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Resumo

Neste artigo mostramos a existéncia de solugoes asimtoticamente quase periddicas
para um problema de Cauchy nao local de segunda ordem modelado na forma

2"(t) = Az(t) + f(t,2(t),z(a(t)),2’(1),2"(b())), t € [0,00),
z(0) + p(z,a") = 2o,
(0} + glz2')=2y,
onde A é o gerador infinitesimal de uma fungao coseno fortemente continua de

operadores lineares num espaco Banach X; ¢(-), p(-) : C(/; X) — X sao apropriadas
e a(-),b(+) sdo fungdes continuas nao decrescentes.
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Abstract

By using the theory of strongly continuous cosine family and the Leray Schauder
Alternative, we study the existence of mild, strong and classical solutions for a
functional second order abstract Cauchy problem with nonlocal conditions.

1 Introduction.

The purpose of this work is to study the existence of mild, strong and classical solutions

of a class of functional second order differential equations modelled in the form

2"(t) = Az(t) + f(t,z(t),z(a(t)),2'(t),2'(b(t))), t € I, (1.1)
z(0) + p(z,2') = 20, (1.2)
2'(0) + q(z,a') = ay, (1.3)

where A is the infinitesimal generator of a strongly cosine family of bounded linear oper-
ators (C'(t))ier on a Banach space X; [ is a finite interval [0, 7] or the interval [0, c0) and
a(-), b(-): I = I; p(-),q(-) : C(I; X)x C([;X) = X and f: [ x X* — X are appropriate
functions.

In general, the nonlocal conditions can be applied in Physics with better effect that the
classical initial conditions #(0) = z¢. For the importance of nonlocal conditions in different
fields, we refer to [1, 2, 3, 4, 5] and the references contained therein. The study of nonlocal
initial value problems was initiated by Byszewski in [3, 5]. In [3], Byszewski prove the

existence of mild, strong and classical solutions of the semilinear nonlocal Cauchy problem

2'(t) = Az(t) + f(t,z(t)), tel=10,T]
z(0) =az0 + ¢(t1,t2,t3,....tn,u(-)) € X,

*This work was supported by DICYT-USACH , Project 04-0133HM.

(1.4)
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where A is the infinitesimal generator of a strongly continuous semigroup of linear opera-
torson X;0 <tg <ty <...<t, <T; f:[0,T]xX = X, gq(-,-): ["xC(I: X) = X are
appropriated functions and the symbol ¢(t;, 5,3, ..., tn, u(+)) is used in the sense that “-”
can be substitute only for the points t;, for instance q(ti, 5,13, ..., ¢, u(:)) = Y0, azu(ts).

On the other hand, some second order nonlocal initial value problems are studied by
Ntouyas & Tsamatos in [15, 16, 17]. In these works the authors discuss the existence
of solutions for a type of second order delay integrodifferential equations with nonlocal

conditions described in the form

2"(t) = Az(t) + f(t, z(ou(t / k(t — s)h(s,z(oa(s)), z(05(s)))ds, z(04(t))), t€(0,T),

2(0) = g(z) + 20, 2'(0) =1,

where A is the generator of a strongly continuous cosine family of bounded linear operators
on X;z9,m€ Xand g:C([:X)—= X, f,h:Ix X®— X are appropriated functions.
In general the result are obtained using the Leray-Schauder Alternative and the strong
assumption that C(t) is compact for £ > 0, which in turn implies that dim(X) < co.

Throughout this paper X will be a Banach space endowed with a norm || - || and
C(t) denotes a strongly continuous operator cosine function defined on X with infini-
tesimal generator A. We refer the reader to [10, 19] for the necessary concepts about
cosine functions. Next we only mention a few results and notations needed to establish

our results. We denote by S(t¢) the sine function associated with C' which is defined by
t
S(t)z ::/ C(s)zds, 2 € X, t€ R. (1.5)
0

For a closed operator B : D(B) — X we denote by [D(B)] the space D(B) endowed with
the graph norm || - ||g. In particular [D(A)] is the space D(A) endowed with the norm

[2lla = ll=ll + l|Az]l, =€ D(A).

Moreover, in this work the notation E stands for the space formed by the vectors z € X
for which the function C'(:)z is of class C'. It was proved by Kisinsky ([13]) that E

endowed with the norm

lally = llall + sup [1AS@)all, @ € E,
0<t<1
. . ” C’(t o(t) | .
is a Banach space. The operator valued function G(t) = AS(t) C(t) 1s a strong-
ly continuous group of linear operators on the space £ x X genela’ce by the operator
A = [ L } defined on D(A) x E. From this it follows that AS(¢) : £ — X is a

A0
bounded linear operator and that AS(¢)z — 0, ¢ — 0, for each z € E. Furthermore, if

z :[0,00) = X is a locally integrable function then
t
g} = / S(t—s)x(s)ds
0
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defines an E-valued continuous function. This is an immediate consequence of the fact
that t
. 0 fo S(t—s)z(s)ds
G(t — s deg =] =3
f, at=s) [ 2(s) } : [ Lot - s)a(s) ds

defines an £ x X-valued continuous function.

The existence of solutions of the second order abstract Cauchy problem

2"(t) = Az(t) + h(t), 0<t<a,
#(0) = @ @'(0)=a,

where h : [0,a] — X is an integrable function, has been discussed in [20]. Similarly, the
existence of solutions of the semilinear second order abstract Cauchy problem it has been

treated in [21]. We only mention here that the function z(-) given by
t
2(t) = C()zo + S(t)z: + / S(t — s)h(s)ds, 0<t<a, (1.6)
0

is called a mild solution of (2.8)-(2.9). In the case in which 2o € E then z(-) is continuously

differentiable and
t
2 (t) = AS(D)zo + C(t)z: + /0 C(t — s)h(s) ds. (1.7)

If C(t) is uniformly bounded then —A is a non negative operator so that the fractional
power (—A)*, a > 0, is well defined as a closed operator ([14]). The following properties

are well know.

