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Resumo

Neste artigo mostramos a existéncia de solugdes fracas, fortes e cldssicas para
um problema de Cauchy nao local de segunda ordem modelado na forma

= Ax(t) + [t 2(1), 2(a()), 2'(1), ' (b(1))), © € [a,b),
z(0) + plz,e) = 2o,

2(0) + ge,2) =,
onde A é o gerador infinitesimal de uma fungao coseno fortemente continua de

operadores lineares num espaco Banach X; ¢(-), p(:) : C(I; X) — X sdo apropriadas
e a(-), b(-) sdo fungdes continuas nao decrescentes.
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Abstract

By using the theory of strongly continuous cosine functions, we study the exis-
tence of mild, strong and classical solutions for a functional second order abstract
Cauchy problem with nonlocal conditions.

1 Introduction.

The purpose of this work is to study the existence of mild, strong and classical solutions

of a class of functional second order differential equations modelled in the form

"(t) = Az(t) + f(t,z(t),z(a(t)),2'(t),2'(b(2))), t € I=][0,T], (1.1)
+ p(z,2") = zo, (1.2)
+ g(z,2) = 2, (1.3)

where A is the infinitesimal generator of a strongly cosine family of bounded linear opera-
tors (C(t))ier on a Banach space X; a(-), b(+) : I — I; p(-),q(-) : C(; X)x C([; X) = X
and f: I x X* — X are appropriate functions.

In general, the nonlocal conditions can be applied in Physics with better effect that the
classical initial conditions z(0) = 2. For the importance of nonlocal conditions in different
fields, we refer to [2, 3, 4, 5, 6] and the references contained therein. The study of nonlocal
initial value problems was initiated by Byszewski in [2, 6]. In [2], Byszewski prove the

existence of mild, strong and classical solutions of the semilinear nonlocal Cauchy problem

2'(t) = Az(t) + f(t,z(t)), tel=1[0,T]

z(0) ==z0 + q(t1,t2,t3,...,tn,u(-)) € X, (1.4)

*This work was supported by DICYT-USACH , Project 04-0133HM.



where A is the infinitesimal generator of a strongly continuous semigroup of linear opera-
torson X; 0 <o < <. <t ST5 f:[0,T]xX = X, ¢q(-,-) : ["xC(I : X) = X are
appropriated functions and the symbol ¢(t1,1s, 13, ..., tn, u(+)) is used in the sense that “-”
can be substitute only for the points ¢;, for instance (1,12, 13, ..., tn, u(-)) = =%, oqu(t;).

On the other hand, some second order nonlocal initial value problems are studied by
Ntouyas & Tsamatos in [15, 16, 17]. In these works the authors discuss the existence
of solutions for a type of second order delay integrodifferential equations with nonlocal

conditions described in the form
:I?”(t) = A.’l:(t) + f(t’ m(al(t))’ /ot k(t - S)h(S,II)(GQ(S)),fE(O’é(S)))ds,37(0'4(t))), 18 (OaT):

z(0) = g(x) + 20, 2'(0) =n,

where A is the generator of a strongly continuous cosine family, (C(¢))er, of bounded linear
operators on X; zg,n € X and g: C(I : X) = X, f,h: I x X® — X are appropriated
functions. In general the result are obtained using the Leray-Schauder Alternative and
the strong assumption that the cosine family C(t) is compact for every ¢ > 0, which in
turn implies that dem(X) < co.

Throughout this paper X will be a Banach space endowed with a norm || - | and
C(t) denotes a strongly continuous operator cosine function defined on X with infi-
nitesimal generator A. We refer the reader to [1, 19] for the necessary concepts about
cosine functions. Next we only mention a few results and notations needed to establish
our results. We denote by S(t) the sine function associated with C'(¢) which is defined by

t
S(t)e ;:/0 C(s)zds, € X, t€ R (1.5)

For a closed operator B : D(B) — X we denote by [D(B)] the space D(B) endowed with
the graph norm || - ||g. In particular [D(A)] is the space D(A) endowed with the norm

lzlla = llzll + [lAz]l, =€ D(A).

Moreover, in this work the notation E stands for the space formed by the vectors z € X
for which the function C(-)z is of class C'. It was proved by Kisiiisky ([13]) that E

endowed with the norm

lally = llall + sup A4Szl < € B,
0<t<1
g ‘ . o S| . _
is a Banach space. The operator valued function G(t) = [ AS(1) C(D) is a strong-
ly continuous group of linear operators on the space £ x X generated by the operator

A= l (1)4 é ] defined on D(A) x E. From this it follows that AS(t) : £ = X is a

(8}



bounded linear operator and that AS(t)z2 — 0, ¢t — 0, for each z € E. Furthermore, if
z:[0,00) = X is a locally integrable function then

y(t) = /Ot St — s)e(s) ds

defines an F-valued continuous function. This is an immediate consequence of the fact

that
g 0 | 8@ —s)z(s)ds
/o Gt =) { z(s) } ds = [ L C(t = s)z(s) ds

defines an £ x X-valued continuous function.
The existence of solutions of the second order abstract Cauchy problem

a"(t) = Az(t) + h(t), 0<t<aq, (1.6)
W0) = @g, #(0)= @y (1.7)

where h : [0,a] — X is an integrable function, has been discussed in [20]. Similarly, the
existence of solutions of the semilinear second order abstract Cauchy problem it has been
treated in [21]. We only mention here that the function z(-) given by

