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MODIFIED C!EQUIVALENCE OF REAL FUNCTIONS

ALEXANDRE FERNANDES HUMBERTO SOARES

Resumo

Kuo [K] introduziu a nocao de trivializagdo analitica modificada de familia de
funcoes analfticas reais. Introduzimos aqui o conceito de equivaléncia C*-modificada
de funcoes reais e trivializacdo C’-modificada de familias de funcdes reais. Este con-
ceito é mais interessante porque permite-nos estudar os germes que nao sao analiticos,
mas que sio de classe C*.

Abstract

Kuo [K] introduced the notion of modified analytic trivialization of family of real
analytic functions. Here we introduce the concepts of modified C%-equivalence of real
functions and modified C*-trivialization for families of real functions. This concept is
more interesting because allows us to study the germs that are not analytic, but are
of class C*.

1. INTRODUCTION
Kuo [K], motivated by the Whitney’s example
W(z,y,t) =yly—z)(y — 27)(y — tz), 2 < t < 00,

introduced the notion of modified analytic trivialization of family of real analytic
functions. This concept is stronger than topological triviality and weaker than bian-
alytic triviality. However this notion is not related to C*-triviality. Fukui [Fu], Kuo
[K], Paunescu [Pa] and Yoshinaga [Yo] investigated problems of classification on real
analytic function-germs induced by the modified analytic trivialization. On the other
hand there are few works wkere the classification of C*—functions are studied. For
instance, see [B-M], [R-S].

Here we introduce the concepts of modified C*-equivalence of real functions and
modified C¢-trivialization for families of real functions. These concepts are intermedi-
ate between the C? and topological equivalence (triviality). The ideas presented here
are inspirated by the work [K], where the concept of modified analytic trivialization

The authors are supported by CNPq 140199/2000-8 and 140181/2000-8.
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2 A. FERNANDES H. SOARES

is introduced and the work [B-K| where the topological triviality of families defined
by weighted homogeneous functions of class C* is shown under some conditions.

We show that for analytic functions which are modified C*- equivalent, the multi-
plicity is invariant. We also show that a C**! deformation of a weighted homogeneous
real function, under certain conditions, admits a modified C*-trivialization. We give
an example showing that the modified C*—equivalence is stronger than topological
equivalence.

2. MODIFIED C*-EQUIVALENCE

We fix a systen of coordinates z = (z1, ..., T) of R™ and denote by R[z1, ..., z,] the
associated ring of polynomials.

Definition Let X be an analytic n—dimensional manifold. We say that a mapping
N : X — X is Ct—liftable if there exists an analytic mapping 7 : R — X and a local
C!—diffeomorphism, also denoted by N, N : R* — R" such that

Rn N Rn

X — X
N
commuts.

For instance, when X is an n—dimensional analytic manifold with R™ as its uni-
versal covering and N : X — X is a C*—diffeomorphism.

Definition Consider functions f,g : U C R* — R. We say that f and g are
modified C*— equivalent if there exist an n—dimensional analytic manifold X, a proper
analytic mapping ¢ : X — R, such that ¢(X) = R" and a C*—liftable mapping
N : Uy — U, where Uy, U, are neighbourhoods of ¢~*(0) in ¢~}(U), with N(¢7(0)) =
¢ ~1(0), such that
fopoN=goop.

Moreover, N induces a homeomorphism N : ¢(U;) — ¢(Uz) with N(0) = 0 such that
the diagram

Uy il Us
wl 1¢
©(Uh) = ¢(Ua)



MODIFIED C¢-EQUIVALENCE 3

commuts.

Remark: We can lift the mapping ¢ : X — R" to a mapping, also denoted by
@, ¢ : R* — R™ wich satisfies the same properties, and is such that the following
diagram commuts, i. €., p o T = (.

R

J
XTXTR”

Lemma 2.1. Let P € R[z1, ..., z,]\{0} be a polynomial of degree k and ¢ : R* — R",
© = (p1,..-,0n) an analytic mapping, with ¢(0) =0 and ¢ # 0. Then,

1imp°—“’(“’l) 40, | with mp <1 <k,

20 [lo(z)

where mp 1s the multiplicity of P.

Proof: We decompose the polynomial P into its homogeneous parts, i.e., P = P, +
... + P, and call ¢, = (01,my, ---» Pn,m.) Where each ¢; ., is the homogeneous part of
lower degree of ¢; and m; denotes its degree. Let m, = min{m;, i = 1,...,n}, and
we can write ¢ = ¢, + £. Hence we conclude that ¢(tv) = t™¢ @, (v) with @p(v) # 0
and t € R.

