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D-SIMPLE RINGS AND MAXIMAL IDEALS OF THE WEYL
ALGEBRA

DANIEL LEVCOVITZ * AND JOSE CARLOS DE SOUZA JUNIOR f

Resumo

Os operadores diferenciais S = % + ﬂ% + v de Ay(C) tais que S gera um ideal
maximal & esquerda de Ay(C) foram caracterizados em [4] por Bratti e Takagi. Nos
generalizamos o trabalho deles para A,(K), n > 2, onde K é um corpo de carac-
teristica zero. Mostramos também que se S = fl- + 02% +...+ a"a_f: + 7 gera um
ideal maximal & esquerda de A, (K), entdo o anel polinomial K[z, ..., 2,] é d-simples

com respeito a derivagdo d =5 — vy = ai + agai +...+ aan;i‘.
Ty ) rn

Abstract

The differential operators S = % + ﬂ;% + v of A3(C) such that S generates a
maximal left ideal of Ay(C) were characterized in [4] by Bratti and Takagi. We
generalize their work to A,(K), n > 2, K a field of characteristic zero. We also show
that if S = sz + az?ﬂ% + ...+ angf: + 7 generates a maximal left ideal of A,(K),
then the polynomial ring K|zy,...,z,] is d-simple with respect to the derivation

A o el i o 9
d=S9S 7_'dml+a2a¢2+"'+a"ax,,'
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1. INTRODUCTION

Let A,(K) = K[z1,...,2,] < d1,...,0, > be the n-th Weyl algebra over a field
K of characteristic zero (here d,, denotes the usual derivation %). Lately, there has
been a lot of research about the principal maximal left (or right) ideals of A,(K),
that is, ideals of the form A,,(K)S (or SA,(K)), S € An(K).

The first author to address this problem was Stafford who exhibited explicitely, for
the first time, a family of principal maximal right ideals of A,(C). He was also able
to show that given A\, p € C,\ ¢ Q, i ¢ Z,the following specific operator of Ay(C):

S= Ty + 1171(91(92 -+ /\(3%201 + /1181) + z,

generates a maximal right ideal of A,(C) and is not a member of the previous family.

(See [1]). In this way he gave the first counter-examples to the conjecture that

every simple module over A,(C) should be holonomic. (Since /i "(fcc)?g is simple but

not holonomic if n > 2.)(See [1]). Later on, Berstein and Lunts proved that, in
a certain sense, the generic operator of A,(C) generates a maximal left ideal (See
[7])- Nevertheless the examples discovered by Stafford were of a different kind of the
generic ones of Berstein and Lunts.

Stafford’s examples were generalized by Coutinho in [2]. Starting with a deriva-
tion d of K|[z1,...,z,] that makes this ring into a d-simple ring, he was able to give
a suitable pertubation of d, say d 4+, v € K[zy,...,z,], such that the left ideal
An(K)(d+ 1) is maximal. Here, for the first time, we see that there is a straight con-
nection between d-simplicity of K[z1,...,z,] and principal maximal ideals of A, (K).

More recently, Bratti and Takagi gave another characterization of principal maxi-
mal ideals of A;(C) ([4], Theorem 2.2). As an application they were able to relate the
problem of finding an operator S € A5(C) such that A(C)S is maximal to the prob-
lem of finding (or not) certain rational solutions of a system of PDE’s ([4],Theorem

2.4). In doing so, they use both algebraic and analytical methods.
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The first objective of this paper is to generalize the results of Bratti and Takagi to an
arbitrary number n > 2 of variables and to an arbitrary base field K of characteristic
zero. In other words, we characterize the principal maximal left ideals of A,(K), n >
2. To do so we use only algebraic methods (see Theorem 2.1 ).

The second objective is to establish, for certain derivations d of K[zi,...,%n],
a relation between the d-simplicity of K[z1,...,z,] and the existence of a suitable
pertubation of d, say d + 7, v € K[z1, ..., 2x), such that A,(K)(d+ ) is a maximal
left ideal of A,(K). In this way, using Stafford’s results, we could give an example
of a derivation d that makes the ring K[z, ...,2,] into a d-simple ring and is not of
Shamsuddin’s type (see definition 3.2).

Finally we give some connections between our work and the paper “Differential sim-
plicity of polynomial rings and algebraic independence of power series” of P.Brumaitti,
Y .Lequain and the first author.

This paper is divided as follows: In Section 2 we characterize the principal maximal
ideals of the Weyl algebra A,,(K) (Theorem 2.1) and relate this maximal ideals to the
existence (or not) of rationals solutions to certain PDE’s with polynomials coefficients.
The results are similar to the ones in A3(C) but the techniques of the proofs are
much more involved. In Section 3 we apply the results of Section 2 to the theory
of d-simplicity of the polynomial ring K[z1,...,2z,]. We give a connection between
d-simplicity and principal maximal ideals of A,(K). We also obtain new examples of

derivations that make the ring K|z, ...,z,] into a d-simple ring.

2. PRINCIPAL MAXIMAL IDEALS OF THE WEYL ALGEBRA AND PARTIAL
DIFFERENTIAL EQUATIONS

Definition 2.1. Let K be a field of characteristic zero and let Ap, = An(K) =
Klz1,...,Ts) < O1,...,0, > be the Weyl algebra in n variables, over the field K.
Observe that A,(K) has generators 8;,z;, for 1 < 4,5 < n, satisfying the relations

[0;, zj] := Oixj — x;0; = di; and other commutators being zero.
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Definition 2.2. Let A,_; be the K-subalgebra of A,(K) generated by z; and 0;, for
2 <4 < n. Thus, throughout this work, we set

An_l[ml] = K[zl,...,rn] <02;---,8n > .

Definition 2.3. A multi-index « is an element of N*; say a = (au,...,a,). Now
by 0% we mean the monomial 01*' ...0,*". The order of this monomial is the length
|| of the multi-index o, namely |a| = o1 + ...+ a,. An element d € A,(K) may be
written in the form d =Y qa0%, where qo € K|z1,...,2,]. The order of d, denoted
by ord(d), is the largest |a| for which q, # 0. We use the convention that the zero
polynomial has order —oo. An example will suffice: the order of 2130y + 172,0,30,>
s 4.

We begin with some technical lemmas that will prepare for the proof of
Theorem 2.1. These lemmas are well known for the specialist, but we prove them

here for a lack of a good reference.