2(f) = Clwo + S + /Ot Bl —hlids, 0t <a (1.8)

is called a mild solution of (1.6)-(1.7). In the case in which ¢ € E then z(-) is continuously
differentiable and

2(t) = AS(t)z0 + C(t)z1 + /0’ C(t — s)h(s)ds. (1.9)

Additional terminology and notations are those generally used in functional analysis.
In particular, £(X) stands for the Banach space of bounded linear operators from X into
X and B,(z) will denote the closed ball with center at = and radius r in an appropriated
space. Moreover, for bounded functions € : [ — IR and A : Y — IR we will employ the
notations & and Ny for & = sup{é(f):0 <t} and Nj =sup{|| Aly) ||: v € Y}.

The paper is organized as follows. In section 2 we establish existence of mild, strong
and classical solutions of some second order nonlocal initial value Cauchy problems. The
results are obtained using the ideas and techniques in Henriquez & Vasquez [12], Ntouyas
& Tsamatos [15, 16, 17] and the Leray Schauder Alternative. Finally, in section 4 we

present an application to the wave equation.

Lemma 1.1 Let D a convex subset of a Banach space X and assume that 0 € S. Let F':
D — D be a completely continuous map. Then the set {x € D :x = AF(z), 0 < A < 1}

is unbounded or the map F has a fiz point in D.



2 Existence of solutions.

In this section we study existence of solutions of some nonlocal second order functional
abstract Cauchy problem. We begin by introducing some notations. We assume that
M > 1is a constant such that ||C'(¢)|| < M for all ¢ € I. Moreover, we consider the space
of continuous functions C(7; X') endowed with the norm of uniform convergence and we
abbreviate to C'(7) whenever [ = X.

Initially we consider the following second order initial value value problem

2'(t) = Az(t) + f(t,z(t),z(a(t))), 0<t<ty, (2.10)
z(0) + p(z) = o, 2.11
2'(0) + q(z) ==z, (2.12)

where zg,z, € X.
To treat this initial value problem we always assume that the following general as-

sumptions hold:

Assumption A
(i) The function @ : I — I is continuous.
(i1) The function f : I x X x X — X satisfies the following Caratheodory conditions:
(a) f(¢,-): X x X = X is continuous a.e. t € I;

(b) For each z,y € X, the function f(-,z,y): [/ — X is strongly measurable.

(ii1) The maps p, g are continuous.

Definition 2.1 We say that a function x(-): I — X is a mild solution of the problem
(2.10)-(2.11)-(2.12) if z(-) is continuous and satisfies the integral equation

w(t) = C(O)wo—p(e)) + 5@ —a(2) + [ 5= 9)(s,2(),2(a(s))ds, te T,

A cosine function defined on an infinite dimensional Banach space can be not compact.
However the sine function, especially those that arise with practical situations, are fre-
quently compact, see [20]. This facts leads naturally to include that property in the
statements of our results. For the theory of condensing maps we refer to [10]. In what
follows we denote by B, the closed ball in C'(/; X)) with center at 0 and radius r and, for
a given x € C(I; X) we abbreviate the notations by writing u(s) = (z(s), z(a(s))).

Theorem 2.1 Assume that Assumption A and the following conditions hold:

NN



(H-1) The functions p(-) and q(-) take bounded sets into bounded sets. Forr > 0, let
= sup{| p(a) |l = € B} and B, = sup{] (=) |l = € B.}.

(H-2) The map C(I;X) — C(I;X), 2 = C(-)p(z) is condensing.
(H-3) The map C(I; X)— C(I;X), x — S(-)q(x) is completely continuous.

(H-4) For each 7 > 0 there is a positive integrable function ~, € L(I) such that
sup{||f(t,z,y)| : =,y € B.[0,X]} < v.(¢) a.e. t €[0,T].

(H-5) For each t € I and r > 0 the set {S(1)f(s,z,y) : 0 < s < T, |lz|,|lyll| < r} is
relatively compact.
..M &l
(H-6) lllfl_l)f)lolf—l;— ar + TPk +/0 (T — s)(s)ds | < 1.
Then there is a mild solution of (2.10)-(2.11)-(2.12). In further, if the following conditions
is fulfilled:

(H-67) lnnsup%l— (ak—i—Tﬁk-i-/ DEE )ds) < 1;

k—yo0

then the set S formed by the mild solutions of (2.10)-(2.11)-(2.12) is compact in C(1;X)

Proof. Let 7 : C(I; X) — C(I;X) be the map defined by

T(@)(t) = Ct)(wo— p(@) + S(W)(er— () + [ S(t = )7(s,a(s), 2(als)) ds.(2.13)

Clearly I is well defined and the Lebesgue’s dominated convergence Theorem implies that
is continuous. We affirm that there exist n € IV such that 7 : B, — B,. In fact, if we
assume that the assertion is false we can to select a sequence (zx)ren in C(I : X) such
that | zx ||eo< k and || T (zk) ||o> k for every k € IN. Consequently, for & € IV we see
that

T
E< T @0)llew < M{llz0ll + @) + MT (o]l + B) + M [ (T = 5)yu(s)ds

which yields
..M
1 Shlgr_l)glfz—(akﬁ-Tﬁk—l-/ — $)Vk(s )cls)

and this inequality contradicts (H-6).
Now, we introduce the decomposition 7 = 7; + 75 where 7; : C(I; X) — C(I;X) are
defined by

Ti(2) = C()(zo—p(a)),
T@)t) = SWe—a@) + [ St—9)(s2(s),a(a(s)ds, tel.



