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Resumo

Neste artigo estudamos existéncia de solugdes fracas, fortes e classicas para uma
equacao de segunda ordem com impulsos modelada na forma

z"(t) = Az(t) + f(t,z(t),z(at),z'(t),2'(b(t)), t€I=][0,T], t+#t,,
z(0) = =z, z'(0) = o,
Dz(t) = I (z(t:), ' (),
Ax'(ty) = I(a(t),='(t)),

onde A é o gerador infinitesimal de uma fungdo cosseno fortemente continua de
operadores lineares num espago de Banach X; 0 < ¢ < t9 < ... < t, < T e
a(-), b(), f(:),I7,1 =1,2..n,j = 1,2, sdo fungdes apropriadas.
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Abstract

By using the theory of strongly continuous cosine functions, in this paper we
study existence of mild, strong and classical solutions for a class of second order
functional differential equations with impulses.

1 Introduction

In this paper we establish some existence results of mild, strong and classical solutions
for a class of impulsive second order functional differential equations modelled in the form

g"(t) = Az(t)+ f(t,z(t),z(a(t)),2'(2),2'(b(t)), tel=[0,T], t#t;, (1)
z(0) = =zo, 2'(0) = yo, (2)
Dx(t;) = IL(zt),2'(t)), (3)
Ax'(t) = Iz(t:), o' (t:)), (4)

where A is the infinitesimal generator of a strongly continuous cosine family of bounded
linear operators, (C(t))iwem, on a Banach space X; 0 <t <ty < ... <t, <T;a(),b(:):
I -1, (G):X—X,i=12,.n,7=1,2and f(-) : I x X* — X are appropriated
functions and A&(t;) denote the jump of a function &(-) in the point #;, that is, AE(t) =
E(tF) — £(t7).

The theory of impulsive differential equations has become an important area of inves-
tigation in recent years. Relative to this theory we only refer to the reader for the works:
Cabada (1], Hernndez [7], Liu [9], Rogovchenko [12],[13] and Sun [15].

Motivated for numerous applications, recently Liu [9], Hernndez [7] and Benchohra
[2] studied some impulsive differential problems modelled using the semigroup and the
cosine functions theories of bounded linear operators on abstract Banach spaces. In [9],
Liu proved existence of mild and classical solutions for the first order abstract impulsive

Cauchy problem

w(t) = Au(t) + f(tu(t),  tel, t#t,
w(0) = =y, (5)
Au(tz) = [Z(U(tz)), i= 1, 2, sana Ty



where A is the infinitesimal generator of a strongly continuous semigroup of bounded linear
operators on a Banach space X; 0 < t; < ..... <t, <T and I;(-), f(-) are appropriated
functions. To prove your results, Liu used the contraction mapping principle and the ideas
in [11]. Using similar arguments, Hernndez studied in [7] the impulsive Cauchy problem

’LL”(t) = AU(t) + f(t,u(t),u’(t)), tE (‘—To,Tl), t 75 ti,
u(0) =0, u'(0) =y, (6)
Ault) =INu(ts)), Au'(t)=IFW()),
where A is the infinitesimal generator of a strongly continuous cosine function of bounded
linear operators, —Tp < 0 < t; < ..... < t, < T) and If(), f(+) are continuous functions.
On the other hand, Benchohra discuss in [2] the existence of mild solutions for the neutral
problem

%[y’(t) +g(t,y)] € Ay(t)+ f(t, w), tel0,T), t#4¢,
y(0) = wo, ¥'(0) =1,
Ay(t) = L(y(t7)), Dy () = F(y(L)),

Yo = ¢7 ¢€C([_T70]X))

where A is the generator of a strongly continuous cosine function. To obtain his results
Benchohra used Leray Shauders Alternative, see Theorem 1. To this end, Benchohra
employed some standard growth restrictions on ¢, f and a severe condition on the cosine
function, (C(t))iemr, generated by A. Specifically, the author assume that C(t) is compact
for every ¢ € (0,7}]; which is only possible if X is finite dimensional, see Travis [16] pp.
957. This fact is relevant, since under these conditions, the model studied by Benchohra,
for instance, not include partial differential equations and in this sense, our results aren’t
consequence of the ideas and estimates in [2].

The goal of this paper is to present some results of existence and regularity of solutions
for the abstract Cauchy problem (1)-(4). To prove existence of mild solutions, we used
some point fixed criterions for condensing operator, specifically, Leray Shauders Alterna-
tive and the Sadovskii Point fixed Theorem. To study regularity of mild solutions, we
consider some resents results reported by Henrquez in [6].

In this paper, henceforth C(-) = (C(¢))er is a strongly continuous cosine function of
bounded linear operators on a Banach space X with infinitesimal generator A. We refer
the reader to [4] for the necessary concepts about cosine functions. Next we only mention
a few results and notations needed to establish our results. We denote by S(t) the sine

function associated with C(t), that is
t
S(t)z = / C(s)zds, z€ X, telR.
0
Along of this paper, [D(A)] is the space
D(A) ={z € X : C(t)z is twice continuously differentiable},

endowed with the norm || z ||4=|| z || + || Az ||, = € D(A). Moreover, in this work the
notation E stands for the space formed by the vectors z € X for which the function C(-)z
is of class C'. It was proved by Kisirisky [8] that E endowed with the norm

Izl = llz]l + sup |[AS(t)z||, = € E,
0<t<1

2



cl) S@
AS(t) C(¢)
continuous group of linear operators on the space E x X generated by the operator

A= { 21 é J defined on D(A) x E. From this it follows that AS(t) : E — X is a

bounded linear operator and that AS(t)z — 0, t — 0, for each z € E. Furthermore, if
7 :[0,00) = X is a locally integrable function then

Ykl = /OtS(t — s)z(s)ds

defines an E-valued continuous function. This is an consequence of the fact that

, » 0 L /O:S(t—s):c(s) ds
/0 G(t —s) [ z(s) } ! /o C(t — s)z(s) ds

is a Banach space. The operator valued function G(t) = { } is a strongly

defines an E' x X-valued continuous function.
The existence of solutions of the second order abstract Cauchy problem

{ Jj”(t) :Ax(t) + h(t), 0<t<T, (7)

where h : [0,7] — X is an integrable function, has been discussed in [16]. Similarly, the
existence of solutions of the semilinear second order abstract Cauchy problem it has been
treated in [17]. We only mention here that the function z(-) given by

2{0) =z, o0} =y,

5(t) = C(®)ze + St + /Ot S(t— s)h(s)ds, 0<t<T, (8)

is called, mild solution of (7) and that when zy € E, z(-) is continuously differentiable
and

¥(t) = AS(t)zo +C (0 + | “C(t - $)h(s) ds.