Lemma 2.1. Let R be an element of An-i[z1]. Then 1R = RO, + ﬁ,
where R € An_y[z1].

Proof. 1t is enough to prove when R is a monomial.
Suppose that R = c,p2,% ... 2,0 ... 0,P" where a = (oy,... , ) and
B =1(0,02,...,0n) € N* with co 5 € K, then

O1R = Oicapzi™ ... LY, N W

= Cup%9% ;. T ™ (O™ )R . .. B,P"

= Ca T2 ... Zp® (214 0) + a2, 1)5,2 ... B,Pn

= Ca gl M X3 . .. L™ 0% . 8,Pm 6y

+01CapT1 ™ T Ly . L, 05P2 L. D, P
= RO, + R, where R € A,z
O

Definition 2.4. Let S = 01 + @20y + ... + a0, + 7y be an element in A,, where

Q2. 0,y € K[z1,...,2,]. Let P € A,. The element R € A,_1[z,] such that
P = QS + R is called the residue of P with respect to S.
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Lemma 2.2. (Division algorithm). Let S = 0, + a0y + ...+ an0p +y be an element
in An, where ag, . ..,Qn,y € K[x1,...,2,]. Given P € An, we have P = QS + R, for
some Q € A, and R € A,_1|z1]. Moreover, R and Q are uniquely determined.

Proof. We will first prove, by induction on n, that 0f = QS + R, for some @ € A,
and R € An—l[zll'
Note that 9; = 15 + R, where R = —ap0y — ... — anOp — ¥ € An_1[z1]- Suppose

now that the result is true for 2 = n. Then
O+l = 9,07 = 0,(AS + B) = 0,AS + 0B, A€ Ay, B € Any[z1].
By lemma 2.1, we have
Pt = 0AS + Bd, + B, B € Ap_i[zi).
Since 0, = S+ R,

oyt = 9,AS + B(S+ R) + B
= (0 A+ B)S+BR+ DB
= Q'S+ R, where Q € A, and R' = BR+ B € An_y[z1].
This completes the induction.
Now, if P € A,, we can write P in the form P = E, 0} + ... + E10, + Ey, where
E; e A,_1[z].
Thus, P = E,(H,S+ B,) + ...+ E1(H1S + B1) + Ey, where Hy, ..., H, € A, and
Bi,...B, € Ap_1]z1]. Then,

P=(Ean-f-...+E1H1)S+SE,1B,L+...+E1B1+LLO).

€ An_1 [:El]

Therefore, any element of A, is congruent, modulo A,S, to an element in A,_[z].
Moreover, the residue is unique. In fact, let R, R € A,_;[z1] be residues of some
P e A,. So, R— R = a8, for some a € A,. Writting a = Q0 + Aand S =0, + B,
where Q € A,, A, B € An_1[z1], we have

asS = Q812 + Q@lB + A(’91 + AB.
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Since R, R’ € A,_1[z1], then so does aS. Hence, looking at @ as a polynomial in
O1 with coefficients in A,_1[z1] we conclude that @ = 0. So, aS = A0+ AB. By the

same way, we conclude that A=0. Thena=0, R=R and Q = Q'.
O

Lemma 2.3. Let S = 01 + 20y + ... + a,0, + v be an element in A,, where
gy O,y € K[21,...,2,). If R € Ap_1[z1], then [S,R] = SR — RS € Ap_1[z1]-

Proof.

[S,R] = [0+ a2da+ ...+ and+ 7, R]

= [81, R] + [0282, R] + ... + [an(?n, R] + [’)’, R] "
—_— v (- ——
&) ) 3) @
Note that the terms (1), (2), (3) and (4) are in A,_1[z4].
By lemma 2.1, we have that [01, R] = Re An_1[z1].

a

Lemma 2.4. Let A,,S be a left ideal of A,, where S = 014+az0s+. ..+ 0,0, +7 € A,
Qg,...,0, and v € Klzq,...,x,]. Then A,S is a mazimal left ideal of A, if, and
only if, AnS + AR = A, for every 0 # R € A,_1[z1].

Proof. (=) If R € An_1[z1] then R ¢ A,S.

So, A,S + AR = A,, because A, S is a maximal left ideal of A,.
(<) We know that A,S is a maximal left ideal of A, if, and only if, A,S+ A, P = A,,
for all P ¢ A,S.

But, if P ¢ A,S, by lemma 2.2, we have that P = QS + R, for some @ € A, and
Re A,_[z1], R#0. Thus, ApS+ AP = A S+ A, (QS+ R) = A, S+ AR = A,
by hypothesis. O

Lemma 2.5. Let S = 0y + a0 + ... + a0, + v € A,, where ag,...,an,7 €
Klz1,...,2,] and R € A,_i[z1], with ord(R) > 0. Suppose that u[S,R] = nR
for some p € Klzy,...,z,], u # 0, n € K[z1,...,7,). Then, there exists h €
Klzy,...,z,) and R € A,_y[z1], with ord(R) > 0, such that [S, R] = hR.
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Proof. Suppose that

Q

with g,7,S and R satisfying the hypothesis. We can write R in the form

N
: i
_5_ Dig,..in02" ... On"™, where pi, i, € Klz1,... s
ig4...+in=0

Write R = aoé, where ag is the greatest commom divisor of the elements p;,.....i,-

Since p € Klzy,...,z,) \ {0}, by (1), p divides nap, say nag = pu(, for

some ¢ € K|[z1,...,z,]. Hence,
[S, aoR) = CR.

But, [S, aoR] = [S, ag] R + ao[S, R]. Then,

(2) aolS, B = (¢ — [S, ag]) R = AR, where \ € K[z1,...,%n]

)\EK[Z[,...,$n]

By the definition of ay, it follows from (2), that A = hay, for some he K[zy,..., 2]
Thus

[S,R] = hR.

a

The proof of the following lemma. is completely analogous of the previous one. It

will be omitted.
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Lemma 2.6. Let S = 0; + 205 + ... + 0,0, + v be in A,, where ao,...,a,
and v € Klz1,...,2,] and let p be an element in K|z1,...,z,] \ K. Suppose that
glS,p] = hp for some h € K[zy,...,x,] and g € K[z1,...,7n_1] \ {0}. Then, there
exists ( € K[zy,...,2,) and p € K[zq,...,z,) \ K such that

[Sﬂ = (p.