Lemma 1.1 If the cosine function (C(t))icr is uniformly bounded then the following

conditions hold:
(i) If = € E, then S(t)x € D(A) and %C(t).’l: = AS(t)z.
(i) Let 0 < a < 1. (—=A)™ is compact if and only if (—A)™" is compact.

(iii) (—A)°C(t)z = C(t)(—A)°z and (—A)*S(t)z = S(t)(—A)%x for everyt € R and
every z € D((—A)%)

(iv) For a, B >0, (—A)*(—=A)Pz = (—A)**Pa, for every x € D((—A)>+5).

Additional terminology and notations are those generally used in functional analysis.
In particular, £(X) stands for the Banach space of bounded linear operators from X into
X and B,(z) will denote the closed ball with center at z and radius r in an appropriated
space. Moreover, for bounded functions ¢ : [ — IR and A : Y — IR we will employ the
notations & and N, for & = sup{é(f):0 <t} and Nj =sup{]| Aly) |y € Y}.

The paper is organized as follows. In section 2 we establish existence of mild, strong

and classical solutions of some second order nonlocal initial value Cauchy problems in
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a finite interval and in section 3 we consider existence of g-bounded solutions and a-
symptotically almost periodic solutions on the interval [0,00). Finally, in section 4 we
present an application to the wave equation. The results are obtained using the techniques
introduced in Henriquez [12], Ntouyas & Tsamatos [15, 16, 17] and the Leray Schauder

Alternative. For completeness we include here this result.

Lemma 1.2 Let D a convex subset of a Banach space X and assume that 0 € S. Let F :
D — D be a completely continuous map. Then the set {x € D :x = AF(2), 0 < A < 1}

is unbounded or the map F has a fix point in D.

2 Existence of solutions.

In this section we study existence of solutions of some nonlocal second order func-
tional abstract Cauchy problem in the interval I = [0, T]. We begin by introducing some
notations. In this section we assume that M > 1 and N > 1 are constants such that
IC@)| < M, ||S(t)|| < N for every t € I. Moreover, we consider the space of conti-
nuous functions C'(/; X') endowed with the norm of uniform convergence || - ||~ , and we
abbreviate the notation to C'(/) instead of C'(/; /).

In this section we always assume that the following general assumptions hold:
Assumption A,
(a) The function a(-): I — [ is continuous and a(t) <t for every ¢t € I.
(b) The function f: I x X x X — X satisfies the following Caratheodory conditions:

(1) f(t,-): X x X — X is continuous a.e. t € [;

(i1) For each z,y € X, the function f(-,z,y):/ — X is strongly measurable.

(c) There exist a continuous functions m : [ — [0,00) and a continuous nondecreasing

function W :[0,00) — (0, 00) such that
1F(& )l < m@OW (I = [ + 1y 1),
for every t € I and z,y € X.
(d) The functions p, ¢ : C(/; X) — X are continuous.

Initially we consider the following second order initial value problem

() = Az(t) + f(t,2(0),2(a(t)), L€ I, (2.8)
T(O) p(’L) = To, (2'9)

+
2'(0) + g(e) =, (2.10)



where zg,z; € X.

Expression (1.6) motivates the following definition.

Definition 2.1 We say that a function z(-): [ — X is a mild solution of the problem
(2.8)-(2.9)-(2.10) if x(-) is continuous and satisfies the integral equation

z(t) = C(t)(xo—p(z)) + S(t)(z1—9¢ —i—/ (t—s)f(s,z(s),z(a(s))ds, tel. (2.11)

Theorem 2.1 Assume that the following conditions hold:

(H-1) The functions p(-) and ¢(-) are bounded and both p as the map C(I;X) —
C(I; X), 2 = S(-)q(a) are completely continuous.

(H-2) For eacht € I, t' <t and every constant L > 0 the set {S(t')f(s,z,y):0 <s <

t ||z, lyll < L} is relatively compact.

Letc= M(|| zo || +N,) + N(|| z1 || +N,). If 2N [ m(s)ds < [° W ds, then there
exist a mild solution of (2.8)-(2.9)-(2.10).

Proof. In order to use the Leray Schauder Alternative, we obtain an a priori bound for

the solution of the integral squation
zA(t) = AC(1) (2o — p(xa)) + AS()(z1 —q(zy)) + /\/: S(t—s)f(s,za(s), za(a(s))) ds,
for t € I. Using the notations introduced in section 1, for t € I and A € (0,1) we get
[2x@) [ < M([[ 2o || +Np) + N(| @1 | +N,)
N (W ([l a(s) |+ 1 a(a(s)) 1) ds.

Designating by a)(t) the right hand side of the above expression and using the condition

a(t) <t we obtain that
a\(t) < Nm(t)W(2a(1)).

;From this it follows that

2ax(t)  ds ds
<IN / )d / o e
/MO) W(s) HICELCS )i T

which implies that a,(-) is uniformly bounded respect to A and consequently that the set
{zx: X €(0,1)} is bounded in C({ : X).
Next, we prove that the operator 7 : C'(I : X) = C'(I : X) defined by

T(2)(t) = C(t)(zo — p(z)) + S(t)(a1 —q(."c))—i-/: S(t — s)f(s,2(s), z(a(s)))ds, t €l
(2.12)



is completely continuous. This expression leads us to define the maps 7;,7; : C(I: X) —

C(I : X) by means of the expressions

Ti(z) = C()xo—p(z)) + S() (21— q(2)),
To(z)(t) = /05'(t—s)f(s,rzf(s),x(a(s)))ds, tel.