This work contain three sections. In section 2 we establish existence of mild, strong
and classical solutions for some second order impulsive Cauchy problems. The results are
proved using point fixed Theorems for condensing map and the techniques introduced by
Henriquez in [6]. In section 3 an exemple is considered.

The terminologies and notations are those generally used in functional analysis. In
particular, for Banach spaces Z, W; L(Z, W) stands for the Banach space of bounded
linear operators from Z into W and we abbreviate to L(Z) when Z = W. Moreover,
B, (z : Z) denotes the closed ball with center at z and radius r in Z and we will write
simply B, for B,(0 : Z) when no confusion arises. Additionally, we will employ the prefix
R to indicate the image of a map and for a bounded function ¢ : [0,b] — [0, c0) and
t € [0,b], we will use the notation & for

& =sup{&(s) : s € [0,1]}.
To finish this section and for completeness, we include the following well known result.

Theorem 1 ( Leray Schauder Alternative) Let D be a conver subset of a Banach space
X and assume that 0 € D. Let F : D — D be a completely continuous map. Then the
set {r € D :xz = AF(z), 0 < XA < 1} is unbounded or the map F has a fiz point in D.



2 Existence Results

In this section we study existence of solutions for some impulsive second order func-
tional differential equations. We begin by introducing some notations. In this section, we
assume that M > 1 and N > 0 are constants such that ||C(¢)|| < M and ||S(¢)|| < N for
every ¢t € 1. In what follow, PC will denote the space

PO = {u . [0,T] = X; uir? continuous in. t # ti, u(t;) = u(t]) and u(t}) }’
exists for every 1 =1,....n
endowed with the uniform convergence norm, || - ||7. Similarly, PC* will be the space
PC' = {u € PC: ' € PC} provided with the norm ||| u |||=|| u ||z + || ' || -
For a function u € PC; iy € C([0,¢1] : X), 4; € C([ti, tiy1] : X),i=1,2,..n -1, and
Un € C([tn,T]: X) are the functions defined by

(t), forte (ti,tis1],
), fgl‘ = tia ’ (2)
)
)

_ B u(t), fort e (¢,,7],
() = { w(th), for t=t,. (3)
Moreover, for B C PC we employ the notation B;, i = 0, 1, ...n, for the sets
Ei:{ﬂiIUGB}. (4)

The proof of Proposition 1 below, follows essentially from the classical Ascoli-Arzela
Theorem and will be omit.

Proposition 1 A4 set B C PC is relatively compact if and only if each set B; is relatively
compact.

At first we consider the following second order initial value problem

u"(t) = Au(t) + f(t,u(t),u(a(t))), tel, t#1t,,
w(0) =z, 2(0)=ys,

Au(t:) =TI (u(ts)),

Au'(t) = I (u(t)).

~~ A/~ —~
D

o
— — ~— ~—

To study the impulsive Cauchy problem (5)-(8) we always assume that the following
assumptions hold:

Assumption A,
(a) The function a(-) : I — I is continuous and a(t) < ¢ for every ¢ € I.

(b) The function f : I x X? — X satisfies the following Caratheodory conditions:



(i) f(t,-): X x X — X is continuous a.e. t € I;
(ii) For each z,y € X, the function f(-,z,y) : I — X is strongly measurable.

(d) There exist a continuous function m : I — [0,00) and a continuous nondecreasing
function W : [0, 00) — (0, 00) such that

IF &z o)l <m@OW (=[] + v 1)), V(tzy) €T x X2

(c) The functions I} are continuous.

By comparison with the second order abstract Cauchy problem (7), we introduce the
following definition.

Definition 1 A function v € PC(I : X) is a mild solution of the impulsive problem (5)-
(8) if condition (7) is satisfied and

u(t) = C(t)zo+ S(t)yo + /Ot S(t—s)f(s,u(s),u(a(s)))ds
+ Clt—t)(u(t)) + 3 St —t)F(u(t:),  tel

ti<t ti<t ‘
Now, we establish our first existence result.
Theorem 1 Assume that the followings conditions are verified.

(H-1) The functions I} are completely continuous and there exist positive constants
¢, 1=1,2,..n, such that || I}(z) ||< ¢} || z || +¢? for every z € X.

(H-2) For every s € I and every v > 0, the set {S(s)I}(z) || z ||< r, i = 1,2..n} is
relatively compact in X and there ezist positive constants d7, i = 1,2,...n, such that
I IJQ(JI) II< djl- |z || -{—d? for every z € X.

(H-3) For eacht € I, t' <t and each v > 0 the set U(t,t',r) = {S(#')f(s,z,y): 0 < 5 <
t, |lzl|l, [lvll < r} is relatively compact.

If

M:zn:(Mc1+Nd1)<l and —QJL/Tm(s)ds</oo a2 ds (9)
A ’ ; 1—plo 2c W(s)

=1

where ¢ = i—-——[M | zo || +N || wo || +>_(Mc? + Nd?)|, then there exist a mild solution
—H i=1
of (5)-(8).
Proof: Let I' : PC' — PC the map defined by
t
Pu(t) = C()zo+SWyo+ | S(t—5)f(s,u(s), ula(s))ds
+ Y Ct ) I (ults)) + D St — t:) I (u(ts). (10)

t;i<t t; <t



It’s clear that I is well defined and continuous. In order to use Theorem 1, we make an a
priort estimate for the solutions of the integral equation Al'uy = uy, A € (0, 1). Iftel,
from the definition of I" we find that

los® I < M1z |48 Lo 48 [ m( W () u(s) [+ 1) (o) s
+ 3 (el + N [ ua(8) | +i(Mcf + Na).