- It’s clear that 7y, 7, are continuous maps. Moreover, the hypothesis H-2 implies that 7;
is condensing. Next, we prove that 7, is completely continuous. Let us define

() = /OtS(t _ S¥f(socaal, wlals)ds.

for z € C(I;X). Applying H-3, it remains to prove that the set {z(-) :|| 2 [|< 7} is
relatively compact in C(/; X), for every r > 0. We begin by establishing that this set is
equicontinous. For this purpose, we fix t > 0 and ¢ > 0 such that ¢t + ~ < T. Since

z(t+h) — /[St+h—s) S(t—s)]f(s,u( ds-{—/ S(t+h—s)f(s,u(s))ds
from H-4we obtain the elementary estimation
t+h
| 2(t + k) — 2(t) ||= Mh/ 7e(8)ds +MT/ s)ds

which yields the assertion. Next we show that for every ¢t € [0, 7] the set {z(¢) :|| = || < 7}
is relatively compact in X. Since S(-) is uniformly continuous on 7, given ¢ > 0,let § > 0
be such that || S(t1)—S(¢2) || < ewhen | t;—t; |< d. Weselect 0 = sp < 81 < 87.... < $p =1

so that | s; — s;—; |< d. We can write

z(t) = Z/Sll (t—s)f(s,u(s))ds
= Z/S’__][S(t—s) S(t — s:)]f(s,u(s) ds+Z/S” (t — s:)f(s,u(s))ds

=1
Applying H-5 we obtain easily that the second term of the right side of the above expres-

sion is included in a compacts set. Since we can estimate the first term as

“Z/s., (t—38)—= St —s)]|f(s,u(s))ds || < CZ/ ¥ (s

i=1 " Si—=1

< 6_/0 V- (8)ds

and ¢ was arbitrary chosen the assertion follows. Hence we obtain that 7 is a condensing
map and combining this result with the first part of this proof and applying the fixed
point Theorem of Sadovskii we infer that 7 has a fixed point @ € B,. Clearly z is a mild
solution of (2.10)-(2.11)-(2.12).

On the other hand, the continuity of 7 implies that S is closed. Moreover, proceeding
as at the beginning of the proof, but using H-6’ instead H-6 we can see that S is bounded.
In fact, if we assume that S is not bounded there is a sequence of functions z; € S such

that ry =|| zx ||cc> k. Hence obtain

| Ta(t) |
< Mool + @) + MT(all + ) + M [ (T = s)e,(s)ds

| 2u(®) |

6



which yields

k—co Tk

/] 1
1 <limsup A—[ <a,.k + 15, -I—/O (T = s)vr.(8) cls)

and this inequality contradicts H-6’. Finally, using that 7 is condensing we infer that S
is compact. Thus the proof is complete.
For those operators f which are a perturbation of a linear operator we can to establish

the following modifications of the precedent result.

Theorem 2.2 Assume that conditions H-1, H-3 and H-4 are fulfilled, that a(t) < t,
t € I, and that p is completely continuous. Suppose furthermore that there are functions
gyl : I x X — X such that f = g+ | and that

(a) g, satisfy the Caratheodory, conditions (ii) of Assumption A;
(b) I(t,:) : X* = X 1is linear and the function L(t) =|| l(t,-) || is integrable on I;

(c) For eacht € I and r > 0 the set {S(t)g(s,z,y) : 0 < s < T, |lz|,|ly]| < r} is

relatively compact.

If H-6 hold then there is a mild solution of (2.10)-(2.11)-(2.12). In further, if H-6’ hold
then the set formed by the mild solutions of (2.10)-(2.11)-(2.12) is compact in C(I;X).

Proof. We define the map 7 = 7 + 75 where 7 is the map defined by (2.13) with ¢
instead f and 7g is given by
t

Tox(t) :/ S(t — s)l(s, z(s), z(a(s)))ds.

0

It’s clear from the proof of Theorem (2.1) that 7 is completely continuous. Moreover, 7o

is bounded linear operator and

| Tox@) | < M [ (t= )LL)l 2(5) || + | 2(a(s)) | ds

< 2M/Ot(t—s)L(s) me [| 918} o

- 0<E<s

This estimation implies that 7,™ is a contraction for m large enough. Consequently, g

is also a condensing map and the proof of the assertion is obtained arguing as in the proof

of Theorem (2.1).
When p or ¢ satisfies a Lipschitz condition we can establish a slightly different result.

To state our following result we introduce the conditions:
(H-7) The function p satisfies ||p(z) — p(y)|| £ Npllz — Yl|ess 2, y € C(L; X).

(H-8) The function ¢ satisfies ||¢(z) — q(v)|| £ Nollz — y||os, z, y € C(I; X).