.From the hypothesis (H-1) it is clear that 7; is completely continuous. Thus, it only
remains to prove that 7; is completely continuous. The continuity of 75 is consequence
of the Lebesgue dominated convergence theorem. To prove the compactness condition
we denote by B, the closed ball in C'(/; X) with center at 0 and radius r. Initially we
establish that the set 73(B,) is equicontinuous. We fix ¢ € [ and let A be such that
t+hel. For z € B, from the definition of 75 it follows that

| (@)t +h) = To@)@ | = [ 1(SE+h=s) = 5(t =) f(s,2(s), a(a(s)) || ds
4 [ S B 5) (s, a(5), 2la(s) | ds

< Mh [ (W) 2(s) || + 1) as)) 1) ds
t+h
N [ m@W () () [+ 1] ala(s) [)ds
< MhW (2r) /Ot m(s)ds + NW(2r) /tH‘h m(s)ds,

which shows that

| T2(2)(t + h) = Ta()(t) [| = 0, A —0,

uniformly with respect to « € B,.
Next we establish that 72(B,)(t) = {Tz2(t) : € B,} is relatively compact in X, for
each0<t<T. Weput U= {f(t—s,z(t—s),z(a(t—35)):0<s<t, z€ B} Since

lyl| < m(t —s)W(2r) < meW(2r)

for all y € U and the operator map S(-) : [0,7] — £(X) is uniformly continuous we infer
that for each € > 0 there are t;, to, ---,t, € I so that for each 0 < s <t and y € U we

can select ¢; for which

S(s)y = S(ta)y|| < e.

In view of that by hypothesis (H-2) the set Ui, S(¢;)U is relatively compact we obtain
that the set {S(s)y:0 <s <1,y € U} is also relatively compact. From the definition

of 73 and the main value theorem it follows that

T2(B:)(t) Cteo{S(s)y:0<s<t, ye U},

where co is used to denote the convex hull, which shows the assertion.



Finally, an application of the Ascoli-Arzela theorem completes our proof that 73(B,)
is relatively compact and that 73 is completely continuous.
The existence of a mild solution of the abstract second order Cauchy problem (2.8)-

(2.9)-(2.10) is now consequence of Lemma 1.2. The proof is complete. m

Corollary 2.1 Assume that condition (H-1) holds. Suppose, in addition that (—A)~" is

compact and that
(i) The function p is bounded and there exists 0 < a; < 1 such that xzo + p(-) is

continuous and bounded with values in D((—A)™).

(ii) The function q is bounded and there exist 0 < oy < 1 such that xy+q(+) is continuous
and bounded with values in D((—A)*?).

Let 7o € X and ¢ = M(|| xo || +N,) + N(|| 1 || +N,). If 2N [T h(s)ds < [5° ﬁds,
then there exist a mild solution of (2.8)-(2.9)-(2.10).

From the properties of the abstract Cauchy problem mentioned in the preliminaries
we know that if 29 — p(z) € E then the mild solution z is continuously differentiable on

[ and
z'(t) = AS(t)(zo — p(z)) + C(t)(z1 — q(z +/ (t —3s)f(s,z(s),z(a(s)))ds. (2.13)

Next we study the differentiability of the function z’. Firstly we consider the following

concept of strong solution.

Definition 2.2 A function z(-) : I — X is a strong solution of (2.8)-(2.9)-(2.10) if
z(-) € WHY(I; X), the equation (2.8) is satisfied a.e. t € I and the conditions (2.9) and
2.10) are verified.

Theorem 2.2 Assume that X has the RNP and that the hypotheses of Theorem 2.1 hold.
If in further the following conditions are verified:

(H-3) R(p) C a0+ D(A) and R(q) C =1 + E;

(H-4) For each bounded set D C X, the functions C(-)f(t,x,y), t € I, x,y € D, are

uniformly Lipschitz continuous on I,
then a mild solution of (2.8)-(2.9)-(2.10) is a strong solution.

Proof. Let z(-) be a mild solution of (2.8)-(2.9)-(2.10). From H-3 and the preliminaries

we get
(t+s) =) = (S(t+s)- (t))A(sco—p(:c)) + (C(t+35) = CW)(1 — q=))
+ [(Cl+s - = Clt = )6 2(©), 2(a(€)) de

t+s
4 /t Clt + s — ) (€, 2(€), 2(a(€))) dE,
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Which implies that 2'(-) is Lipschitz continuous. Since X has the RNP, it follows that

x € W2([0,0]; X). Now, the assertion is consequence of Proposition 3.3 in [12].

Remark. Related with this result, we know from the results in [13] that condition H-4
holds if R(f) C E and f: 1 x X x X — E takes bounded sets into the bounded sets.

In order to discuss the existence of classical solutions we introduce the following con-

cept.

Definition 2.3 A function z(-) : [ — X, is a classical solution of the problem (2.8)-
(2.9)- 2.10) if z(*) is a function of class C* thal satisfies the equation (2.8) and the initial
conditions (2.9) and (2.10).