Remark 2.1. The next result generalizes theorem 2.2, of [4].
Theorem 2.1.
(a) Suppose that A,S is a mazimal left ideal of A,, where S = 0) + a0y + ... +
nOn + 7, with ag, ..., an,y € K[z1,...,2,]. Then, for every R € Ap_1[z1],

where R is not a constant, we have
[S,R] € K[z1,...,z,] - R.

(b) Let S =01+ asds+ ... + a0, +7 be in A,, where ay € K[zy,33),..., 0, €
K[z1,2,] and vy € K[zy,...,z,]. Suppose that for every R € A,_i[x,], where
R is not a constant, we have [S, R] € K[z1,...,z,]-R. Then A,S is a mazimal
left ideal of A,,.

Proof. (a) Let A, uu be elements in A, such that AS + uR = 1. If degs, (\) = m, then
deg@l (,U,) =m+1.

Let us write A and u in the form:

A= §m01m+...—+-§101 +E0,
b= 5m+181m+1 + et 5131 + 507

where Ei,éj € An_l[.’El], Em 55 O, 5m+1 ‘r’é 0.
Using that 0; = S — (a0s + ... + @, 0, + ) and lemma 2.3, it follows that we can

rewrite A and y in the form:

A=DB,S™+ ...+ BS+ By,
/L:Cm+1sm+l +-‘.+CIS+C(),
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where Bi, CJ € An_l[ml], Bm §é 0, Cm+1 % 0. SO,

m m—+1
AS+pR=> BS*'+) CiS*R=1.
k=0 k=0
Hence,
m m+1
0=[z1,AS + puR] = = > (k+1)BeS* = Y kCS* 'R
k=0 k=1

Commuting with z; more m times, we obtain

(3) l B + C1m+1R =40|

Now, if [S, R] = nR, for some 1 € K[zy,...,z,], then we would have

m+1
By Stk Z CwS*R

k=0

AS +uR =

I

3
i

= BiS*+ + 3" CiS*R+ BnS™" + Cm1 SR
k=0

x>
Il
=]

3
i

@ BeS**! + Y CuS*R — Cryt RS™ + Cr1S™ 'R
k=0

x>
Il
- O

3

= BS*' + > " CiS*R = Gt (RS™ ! — S™'R)

k=0

o~
Il
)

3
o

(4) = BuS ' +) " CiS*R — Cruna [R, ™.

k=0

>
Il
<)

Since [S, R] = nR, we have

S™HR = S™(SR) = S™(RS +nR) = S™RS + S™R =
= 8™ 1(SR)S + S™nR = S™1(RS + nR)S + S™nR =
= S™'RS%+ 8™ Y(nR)S + SR =

= RS™ 4 (0m_15™ ' + Pm—2S™ 2+ ... + 015 + o) S+
F(lmS™ + Em—1S™ 1+ ...+ LS+ )R
for some ¢;, & € Apq[z1], 0<i<m—1,0< 7 <m.
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Then, we have
m—1 _ mo
AS+pR=> ES+Y DSFR=1,
k=0 k=0

for some Ej, Dy, € An_q[z1].

Commutating with z; again and repeating the argument, we obtain

(5) |AS + uR = EoS + DyR+ D1SR =1|

for some Ey, Dy, Dy € Ap—1[z1].
Note that Fy = —D; R. In fact,

0 = [IE1,/\S+/J:R] 2[131,E05+D0R+D15R]
= E()[.’Ill,S] +D1[.’L‘1,S]R
= _EO — DR = Eo = —D,R.

Thus, from (5) follows that

—D\RS+ DyR+ D,SR=1
D[S, R] + DoR = 1

Di(nR) + DR =1

(D1 + Do)R = 1.

Therefore, deg(D1n + Dy) + deg(R) = 0, and we get a contradiction, since
deg(R) > 0 (R is not a constant ).

Now we prove (b).

Let R be in A,_{[z4], such that ord(R) = N > 0. We can write R in the form:

N
_ i i
R= E Dig,...in02"2 ... 0", where pi, ;. € K[z1,...,Tqs).
inF...tin=0
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Since ord([S, R]) = ord(S)+ord(R) — i, then ord([S, R]) = N. Therefore we can
also write [S, R] in the form

N
[Sv R] &= Z qig,...,in82i2 21 8ﬂin) where Qis,....in S K[mla $85y zn]

i2+...+’in=0

As ord(R) = N, there exists p;, i, 7 0, such that
i20+...+in0 “—‘N

By hypothesis and by lemma 2.5, we have that

Dingwoiing 153 Bl = i enying B F 0

Note that, from this equation, we have

0 S ord(p,-%,, [S, R] = qi?o"""iﬂn R) < N.

i <
Moreover,
B = Diying 1S Bl = Qiggmring B =0 8" ... B0 + ..

Now, R € (A,S + AnR) \ {0} is such that 0 < ord(R) < N, and the term with

order N involving 8% ..., does not appear in R.

Claim 2.1. If we repeat this process with R, then the term with order N that we

eliminated previously won’t be back.

Let’s assume, for a while, claim 2.1.

In this way, if R has another term with order N, we can repeat the process
and eliminate it too. Therefore, after a finite number of steps, we have a new
R e (AuS + A,R) \ {0}, with 0 < ord(R) < N — 1.

Proceeding in this way, we obtain
(AnS + AnR) N (K[z1,- .., 2a] \ {0}) # 0.

Let.p=37" reZn®, where 7, € K[z1,...,Zn-1], be a polynomial contained in

(AnS + A R) N (K[z1,...,z,] \ {0}) with the least degree in z,.



12 D. LEVCOVITZ AND J. C. SOUZA JR.

If m were strictly greater than zero, then, by the Euclidean Algorithm (applied to
[S,p] and p considered as elements in K(zi,...,Tn-1)[Zs]) , there exists an

de K[zy,...,z,-1] \ {0} such that
d[S,p] =np +r, for some n,r € K[z1,...,z,] where deg,, (r) < deg, (p) or r = 0.

But this implies that = 0, by the choice of p.
Hence, d[S,p] = mp, which is a contradiction, by lemma 2.6. So m = 0 and
(AuS + AR O (K[Z1; 0 380-1) \ {0}) #£ 0.

Proceeding in this way, we obtain
(AnS + AnR) N (K[z1] \ {0}) # 0.
Let p = aiz1' +. .. +ag, with a; € K, be in (4,5 + A,R)N(K|[z,]\ {0}). Note that
[S,p] = lax' "t + ...+ a; € (AuS + A, R) N (K[z1] \ {0}).
Repeating this process [ times, we have that
Na; € (AnS + A,R) N (K \{0}),then A, S+ A,R = A,.