=1



Theorem 2.3 Assume assumption A and conditions H-4, H-5 hold. Suppose also that
at least one of the following conditions hold:

(i) Conditions H-1, H-3, H-7 are satisfied and
. ..M T
MN, + h}%l_])lnfT T[J’k+/0 (T — s)w(s)ds ) < 1; (2.14)

(i1) Conditions H-7, H-8 are satisfied and

LM T
MN, + MTN, + hkrgmf—k—/ (T - &)pls)ds < L, (2.15)

0
then there exist a mild solution of (2.10)-(2.11)-(2.12).

Proof. We prove the statement in the case (1). Let 7 = 7;+7; as in the proof of Theorem
(2.1). Using condition (2.14) we can to select n € IV sufficiently large such that

MNyn + M || zo —p(0) || +MT(|| z1 || +8.) + M/(;T(T — $)Tn(s)ds < n.
We affirm that the map 7 : B, — B,. In fact, for « € B,, and t € I we have that
IT@OI < ICE) @0 — ple)) + Ct)(zo — pO)I+ Il SE)(z1 — a(2)) |
+ [ 15— )1(s,2(5), 2(a(s))) || ds

MNyn + M || zo — p(0) | +MT(||z1]| + Ba) + M /OT(T — 5)Yu(s) ds

n,

IN A

which yields the assertion. Moreover, it is immediate to see that 7; is a contraction, and
proceeding as in the proof of Theorem (2.1), it follows that 7; is completely continuous.
Thus, 7 is a condensing map and the Sadovskii Theorem implies that 7 has a fixed point
in B,.

The proof when condition (ii) holds is similar, except that in this case we modified
the definition of 7; and 75 as

Ti(z)(t) = C(t)(zo— p(z)) + S(t)(z1 — q(z)),
Ta(z)(t) = /0S(i—S)f(s,.’c(s),a;(a(s)))ds tel

We omit details. =
When we can assure that the set S formed by the mild solutions is bounded we infer

that it’s compact. Thus, the following result can be proved with the arguments employed
in the proof of Theorem 2.1. By the sake of brevity we omit this proof.

Corollary 2.1 Assume that assumption A and conditions H-4, H-5 hold. Suppose further
that at least one of the following conditions hold.

8



(i) Conditions H-1, H-3, H-7 are satisfied and

MN, + llmsup—— <Tﬂr / — )Y (s ) % 1

r—+0o
(i1) Conditions H-7, H-8 and

4
MN, + MT N, limsup —A—/‘I-/ (T — s)y-(s)ds < 1;
0

r—00

then the set S is compact.

In most of situations of practical interest the sine function S(¢) is compact ([20]). For

this reason we establish in separate form the following result.

Corollary 2.2 Assume that assumption A holds and that the operator S(t) is compact
for every t € IR. In further, if one of the following conditions is fulfilled

(i) The map p is completely continuous and H-1, H-4 and H-6 hold;
(i) Conditions H-1, H-4, H-7 and (2.14) hold;

(iii) Conditions H-4, H-7, H-8 and (2.15) hold,

then there is a mild solution of (2.10)-(2.11)-(2.12).

Proof. The compactness of S(¢) implies easily that condition H-3 is verified. Furthermore,
the operator 7o : C(I; X) — C([; X) defined by

Toa(t) = [ S(t = s)f(s,2(s), 2(a(s)))ds,

is completely continuous. The argument used in the proof of Theorem 2.1 to prove
the same property for 7, permit us to affirm that it’s sufficient to show that the set
{Toz(t) ;||  ||[c< 7}, 7 > 0, is relatively compact in X for ¢ € I. In order to establish this
fact we point out previously that if we take £ > 0, then we can write S(n€) = S(§) Py,
n € IN, where P, is certain bounded linear operator on X.

Since S(-) is uniformly continuous on I, given ¢ > 0 there is § > 0 such that ||
S(t1) — S(t2) ||< € when | t; — t5 |[< 6. We select, n € IV such that ¢ = £ < and define

s; =1£,1=0,1,...n. Hence we can write

Z/s,1 (t —s)f(s,u(s))ds
+Z/S” (t —s) — S(t — s:)]f(s,u(s))ds — S ZP/ (s,u(s))ds.



Applying (H-4) we can establish the estimation

13 [ (5t =3 = St = solftsutods | < e [ (o)
ISR [ Hosutshis| < s 11 [ s

1

which are valid independent of z(-). Since S(£) is a compact operator and € was arbitrary
chosen the assertion follows.

Finally we complete the proof of the Corollary by observing that if the condition (z)
is verified, the statement is consequence of Theorem 2.1, while if conditions (iz) or (2:1)
hold the assertion is consequence of Theorem 2.3. =

From the preliminaries we know that if 29 — p(2) € E then the mild solution z(-) is

continuously differentiable on I and

2'(t) = AS(t)(zo — p(z)) + C(t)(z1 — q(2)) + / (t—s)f(s,z(s),z(a(s))ds. (2.16)
Next we study the differentiability of the function 2’(-). First we consider the following

concept of strong solution.

Definition 2.2 A function z(-) : [0,T] — X is a strong solution of (2.10)-(2.11)-(2.12)
if 2(-) € W2Y([0,T]; X), the equation (2.10) is satisfied a.e. t € I and the conditions
(2.11) and (2.12) are verified.