Theorem 2.3 Assume that X has the RNP and that the hypothesis of Theorem 2.1 and
condition H-3 hold. If in addition

(H-5) The function a(-) is Lipschitz continuous,

(H-6) For each bounded set D C X, the function f : I x D x D — X is Lipschitz

continuous,

then a mild solution of (2.8)-(2.9)-(2.10) is a classical solution.
Proof. Let z(-) be a mild solution of (2.8)-(2.9)-(2.10). From H-3, H-5 and the relation

2(t+s)—z(t) = (Clt+s)—C()(wo—plx)) + (S(t+s) = S(1))(z: — q(=))
+ [ (St 45— 8) = St = ) 1(6,2(),2(a(€)) e
+ [T+ s - Of(E (), alal©)))

it follows that h(t) = f({,z(t),z(a(t))) is Lipschitz continuous and consequently that
x € Wh1([0,b]; X), since X has the RNP. The assertion is now consequence of Theorem
3.1in [12]. m

In what follow we consider the following second order nonlocal initial value problem

2"(t) = Az(t) + f(t,2(t),z(a(t)),z'(t),2'(b(t))), fe I (2.14)
=(0) + plaa") =0, (2.15)
'(0) + q(z,2') = a4, (2.16)

where a(-),b(-) : [ — I; p,qg: C(I;X)? = X and f : I x X* = X are appropriated

functions.

co



Definition 2.4 We say that a function x(-): [ — X is a mild solution of the problem
(2.14)-(2.15)-(2.16) if: () and 2'(-) are continuous, the initial conditions (2.15)-(2.16)

are verified and x(-) satisfies the integral equation
z(l) = C(t)(xo = p(z,2)) + S(t)(21 — gz, 2"))
t
+/0 S(t— 8)f(s, 2(s), 2(a(s)), 2'(s), #'(b(s))) ds,  t€ I

In order to establish the existence of a mild solution for the nonlocal initial value
problem (2.14)-(2.15)-(2.16), in the rest of this section we always assume that the following

assumptions hold.

Assumption A,

(a) The functions a(-), b(-) : I — I are continuous, nondecreasing and max{ a(t), b(¢)} <

t for every t € I.

(b) The function f: I x X* — X satisfies the following Caratheodory conditions:

(i) f(¢,-): X* — X is continuous a.e. t € [;

(i1) For each z € X*, the function f(-,2): I — X is strongly measurable.

(c) There exist a continuous functions m : I — [0,00) and a continuous nondecreasing

function W : [0,00) — (0, 00) such that

It 21, 22,23, 24)[| < m(W (S || @i ),
=1

for every t € I and every z; € X.
(d) The functions p, ¢ : C(I; X)* — X are continuous.

Theorem 2.4 Let assumption A, be satisfied and assume that the following conditions

are verified.
(H-7) The functions p(-), ¢(-) are completely continuous and bounded.
(H-8) Any of the following conditions hold.

(a) The map zo — p is completely continuous with values in E.

(b) S(t) is compact and the map xo — p is bounded with values in D(A).
Let N} = sup{l| 20— p(@,9) |1 2.3 € O X))},
(H-9) For every r > 0, the set f(I x B}) is relatively compact.
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If 2M + N) Jg h(s)ds <[5 5, where ¢ = M(|| o || +N,)+ || AS(-)o [|z + || B() |Iz
Ny + (M + N)(|| 21 || +2,), then there exist a mild solution of (2.14)-(2.15)-(2.16).

Proof. We define the map I': C(1 : X)? — C(I : X)? by

T(@.9)(0) = (T (@, y)(0), Tz, v)(1) (217)
where
T@)t) = Cl)wo—p(@) + SWa — (@) + [ (= )f(s,2(s), 2(als))) ds,
T@)t) = ASW(o—p(=)) + Ct)wr = a(e))+ [ Ct~3)f(s,a(s),ala(s))ds,

At first, we obtain a prior: bound for the solutions of (zy,y\) = AT (2, y)), A € (0,1).
If A€ (0,1) and (zy,yn) is a referred solution we get

lzx@) | < M| 2o || +Np) + N(|| 21 || +N,)
+N/ sYW([l za(s) | + || zalals)) | + [ zA(s) | + || & (b(s)) II) ds
= ux(b).
Since a(-) is nondecreasing, it’s follows that
ur(t) < Nm(OW(2ua(t)+ || ya(d) | + 11 vA () 11)-

Similarly, from (H-8), we find that

—
[
—
oo

~—

[ < N MO0 080+ M [ e Cosobt 11 6) 1+ 1 345
= U,\(t),
and hence
vi(t) < Mm(t)W(2ua(t) + 2v.(1)), t€[0,7]. (2.19)

Integrating between 0 and ¢ the sum of (2.18), (2.19) we get

»2(ux (t)4+va)(t) ds (lS
52M+N/m ds</ ,
/2(u)\+v,\)(0) Wi(s) ( ) 0 (s 2ur+vy)(0) W(s)

which implies that the set {z) : A € (0,1)} is bounded.

It’s easy to prove that 7 is continuous. Moreover, repeating the arguments in the
proof of Theorem 2.1 we can to conclude that 7' is completely continuous. In both, if a
or a hold, the function AS()(z¢ + p) is completely, which jointly with (H-9) and (H-7)
permit to conclude that 72 is completely continuous.

The existence of a mild solution for the initial value problem (2.14)-(2.15)-(2.16) is

now consequence of Lemma 1.2. The proof is complete. m

We conclude this section with a regularity result for the mild solutions of the initial

value problem (2.14)-(2.15)-(2.16). Previously we introduce some definitions.
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Definition 2.5 A function x(-) : [ — X is a strong solution of (2.14)-(2.15)-(2.16) if
z(-) € WU(I; X), the equation (2.14) is satisfied a.e. t € I and the conditions (2.15)
and (2.16) are verified.

Definition 2.6 We say that a function z(-) : I — X, is a classical solution of the
problem (2.14)-(2.15)- (2.16) if x(-) is a function of class C* that satisfies the equation
(2.14) and the initial conditions (2.15) and (2.16).

The proof of the next result, follows using the ideas in the proof of the Theorems 2.2

and 2.3-

Theorem 2.5 Assume that X has the RNP and that the hypotheses of Theorem 2.4 are
vertfied. If the conditions (H-3) and

(H-4)’ For each bounded set D C X, the functions C(-)f(t, 21,2, 3,24), t € I, x; € D,

are uniformly Lipschitz continuous on I,
hold, then a mild solution x(-) of (1.1)-(1.2)-(1.3) is a strong solution.

