 0 and @ € C([—r,T]; X) such that
| z |-, < R. For t > 0 we get

Gt + h,zen)(€) — Gt 20)(E)
— /4“ [ 80t = h,m,€)2(0,7)dndo

—r+t+h JO

T /er /Ow(b(a —1— h’ 7, é) il b(é‘ - t,n,f))l‘w,n)dnda
+ Ai+h /07'— b(‘g —t—h,n, 5)’1/(9, n)dqdﬁ

and hence
iumP<MMrHH//¥rMMM
vallz e [ ) [0t dnanag
+allaly [7 [ 020,n,€)dnde.
Thus,
< 60,2 < Clo, 35.8), (20

where C(p, 52,b) > 0 is independent of ¢ > 0 and z. This implies that the set
U ={s = G(s,2):w € C=r, T X), suwp | 5(6) I R)

e[-r,T

is equicontinuous from the right side at ¢ > 0. The equicontinuity of ¢/ on IR is proved
in similar form. Thus condition Hg hold.
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Proposition 1 Assume that the previous condition hold. If p =1 + M%Iﬁ and

é(l—e‘“to) >N1p(2+C%(/1:+2))7 (21)

then there exist an w-periodic solution of (15)-(17).
Proof: Let v € B,[0,CP] and ¢ € B,[0,C]. We affirm that the mild solution, z(-,¢), of

%(1(7&) + G(t,z1)) = Azx(t)+ L(t, ) + Fi(t, ve), t>0,

o = ¥
is bounded by p on [0,a,), where [0, a,) is the maximal interval of definition of z(-,¢).
Assume that the affirmation is false and let ¢t = inf{t > 0 :|| u(¢) ||> p}. Clearly,
u(to) = p. If to > 1, by employing the estimates in Ezzinbi [1], pp. 227, we have that

l :
lzlo) | < »— ;(1 — ) + e G0,0) I M | 246 e

to—1

+CN [T e | ay e ds
2 Jo

to e~ H(to—s)
I 25 [le ds

—

+oym [

to—1 (to — 5)5

IN

p= (L= ) £ N4 Nip+ CyNap(+2),
thus,
l2(to) | < b= (1= ™)+ Nipl2+ Cy (5 +2) (22)
Similarly, if to € (0, 1]
) (23)

o=

[
lz(to) | < p- ;(1 — ™) + Nip(2 +2C

From (21), (22) and (23) follows || u(to) ||< p, which is a absurd.
Now we prove that a, = co. Assume that a, < co and let N be the number N = p(|
@1 |oo 4 | @2 oo k)+ || f |lco- For € >0 we fix 0 < § < 22 such that

| T(s)z—T(s)all<e, @ €T(e)Bun(0,X),

when | s — s’ |[< é and s, € [0,a,). Let =& <t < 1o < a,. Using the estimate in step 2
in the proof of Theorem 5, we have

l2(te) —2(t) | < et || Glto, 2e,) — G(t, 20) || +2¢Cyal + 2MCy Nype
+2N,1pC18% + eMay, + 2MNe + MN§

which from (20) implies that z is uniformly continuous on [%2, a,], since the constants ¢;
are independent of ¢,to € [%2,a,]. Let & : [—r,a,] — X the unique continuous extension
of #. From Theorem 4, there exist a mild solution y(-) of (18) with initial condition
Yo, = &a,. This solution give a extension of z(-, ¢), which is a contradiction. Thus z(-, )
is defined on IR.

These remarks and Theorem 6, implies that for every v € B,[0,CP] there exist a
w-periodic, u(-,v), of (18) and that u(-,v) € B,[0,CP]. Finally, the existence of an
w-periodic solution of (18) follows from Theorem 7. The proof is complete.
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4.2 A neutral equation with unbounded delay

Next we consider the following boundary value problem

a0+ [ b6 =t utsmldnds) = Sou(t,6) + au(Eats
+/ (s —t)u(s,€)ds + ai(t, €) (24)
uw(t,0) = u(t,r)=0, t >4, (25)
wr€) = ¢(r,4), T7<0, 0<¢<m, (26)

which is studied by Hernandez and Henriquez in [6].
Let B :=C, x LP(g; X), r > 0, 1 < p < oo be the phase space studied in Example 1.

In this case H = 1; M(t) = v(—t)7 and K(t)=1+ (fft g(T)dT) ? for all t > 0. Assuming
the conditions (i) — (iil) of Example 3.1 in [6], this problem can be modeled in the form

d

Z(olt)+ Glar) = As(t) + F(t, ) + (1),

where

Gw)e) = [ [ bls, m, (s, n)dnds,

0
PL9)E) = aol€)b(0,6) + [ als)p(s,€)ds,
1) = w).
Moreover, the range of GG is contained in X;_, | (=A)Y2G(t,-) ||< Ny and || F(t,-) ||< Ns

where
™ 0 T 1 a 2
= 9 (s l
& /o /_OO/O (s ( b(“ﬁ]a()) dndsdc,

)

Theorem 10 Assume that the function g(-) satzoﬁes the following conditions

N3 := max{| ao ||c; (

gi) In(g) is uniformly continuous.
gi) k1 = J2 g(0)e?df < oo,
giii) 7(1) = 0 ast — oo.
and that

1 -~ 1 -
CHI(=A) 7PNy + -Mcﬁ Nie™® + CsNix(p) + ;MNg
where x(p) 1= j" p-le . Then there exist an w-periodic solution of (24).

14



Proof: Using similar estimates that those in the subsection 4.1, follows that condition H,
hold. From Lemma 3.1 and Proposition 3.4 in [6], each mild solution of (24) is bounded
on [0,c0). Now the existence of an w-periodic solution for (24)-(25)-(26) is consequence
of Theorem 8. The proof is finished.
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