By lemma 2.4, it follows that A,S is a maximal left ideal of A,,.
To finish the prove, we have to show claim 2.1.

Proof of the claim 2.1: For a while, let us suppose that

S=61+a2(92+...+an0n+’y€An,

where ay,...,a,,y € K[z,...,z,] and R = Zg+..‘+in=o Py, .0, ...0,™, where
Pig,...,'in S K[xl,...,xn], with 49 + ...+ 1%, = O,...,N.
Then,
N N
[S>R] = S) Z Piz ..... in0212---0n1n = Z [Sa P’iz ..... in0212--~anzn]'

i2+4...4+in=0 i2+...4+in =0
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Note that: [0y, Py,..in 02 ... 00" = 01(Py,,..in) 02" ... 8p', and

(0285, By, 00" . .. O] = 002 P,,y, in 02" ... Oy — P, .02 ... 0,20,
= as(P,,...i, 00 + 02(32,...,in))32i2 Ot — B 0o ... Op'm g0y

= 9232,...,in32i2+133i3 O+ ap0a(Pyy i )00 anL" —P,. .02 ... 020y
(2)
=A- Pig,...,in82i2 T 311—11‘"_1 (Otzani"-l-
+ip0,(02)0," ' + terms with lower order) O
=A—-P, ;.0"... Op_1'""1 00, Oy +
—in Py, in02" . .. On1""100(02) 0" 1O + . ...
=A—P,. 0" .. Op—1"""10130, 0o+
—in P 4B On—2""2(0n(0tg)Op1 ™+
+terms with lower order)@ni"_l(?z +...
=A— Hg,...,inaziz o Op 1 @0, Oyt
—inPiy. 0200 .. Ong'"?0n(@02) Ono1 ™ O O+
+ terms with lower order
=A P,-z,.._ﬂ-naz"z e O 100, Oy +
— GnOn(02) Py,..5, B2 85" .. B 4+
o ~— .
+ terms with lower order
=A - Piz,...,i"aZiz v Opg ™ (@Op
Fin10n-1(2)0n—1"" T+ .. )0 Dot
—0O+ terms with lower order
=A-P, ;0" . .0, 0a0p_1*"18, O+
—in_1Piy.. 02" ... On—g™20n_1(02) 01" 10" O+
—0O+ terms with lower order
=A—P, i.0"... 0, 9" 20 118, O+

. i2+1 9 i in—1—19 1
"Zn—lljiz,...,inan—l(a2)82 2 831% ] an—lln ! a11. S

—O+ terms with lower order
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Oy 05" ... 0,70y — 3Py, ;. 05(02) 0210510 L O+
F oo = 0Py i 0n(2) 3205 O T
+ terms with lower order
=A =P, i (020" + 1305 (02) 05" + terms with lower order)d3™ . .. 0, Oy +
—i3P;, ;. 08(02) 08B0 L O .+
—in Py i On ()0, 05™ L 0,
+ terms with lower order
=A =P, i,000°1105% .0, — iy Py, i Oa(a2)Be™ ... Op'm+
—i3P;, i, 03(0) 3,21 5P T10,M L. B 4L+
—in Py i On(02) 0?1050, T+
+terms with lower order
= [a0y(P,,...in) — 12Psy,...in 82(C¥2)]5'2i2 Ot
+[_7;3Pi2,..,,i,.03(a2)]82i2+183i3_—184i4 R R
H=inPa,..inOn(02)] 02T 05% .. O T 4

+terms with lower order.

=A—P

2y:eln

2:'~-|'in

Hence, the terms with order N in 3., . _([0n0s, P, 5,02 ... On"™] are:

Zig+...i,.=1v{[a202(Piz,---,in) — U5, n az(az)]aziz ;R
—i3B;, i tlgia-lgin 9 4
+[—igP,.. i, 03(02)]02" " O3 4 +

ia>1
+[—7;nP,'2,_“'i"0n(a2)]62i2+1631:‘ sws c‘)ni"‘l } :
in>1
Similarly, the terms with order N in Eg+m+in:0[aj8j,131-2,,_,,,-"82"2 ... 0n™], where

J=2,...,n; are:

> intninn {005 (P, i) — 1P, n05(a)] 02 . .. O+
E:E;?L_ik}%mmjnOk(aj)k%ﬁr+lﬁ%iw—l"'é%—1%_15%+1“+1'-'ak—lm_10k+lu+l}'

ip>1
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Since the ord([y, R]) = N — 1, then the terms with order N in [S, R] are:

Z¢2+___+,',,=N{[31(1:'1'2,...,1',1) + 2?=2[ajaj (Piy,...in) — ijP'ig,...,inaj(aj)]]aziz o O
+2 52 Zgzjz_[—ikph,...,in iR (09 [/ IR RO, M TELL P Wyl T L) 3

i>1

Now, observe that if P;, ;. is the coefficient of 2. .. 0" in R, with

»'in

iy + ...+ 1, = N, then the corresponding coefficient in [S, R] is:

Gigyoosin = [01(Prg, i) + 25=0[@05(Pia,.. i) — 3 Prs,..in O ()]
> ima ZE;;[—(% 4 1) Pay,..o g1, —Liig 1ot sin-HLiin g serin O (@5)]]-

Note that, unfortunately g, ;. does not depend only on F;, ;.. But, under the
hypothesis that «; € Klz1,2],4 = 2,...,n we have, Ok(q;) = 0 for all
ibk=2,....,0] #k

In this case, ¢, . i, depends only on P, ;. . Therefore, if P, . ;. = 0, then

-----

all m, ¢ € K[zy, -« s%n]:
O

Now we establish a connection between principal maximal ideals of the Weyl algebra
and certain partial differential equations over the polynomial ring K[z, - - -, & THIS
connection was originally discovered by Bratti and Takagi when n = 2([4]). We
generalize their theorem for an arbitrary number of variables. We begin with some
calculations that will be useful in the proof of the next theorem.