Theorem 2.6 Assume that X has the RNP and that the hypotheses of Theorem 2./ are
verified. If the conditions (H-3) and

(H-10) The functions a(-),b(-) are Lipschitz continuous,

(H-11) For each bounded set D C X, the function f : I x D* — X is Lipschitz conti-

nuous,

hold, then a mild solution x(-) of (1.1)-(1.2)-(1.83) is a classical solution.

3 Existence of global solutions.

In this section we study the problem (2.8)-(2.9)-(2.10) on the interval I = [0, 00). We
suppose that the general assumptions considered in section 2 are satisfied on I and that
M and N are positive constants such that |C(t)|| < M and ||S(¢)|| < N, for all £ > 0.
Moreover, to generalize the arguments employed in the previous section to include con-
tinuous functions defined on [0, c0) we need an appropriate version of the Ascoli-Arzela
theorem. For this reason we consider two cases. First, we study existence of solutions
in the space of continuous functions with weight and afterwards we establish existence of
asymptotically almost periodic solutions.

Let g : [0,00) — (0,00) be a continuous function such that g(f) = oo, as ¢ — oo.

To simplify our developments we also assume that g is increasing and ¢g(0) = 1. Next

11



the notation C7(X) stands for the Banach space formed by the continuous functions

x(t)

z :[0,00) = X such that W — 0, t = oo, endowed with the norm
g
()]l
2l = &l .
ol = sup 125

We recall here the following result of compactness in the space Cy(X) formed by the

continuous functions which vanish at infinity.

Lemma 3.3 A set B C Co(X) is relatively compact if, and only if, the following condi-
tions are fulfilled:

(a) B is equicontinuous;
(b) z(t) = 0, t = oo, uniformly for z € B;

(c) The orbits B(t) are relatively compact in X, for all t > 0.

Next, without any danger of confusion, we abbreviate our notations by writing and

u(t) = (z(t),z(a(t))), for a well determined function z.
Theorem 3.7 Assume that the following conditions are verified.

(a) The functions p, q : C;’(X) — X are continuous, bounded and p is completely conti-

nuous;
(b) The function S(t)q: CYX) — X is completely continuous for each t >0 ;

(c) For eacht € I, t' <t and a constant L > 0 the set {S(t')f(s,z,y) : 0 < s <
42|, vl < L} is relatively compact.

1t
(d) For every constant L > 0, g_(t—)-/ m(s)W(Lg(s))ds — 0, t — ooy
0

(e) 2N [°m(s)ds < [5 WIW ds, where ¢ = M(||zo|| + Np) + N(||z1]] + Ny)-
Then there exist a mild solution x € CJ(X) of (2.8)-(2.9)-(2.10).

Proof. For each x € C)(X) we define 7 (z)(t) by means of (2.12). Hence,

IT@O < Mol + 5)+ Nl + N)+ N [ m(s)W (la(s)] + a(as)) ) ds.

In view of that ||z(s)|| < ||z|lg9(s), applying condition (d) in the above expression it
follows that

M it
—FIT@N < ool + M) +

1 N gt
T )+ —= | m(s)W(2||z|z9(s))ds
o) 0 (laall + No) + == [ m(s)W (@llallgg(s)

g(t) Jo
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converges to zero as ¢ — co. This shows that 7 is a map well defined from C(X) into
C2(X). To prove the continuity of 7, we select a sequence (), in C3(X) which converges

to z. It is clear that f(s,u,(s)) = f(s,u(s)), n = oo, a.e. and, in view of that,
1F (s, un(s))I| < m(s)W(Lg(s)),

for some constant L > 0, and the right hand side is an integrable function on [0,1] we
conclude that 7(x,)(t) = T(z)(t), n — oo. It is also clear that the convergence is
uniform for ¢ in bounded intervals. Furthermore, given ¢ > 0, applying (a) and (d) we

can chose tg so that

1 M
g(—t)IIT(xn)(t)—T(:c)(t)ll < mllp( n) —p@)]]) + e )Ilq zn) — q(2)|

2N
+57(7 /0 m(s)W (Lg(s))ds

£ &

for ¢ > to. This implies that 7 (z,) = T (), n — oo in the space CJ(X). Consequently,

7T is a continuous map.
On the other hand, for 0 < A < 1 let zy € CJ(X) be such that A7 (z)) = =..

Proceeding as above we can estimate
lzx@Il < M([Jzoll + Ny) + N(l|z| +N,,)+N/ m(s)W ([lza(s)] + llza(e(s))]) ds

If a\(t) denotes the right hand side , repeating the argument used in the proof of Theo-
rem 2.1 we conclude that the set {a)(t) : 0 < A < 1, t > 0} is bounded. Therefore, the
set {]|za(t)]] : 0 < A < 1, t > 0} is bounded and, in turn, {|lzxll; : 0 < A < 1} is also

bounded.
Finally we show that 7 is completely continuous. Since we already establish that 7 is

continuous, it only remains to prove that 7(B) is relatively compact in CJ(X) for every
. d .
bounded set B. Thus, we need to verify that the functions g—/T(:c), x € B, satisfy the
1 . ;
conditions of Lemma 3.1. To prove that —7 (z), € B, are equicontinuous, we observe

first that 1[C( INzo — p(z)) + S(-)(z1 — ¢(z))] are equicontinuous in view of that p is
completely continuous and ¢ is bounded. Moreover, for z € B and h > 0, there is a