Using the notation a,(t) for the right hand side of the last inequequality, follow that

ax(t) < M|zl +N |yl +N /Otm(s)W(Za,\(s))ds

+ > (Mc; + Nd})ay(t) + > (Mc? + Nd?)

1=1 1=1
which, from the assumption on px imply that

1 s 9 9 N t
ax(t) < 1——_# M || zo || +N || vo || +;(Mci -+ Ndi)} + :—L-—:—Iu ) m(s)W (2ax(s))ds.

Denoting by £\(t) the right hand side of the last inequality, we get

B0 < Tom(OW (265(1),

and consequently

/Zﬂx(t) ds " 2N /t (s)d © ds J
s < .
28,00 W(s) = 1—pJo s 2c W(s) 3

From the last inequality and the hypothesis, follows that £\(-) is uniformly bounded
respect to A on I and consequently that the set {u) : A € (0,1)} is bounded in PC(I : X).
3

To prove that [' is completely continuous, we introduce the decomposition I" = Z I

where =
Tu(t) = C(t)zo+ S()yo, (11)
Dou(t) = /0 St — ) (s, u(s), u(a(s)))ds, (12)
Tau(t) = ZC’(t~ti)I}(u(ti))+;S(t—ti)1’f(u(ti)). (13)

Next, we prove that I'; and '3 are completely continuous.

Step 1 The map I'; is completely continuous.

Let r > 0 and B, = B,(0,PC). By using the classical Ascoli-Arzela Theorem, we will
prove that 'y B, is relatively compact in C([0,7] : X). Initially, we establish that the set



Ty(B,) is equicontinuous. We fix ¢ € I and let h be such that t +h € I. If u € B,, from
the definition of I'; we have that

| Tau(t 4+ h) — Tou(t) | = AWH5U+h—6)—SU—SDH&U@%UWGD)H%
+ [T 180+ b= 9)5(s,uls), ulals)) I ds
t t+h
< MhW(2r) /0 m(s)ds + NW (2r) /t m(s)ds,
which shows that

|| Tou(t + h) — Tou(t) [|= 0, h— 0,

uniform respect to u € B,.

Next we show that ['y(B,)(t) = {[ou(t) : u € B, } is relatively compact in X, for every
t€[0,T]. Fort e I, weput U= {f(t—s,u(t—s),ula(t—13s)):0<s<t ue B}
Since

lyll < m(t — s)W(2r) < mpW (2r) =77, yeU,
and the operator map S(-) : [0, 7] — L(X) is uniformly continuous, we infer that for each
€ > 0 there are points 0 = sp < 81 < S9... < s = t so that for each i = 1,2..n, and
S, s’ € [tia ti+1]
15(s)y = S(s)yll <, lyll<r™
Using (H-3) and the mean value theorem for the Bochner integral, see [10] Lemma 2.1.3,
we get

/5i+1(5(5) —S(s:))f(t —=s,u(t—s),u(a(t — s))ds

+ 3 [ St = s,ult - 5), ulalt - )ds

k—1

1=0

where co denote the convex hull. These remarks show that I'y(B,)(¢) is totally bounded
and consequently relatively compact in X. Thus I'; is completely continuous.

Step 2 The map I's is completely continuous.

Let r > 0 and B, = B,(0,PC). To prove the assertion we use Proposition 1 and the
notations introduced in (1)-(4). At first we discuss the equicontinuity of I's B, in ¢ # t;.
Let t € I'\ {t1,...t,} and € > 0. Since C(-) is strongly continuous, from condition (H-1)
follows that the functions C(-)z, z € U~, I}(B,(0, X)), are uniformly equicontinuous on
1. Let 6 > 0 such that [t — 4,t + 6] N{t1,...tn} # 0 and

| C(s)z—C(s+h)z ||<e, z€ OI}(BT(O,X)), s € [0,TY, (14)

=1



when | A |< d. Under this conditions, for u € B, and | h |< & with t+ h € I, we get

| Tsu(t + h) = Tyu(t) || = tZt H(CE+h—t:) = C(t — &)1} (u(ts)) |
+t§:¢ (S +h —1:) = S(t = 1)) I (u(ts)) |

< ne+ Mh Z(d}r +d?),

1=1

which implies the equicontinuity in t # fi
Now, we study the equicontinuity of [['3B,];, ¢ = 1,2,...n, at the right hand side at t;.
Since the cosine function is strongly continuous, from the definition of I'y follows that

(Fu)s) = Ol - )1} (ulty) + B () + S~ )B(uty), e B,

Let 6 > 0 such that (14) hold. For u € B, and 0 < h < § with ¢; + h € I we get

I (Csu)i(t: + h) — (Tau)i(t) ||=
31
Do (Cti+h—t5) = Ot — t)) 1} (u(ty) | + | C(R) I} (u(ts)) — I} (ults)) ||
j=1

T Z:: I (St + h = 15) = S(t: — 1)) 17 (u(ty) | + | S(h)EF (u(t:) |

< ne+ Mh Z(d}r o d?),
i=1 »

which proves that [['3B,]; is equicontinuous at the right side at ¢;. Similarly, [[3B,],, ¢ =
1,2,..n — 1, is equicontinuous at the left hand side at #;;;.

These remarks prove that the sets [I'sB,];, ¢ = 0,1, 2,...n, are equicontinuous .

Using (H-1) and (H-2), we infer that the set I'3B,(t) is relatively compact in X for

t # t;. Moreover, since for t = t; and u € B,

Loult) = 30 — ) u(t) + 3 Sl - )1 (uls),
Tau(t) = gc(ti_tj)I;(u(tj))+Ii1(u(ti))+25(ti_tj)IjZ(u(tj));

follow from (H-1) and (H-2) that I'sB,(¢;), 1 = 1,2, ..n, and [['3B,);(t;) = {(Tsu):(t:) :
u € B,} are relatively compact in X for every 1 = 1,2,..,n. Now, Proposition 1 imply
that I'; is completely continuous.