In our results we consider Banach spaces that have the Radom Nikodym property,
(abbreviated RNP). We refer to [11] for this matter.

Theorem 2.4 Assume that X has the RNP and that the hypotheses of Theorem 2.1 or
2.2 hold. If in further the following conditions are verified:

(H-9) R(p) C 20+ D(A) and R(q) C 21 + E;
(H-10) The functions vy € L=(]);
(H-11) For each bounded set D C X, the functions C(-)f(t,z,y), t € I, z,y € D, are

uniformly Lipschitz continuous on [,
then the mild solution z(-) of (2.10)-(2.11)-(2.12) is a strong solution.

Proof. Let z(-) be a mild solution of (2.10)-(2.11)-(2.12). From (2.16) and H-9 we find
that
d(t+s)—2'(t) = ASE+s)—S))(zo—p(z)) + (C(t+s)—C(2))(z1 — q(z))
+ [(C(t 45— €)= Clt - )F(€,2(6), a(a(€))) d

t+s

+ | Clt+s—Of(§ (), 2(a()) dé,

10



which, applying H-10 and H-11 implies that 2’(-) is Lipschitz continuous. From this
and the fact that X has the RNP it follows that « € W*!(I; X). The assertion is now

consequence of Proposition 3.3 in [12]. =

Remark. From the results in [13], the condition H-11 holds if R(f) € E and f :
I xDx D — FE is bounded.
Next we discuss the existence of classical solutions. We begin with the following

definition.

Definition 2.3 We say that a function z(-) : [ — X is a classical solution of the problem
(2.10)-(2.11)- (2.12) if z(-) is a function of class C? that satisfies the equation (2.10) and
the initial conditions (2.11) and (2.12).

Theorem 2.5 Assume that the hypotheses of Theorem 2.1 or (2.3) are verified. Suppose,
furthermore, that X has the RNP and that the conditions H-9 hold. If in further the

following conditions are verified:

(H-12) The function a(-) is Lipschilz continuous.

(H-13) For each bounded set D C X, the function f : I x D x D — X 1s Lipschilz
continuous,

then each mild solution z(-) of (2.10)-(2.11)-(2.12) is a classical solution.

Proof. It follows from H-9 that every mild solution z(-) is a function of C'. Applying
H-12 and H-13 it is easy to see that the function ¢t — f(¢,2(t),z(a(t))) is Lipschitz
continuous. The assertion is consequence of Theorem 3.1 in [12]. m

We can omit the condition X to have RNP if the functions f(-),a(-) are differentiable.
We establish the following result without proof (see [21] ).

Proposition 2.1 Let Assumption in Theorem 2.1 or 2.3 be satisfied. Suppose, further-
more, that H-9 holds and that the functions f(-), a(-) are continuously differentiable.
Then the mild solution z(-) of (2.10)-(2.11)-(2.12) is a classical solution.

Next we consider briefly the linear inhomogeneous case. Henceforth we consider the

space X X X endowed with the norm

(2, y)l| = max{{lz, [ly]|}

In the next result we assume that f(¢,z,y) = L(z,y) + h(t) where L : X x X = X isa
bounded linear map and h € £L!([; X). Furthermore, p, ¢ : C(/; X) — X are bounded

linear maps which can be represented as the Riemann-Stieltjes integral
T
pe) = [ diP(s)a(s),
T
a@) = [ dQe)(s),

11



where P, @ : I — L(X) have bounded variation. We denote by V(P) and V(Q) the

variation of P and () respectively.

Theorem 2.6 Assume that the following condition holds
1
M <V(P) FTV(Q) + 5T ||L||> <1. (2.17)

Then the problem (2.10)-(2.11)-(2.12) has a unique mild solution x(-). Furthermore, if X
has the RNP, h € L>(I; X) and H-9 hold then () is a strong solution. If in addition,

a(-) and h(-) are Lipschitz continuous functions then x(-) is a classical solution.

Proof. The inequality (2.17) implies that the operator 7 : C'(I; X) — C(I; X) defined
in (2.13) is a contraction. Consequently the existence of a unique mild solution follows
from the contraction mapping principle. The other assertions are immediate consequence
of Theorem 2.4 and Theorem 2.5, respectively. The proof is fulfilled.

This case shows the importance to distinguish between strong and classical solutions.

In the sequel we consider the initial value problem defined by the equations (1.1)-
(1.2)-(1.3). To treat this problem we assume that the following general conditions are

satisfied.

Assumption A,

(a) The functions a(-), b(+) : I — I are continuous, nondecreasing and max{ a(t), b(¢)} <

t for every t € I.
(b) The function f: I x X* — X satisfies the following Caratheodory conditions:

(i) f(t,-): X* — X is continuous a.e. t € I;

(ii) For each z € X", the function f(-,z): I — X is strongly measurable.

(c) There exist a continuous functions m : I — [0,00) and a continuous nondecreasing

function W : [0,00) — (0, 00) such that
4
|If(t,$1,1132,.’133,$4)” S m(t)W(Z ” i ”))
1=1

for every t € I and every z; € X.

(d) The functions p, ¢ : C(I; X)* = X are continuous.