constant L > 0 for which the estimation
I /.H_h S(t+h—s)f(s,u(s))ds— /Ot St —s)f(s,u(s))ds||
<[ 18+ b =)= S(t = ) f(s,ul ds||+|]/ S(t+h = s)f(s,u(s)) ds|

t+h

< Mh/ m(s)W (Lg(s ))ds+N/ (s)W(Lg(s)) ds

13



: . ’ 1 ' 1

is satisfied. This shows that -7 (z)(t+h)— =T (z)(t) = 0, when A — 0, indepen-
g [

dent of z € B. The same argument and condition (d) also permit us to affirm that

1

g(1)

potheses (a), (b), (c¢) and proceeding as in the proof of Theorem 2.1 we derive that the

set {T(z)(t): 2 € B} is relatively compact in X, for each t > 0. m

T(z)(t) = 0, t — oo, uniformly with respect to @ € B. Finally, applying our hy-

We study now the existence of asymptotically almost periodic solutions of (2.8)-(2.9)-
(2.10). For the basic concepts about almost periodic and asymptotically almost periodic
functions we refer to [22]. In particular, we denote by AP(X) (resp. AAP(X)) the
space formed by the functions z : [0,00) — X which are almost periodic (resp. asymp-
totically almost periodic ). We will also utilize the properties of almost periodic cosine
functions and almost periodic sine functions. We refer to [9] for the characterization of
almost periodic cosine functions and to [11] for similar properties for almost periodic sine
functions. The following lemma ([22]) establish a result of Ascoli-Arzela type for the

characterization of compactness in AAP(X).
Lemma 3.4 Let B C AAP(X) be a set with the following properties:
(a) B is equicontinuous uniformly;

(b) B is equi-asymptotically almost periodic. This means that for every ¢ > 0 there are
T. > 0 and relatively dense set P. in [0,00) such that

le(t+7) —z(@)] <e,
forallx € B, and all t > T., 7 € P-.
(c) for each t >0, B(t) is relatively compact in X.
Then B is relatively compact in AAP(X).

To establish our result we need the following property of compactness of integrable func-

tions.
Lemma 3.5 Let B € L'([0,00); X) be a set for which the following properties are fulfilled.

(a) B is equiintegrable at co. This means that [{°|z(s)||ds — 0, L — oo, uniformly
for x € B;

(b) For each t >0, the set {a(s):z € B, 0<s <t} isrelatively compact in X;
(c) The function F :[0,00) = L(X) is strongly continuous and uniformly bounded.

Then there is a compact set U C X such that [; F(s)z(s)ds € U, for all x € B and
U= 15 oa.

14



Proof. For each ¢ > 0 we can select L > 0 such that || [ F(s)z(s)ds|| < ¢, for all
z € B. Using (b) we can affirm that there is a compact set Uy C X such that x(s) € Uy,
forall 0 < s < L and 2 € B. In view of that the map [0, L] x Uy = X, (s,2) = F(s)z is
continuous we infer that {F(s)z(s): 0 < s < L, € B} is relatively compact and the
main value theorem for integrals allows us to assure that the same property holds for the
set {[¥ F(s)z(s)ds: z € B}. The decomposition

/Ot F(s)x(s)ds = /OL F(s)z(s)ds + /Lt F(s)z(s)ds

completes the proof. =

Now we combine these results to establish the following property for the of mild so-
lutions of the abstract Cauchy problem. In this statement we denote by y, the function
defined by

yz(l) = /Ot S(t—s)z(s)ds.

Proposition 3.1 Assume that the sine function S(-) is almost periodic. Let B C
LY([0,00); X) be a set that satisfies conditions (a) and (b) of Lemma 3.3 as well as the
following condition of equiintegrability: for each t > 0, [I*"|lz(s)||ds — 0, h — 0,
uniformly for x € B. Then the set {y,:x € B} is relatively compact in AAP(X).

Proof. we can rewrite 5

i

yo(t) = S(t)/O‘C(s)x(s)ds = C’(t)/o S(s)z(s) ds

s(t)/:" C(s)z(s) ds — S(t)/ C(s)z(s) ds

t

N C(t)/:' S(s)z(s)ds + C(t)/tco S(s)z(s) ds.

;From the properties of almost periodic sine functions ([11]) we deduce that the first and
third term on the right hand side are almost periodic functions while the second and
fourth term are functions that vanish at co. We infer from this that y, € AAP(X). From
Lemma 3.3 we know that the integrals [;° C(s)z(s)ds and [;° S(s)z(s)ds, x € B, are
included in a compact set. This implies that the set of functions S(-) [5° C(s)z(s)ds —
C() J&° S(s)z(s)ds, z € B, is relatively compact in AP(X). On the other hand, employ-
ing the properties of B it is not difficult to see that the functions S(-) [ C(s)z(s)ds —
C(-) f7° S(s)z(s)ds, z € B, satisfy the conditions of Lemma 3.2 from which we can
assure that this set is relatively compact in the space Cp(X). Collecting these results it
follows easily the assertion. m

We are in conditions to establish the main result.

Theorem 3.8 Assume that S(-) is almost periodic and that the following conditions hold.

15



(a) The functions p, q: AAP(X) — X are completely continuous and bounded;

(b) Foreacht € I and a constant L >0 the set {f(s,2,y):0<s<t, ||z, |yl < L} is

relatively compact,
(c) 2N [;°m(s)ds < [;7 m ds, where ¢ = M(||zo|| + N,) + N(||z1]| + N,).
Then there exist a mild solution 2 € AAP(X) of (2.8)-(2.9)-(2.10).