Since there exists generic v such that @g(v) # 0, we consider such v with v & @5 *(0).
Thus,

Poop(tv)
le(t)|l¢
_ Prp(t™ @) + ..+ Pt (v) B @i(v))
([t @i (v)||! [[tme @i () ||
L Pi(t™ 5 (v)) + ... + Bi(t™ 9i(v)) _
[[tme @i (v) ||

_ ™ [Py ((v)) + £ Prop 41 (G2(0)) + . + 4P P (B1(0))] +

thmellpy (v) ||

time || (v) ||
0™ [Py (§e(v)) + 6™ Prya(@e(v)) + ... + 71 Pu(@2(v)))]

4+ — :
tme | e (v)]|f

+
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Therefore,
Poy(tv) ~  Blpo(v)
lm—F——=F+-——=>+4+0#0.
e P L o) I
where
P 0 if = mp
L= Sgn(PmP({Eo(v)))oo, otherwise

]
Lemma 2.2. Let f,g: U C R — R be functions of class C* and modified C'— equivalent.
Then, for alll < k
iif=0ej'g=0
Proof: Let X be a n—dimensional analytic manifold, ¢ : X — R™ an analytic
mapping with p(X) = R® and N : U; — U, a C'—liftable mapping, with Uy, Us
neighbourhoods of ¢~1(0) in ¢ (U), such that
fopoN=gogp
Now, as f, g are of class C', V¥ [ < k, we have by the Taylor’s infinitesimal formula,
that
f(a) = 5'f(x) + Ri(z) and g(z) = j'g(z) + & (x)

where hm i ”“,) =0 and lim i’iﬁ? = i)

Thus,
j'fopoN+RopoN=jgop+&oyp
Then , if j'f = 0, we have that

jlgop=RiopoN—§op
Claim 1: jlgop=0.
In fact, j'g o p(v) = Ri(p(N(v))) — &(p(v)) and therefore
3'9(p(tv)) _ Ri(p(N(tv)))  &lp(tv))

() ll(tv) I llo(tv) ||
&lp(tv)) since =
Remark: lm 3 ol ToGt =0, »(0) =0.
Now,
Ri(p(N())) _ Ri(eo(N(tv)) lo(N () |
o)l lo(N@E)II llelo)]lt
Claim 2: M—(tv—m—' is limited.

()l



MODIFIED C‘-EQUIVALENCE 5

In fact, write ¢ = o, + ¢, where ¢y, is the initial part of . Since ¢, is a nonzero
polynomial, for generic v, @, (tv) # 0,V t < 1.
Therefore,

lp(t)ll = [t ™

where m,, is the minimum of the multiplicities of the coordinate functions of (,,.
Since ||o(y)|| X ||ly||™ generically, we have that

le@W @Il = IN@I™ =2 el =
N lips

= [le(@)ll = lltv]™ = lpN(t))]

Therefore,
L eV ()|
t= (o)
hence M is limited, and we conclude that
lleto)|l

RGN _
e s

-]
t
ligg -9° o(tv)

Thus, = 0 and by the Lemma (2.1) we have that j'goy = 0. There-

=0 |[p(tv)])
fore j'g = 0 (since y is surjective). i
Theorem 2.3. (I) Let f,g : R™ — R be analytic functions which are modified

C'—equivalent. Then mult(f) = mult(g);
(II) Let f,g : R™ — R be functions of class C* which are modified C'—equivalent.
Then mult(5* f) = mult(5%g).

Proof: (I) Follows by the Lemma (2.2).

(I1) Suppose that mult(j*f) = l; < lo = mult(j*g). Then j'g = 0 and by the
lemma (2.2), j' f = 0, but this contradicts the fact that I; = mult(j*f).
Therefore, mult(j* f) = mult(j*g). &

Theorem 2.4. Let f,g: R — R be functions of class C* and modified C* — equivalent.
Then j'f and j'g are modified C'—equivalent, where | = mult(5*f) (= mult(j*g)).

To prove this Theorem we need the following

Lemma 2.5. Let P,Q € R[zy,...,z,]\{0} be homogeneous polynomials of degree I,
@ : R™ — R" a nonzero analytic mapping and N : R®™ — R™ a nonzero diffeomorphism
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6 A. FERNANDES H. SOARES

of class C*t. Then,
P _
i (Fo®OoN C{O@)(ﬂ?) 20
=0 le()|l
Remark 1: We can write N = T + R where T is the linear part of n and T is
invertible since 7 is of class C®.