Let S = 0, + a0y + a3 + v be an element in A3(K), where ay € K[z, 23],
az € K[z1,z3] and v € K[z1, 22, z3]. Let

R = Z Pi’jaziagj S K[.’I)l,.’L‘z,!E3] < 82,83 >,
i45=0

n>1and P; € K [z1, T2, z3]. Then, a simple calculation gives the following expres-

sion of [S, R]:
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B = 3 {[0(P) + aaa(Pry) — iPssBa(as) +

i+7=0
+ a303(Pi;) — P, ;05(s)) 02057 +
(6) + [— <;> H,jazz(az) — 7:131‘:_7'(92("}’)](921._183]. +

+ [= <;> P, ;05*(as) — jPi;05(7)]02 05" +

+ terms with order lower than ¢ + j — 1}

Note that
A = O1(Prn—k) + 0205( Prn—i) — kPrn—r 02 (a2) + a305( Pen—i) — (1 — k) Pr n—iO3(t3)
is the coefficient of the monomial 8,33 * in [S, R]. Now, if Py ,_x # 0, then in the

expression
Prn—i[S,R| — AR

k—laBn—k
)

the coefficient of 0§05 *is zero while the coefficient of 0, say

Qe-1,n—k € K[z1, 22, z3], is the following:

Pk:—l n—k Pk—l n—k Pk—l n—k
mk = P2 |0 ’ A S = bl
Qk—1,n—k kni— [ 1 ( P, + a0, Prnr + az0s Penr +

@ + 0ufa) (T2 ) — koy() — () o)

en—k

where 1 < k < n, and (§>=Oifk<2.

Similarly, the coefficient g, 1 € K[z1, 2y, 23] of 3,°95" %71 in the expression
Py n—i[S,R] — AR

is the following:



D-SIMPLE RINGS AND MAXIMAL IDEALS OF THE WEYL ALGEBRA 17

Pkn—k—l) Pl Pra-%a
g = P <—-——’ Fandy | 22 ) 4+ agdy | 22— | +
Tim—k—1 . k[ '\ Pk 2N Prai 33\ Ptk

1

) 2 -k
® + afan) (=) - - mori - ()2
kn—k
n-k )
where 0 <k <n-—1, and( 5 ):Olfn—k<2.
Theorem 2.2. Let S = 0 + a0y + ... + a0, + v € An(K), where
ai(z1, 1) = (1) + ain(z1)zi € Ky, zi),i = 2,...,n and v € K[z1,...,%a].

Then the following statements are equivalent:
(i) A,S is a left mazimal ideal of An(K).
(ii) The equations

(9) 0, (g) + 020, (%’) Tt ands (1—;) + 0(as) - (g) = 8(y), 2<i<n

do not have any solution in K(zy,...,z,) and the equations

(10) o (3)—%'(5 =—ip, 1=2,...,7
s s
do not have any solution in K(x).

Proof. We will prove the theorem only in the case n = 3 to avoid a heavy notation.
The proof in the general case is analogous.

If n = 3, the equations (9) become :

(11) ) <Z> +a202( >+a383( )+82 ) (§> = Ba(7)
o a(2)eon (D)o (E) s (3 =00

and the equations (10) become:

i 5. (0) ~on- () = e

(14) &) (%) = g5 * (7;) = —013
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First, we prove that (i) implies (ii).

Suppose that g € K(z1,2,z3) is a solution of (11). Let R = g0 + p. Then,

[S,R] = (01(q)+ 0202(q) — q0s(0r2) + a303(q)) 02 +

+ (01(p) + a20x(p) + a303(p) — ¢02(7))-

Put A := 01(q) + 2202(q) — q02(2) + 305(q), the coefficient on &, in [S, R]. Then,

q[S, R] = AR = ¢ f)l (g) + 0y, (g) + a0y (g) + Oy(g) - <§> - 82(7)1 -

2isa solution of (11)

Therefore, ¢S, R] = AR, which is contrary to the theorem 2.1 ( using lemma 2.5),
since A3S is a maximal ideal.

Thus, the equation (11) does not have any solution in K(z1, zs, x3).

Analogously, if g is a solution of (12), taking R = ¢qd3 +p we obtain a contradiction.
So, equation (12) does not have any solution in K(x1,z,, z3) either.

Now, if £ € K(z1) is a solution of (13), let P = r(z1) + s(z1)z2. Then,
[S, P] = 1" 4+ s'z5 + aps, where 7' and s’ denote the derivative of r and s.
Since ay(z1,z2) = agy(z1) + agy(z1)ze, We have
[S, P] = (1" + angs) + (8 + ag18)T.

Then,

s[S,P] — (s + ans)P = s | 0, (%) — g (7—;) +ay | =0.

risa sol. of (13)

Therefore, s[S,P] = (s’ + aays)P, which is contrary to the theorem 2.1 (using
lemma 2.6), since A3S is a maximal ideal.

Thus, the equation (13) does not have any solution in K (z1).
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Analogously, if £ € K(z,) is a solution of (14), taking P = r(z1) + s(21)z3 we
obtain a contradiction. So, equation (14) does not have any solution in K(z;) either.

Conversely, let us assume (ii).

Let R = Z?+j=0 P,-,j02i03j be in K[z, Zq,z3] < 0»,03 > an element with order
n > 0. So, there exists Py n—r # 0 for some k=0,...,n.

Observe that in the case that ap(z1,22) = ago(z1) + aoi(z1)z2 and
as(zy, T3) = azg(T1) + as; (z1)zs, the equations (7) and (8) simplify:

Btk Pe 158 Fiin#
ek = P? - il bl i Ul
qk 1, k kn—k {81 ( Pk oz ) + aZaZ < Pk’n__k + a383 Pk o +

3 3

(15) + Oy(an) (M-—’“) - kam)]

Prn—k-1 o T Prn—k-1
kel = P? o, | ===F—2 _GnTR T el Lol
Lt '”’"_k[ 1( S >+a282( Pen—k >+a383( Pt )+
P
1)+ asfen) (B2 - (0wt

Note that, if the equations (11) and (12) do not have any solution in K (z1, z2, 23),
neither do have the equations (15) and (16). Hence, the ideal A3S + AsR contains an

element of the form:
Ry =...+ 082’°83"_k + ...+ qk_l,n_kaf‘l(?g"_k + qkln_k_162k83""“"1 “+ ...

with grn—k-1 # 0 or qx—1,n—k 7# 0; (actually if 1 <k < n —1, then both coefficients
are non zero).

So, n —1 < ord(R;) < n. Now, if we calculate [S, R;|, the term with order n
eliminated before does not appear again. Hence, if R; has another term with order n,
we use the same process to eliminate it and we get a new Ry € A3S + A3R, Ry # 0,
such that n — 1 < ord(Rz) < n.