Proof. For each € AAP(X) we define 7 (z)(¢) by means of (2.12). From our hypotheses
and proceeding as in the proof of Proposition 3.1 we deduce easily that 7 (z) € AAP(X),
for each v € AAP(X). To prove the continuity of 7 : AAP(X) - AAP(X) we fix a
sequence (z,), in AAP(X) that converges to z. Clearly S(t — s)f(s,un(s)) = S(t —
s)f(s,u(s)), n = oo, a.e. for s € [0,t]. Since

I1S(t —s)f(s,un(s)) — S(t — s)f(s,u(s))]| < 2Nm(s)W(L),

for some constant L > 0, and the right hand side is an integrable function on [0, c0) we
conclude that 7 (z,)(¢t) — T (a)(t), n — oo, and that the convergence is uniform on
[0,00). Hence we conclude that 7 is a continuous map.

On the other hand, for 0 < A < 1, let zy € AAP(X) be such that A7 (z)) = z,.
Proceeding as in the proof of Theorem 2.1 we conclude that the set {z): 0 < A < 1} is
bounded.

Finally, we show that 7 is completely continuous. We take a bounded set B C
AAP(X). Since p and ¢ are completely continuous, it is clear that the set of functions
C()(zo—p(z)) + S()(z1 — ¢(z)),z € B, is relatively compact in AAP(X). In addition,
since the functions f(s,u(s)), * € B, satisfy the hypotheses of Proposition 3.1 we infer
that the set {y,:a € B} is relatively compact in AAP(X). The proof is complete. m

Next we consider a situation where the derivative of the mild solution x defined previ-

ously also is asymptotically almost periodic. To establish our result we need the following

property of almost periodic sine functions.
Lemma 3.6 Assume that S(-) s almost periodic. Then, for each @ € X the function
S(-)x is almost periodic for the norm in E. Furthermore, if v : [0,00) — X is integrable

then the function y : [0,00) — E given by

is continuous with range relatively compact in E.

Proof. Since C(-)x and S(-)z are almost periodic functions it follows that (C'(-)z, S(-)z)
is almost periodic in X x X. Thus, given ¢ > 0, there is a relatively dense set P. such

that
IC(t+7)a—C(t)z|| + ||S(t+7)z — S(t)z]| <e, t2>0, TEPF..
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Using that C'(-) is uniformly bounded and
C(t+s)z =C{t)C(s)x + AS(t)S(s)x (3.20)
we obtain

[S(t+7)e — S(t)z|y=||SE+7)z—S{)z|| + sup ||AS(R)[S(t+ )z — S(t)z]||
0<h<1

< €4 sup |C(t+h+71)e—C(R)C(t+7)x+ C(t)C(h)x — C(t + h)z||
0<h<1
< e+ sup [CRC(t+7)e - Ct)z]
0<h<1
+ sup ||C(t+h+7)e—C(t+ h)z|
0<h<1
< (M +2),

for all ¢ > 0 and 7 € P., which proves the first assertion.

On the other hand, in the introduction we have already mentioned that y(-) is a
continuous E-valued function. Moreover, turning to use (3.20) we infer that S(-)z(-) €
L'([0,00); E) which allows us to complete the demonstration with the same argument

used in the proof of Lemma 3.3. m
The following result is consequence of the previous property.

Corollary 3.2 Assume that the conditions of Theorem 3.2 hold, xo— p(z) € E, and that
for each y € E the function AS(-)y is uniformly bounded on [0,00). Let z be the mild
solution of (2.8)-(2.9)-(2.10). Then z' also is asymptotically almost periodic.

Proof. From the uniform boundedness principle follows that the operators AS(t) : £ — X
are uniformly bounded for ¢ > 0. This implies that for each y € E the function AS(+)y is

uniformly continuous on [0, co). In fact,
[AS(E + h)y — AS()yll < [|AS@OI I(C(R) = Dyl + IC@NIAS(R)y

converges to zero as h — 0, uniformly with respect to ¢ > 0.

On the other hand, from(1.7) we can write
/(1) = AS(1) (@0 — p(2)) + C(1)(ar — (@) + [ C(t— )f(s,u(s))ds

Since AS(t)(zo — p(z)) is the derivative of C'(¢)(zo — p(z)), the previous remark and
the Theorem 5.2 in [22] imply that it is almost periodic. Consequently, the function
AS(t)(zo — p(z)) + C(t)(z1 — g(x)) is almost periodic. It remains to prove that the

function given by

y(t) = /: Clt — 8)f(s, u(s)) ds

17



is asymptotically almost periodic. Turning to use Theorem 5.2 in [22], it is sufficient to

show that y is uniformly continuous. To this purpose we decompose

v+ —y(t) = [1C0+h=s) = Clt —)f(su(s) ds

ct+h
+/t C(t+h—s)f(s,u(s))ds
= (C(h) = Dy( tSi—s f(s,u(s))ds
t+h ’
+ C(t+h—s)f(s,u(s))ds

Since f(s,u(s)) is integrable on [0,00), the range of y(-) is relatively compact, which
implies that (C'(h) — I)y(t) — 0, A — 0, uniformly for ¢ > 0. The same argument
serves to show that the third term of the above expression converges to zero when A — 0,
uniformly with respect to ¢ > 0. Similarly, employing the preceding lemma we have that
the values [j S(t—s)f(s,u(s))ds, t >0, are included in a relatively compact subset of £
and, from the introduction, we can assert that AS(h) [y S(t—s)f(s,u(s))ds = 0, h =0,
uniformly with respect to ¢ > 0. This completes the proof. =

4 Applications

The one dimensional wave equation modeled as a abstract Cauchy problem it has been
studied extensively, see for example [23]. In this section we illustrate some the results in
this work with this equation. At first we introduce some relative technical remarks.

On the space X := L*([0,7]) we consider the operator Af(£) := f”(£) with domain

D(A) :={f(-) € H*(0,7): f(0) = f(m) = 0}.

It is well known that A is the generator of strongly continuous cosine function (C(t)):er.