Remark 2: N(tv) = T(tv) + R(tv) = t[T(v) + 2], ie., N(tv) = tu(tv), where
u(0) =T(v) #0.

Proof of the Lemma 2.5: Since p(tv) = t™*@:(v), @o(v) # 0, we have

P(p(N(tv))) — Qe(tv)) _ Pt @i(u(t))) — Q(E™ @i(v)) _

llo(tv)|l - thme e ()|
_ Podiou(t) - Qo)
l|pe ()|l
Thus,
L (PogoN-Qop)t) _ Pofoould)—Qop) _
t—0 llo(tv)]l! l|o ()1
(P o @o)(T(v) — Q  po(v)
0l 70
for generic v € (P o @poT — Q o &) 1(0). |

Proof of the Theorem 2.4: By the Taylor’s infinitesimal formula we can write
f=j'f+Riand g=j'g+&
Ry(u) lim &i(u) .

where lim

w0 [ullf w0 !
Therefore,
jfepoN—jlgop=E&op—RiopoN
Hence,

jlfogaoN-—jlgoga:&ocp—RlogpoN
llell® lloll

Thus, we have that

. ('fopoN—jgop)@) _
L le@II '
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Therefore, since j' f and j'g are homogeneous polynomials of degree [, we can apply
the Lemma (2.5), and obtain that j'f o po N = jlgop |

Corollary 2.6. Let f,g : R® — R be functions of class C* and modified C* —equivalent.
Then §" f and j"g are modified C*— equivalent, ¥ | <r < k, where | = mult(j* f) (=
mult(j*g)).
Proof: We can write f = j'f + Hipq + Ry and g = j'g + Lyyy + &1 where
Hppq = j"1f — j'f and Ly = jt'g — j'g are homogeneous polynomials of degree
i41.

Then, 3 ¢ : R* — R" analytic and N : R® — R™ a diffeomorphism of class C* such
that

jfopoN+HyiopoN+RyiopoN=7gop+Liyiop+&op,
thus, by the theorem (2.4), we have that
HippopoN—Ljiop=&uop—RypopoN

Hence

(Hiy10po N —Lipi0o9)(z)

lim =0

= llo ()|

Therefore, by the Lemma (2.5), Hiy1opo N = L1 09
Thus, 7 fopo N = jHlgop, ie., j7 f and j'*'g are modified C'—equivalent
and the result follows by induction. [

3. MODIFIED C¢—TRIVIALITY

Fix X a n—dimensional analytic manifold and I a p—dimensional compact cube.

Definition Let M : X x I — X x I be a t—level preserving mapping. We say that
M is Ct—liftable when there exist an analytical mapping 7 : R® — X and a t—level
preserving local C¢—diffeomorphism, also denoted by M, M : R™ x I — R™ x I such

that (7 x Id;)o M = M o (m x Idy),i.e.,
R*x ] -2 R x I

WXId[l varxldl

XxI — XxI
M

commuts.

Let ¢ : X — R™ be a proper analytic mapping such that o(X) =R

Consider a family F; : R® — R of real functions parametrized by ¢ = (t1,..rtp) €1
such that F£'(0,t) =0 for any ¢ € I.
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Definition F admits a modified C*—trivialization along I if there exist a neigh-
bourhood U of the origin in R™ and a C*—liftable t—level preserving mapping

1W1U1X['—'>U2XI

where U and U, are neighbourhoods of ¢~!(0) in ¢! (U) such that Fo(px Idr)oM is
independent of ¢, where Id; denotes the identity of I. Moreover, M induces a t—level
preserving homeomorphism m : ¢(U;) x I — ¢(Us) x I, such that the diagram

UxI 2 UpxI

thIdIJ' lpxldl

o(Uy) x I — o(Usz) x I e R

commuts.

Now, we show that a C**! deformation of a weighted homogeneous real function,
under certain conditions, admits a modified C*-trivialization.

Let w = (wi,...,w,) be a n—tuple of positive integers and d a positive inte-
ger. A function P : R® — R is called weighted homogeneous of type (w,d) if
Py, ...,m"x,) = % P(z), Vr € R,z = (21, ..., Tn).