Finally, by application of Theorem 1 we conclude that I" has a fixed point in PC. This
point is a mild solution of (5)-(8). The proof is complete. m

In the most of the situation of practical interest the sine function is compact, it’s the

motivation of the next result.



Corollary 1 Assume that (H-1) holds, that S(t) is a compact for every t € IR and that
the followings assumptions are verified:

(H-2)* There ezist positive constants d?, i = 1,2, ...n, such that || I?(z) ||< d* || z || +d?
for every z € X,

(H-3)* The function f takes bounded sets into bounded sets.
If the conditions in (9) are verified, then there exists a mild solution of (5)-(8).
When the functions I ]’ are Lipschitz continuous we have the following result.

Theorem 2 Assume that assumption (H-3) hold. Suppose, furthermore, that

(H-4) For every function I} there ezists a positive constant L} such that

I B() - B I Lile-yl, z,y € X.

If liminf
of (5)-(8).

Proof: Let I' : PC — PC the map defined by (10) and consider the decomposition
= fl +F2 where

MW (2 T n
r( ") / m(s)ds + Z(MLzl + NL?) < 1, then there exists a mild solution
0 =1

Tou(t) = /Ot St — s)f(s,u(s),u(a(s)))ds.

We affirm that there exists » > 0 such that I'(B,) C B,. In fact, if the affirmation is false,
for every r > 0 there exists z, in B, such that || Tz, ||r> r and then

T
r<liTo llr < Mzl +N |w || +NW(2r) [ m(s)ds

+3 (MLir+ M || I}(0) || +NLir + N || I(0) ||} ,

=1

hence,

MW (2r) /OT m(s)ds + S (ML} + NL?),

1 < liminf
T—00 r

i=1
which is a absurd. Thus, there exists 7o such that I'(B,,) C B,.

From the step 2 in the proof of Theorem 1, we know that I'y is completely continuous
on B,,. Moreover, for z,y € B,, we have that

| Taz(t) = Tay(t) IS D_(NL; + ML7) || 2~y ||z,
1=1

which show that 7, is a contraction on B,,. These remarks prove that I' is a condensing
map on B,,. The existence of a mild solution follows from the Sadovskii point fixed

Theorem. The proof is finished. =

For functions f which are the perturbation of a linear operator, we can to establish
the following modification of Theorem 1.



Theorem 3 Assume that (H-1) and (H-2) hold. Suppose in addition that f = [+ g and
that the followings conditions are satisfied.

(a) The functions g, satisfies Caratheodory conditions as in Assumption A.
(b) U(t,") : X* = X is linear and L(t) =|| I(t,-) |luexe,x) 18 integrable on I.

(c) For eacht €I, t' <t and every constant r > 0 the set U(t,t',7) = {S(t)g(s, z,y) :
0<s<t, |zl |lyll < r} is relatively compact in X.

(d) There ezists a continuous function my : I — [0,00) and a continuous nondecreasing
function W, : [0, 00) — (0,00) such that
lg(t; 2, Il <mg Wl z [+ 1w M), V¥ (tzy) €l x X
MW, (2r)

,
a mild solution of (5)-(8).

T T n
/ mg(s)ds +/ L(s)ds+ > (Mc; + Nd}) < 1, then there exists
0 0

If lim inf Y

Proof: Let I' = I' + Iy, where I is the map defined by (10), with g instead f and T is
the map

Cou(t) = /Ot S(t— s)l(s,u(s),u(a(s)))ds.

Using the ideas and estimates in the proofs of Theorem 2 and Theorem 1, follows that I'
is completely continuous and that there exists 7 > 0 such that I'(B,) C B,. Moreover,
it’s clear that I'y is a bounded linear operator and from the estimate

| Coult) = Tove) | < M [ (6= )Ls) (] u(s) = v(s) | + || w(a(s)) — vas)) ) ds

< oM [ (¢~ 5)L(s) gmas, || w(€) — v(c) | ds (15)

0<E<s

we infer that I']* is a contraction for m large enough so that the spectrum of I'y is included
in the open unit ball. Now, from Lemma 4.4.4 in [5] we see that the space PC(I : X)
can be renormed by a norm |[|| - ||| such that |||To||| < 1. Consequently,Af‘ is a condensing
map on B, which by the Sadovskii’s theorem permit to conclude that I" has a fixed point
in B,. Thus there exists a mild solution of (5)-(8). The proof is finished. m

It’s clear that a mild solution of (5)-(8) verifies the impulsive condition (7). In relation
to (8) we have

Proposition 2 Let u(-) be a mild solution of (5)-(8). If zo € E and R(I}) C E for every
1=1,2,...n, then u(-) verifies the impulsive condition (8).

Proof: From the assumptions, we know that u(-) is continuously differentiable on each
interval (¢;,%;1+,) and that

W(E) = AS(t)z0+ Clt)yo + /OtiC’(ti—s)f(s,u(s),u(a(s)))ds

£ 3 A4S — )T ulty) + 3 Ol — 1) B ().

10



Moreover, using that AS(t)z — 0 ast — 0 when z € E, we find that

W(E) = AS(t)z0 + Clt)yo + /;C’(ti—s)f(s,u(s),u(a(s)))ds

+ zz:: AS(t; — tj)I} (u(t;)) + 2 C(t; — tj)]]?(u(tj)) + I2(u(t;)).

Thus, Av'(t;) = I3 (u(t;)), which complete the proof. m

Next, we study differentiability of mild solutions of (5)-(8). Previously, we need some
new definitions.

Definition 2 A function u(-) : [a,b] = X is a strong solution of
z"(t) = Az(t) + h(t), t € (a,b], (16)
B@) = @y () =B, (17)
if u(-) € W»!([a,b]; X), the equation (16) is satisfied a.e. on [a,b] and (17) is verified.
In the followings definitions, #;, 4 = 1, 2...n, are the functions defined in (1)-(2)-(3).