Proceeding in this way, we obtain a non-zero element

R € A3S + AsR, where ord(R) =n — 1.
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Repeating this process, we see that
(AgS + A3R) N (K[.’L'l, Iy, .'I)3] \ {O}) ?é @

Now, let P = Zﬁj:@ P, ;zo'zs? be in (A3S + AsR) N (K[z1, 22, z3) \ {0}), where
P, ; € K[z;]. Similarly, since the equations (13) and (14) do not have any solution in

K(z1), we conclude that
(A5 + AsR) N (K] \ {0}) # 0.

Therefore, A3S + A3R = As. By lemma 2.4, A3S is a left maximal ideal of A3(K).
O

Example 1. Let S = 01 + a202 + ... + andn + v € An(K), where
ai(z1, %) = auo(z1) + iy (21)z: € Kz, 24),5 = 2,...,n. Observe that if v € K[zy],
then the equations given by (9) have u = 0 as a solution. Therefore, A,S is never a

mazimal ideal of A,.

3. APPLICATIONS TO THE d-SIMPLICITY OF THE RING K[z, -+ ,Zy]

In this section we apply the previous section to study the d-simplicity of the ring
K[xl, sieie ,.’En].

Definition 3.1. Let d be a derivation of a commutative ring A. An ideal I of A is a
d-ideal if d(I) C I. We will say that A is d-simple if it does not contain any proper

non-zero d-ideals.

If A is a Noetherian ring and d is a derivation of A, it is well known that A is
d-simple if and only if no prime ideal of A is a d-ideal. As a corollary of our next
theorem we obtain that for certain type of derivations of K[z1,--- ,z,] we need to

check only if the prime ideals of height one are d-ideals.
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Theorem 3.1. Let d = 0, + a0y + . .. + 0,0, be a derivation of K|z1,...,T,] where

Qg,...,0qn € K[z1,...,Z,). Then the following statements are equivalent:

(i) For every P € K[z1,...,z,| \ K we have
[d, P} € K[Z1,+: <, Za] P.

(ii) K[z, ...,z,] ts d-simple.
(iii) No principal ideal of K(z1,...,2,] s a d-ideal.

Proof. (i) & (ii): Suppose that K[zy,...,,) is not d-simple. Let I be a proper
non-zero d-ideal of K[z,...,z,]. Let P = ch:o 12", where 1y € K[z1,...,Zn1],
be a non-zero polynomial contained in I with the least degree in z,.

If | > 0, since d(P) € I, then t := deg,, (d(P)) > I. But,d(P) = [d, P] € I.

Then, deg,, ([d, P]) =t > L.

By the Euclidean Algorithm (applied to [S, P] and P considered as elements in
K(zy,...,Tn_1)[x,]), there exists an g € K[z1,...,T,-1] \ {0} such that

g|lS, P] =nP +r, for some n,r € K[z1,...,z,], where deg,,(r) < deg,,(P) or r = 0.

But this implies that 7 = 0, by the choice of P. Thus, g(d, P| = nP. By lemma
2.6, there exist ¢ € K[z1,...,z,] and Pe K|z1,...,2,) \ K such that

[d, P] = ¢P.

Conversely, suppose that there exists P € K|[z1,...,z,] \ K such that [d, P] = {P,
for some ¢ € K[z, ..., Zn].
Note that [d, P] = d(P). Consider the ideal I = (P) C K[z1,...,%,). Let f €I,
then f =P, for some n € K[zy,...,z,]. Hence,
d(f) =d(nP) =dm)P+niP € I.
Bk getehe

Therefore, I is a d-ideal.
(iii): It follows from (i) and that[d, P] = d(P).
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Corollary 3.1. Let d = 0, + g0y + . . . + 0, 0, be a derivation of K|z, ..., z,] where
Q,...,0n € K[z1,...,2,]. Then, K[zy,...,z,| is d-simple if and only if no prime

ideal of height one is a d-ideal.

Proof. By Theorem 3.1 K[z, ...,z,] is d-simple if and only if no principal ideal is a
d-ideal. But if an ideal I is a d-ideal, then every minimal prime of I is also a d-ideal.
By Krull’s Principal Ideal Theorem, every minimal prime ideal of a principal ideal

has height one.
a

Examples of derivations d that make the polynomial ring K|[zi,...,z,] into a
d-simple ring are not easy to find out. A family of them were discovered by Coutinho
in [2] (generalizing an example of Stafford) and are based in a result of Shamsuddin
(See [6]).

Definition 3.2. A deriwation d of the polynomial ring K(zi1,...,z,] is called a

Shamsuddin’s derivation if it has the following form:
d =01+ aa(z1,22)02 + . .. + an(z1,2,)0n

where o;(z1,2;) = a;(21) + bj(z1)z; are polynomials in z1,z; of degree one in xj,
G =Dy 155570
Let S be the element in A;(C), given by

S =01+ (2122 + Az + 1) + M2 — p)z2, A€ Q and p & Z.

Stafford proved in [1] (proposition 2.2) that A,S is a maximal left ideal of Ay(C)
(actually, our operator is obtained from Stafford’s after a transposition and a change
of indices).

Consider the derivation d = 0y + (2122 + A\zy? + 1), of C[zy, 5] extracted from S.
Is C[z1, z2] d-simple?

The answer is yes and is provided by the next theorem. Note that in this case, we

get an example where C[z, 25] is d-simple and d is not a Shamsuddin’s derivation.
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Theorem 3.2. Let S = d++ be an element in A,(K), where d = 014+0a202+. . .+ 0,0,
is a derivation of K[zy,...,Ts], with as,...,an,y € Klz1,...,2a]. If ApS is a
mazximal left ideal of A, then K(z1,...,z,] is d-simple.
Proof. Suppose that K|[z1,...,z,] is not d-simple. Let I be a proper non-zero d-ideal
of K(zy,...,2,]. Let p = ZL:O riz,t, where ry, € K[zy,...,Zn-1], be a non-zero
polynomial contained in I with the least degree in z,.

If I > 0, since d(p) € I, then ¢ := deg,, (d(p)) > I. But,

d(p) = [d,p] = [d+,p) =[5,p] € I.