Given an analytic function f : R® — R, we define fil(f) as the minimum of
the numbers wii; + ... + wpi, where the monomial m’f .- gin appears with coefficient
different of zero in the Taylor’s expansion of f.

Theorem 3.1. Let F : U x RP — R be a family of functions, where U is a neigh-
bourhood of origin at R™. Suppose that we can write F' on the form F' = f + g with
f,g: U x RP — R satisfying the following conditions:
(i) f and g are of class C**' and g, a%% are of class C* in the z-variable where
k>max{w—d—l,...,i}+(f;
(ii) for eacht € R?, f, = f(.,t) is the restriction to U of a weighted homogeneous
function of type (w,d) with isolated singularity at origin;
(i) fil(j5'ge) > d, Vt € RP, where j*(.) denotes the k-jet at origin (the Taylor’s
polynomial of degree k).
Then given a point ty in RP and a p—dimensional cube I with iy € I, F admits a
modified C*-trivialization along 1.
Proof: We remark that fil(j*g;) > d since from the item (1) we conclude that
fil(zh - ain) > d if iy + .. i > k.

Without loss of generality, we may assume that to = 0 and I is the cube [—L, LJ?
for some positive real number L.

Consider ¢ : S*! x (—¢,€) — R" defined by

o(z,r) = (1" z1, ..., 7" Tp)
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with € > 0 is choosen such that ¢ has its values in U.
We define H : S*7! x (—¢,¢) x R” — R by

H(z,r,t) =r%g(o(z,7),t)

for r # 0 and H(z,0,t) = 0.
We call 7: S"! x (—¢,¢) x RP — S*! x RP the standard projection 7(z,r,t) =

(z,t).

Lemma 3.2. The conditions (1) and (8) imply that H, g—g, % are at least of class
C*, and equal to 0 if r = 0.

Proof of the Lemma 3.2: It is easy to see that

g4 g:

k—q_ 99t  y _
(Owil dis s 8.’151;q) 81;,-1 . aiL‘;q (gt)
k—q — .
(3.1) Jil(3* (5 — axlq ) > d ;wu«
Now, by the Taylor’s infinitesimal formula we have that
01 e o9
m(gt o p(z,r)) = 5* q[m(gt o p(z,1))] + Re—q(0(,7))
with lim fri%G0) = 0.
Therefore,
0'H 1 k—q aqgt Ry q((ﬂ(.’II,T))
- — ) (p(z,T))) +
Oz, - - - Bajiq (d-ij wi;) (] oz;, - 6:1;10 )(cp(x T))) rd
r =l
where ¢=0,1,...,0+ 1.
From (3.1) lim—-l—(jk_q(——aqg——)(cp(:c r)))=0.
o0 @R oug) 0x;, - - - Ox;,
ot (o(a,r)
Thus it is sufficient to prove that UII(IJ ﬂ%pd’— =,

In fact,
Ri_o(¢(2,7)) _ Riq(p(z, 7)) lo(z,r)II*
e ez, r)|*~ ré

Ri—q(p(z,1)) an
A2 Tt e~ 0

(“(p(x’r)”k—q )2 - [T%)II + . 2d+ T2wn$2]k q < T2(w'(k q)—d)
d
Tr ,r.k_q
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where o' = min{w;,..,w,} and k—q¢ > k—£€—-1 > L%—l >k—q> 2% =

wl

w'(k —q) —d > 0, hence the result follows. O
Now, let us consider the mapping F : S*! x (—€,€) xRP — R™ given by ﬁ(m, 7, 1) =
fon(z,rt)+ H(z,r,t).
o8
As f; has isolated singularity at origin, u(z,r,t) := —22_V,F is well defined in

C O IVLFI?
S™ 1 x (—€,¢) x RP and is of class C*.
Thus, we can write

(3.2) = = (V. F,u)

Now multiplying the equation (3.2) by r¢ we obtain
oF
(33) %(W(xi T)a t) = (vga(z,r)F((p(x’ T)v t)7 w(z, T, t))
P

(r“ruy (z,7,t), ..., " ug(z, 7, t)) is of class C* in "1 x (—¢,¢) x (-L—-9,L+ c%)p.
Now we can rewrite (3.3) as
oF _ ,
(34) %p(y’ t) = <va(y7 t)a ’lU((p l(y)7 t))
where y € (5™ x (—¢,€))\{0}.
Let W(y,t) = z-—w(p™" (), ) be the vector field defined in (5™ x (—¢,€))\{0}] x