Definition 3 We said that a function u € PC is a strong solution of (5)-(8) if: Uy €
W2Y[0,t1] : X), @ € WH([ti, tiga] : X), 1 = 1,2,..,n = 1, 4, € W2Y([t,, T] : X); the
equation (5) is satisfied a.e. t € I and the conditions (7) and (8) are verified.

Definition 4 A functionu(-) : I — X is a classical solution of (5)-(8) if u(*) is a function
of class C? on I* = I\ {t;,a(t;) : i = 1,2,...n} that satisfies the equation (5) on I* and
the initial conditions (6), (7) and (8).

In order to reduce the notations and definitions, in the next results we consider un-
derstood the concept of mild solution for the impulsive initial value problem (18).

Lemma 1 Let g : [a,b] — X, I' : X — X, i=1,2, be a continuous functions and
& € (a,b). Assume that u : [a,b] = X 1s a mild solution of the impulsive Cauchy problem

z"(t) = Az(t) +9(t), t€lab], t#¢,
{ z(0) =uzo, z'(0) = yo, (18)
Az(§) =1'(z(8), Az'(€) = I*(=(6)).

Let @ : [£,b] — X be the unique continuous extension of u(-) on [£,b]. If zy € E, then
a(-) 1s a mild solution of the abstract Cauchy problem

2() = As(t)+9(t),  telb]
2(6) = ule)+ I'(u()),
(6 = w(€)+ ().

11



Proof: Since zy € F, we have that

(€)= AS(©m + C(eo + [ “O(€ = 5)g(s)ds. (19)

On the other hand, for ¢ € (&, b] we get

u(t) = COwo+ S+ [ St - s)g(s)ds + Cle— OI' (@) + St - I (ule)),
= C(t-§)C(E)s0+ AS(t = S(E)z0 + Ot ~ OS(Eyo+ S(t ~ )
+0(=6) [ S(E = s)ale)ds+ (¢~ ) [ Cle — g(s)ds + [ S(e ~ s)a(s)as
+O( = OI'(u() + St - O (w(E))
— Ot -Q)[CE)so+SEm+ [ S~ s)gls)ds+ I'(ul@))]

+S(t — O)AS(©)z0 + C(Owo + [ O~ 9)g(s)ds + *(u(©))]
+ + /; S(t—s)g(s)ds,
thus,
u(t) = C(t = )[u(6) + ' (w©)] + 5(t = /) + (e + [ St = )g(s)ds,

which prove the assertion.m

In our results respect of strong and classical solutions, we consider Banach spaces that
have the Radom Nikodym property, (abbreviated RNP). We refer to [3] for this matter.

Theorem 4 Let u(-) be a mild solution of (5)-(8). Assume that X has the RNP and
that the following conditions hold:

(H-5) zo € D(A) and u(t;) + I}(u(t;)) € D(A) for everyi=1,2,..n,
(H-6) yo € E and v'(t;) + I?(u(t;)) € E for everyi=1,2,...n,

(H-7) For each bounded set D C X, the functions C(-)f(t,z,y), t € I, z,y € D, are
uniformly Lipschitz continuous.

Then u(-) is a strong solution of (5)-(8).

Proof: Let @;(-), ¢ = 0,1,2...n, be the functions defined in (1)-(3) and f, the function
fu(t) = f(t,u(t),u(a(t))). From the preliminaries, for ¢ € [0,%;] and s € IR such that
t+ s € [0,t;] we have that

w(t+s)—u'(t) = (AS(t+s)— AS()zo+ (C(t+s) — C(t))yo
+[(Clt+s-g-Ct-ef)de

t+s
+ [ o+ s - fde

12



which implies that /(") is Lipchitz continuous on [0,#]. Since X has the RNP, it follows
that do(-) € W2'([0,#]; X) and from Proposition 3.3 in Henriquez [6] that 4g(-) is a
strong solution of the abstract Cauchy problem

g'(t) = Az(t) + fu(t), t € [0,1],
z(0) = zo, 2'(0) = yp.

From Lemma 1, %;(-) is a mild solution of

.’L'”(t) = Al‘(t) + fu(t), t e [tl,tg], (20)
z(t) = u(ty) + I (u(ty)), (21)
#'(t) = u'(t7) + I (u(ty)). (22)

The same argument used in the first part of this proof, permit to conclude that Uy (+) is
a strong solution of (20)-(22). Reiterating the previous arguments, we infer that each
Ui, © = 2,...n is a strong solution of a second order differential equation of the form

2"(t) = Az(t) + fu(t),
z(t:) = u(ts)+ I} (u(ts)),
2'(t:) = W' (t7) + I (u(ts)),

which complete the proof. m

Remark 1 Related with the last result, we know from the results in [8] that condition
H-7 holds if R(f) C E and f : [ x X X X — E takes bounded sets into the bounded sets.

Theorem 5 Assume that X has the RN P and that (zo,y0) € D(A) x E. If the following
conditions hold;

(H-8) R(I}) € D(A) and R(I?) C E for everyi=1,2,...n,
(H-9) The function a(-) is Lipschitz continuous,

(H-10) For each bounded set D C X, the function f : I x D x D — X is Lipschitz
continuous,

then a mild solution, u(-), of (5)-(8) is a classical solution.

Proof: Let U = {#; < i, < ..tx} = {t;, a(t;) : i = 1,2,..n} and f, : [0,T] —» X the
function f,(t) = f(¢,u(t),u(a(t))). For every i = 0,1,2...k we introduce the functions

vo : [0,81]) = X, vi ¢ [t ti] = X, 1=1,2,..k — 1, and vy, : [t,, T] = X defined by

. U(t), for t € (£i7£i+1]7
vi(t) = { u(tf), fort =1,

V9 = uOn [0,{1],

Wy = iy on [, T).