Furthermore, A has discrete spectrum, the eigenvalues are —n?, n € IV, with corre-

o~ 1/2
sponding normalized eigenvectors z,(§) := (;) sin(n¢) and the following conditions
/

holds

(a) {z,:n € IN} is an orthonormal basis of X.

(b) If p € D(A) then Ap=—> n’ <, z, > za.

n=1

(c) For every ¢ € X, C(t)¢ =Y cos(nt) < @, z, > z,, consequently || C(t) ||= 1.

n=1

(d) The associated sine function is given by S(t)¢ = 257, %nnt) <, 2zn > z,. Follows
from this expression that S(t) is compact, 27-periodic and that || S(t) H:
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(e) If G denotes the group of translations on X defined by G(t)x(€) = &(€ + t), where &
is the extension of @ with period 2, then C'(t) = 7(G/(t)+G(—t)). Hence it follows,

see [10], that A = B* where B is the infinitesimal generator of the group G and
E={gs & H0,#) : 2(0) = 2{z) = 0}

Now we consider the boundary value problem

iu([ £ = aagzu(t"f) + F(t, & w(€,t),w(,a(t))), (4.21)
w(0,t) = w(m,t) =0, te 0,7, (4.22)

where the function F': IR* — IR satisfies the following Caratheodory conditions.

(a) F(&,t,): IR* — IR is continuous a.e. £ € [0,7], ¢ € IR.

(b) For every wy,w; € IR the function F(-,w;,w;) : [0,7] X IR — IR is measurable.
(c) There exist a measurable and bounded positive function 1 on [0, 7] x IR such that

| F(&, 1, w1, ws) [< m(E, E)(| wr | + [ w2 |).

Associated to problem (4.21)-(4.21), we consider the following nonlocal initial condi-

tions

Tl
o)+ [P E)du(s) = zo(6),  £€0,m], (4.23)

aw(dft )—{—/0 Q(w(-,3))(&)dv(s) = x1(¢), ¢ € [0, 7], (4.24)

where T; > 0 and p, v are functions of bounded variation. We also assume that P, @ :

X — X are bounded continuous operators and that P is completely continuous. Let
p,q: C(I; X) — X the maps defined by
v T
p@) = [ P(a(s)dus), (4.25)
T,

dw) = [ Q(s)duls) (4.26)
The maps p,q are continuous and p is completely continuous. Under these conditions,
the problem (4.21)-(4.22)-(4.23)-(4.24) can be to modeled as (2.8)-(2.9)-(2.10), where
f(t,z,y)(€) = F(t,& x(€),y(€)) satisfies the assumption A;. Moreover, if 2,y € C(/; X)
then

7wl < ([1REta©.u6) P de)”

s( [ e 0= 1+ v )
< >o,(||r||+uy||
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(e) If G denotes the group of translations on X defined by G(¢)x(€) = &(€ + t), where &
is the extension of z with period 27, then C'(¢) = 3(G(t)+ G(—t)). Hence it follows,
see [10], that A = B? where B is the infinitesimal generator of the group G and
E={ze€ H(0,7) : z(0) = z(x) = 0}.

Now we consider the boundary value problem

5} o
au( L) = afju(t ) + F(t,€,w(é t),w(E,a(t))), (4.21)
w(0,t) = w(mt)=0, teo,7], (4.22)

where the function F': IR* — IR satisfies the following Caratheodory conditions.

(a) F(&,t,:): IR* — IR is continuous a.e. £ € [0, 7], t € IR.

(b) For every wy,w; € IR the function F(-,w;,w,) : [0,7] X IR — IR is measurable.
(c) There exist a measurable and bounded positive function 7 on [0, 7] x IR such that

| F(f’t’wlan) 'S n(taf)(, wi | + l W2 |)

Associated to problem (4.21)-(4.21), we consider the following nonlocal initial condi-

tions

)+ / (Odu(s) = wo(6), €€ [o,7) (4.23)
(7w(€,0)

5 Q(w('=3))(§)fll/(5) = z1($), ¢ e[0,7], (4.24)

where T; > 0 and g, v are functions of bounded variation. We also assume that P,Q :

X — X are bounded continuous operators and that P is completely continuous. Let
p,q: C(I; X) — X the maps defined by

Ty
p(e) = [ P(a(s))duls), (4.25)
o2) = [ QGals)duls) (4.20)

The maps p,q are continuous and p is completely continuous. Under these conditions,
the problem (4.21)-(4.22)-(4.23)-(4.24) can be to modeled as (2.8)-(2.9)-(2.10), where
flt,z,y)(&) = F(t,& 2(6),y(€)) satisfies the assumption A;. Moreover, if z,y € C(I;X)
then

[ 1 P62, )’

(
([ 0@ 1+ 1)’
< (s Hox (2 I+ [Ty [

| f(t,z,y) || <

IN
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Employing the results of the previous sections we can to prove the followings proper-

ties.

Theorem 4.9 Under the previous conditions the following properties hold.

(@) If [Tn(-)or < oo then there exist a mild solution of (2.8)-(2.9)-(2.10) for every
z,y € X.

(b) If g : [0,00) — (0,00) is nondecreasing and continuous, g(t) — oo as t — oo,
g9(0) = 1 and g(t) Jin(-,8)oxg(s)ds — 0 as t — oo, then there exits a mild
solution z € CY(X) of (2.8)-(2.9)-(2.10).

(c) If for each t > 0 and L > 0 the set {f(s,z,y):0<s<t, |z|,|lyll < L} is relatively
compact; then there exist a almost periodic solution of (2.8)-(2.9)-(2.10).

Proof. The proof of (a), (b)(c) follows from Theorems 2.1, 3.7 and 3.8 respectively.
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