R? which is of class C¢.
Note that W L VF| since

(W,VF) = 5 —(V, Fu(e™ @), ) =0

Remark that lirr(lJ W(y,t) = & — liné w(z,r,t) = 5, hence W has a continuous
y— P T P
extension to (0,¢) with W(0,t) = a%'
Consider the problem of initial value
) = W)
(3:9)
i |

Yoty ety 1,0) = (@t tp1, 0)



MODIFIED C*-EQUIVALENCE 11
Suppose, that exist €,,d, and 77 such that 0 < ¢ < €0 <, < 0 and 77 is &
mapping from
[‘P(Sn_l X (—€p, €))\{0}] X (=L = &p, L + 8p)? — @(S™ 7 x (—¢,€))\{0}
satisfying (3.5).
Remark: Since W is constant on the ¢,-parameter, we obtain that 77(y, t) = (77(y, t),1).
As W is ortoghonal to VF, we have that F(77(y,t),t) = F(y,t1, ..., tp-1,0).

We know by the existence and unicity theorem of ordinary differential equations
that there exists an unique solution

7 o™ % (—em N0} — 0(S™ X (—, \{0)
of class C*.

Remark: In the course of the construction of 7(y,t), we show that if we define
72(0) = 0, i.e., 77(0,t) = (0,t) then
(8" X (—6p, &) — 9(S" 7 X (—€,¢€))

is a homeomorphism. In fact, this homeomorphism is induced by a C¢-diffeomorphism
from S"! X (=€, €,) = S™! X (—¢€,€)

Thus, let us consider the lifting of w, o ¢~ to Sl x [(—€,0) U (0, ¢€)], ie., let us
consider the vector field

Vi : 8" x [(—€,0) U (0,€)] — T(S™ " x [(—¢,0) U (0,¢)])

such that d(ryp.Vi = wi(x, T)

Lemma 3.3. V; has a Ct extension to S™ x (—¢, €) which is tangent to S*1 % {0}
at all points of S™* x {0}.

Proof of Lemma 3.3 Let us identify the tangent bundle of S™—1 with a subbundle
of the trivial bundle S™~! x R"®. Thus the equation to V; becomes:

0 e 0w ! Vit ruy (z,T, 1)
36 I : : : _ :
(3.6) G 0 w2u T wpmate Vosi rn p (z, 7, t)
Ty T2 0 Tn 0 WVin+1)t 0

Where the above equation of V; is deduced as follows:
Let 7(s) = (3(s), r(s)) with 7(0) = (&'(0), 7/(0)) = v = (11, - Vn, V1) and 7(0) =
(z,7).
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Therefore

D pomn = ol 018, a5 s =

_ wi—1 w wn—1 w
= (1T Upg1 F T, e Wa T Ung T g )

r“t Q0 --- 0 wlxlr‘”"l V1
B 0 0 --- 79 wpzarr! Un,
Ty T2 - Tn 0 U(n+1)
Solving the equation (3.6) by the Cramer’s rule, we have that Vi, = &, i=1,...,7m,
5 ( :)—1
and Vipy1t = é—'lA*—‘. Then we see that A is the product between r %) and a
L (Cwi)-1 .

nonvanishing term and each A; has a factor of 7 with ¢ = 1, ..., n. Since A, are

functions that depend on uy, ..., un, this proves that Vi has a C* extension. Finally

Twio ! .
A,;1 has a factor of 7 , justifying the claim that the extension is tangent to
St 240}, O

Then, the Theorem follows by induction with respect to the number of parameters.
|

4. EXAMPLES

Example 1: Let F(z,y,t) = f+g = 22—y +(t"sin(3)) (" sin(3)) be a deformation
of class C3 of the germ f = z° — y°.

Note that f is a real weighted homogeneous function of type (5,2;10) and g =
(t"sin(}))(y'"sin(;)) is of class C3 with fil(58(g:)) = oo. Moreover, g, % are of
class C® on the (z,y)—variable, and obviously 8 > max{l—SQ, 129} +2. Therefore, by the
Theorem (2.3) we have that F admits a modified C?-trivialization.

We can observe that the estimates obtained in [B-M] do not even guarantee the
C'—triviality of F'.

The following examples shown that the modified Cf—equivalence is stronger than
topological equivalence.

Example 2: Let f,g : R,0 — R,0 be given by f(z) = = and g(z) = z°. Natu-
rally f and g are topologically equivalent, but are not modified C'—equivalent since
mult(f) = 1 and mult(g) = 3.
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