13



Clearly, vy(+) is a mild solution of

"(t) = Az(t) + f. ) t € 10,t],
Lo e, - 23

From the assumptions, vg(-) is a function of class C' and applying H-9, H-10 it is easy to
see that f,(-) is Lipschitz continuous on [0, ¢1]. We know from Theorem 3.1 in [6] that v,(-)
is a classical solution of (23) and that vo(f1) = u(f;) € D(A) and vj(f;) = v'(i]) € E.

From Lemma (1), the function v;(-) is a mild solution of any of the following initial
value problems on [t 2]

2(l) = u(h), (24)

which from H-8 and the same arguments used in the case of vp, imply that v,(-) is a
classical solution of (24) and that v (f2) = u(f2) € D(A) and v} (f;) = v'(t;) € E.

Using these remarks, we infer that each function v;(+) is a classical solution of any of
the problems

2"(t) = Az(t) + fu(t), 2"(t) = Ax(t) + fu(t),
o(t:) = u(ly) + I} (u(ts), or z(t:) = u(t),
o'(t) ='(t7) + I (u(t)), #'(t:) = u'(t7),

which permit to conclude that u(-) is a classical solution of (5)-(8). m

Next we discuss existence of solution for the abstract Cauchy problem (1)-(4). In
general, the results and the hypotheses used in this case are similar to those in the first
part of this section. For this reason, the proof of the next results will be summarized or
simply omitted. At first, we introduce the following technical assumptions, which we will
assume valid in the rest of this section.

Assumption A,
(a) The functions a(-),b(:) : I — I are continuous and max{a(t),b(t)} <t, t € I.
(b) The function f : I x X* — X satisfies the following Caratheodory conditions:

(i) f(t,+): X* — X is continuous a.e. ¢ € I;
(ii) for each z € X*, the function f(-,z): I — X is strongly measurable.

(c) There exists a continuous function m : I — [0,00) and a continuous nondecreasing
function W : [0, 00) — (0, 00) such that

4
|'f(t,.’[1,$2,$3,.’1’)4)” S m(t)I/V(Z “ T “)7 te I’ T € X.

=1
(d) The functions I7 : X? — X, j =1,2; i = 1,2,..n are continuous.

14



Definition 5 A function v € PC*(I : X) is a mild solution of the impulsive problem
(1)-(4) if the impulsive conditions (8), (4) are satisfied and

uw(t) = C(t)zo+ S(E)yo + /0 St silesula) ulals)), 508), w B L) ds
+ DOt —t) I (ut),w' (t:) + D St — t:) P (ulty), u'(t:)), tel

t; <t t;i <t
Theorem 6 Assume that zo € E and that the following conditions hold:

(H-11) The functions Iij?j =1,2,1=1,2,...n, are completely continuous and there exist

positive constants ¢, d?,
I I3 (z,9) | ci |l (9) || +¢, (z,y) € X,

<
I @y | < di | (z,y) || +d2, (z,y) € X2,
for everyi=1,2,..n,
(H-12) Any of the following properties hold:

(a) The functions I} are completely continuous with values in E and there ezist
positive constants ¢}, ¢%, i = 1,2,...n, such that

(Mt B}

I Iz, y) Ih< & Il (2,9) || +E, (z,y) € X2,

(b) S(t) is compact for every t > 0, the functions I} are continuous with values in

[D(A)] and there ezist positive constants ¢},c?, i = 1,2,...n, such that

I AS@I} @ v) IS 2 || (z,9) | +8, (z,y) € X*t e,
for every 1 =1,2,...n.

(H-13) For every r > 0, the set f(I x B,(0,X*)) is relatively compact in X.

n 2(M + N) (T © ds
- 1 1 1
If u= 3006+ M+ (M + N)dl] < 1 and =5 | msyas < [ Wey where
1 n )
4 =g M[M | zo || +(N + M) || yo || + || AS()zo |lr +D_(Mc? + & + (N + M)d?)],
a 1=1

then there exists a mild solution of (1)-(4).

Proof: Let I' : (PC)? — (PC)? the map defined by I'(u,v) = (I''(u, v), [*(u,v)), where

M(u,v)(t) = C(t)zo+ S(t)yo + /Ot S(t—s)f(s,u(s),ula(s)),v(s),v(b(s)))ds
+ 30 Ct = ta) I (u(ts), v(t:) + > St — t)I7 (ult:), v(t:),

2(u,v)(t) = AS(t)zo+ C(t)yo + /Ot C(t— s)f(s,u(s),u(a(s)),v(s),v(b(s)))ds
+ 3T AS(t = ) I} (u(ts), v(t:) + D C(t — t:) I (u(ts), v(ts)).

ti<t 1<t
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A straightforward estimation shows that " is well defined and continuous. If 2 = (T2, Y2)
is a solution of the integral equation z) = AT'(zy), A € (0,1), then

Fza@ | < MLz | +N g0 Il + X[(Me} + Ndj) || (za(t:), ya(ts)) | +Mc2 + N2

i<t

+N/ Wl za(s) [ + [ ma(a(s)) | + 1l ya(s) | + 1| wa(b(s)) ||)ds
= CY)\(
and hence,
ax(t) < M|z || +N || yo H+Z[<Mc}+Nd3)(ax( )+ L ya(ts) ) + Mc; + Nd?]
+N/ W (2ax(s)+ [l ya(s) | + [l ya(b(s)) ||)ds

Similarly, in both (a) or (b) in (H-12), we find that
Foa@ I < ITASCzo llr +M [ yo [l + Y016 + Mdj) || (2a(t), ya(t:)) || +(& + Md?)]

40 [ ()W (2as(s)+ 1132 (6) 1+ 1| 32 (8(5) [Dds 2= (),
thus
Ba(t) < ASC)zo llr +M [[wn [l + (@ + Mal)(an(t) + Ba(t) + & + M)
+N/ W (2aa(s) + 2B (s))ds

From the assumption on u and the previous estimates follows that
1
ax(t) +Bi(t) < ﬁ[M I zo | +(N + M) [l yo || + [| AS(-)zo |I7]

—— Y (Mc + &+ (N + M)d?)
1=1

+N

Ot () (2{ax(s) -+ Br)))ds,

and so
2(ex+B8r)(t) 2(M +N) (T ©
/ o = < Lok )/ m(s)ds < —S—,
2(ax+6,)(0) W (s) 1—p Jo 2c W(s)

which imply that the set {(zx,yx) : A € (0,1)} is bounded in (PC)2.