Definition 2.4 A function x(-): 1 — X is a mild solution of the problem (1.1)-(1.2)-
(1.3) if: (-) and 2'(-) are continuous, the initial conditions (1.2)-(1.3) are verified and
2(-) satisfies the integral equation
ot) = C(t)(z0 = pla,o')) + SE)(e: — o(,2)
i
+/ St —s)f(s,z(s),z(a(s)),z'(s),2'(b(s))) ds, tel. (2.18)
0

It’s clear that if @ is a function of class C'! that satisfies (2.18) then 2 — p(z,2’) € E and

2’ satisfies the equation

Since the operator map AS(-) is strongly continuous with values in £(F; X) there is a
constant V > 0 such that || AS(¢) ||< N on I. Next we establish our first existence result.

Theorem 2.7 Assume that assumption Ao and the following conditions hold:

(H-14) The functions p(-) and q(-) are completely continuous. For r > 0 we denote
ar = supi|| p(z,y) ||: v,y € B,} and B, = sup{|| ¢(z,y) ||: =,y € B,}.

(H-15) Any of the following conditions hold.

(a) The map xo — p is completely continuous with values in E.
(b) S(t) is compact for t > 0 and the map xo — p : X x X — [D(A)] takes closed
bounded sets into the bounded sets.

We employ the notation e, = sup{|| zo — p(z,y) |l1: z,y € B, }.

(H-16) For each r > 0 the set f(I x B!} is relatively compact in X. We denote v, =
sup{|| z || z € f(I x B;}}.

1 S
(H-17) liminfM (ak + TBx + —TQM-) <1 and liminf — (Nep + M By + MT~;) < 1.
koo k 2 k—oo k

Then there is a mild solution of (1.1)-(1.2)-(1.3). In further, if the following conditions
is fulfilled:
, M 1, . 1
(H-18) limsup ™ (ak + T8 + ET 'yk> < 1 and limsup z (Nep + MBr + MTy;) < 1,
k—oco k—oo R

then the set S formed by the mild solutions of (1.1)-(1.2)-(1.3) is compact in C'(I; X)

13



Proof. We define the map I': C'(I: X)? — C(I: X)? by
T(z,y) = (T'(2,9), T*(z,y)) (2.19)
where
T'a)(t) = Ct)(wo—pla,y) + S()(e1 —a(z,y)
+ [0 = 5)7(s, u(s), v(s)) ds, (2.20)
T2(e)(t) = AS(t)(zo—p(z,y)) + C(t)(x1 - g(z,y))
+ [0t 5)(s,uls),vls)ds, (2.21)

where in order to facilitate the reading of the text, we have abbreviate the notations by
wiiting u(s) = (a(s)), 2(a(s)) and u(s) = (y(s), y(5(s))).

Now we can to repeat the arguments in the proof of Theorem 2.1 to conclude that 7
is a completely continuous map and that there exists n € IV such that 7 : B2 — B2
Hence applying the Schauder’s Theorem we infer that 7 has a fixed point (z,y) € B2. It
is clear from (2.20)-(2.21) that y = 2/, which by (2.18) implies that z is a mild solution
of (1.1)-(1.2)-(1.3).
 TFinally, in similar way we prove that the set S = {(z,2') : € S} is compact in
C(I; X)?* which implies that S is compact in C!(I; X). The proof is finished.

Remark. Arguing as in the proof of Theorem 2.2 we can generalize this result to include

some functions f which are a compact perturbation of a linear operator.

3 Applications

The one dimensional wave equation modeled as a abstract Cauchy problem it has been
studied extensively, see for example [22]. In this section we illustrate some the results in
this work with the wave equation with nonlocal conditions. Specifically we consider the

boundary value problem

- 2
Zult8) = Fult O+ PLEuEDuEaD), el el (322
w(0,1) = wimri)=0, t €[0,77, (3.23)

where F' from [0, 7] x [0, 7] x IR? into IR satisfies appropriate conditions. It’s well know that
this equation can be modelled as an abstract Cauchy problem on the space X := L*([0,7])
defining 2(¢) = w(+,t). The operator A is given by Ay := ¢" on the domain

D(A) := {z € H*(0,7) : z(0) = z(7) = 0}.

This operator generated a cosine function C' on X. Furthermore, A has discrete spec-

trum, the eigenvalues are —n? n € IV, with corresponding normalized eigenvectors

1/2
Zalif ) == (2> sin(né) and the following conditions holds
T

14



(a) {2, : n € IN} is an orthonormal basis of X.

(b) If o € D(A) then Ay = Zn & iP5y > By,

=]

(c) For every p € X, C(t)p =Y cos(nt) < ¢, z, > z,, consequently || C(t) ||= 1.

n=1

(d) The associated sine function is given by S(t) ¢ = y 52 <nl "t) < 19,2y . Follows
from this expression that S(¢) is compact and that || S(¢) H: 1.

(e) If G denotes the group of translations on X defined by G(t)z(§) = (€ + t), where
Z is the extension of z with period 27, then C(t) = 1(G(t) + G(—t)). Hence it
follows, see [1], that A = B? where B is the infinitesimal generator of the group G
and E = {z € H'(0, ) : (0) = (=) = 0}.