Then deg, ([S,p]) =t > 1.
By the Euclidean Algorithm (applied to [S,p] and p considered as elements in

K(z1,...,%n_1)[Ts]) , there exists an g € K[z1,...,7,_1] \ {0} such that
g[S, p] = np +r, for some n,r € K[zy,...,z,] where deg,,(r) < degs, (p) or r = 0.

But this implies that 7 = 0, by the choice of p. So, g[S, p] = np and this contradicts
the fact of A,,S be a maximal ideal, by lemma 2.6 and theorem 2.1(1).

Then ! =0 and p € K[zy,...,%,_1]. Hence, INK(zy,...,2,_1] # (0). Proceeding
in this way, we obtain that I N K[z1] # (0). Let p € I N K[z1], p # 0. We can write
p in the form:

p=anpr" +...+ag, a; € K,a, #0.
Since p € I and I is a d-ideal, then d(p) € I. So,
d(p) =[S,p] = mapmz™ ' +...+a; €1
Proceeding in this way, we obtain
mla,, € I, so I = K[zy,...,z,] (Contradiction!)

Therefore, K[z1,...,Zn| is d-simple.
O

The following lemma is useful to check if the equations 10 of Theorem 2.2 do have

a solution.
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Lemma 3.1. Let a1(z1), ao(z1) € K[z1]. If the equation
(17) (')1(u) — al(ml) U= —O[o(.’El)
has a solution & € K(z,), then £ € Kz,].

Proof. Let ¢ = £ € K(z;) be a solution of the equation (17), with ged(r,s) = 1.
Thus,

o 5 () e ()=

We can write s in the form:

s=uag+...+a,xz", where a; € K.

If s(0) # 0, then ag # 0. Therefore, !

T 1

S ao \1 + blxl +...+ bn.’lian

it’s a unftrin K{[z1]]

So, £ is a solution of (18) that belongs to K[[z]]. Since ¢ € K(z1) N K[[z1]], we
have that ¢ is not transcendental over K (z1). Then, by proposition 2.3(b) of [5], we
have that ¢ € K|[z4].

We claim that s(0) # 0. In fact, note that the derivation of order n of a product is

given by

L . . 0) — -(i)-__'iiL > 1
(f v g)” - Z (?) f(z)g(n—z)’ where { f f7f 'd:'vl" 7

i=0 90 =gigW =25, i>1

— Bz,

Since ged(r, s) = 1, if s(0) = 0 then 7(0) # 0.
From the equation (18), it follows that

(19) L@r’ —rs —airs + aps® = Ol
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Evaluating at 0, we obtain that

@1"(0) —7r(0)s'(0) — al(O)r(O)iO/)-Fao(O) (s(0))* = 0.

=0 =0 =0
Then, 7(0)s’(0) =0 = s(0) =0.
(0) 5'(0) (0)
#0
Now, suppose by induction that s'(0) = s®(0) = ... = s (0) = 0. It follows from

(19) that:

(st —rs’ —aqrs + 0ps?)™ =0
Yo (MO — (r)E(s)=D — (aar)D ()" + () I (s?) "9} = 0.
By induction hypothesis, we have that (0) s®+1(0) = 0 = s(**1(0) = 0.
~—

#0
Hence, S(")(O) =0,V n € N, then s = 0.This is a contradiction.

Therefore, s(0) # 0.
O
Remark 3.1. In [5] (Theorem 4.1 a) DBrumatti, Lequain and Levcovitz give a
characterization of the d-simplicity of the ring K[X,Y], where d is a Shamsuddin

derivation, in terms of the existence of a polynomial solution of a certain ordinary

differential equation. The following theorem generalizes this result for an arbitrary

number of variables.

Theorem 3.3. Let d = 0; + o303 + ... + a,0, be a Shamsuddin derivation of

Klz1,...,z,). Then the following statements are equivalent:
(1) K[z, ...,z,] is d-simple.

(ii) For every P € K|x1,...,%,), where P is not a constant, we have
[di P) & Kz, 5,24 P
(iii) The equations
Oh(u) —a; - u=—ay, 1=2,...,n

do mnot have any solution in K(z1).
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(iv) The equations
Ol(u)—ail U = — Oy, 7;=2,...,TL
do not have any solution in K|x,].

Proof. (1) < (ii). This is a consequence of theorem 3.1.

(ii) = (iii). Suppose that £ € K(z,) is a solution of the equation 0y (u) -, -u = —ay,,
for some i € {2,...,n}. Let P = r(z;)+ s(z1)x;. Then, [d, P] = 1"+ 5'z;+ a;s, where
r" and s’ denote the derivative of 7 and s.

Since a;(z1, ;) = @y (71) + 04, (71)2;, we have
[d, Pl = (' + aips) + (8" + au, 8)zs.

Then,

M. F1= (4 ao)P =57 | 0 (5) —aa (5) +ane | =0

~

=p
Therefore, s[d, P] = (' + a;, s) P. By lemma 2.6, there exists ¢ € K[z1,...,z,] and
P e K[z, ...,z,) \ K such that [d, P| = ¢P.
(iii) = (iv). It is obvious.

(iv) = (i). Suppose that the equations
O(u) —ay u=—ay, t=2,...,n

do not have any solution in K[z;]. By lemma 3.1, we can conclude that these equations
also do not have any solution in K (z).

Now, let I be a non-zero d-ideal of K[z, ..., z,] and let P be a non-zero polynomial
contained in I.

We will show that [ = K[z1,...,z,]. So, K[zi,...,z,] is d-simple.

If P is a non-zero constant, then there is nothing to be done. So, we shall suppose

from now on that P is not a constant.
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We can write P in the form:

N
P = E P, .i.Z2®...z,™, where P, ;. € K[zy].
ig+..Fin=0

If N =0 then P € K[z] \ K and we are done.

If N > 0, consider the degree function as the degree in the variables z,, ...

(that is deg(P) = N > 0) we have that

N
d(P) = [d! P] = Z [d) Ijiz,...,inm2i2 . xnin] -
ig4...4+in=0
A simple calculation shows that
d(P) o= Zz{\zj+...+in=0{[al (Piz,...,in) + 131'2,...,1'-,1 (i2a21 4. inanl )]Iziz ... xnin

. > _1 ~ > . 4 > _1
+[Piy.... i G200, )22 g™ Lzt L [Py, i EnOng T2 - ™

+terms with degree lower than o + ... + 4, — 1}.

As deg(P) = N > 0, we have that there exists F;, . # 0, such that

ing

’i20+...+7;nn=N.