Repeating the arguments in the proof of Theorem 1, we can to prove that I'! is
completely continuous. Moreover, from the preliminaries and (H-12) we infer that the
set of functions U = {t — AS(t)I}(z) : || z ||< r, i = 1,2,...n} is relatively compact in
C(I : X), which jointly with (H-13) permit to prove that I'y is completely continuous.

Now, the existence of a mild solution of (1)-(4) is consequence of Theorem 1. m

tel,

The proof of the next results follows using the steps in the nrapfs of Theorems 2, 3
and 6.
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Theorem 7 Assume that (H-13) holds. Suppose, furthermore, that

(H-14) z € E; the maps Ii = 1,2,..n, are E-valued and that there exist positive

1

constants L1 =1,2,.m,7 = 1,2, such that

” Iil(xvy) - [il(z’w) 'Il
” 112($7y) - IE(Z,IU) H

for every (z,y), (z,w) € X? and everyi=1,2,..n.

If

> ((M + 1)L+ (M + N)L?) + (M + N) lim inf W (4r)

—_)
i=1 e T

then there exists a mild solution of (1)-(4).

T
/ m(s)ds < 1,
0

Theorem 8 Assume that (H-11) and (H-12) hold. Suppose, furthermore, that f = l+g
and that the following conditions are satisfied.

(a) The functions g, satisfies Caratheodory conditions as in Assumption As.
(b) I(t,-) : X* = X is linear and L(t) =|| I(t, ) ||lLixa:x) is integrable on I.
(c) For everyr > 0, the set g(I x B,(0,X*)) is relatively compact in X .

(d) There ezists a continuous function my : I — [0,00) and a continuous nondecreasing
function W, :[0,00) — (0,00) such that

4
lo(t, 1,32, 30, 2| < mg(OWo(S 12 ), te Lz € X.
i=1
r . W(4r) (T - 7. =1 1
If (M + N) /0 L(s)ds + lim inf . /0 mg(s)ds| + [Mcz- +c; + (M+N)di] <1,
i=1

then there exists a mild solution of (5)-(8).

Definition 6 We said that a function u(-) € PC® is a strong solution of (1)-(4). if:
’170 € Wz’l([O,tl] : X), ’Ulz € WQ’I([ti,ti+1] . X) ] = 1,2, eey U — 1, ﬂn € Wz’l([tn,T] : X), the
equation (1) is satisfied a.e. t € I and the conditions (2), (3) and (4) are verified.

Definition 7 A functionu(-) : I — X is a classical solution of (1)-(4) if u(-) is a function
of class C? on I = I\ {t;,a(t;),b(t;) : i = 1,2,...n} that satisfies the equation (1) on I
and the conditions (2), (3) and (4) are verified.

Theorem 9 Let u(-) be a mild solution of (1)-(4) and assume that X has the RNP
property. If the following conditions hold;

(H-15) z¢ € D(A) and u(t;) + I} (u(t;), v'(t7)) € D(A) for every i =1,2,...n,

(H-16) yo € E and v'(t]) + [Z(u(t;), v/ (t])) € E for every i =1,2,...n,

17



(H-17) For each bounded set D C X*, the functions C()f(t,z),t € I,z € D, are

uniformly Lipschitz continuous,

then u(-) is a strong solution of (1)-(4).

Theorem 10 Assume that u(-) is a maild solution of (1)-(4) and that X has the RNP
property. If zg € D(A), yo € E and the following conditions hold;

(H-18) R(I}) C D(A) and R(I?) C E for everyi=1,2,...n,
(H-19) The function a(-),b(:) are Lipschitz continuous,

(H-20) For each bounded set D C X*, the function f: I x D — X is Lipschitz continu-
ous,

then u(-) is a classical solution of (1)-(4).
3 Example

In this section we discuss existence of solutions for the “ impulsive wave equation ”.
On the space (X, || - [l2) := (L*([0,]), || - |l2) we consider the operator Af(£) := f"(€)
with domain

D(A) == {f() € H*(0,7) : £(0) = f(m) = 0}.

It is well known that A is the generator of strongly continuous cosine function (C(%))em
on X. Furthermore, A has discrete spectrum, the eigenvalues are —n?, n € IN, with

2

2
corresponding normalized eigenvectors z,(§) := (;)1/ sin(né) and

(a) {zn : n € IN} is an orthonormal basis of X.

(b) If o € D(A) then Ap = =>_ n® < 9,2, > 2,

n=1

(c) For every p € X, C(t) o= Y cos(nt) < ¢,z, > 2z, and || C(t) ||=1 for every t € I.

n=1
: . C >, sin(nt)
(d) The associated sine function is given by S(t)o = > <P,z > 2 Moreover,
n=1
from this expression follow that S(t) is compact and that || S(¢) ||= 1 for every

tel.

(e) If G denotes the group of translations on X defined by G(¢)z(§) = Z(£ + t), where
Z is the extension of z with period 27, then C(t) = 3(G(t) + G(—t)). Hence it
follows, see [4], that A = B? where B is the infinitesimal generator of the group G
and E = {z € H(0,7) : z(0) = z(7) = 0}.

18



Now we consider the impulsive Cauchy problem

62
@w@@:=%2ma+mmwm&wwmm, (25)
w(t,0) = w(t,7)= tel, (26)
Aw(tia')(f) = Pl(w(tla))(f): 66[0’7{]7 (27)
2P = Qi NO,  ecla 28

where 0 < t; <ty < ... < t, <m,a(t) <tfor every t € I and
(1) The function F : IR* — IR satisfies the following Caratheodory conditions

(a) F(t,¢,-): IR* — IR is continuous a.e. (t,£) € IR x [0, 7].

(b) For every w,w; € IR, the function F(-,w;,w;) : IR x [0, 7] — IR is measur-
able.