We assume that F' satisfies the following Caratheodory conditions:
(a) F(,t,-): IR* — IR is continuous a.e. £ € [0,7], ¢ € R.
(b) For every wy,w; € IR the function F(-,w;,w,) : [0,7] x [0,7] — IR is measurable.

(c) There exist a measurable positive function 1 on [0, 7] X [0,7] and a positive constant
N such that
| (&t wi,wa) [S (¢, €) + N(|wy [ + | w2 ).

We assume that [T ([T n%(€,t)d€)2dt < co.
With this conditions the substitution operator f :[0,7] x X* — X defined by

f(t,z,y) = F(&t,2(€),y(£))

satisfies assumption A.
We consider the problem (3.22)-(3.23) submitted to the following initial conditions:

+/ $))(E)dp(s) = »(E), ¢ € [0,7), (3.24)
8t +/ (£)dv(s) = (), ¢ € [0, 7], (3.25)

where p, v are functions of bounded variation. We also assume that P,Q : X — X are
continuous operators, P is completely continuous and () takes closed bounded sets into
bounded sets. We introduced the positive constants a;, and 3y, with the meaning that
| P(z) ||< o1, and || Q(z) ||< Bi, when || z ||[< r. We refer to [14] for examples of
operators with these properties. We define p,q: C'(7;X) — X by

T

p@) = [ Pla(s))du(s), (3.26)
T

a(x) = [ Qa(s)dv(s). (3.27)

15



The maps p,q are continuous and p is completely continuous. Furthermore, for z €

C(I; X) with || 2 [|e< 7, from ( 3.26) it follows that

I'p(2) IS max || P(z(s)) [| V(1) < a1,V (p2)-

0<s<T

Similarly, from (3.27)
| a(2) [|< BrV (v).
On the other hand, if z,y € B, then

el < ([ 1RE L), u0e) F )

< O+ N (a(€) |+ 19(6) ) de)’

IN

<

(L
([ uczg) N [+ 1)
< n?(&,t) )l + 2Nr. (3.28)

We denote by ~,(t) the last right hand side. Applying our previous estimation it is clear
that

,
ar+ Th + /0 (T = s)(s)ds < anwV(u) + TAiAV (W) + Ni\T?k

+/ — ) (/; nz(g,t)dg)%ds

which yields that
N | B & oer i
liminf — { ax + T8k + / —s)w(s)ds | < NT* + liminf —(aq V() + T1xV (v)).
k—oo k koo k
Similarly we obtain that

T
lim sup A: (ak + T8k + /0 (T - s)*/k(s)ds) < NT? + limsup (a1 V() + TV (v)).

k—oco k—oo

Employing these properties Corollary 2.2, Theorem 2.4 and Theorem 2.5, we can establish

e follwin wammEREenEd:
(1) 1
NT? 4 liminf %(al,kV(,u) + TRV () <1 (3.29)
then the problem (3.22)-(3.23)-(3.24)-(3.25) has a mild solution.

(2) If (3.29) and the following conditions hold:

16



(2) R(p) C ¢ + D(A) and R(g) C & + E;
(b) SUPo<i<t fo n*(,t)d€ < oo;

(¢) For each bounded set D C X there is a sequence of positive numbers (ay)nen
with }°72, na, < oo such that

| [Pt 2(6), 9(6)2a(€)dE I< a,

for every ¢t € I and every z,y € D,
then the mild solutions of (3.22)-(3.23)-(3.24)-(3.25) are strong solutions.
(iii) If (3.29) and the following conditions hold:
(a) R(p) C ¢ + D(A) and R(q) C ¢ + E;

(b) The function a is Lipschitz continuous.

(c) There is a positive function N, € L*(0,7) and a constant N3 > 0 such that
| F(é,tl,l‘,y) - F(67t27luaz) | < N2(£) |t1 — 13 l
+N3(lz—w |+ |y—2]), ael€[0,n]
for all ¢; € I and all z;,y; € IR.

then each mild solutions of (3.22)-(3.23)-(3.24)-(3.25) is a classical solution.

(iv) If (3.29) and
NT? + lim sup i(al‘k\/(;t) +TH iV (v)) <1

k—oco

then the set of mild solutions of (3.22)-(3.23)-(3.24)-(3.25) is compact.

References

(1] Fattorini, H. O., Second Order Linear Differential Fquations in Banach Spaces,
North-Holland, Amsterdam, 1985.

(2] Byszewski, Ludwik Theorems about the existence and uniqueness of solutions
of a semilinear evolution nonlocal Cauchy problem. J. Math. Anal. Appl. 162
(1991), no. 2, 494-505.

(3] Byszewski,Ludwik Existence, uniqueness and asymptotic stability of solutions
of abstract nonlocal Cauchy problems. Dynam. Systems Appl. 5 (1996), no. 4,
595-605.

17



[5]

[7]

8]

[10]

[11]

[12]

[13]

[14]

[15]

[16]

Byszewski, Ludwik; Akca, Haydar Existence of solutions of a semilinear

functional-differential evolution nonlocal problem. Nonlinear Anal. 34 (1998)

no. 1, 65-72.

7

Byszewski, Ludwik; Akca, Haydar. On a mild solution of a semilinear functional-
differential evolution nonlocal problem. J.Appl. Math. Stochastic Anal. 10
(1997), no. 3, 265-271.