3x'n

i
T, "o

Thus,
d(P) = ...+ [(91 (PiZO!'“’i"n) + ‘Pizn,-u,inn (iznazl +...+ innam)]mgizo wa :Eni"n + ...
+ [01(3'20—1,...,1‘,10) + P =185 tag ((d2y — Dag, + ...+ ipyan,) +
+ }Dizn,...,inni% 052(1]'7321.20_1~'1"3i30 .o Zniﬂn Fooet [al(Pizo,u-,inn—l) +
+ P‘ign,...,inn—l(iQ()azl + ey + (inn Sai 1)an1) +
+ Hznw,inninoann]mzi% b et e
Now, put A := 91 (Piy . ing )+ Piag...sing (12002, +- - - +ing O, ) the coefficient To'20 ...

in d(P).
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Then,
P, i d(P)—AP=...4+0x" ...z, + ...+
s 0 -/
& R
2 i —1,i3 ,m,inn _ ign —1,i3 ,...,inn i izn—l 'i30 T inn )
+Pizn,...,inn [81(—9—_0——]91«2" ,,,,, ing ) 0621(—9_9—“520 ““““ i ) + gy Qi | T2 r3®o ...z +
Piy_,....ing—1 Piy \...ing -1 ; ;
2 Sagiinely kTR Tk ST SN PV I - S S S B
+Pizn;~--,lnn [81( Piy,..ing ) O‘nl( Plseordiii )+ np no] 20...Tn
Hence, it is easy to see that if the equations 1(u) — ai, -u = —,, ¢ =2,...,n do

not have any solution in K (z), neither do have the equations
O (u) — ajy - u = —ij0j, j=2,...,n, whith i;, #0.

But since iy, + ... + in, = N > 0 and 4y, ...,%p, € N, it follows that there exists
some i, #0, j € {2,...,n}.
Thus, the ideal I contains a non zero element of the form:

Py =...4+ 0z ... zyin0 + ...

1

ing =1 .. it i
F Qi —Ling oring T2°20 TN .. Tp "0 + .
e

EK(zy]

such that N — 1 < deg(P,;) < N.

Claim 3.1. If we repeat this process with Py, the term with degree N eliminated before

does not appear again.

Let’s assume, for a while, claim 3.1.

In this way, if P, has another term with degree /N, we use the same process to
eliminate it and we get a new P, € I, P # 0, such that N — 1 < deg(P,) < N.

Proceeding in this way, we obtain a non-zero element P e I, where deg(]s) =N-1.

Repeating this process, we see that

In (Kl \ {0}) # 0.
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Therefore, I = K[zy,...,Zys).

To finish the prove, we have to show claim 3.1.

Proof of the claim 3.1: Let P = Zg+...+in=o B, .. inZa ... Ty™, with
P,...i. € K[z], where P is not a constant.
We know that
d(P) = Zg+,._+iﬂ=0{[al (Piz,...,in) + Piz,...,in (2'2(121 +...+ inam )]$2i2 cee -77niﬂ

. o A ; ) . i i
[Py, . in 200 ) T2 T g™ Lz o+ [Py i in O[22 2

+terms with degree lower than iz + ... + i, — 1}.

Hence, the terms with degree N in d(P) are:

Z {[01(Ps,.,....in) + Pis,...sin (f2002) + - .. + inQin, Yza® ... T
i2+..+in=N

Now, observe that if P, ;. is the coefficient of Zpi20 . xpto in P, with

0

ing + ...+ in, = N, then the corresponding coefficient in d(P) is:
Qing oring = 01(Piggsing) F Pizgewsing (12002 F - - & g Ay )-

Note that, g,,,...,in, depends only on P,-zn,__,,,-n .

0

Therefore, if P, i, = 0, then
Qizg ing = 0 and we have that the coefficient of xy™0 ... zptmo in €d(P) — nP is zero,

for all ¢,n € K[zy].
0

We will now use our theorem 3.3 to recover theorem 3.3 of [2]. He considers, for
2 < i < m, a;, b; non-zero polynomials in K [z;] such that:
(1) a,...,a, are linearly independent over Q and
(2) deg(a;) > deg(b;) for i =2,...,n.

He shows that K[z1,...,Zn| is d-simple with respect to the derivation

d= 81 + Z(aziai + b,)az

i=2
One advantage of our approach is that we don’t need the polynomials as,...,a, to

be linearly independent over Q.
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Example 2. Consider, for 2 < i < n, a;,b; non-zero polynomials in K[x,] such that

deg(a;) > deg(b;) fori=2,...,n. Then, the derivation

d= 01 + Z(xiai + bi)(?i

=2
makes the ring K|xy,...,z,] into a d-simple ring.

In fact, we must analyze if the equations
O(u) —a;-u=—=b, 1=2,...,n

do not have any solution in K[z;].

Observe that if u € K|x1] is a solution, then,

O(u) — a-u =— b ,1=2...,n
deg(u)—1  deg(ai)+deg(u) deg(b;)
Since deg(a;) > deg(b;),i = 2,...,n, these equations do not have any solulion in

[([.’L‘l].
By theorem 3.3, it follows that K[z, ...,x,] is d-simple.

We give now a different family of Shamsuddin’s derivations that make the ring

Klzi,...,z,] into a d-simple ring.

Example 3. For 2 < i < n, let a;,b; be monic polynomials in K[zi] such that
deg(a;) = deg(b;) = k;. Then K[z, ...,x,] is d-simple with respect to the derivation

d= (91 + (.7}12b2 -+ .’Ela,lillz)az +...+ (.’L‘lzbn + zlanmn)(?n.

By theorem 3.3 we must analyze if the equations

(20) (91(?1,) — I a;u = —-.’L‘lzbi, 7= 2,...,”

do not have any solution in K|[z,].
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Observe that if u € K[z,] is a solution of an equation given in (20), then

o(u) — mau = —1,%b; = deg(u) = 1.
~—~— S~ ——
deg(u)—1  deg(u)+kit+1 ki+2

We can write a;, b; and u in the form:

a; = :1:1’“" + ,-a,ki_lmlk"'l +...4+aq0
b; = zM+ ,-bk,‘._lxlk""l + ... +by
u = cr1+d
Thus, from (20) it follows that the polynomial (—c + 1)z "2 4+ ... + ¢ = 0, which

1s a contradiction.

Therefore, the equations given by (20) do not have any solution in K|z,] and so

K[z1,...,za] s d-simple.
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