Byszewski, Ludwik; Lakshmikantham, V. Theorem about the existence and
uniqueness of a solution of a nonlocal abstract Cauchy problem in a Banach
space. Appl. Anal. 40 (1991), no. 1, 11-19.

Benchohra, M.; Ntouyas, S. K. An existence result on noncompact intervals for
second order functional differential inclusions. J. Math. Anal. Appl. 248 (2000),
no. 2, 520-531.

Benchohra, M.; Ntouyas, S. K. Existence of mild solutions on noncompact in-
tervals to second-order initial value problems for a class of differential inclusions
with nonlocal conditions. Comput. Math. Appl. 39 (2000), no. 12, 11-18.

Benchohra, M.; Ntouyas, S. K. An existence result for second order functional
differential inclusions. Results Math. 38 (2000), no. 1-2, 9-17.

Deimling, Klaus Nonlinear functional analysis. Springer-Verlag, Berlin, 1985.

Diestel,J.; Uhl, J. J., Jr. Vector measures. With a foreword by B. J. Pettis.
Mathematical Surveys, No. 15. American Mathematical Society, Providence,

R.L, 1977.

Henriquez, H. R.and Vasquez, C., Differentiability of the Second Order Abstract

Cauchy Problem. To appear in Semigroup Forum .

Kisyniski, J., On Second Order Cauchy’s Problem in a Banach Space, Bull. Acad.
Polon. Sci. Ser. Sci. Math. Astronm. Phys. 18 (1970), 371-374.

Martin, Robert H., Jr. Nonlinear operators and differential equations in Banach
spaces. Robert E. Krieger Publishing Co., Inc., Melbourne, FL, 1987.

Ntouyas, S. K. Global existence results for certain second order delay integrod-
ifferential equations with nonlocal conditions. Dynam. Systems Appl. 7 (1998),
no. 3, 415-425.

Ntouyas, S. K.; Tsamatos, P. Ch. Global existence for second order semilinear
ordinary and delay integrodifferential equations with nonlocal conditions. Appl.

Anal. 67 (1997), no. 3-4, 245-257. 34G20.

18



[17]

[18]

[19]

[20]

[21]

[22]

Ntouyas, S. K.; Tsamatos, P. Ch. Global existence for semilinear evolution in-
tegrodifferential equations with delay and nonlocal conditions. Appl. Anal. 64

(1997), no. 1-2, 99-105. 45J05 (34K30)
B. N. Sadovskii, On a fixed point principle. Funct. Anal. Appl. 1 (1967), 74-76.

Travis, C. C. and G. F. Webb, Second Order Differential Equations in Banach
Space, Proc. Internat. Sympos. on Nonlinear Equations in Abstract Spaces, Aca-
demic Press, New York, 1987, pp. 331-361.

Travis, C. C. and G. F. Webb, Compactness, Regularity, and Uniform Continuity
Properties of Strongly Continuous Cosine Families, Houston J. Math. 3 (4)
(1977), 555-567.

Travis, C. C. and G. F. Webb, Cosine Families and Abstract Nonlinear Second
Order Differential Equations, Acta Math. Acad. Sci. Hungaricae 32 (1978), 76-
96.

Xiao, Ti-Jun; Liang, Jin The Cauchy problem for higher-order abstract differ-
ential equations. Lecture Notes in Mathematics, 1701. Springer-Verlag, Berlin,
1998.

Eduardo Hernéandez M.

Departamento de Matematica

Instituto de Ciéncias Matematicas e de Computacao
Universidade de Sao Paulo - Campus de Sao Carlos
Caixa Postal 668

13560-970 Sao Carlos, SP. Brazil

E-mail : lalohm@icmec.sc.usp.br

Hernan R. Henriquez

Departamento de Matematica

Universidad de Santiago
Casilla 307, Correo 2
Santiago, Chile.

Fax : 56-2-6813125

E-mail : henrique@fermat.usach.cl

19



133/2002

132/2002

131/2001

130/2001

129/2001

128/2001

127/2001

126/2001

125/2001

124/2001

NOTAS DO ICMC

SERIE MATEMATICA

HERNANDEZ M., E. — A massera type criterion for partial neutral
functional differential equations.

FERREIRA, V. O.; GONCALVES, J.Z.; MANDEL, A. — Free symmetric
and unitary pairs in division rings with involutions.

CARBINATTO, M.C.; RYBAKOWSKI, K.P. — Morse decompositions in the
absence of uniqueness.

CONDE, A. — O terceiro problema de Hilbert.

SAIA, M.J.; TOMAZELLA, J.N. — Deformations with constant Milnor
number and multiplicity of non-degenerate complex hypersurfaces.

BIASI, C.; LIBARDI, A.K.M. — Remarks on immersions in the metastable
range dimension.

CONDE, A. — Polyhedral structure on flag manifolds.

HERNANDEZ M., E. — Existence results for a second order differential
equation with nonlocal conditions.

HERNANDEZ M., E. — Existence results for partial neutral functional
integrodifferential equations with unbounded delay.

GUTIERREZ,C.; RUAS, M.A.S. — Indidces of Newton non-degenerate
vector fields and a conjecture of Loewner for surface in IR,