(c) There exists a measurable, positive and bounded function n(-) : IR x [0, 7] —
IR" such that

| F(t, & wi,wo) [S (6 6)(|wy |+ [we ), wi,we € IR

(2) The functions P;, @; : X — X are continuous and each P, is completely continuous. In
addition, we will assume that ;, and f;, are positive constant such that || P;(z)||, <
a;, and ||Q;(z)|]2 < Bi, for every ||z||s < r. For examples of operators with these
properties we refer to the reader to [10].

Let f:[0,7] x X? — X be the substituting operator f(t,z,y)(£) = F(t, &, (), y(£)).
Under the previous assumptions, for z,y € X we have that

| f@zy) |l < (/0 | F(t, €, 2(6),y(6)) d§>§
(/Ow nQ(t,f) (| (&) | + | y(&) |)2 df)é

< @ )alzllz+ 1y ll2).

IN

Theorem 11 Assume that the previous conditions are verified and that
2/ )o,rds + hm 1nf Z (i + Bir) < 1. (29)

Then there ezists a mild solution of the impulsive abstract Cauchy problem (25)-(28).

Proof: Let I' : PC — PC the map defined in (10). We affirm that there exists 7 > 0
such that I'(B,) C B,, where B, = B,(0,PC). If the affirmation is false, for every r > 0
we can to fix z, € B, such that r <|| 'z, ||7. Consequently

t n
r<ITar o < llao |+ 1w | +2r [ n(s, Jads+ 3 (air + Bir)
=

19



and hence
T 1
1< 2/ n(-, 8)xds + liH_l)ian — (0t + Bir) s
0 T—00 Pl g

which is a absurd with the hypotheses.

Follows from the ideais in the proof of Theorem 1, that v is completely continuous on
B,. Now, the existence of a mild solution of (25)-(28) is consequence of Schauder point
fixed theorem. The proof is complete. m

References

(1] Cabada, Alberto; Nieto, Juan J.; Franco, Daniel; Trofimchuk, Sergei I. A gen-
eralization of the monotone method for second order periodic boundary value
problem with impulses at fixed points. Dynam. Contin. Discrete Impuls. Systems
7 (2000), no. 1, 145-158.

2] Benchohra, M.; Henderson, J.; Ntouyas, S. K. Existence results for impul—
sive multivalued semilinear neutral functional differential inclusions in Banach
spaces. J. Math. Anal. Appl. 263 (2001), no. 2, 763-780.

(3] J. Diestel, J. J. Uhl, Vector Measures. Amer. Math. Society, Providence, 1972.

4] H. O. Fattorini, Second Order Linear Differential Equations in Banach Spaces,
North-Holland Mathematics Studies, Vol. 108, North-Holland, Amsterdam,
1985.

(5] Hale, Jack K.; Verduyn Lunel, Sjoerd M. Introduction to functional-differential

equations. Applied Mathematical Sciences, 99. Springer-Verlag, New York, 1993.

[6] H. R. Henriquez, Hernan C. H. Vdsquez, Differentiability of solutions of the
second order abstract Cauchy problem. To appear in Semigroup Forum.

[7] Hernéndez, Eduardo. A Second Order Impulsive Cauchy Problem. To appear in
Internat. J. Math. Math. Sci.

8] J. Kisynski, On second order Cauchy’s problem in a Banach space, Bull. Acad.
Polon. Sci. Ser. Sci. Math. Astronm. Phys. 18 (1970) 371-374.

[9] Liu, James H. Nonlinear impulsive evolution equations. Dynam. Contin. Discrete
Impuls. Systems 6 (1999), no. 1, 77-85.

[10] R. H. Martin, Nonlinear Operators and Differential Equations in Banach Spaces,
Robert E. Krieger Publ. Co., Florida, 1987.

[11] Pazy, A. Semigroups of linear operators and applications to partial differen-
tial equations. Applied Mathematical Sciences, 44. Springer-Verlag, New York-
Berlin, 1983.

[12] Rogovchenko, Yuri V. Impulsive evolution systems: main results and new trends.
Dynam. Contin. Discrete Impuls. Systems 3 (1997), no. 1, 57-88.

20



[17]

Rogovchenko, Yuri V. Nonlinear impulse evolution systems and applications to
population models. J. Math. Anal. Appl. 207 (1997), no. 2, 300-315.

B. N. Sadovskii, On a fixed point principle. Funct. Anal. Appl. 1 (1967) 74-76.

Jinli, Sun; Yihai, Ma Initial value problems for the second order mixed monotone
type of impulsive differential equations in Banach spaces. J. Math. Anal. Appl.
247 (2000), no. 2, 506-516.

C. C. Travis, G. F. Webb, Compactness, regularity, and uniform continuity
properties of strongly continuous cosine families, Houston J. Math. 3 (4) (1977)
555-567.

C. C. Travis, G. F. Webb, Cosine families and abstract nonlinear second order
differential equations. Acta Math. Acad. Sci. Hungaricae, 32 (1978) 76-96.

Eduardo Herndndez M.

Departamento de Matemética

Instituto de Ciéncias Mateméticas e de Computacéo
Universidade de Sdao Paulo - Campus de Sdo Carlos
Caixa Postal 668

13560-970 Sao Carlos, SP. Brazil

E-mail : lalohm@icmec.sc.usp.br

21



144/2002

143/2002

142/2002

141/2002

140/2002

139/2002

138/2002

137/2002

136/2002

135/2002

NOTAS DO ICMC

SERIE MATEMATICA

BRUCE, J.W.; TARI, F. — On families of square matrices.

BRUCE, J.W.; TARI, F. — Dupin indicatrices, families of curve congruences
and the zero curves.

FERNANDES, A.; SOARES, H. - Modified C' - equivalence of real
functions

COBO, M.; GUTIERREZ, C.; LEIBRE, J. — On the injectivity of C! maps of
the real plane.

LEVICOVITZ, D.; SOUZA JR., J.C. — D-simple rings and maximal ideals of
the weyl algebra.

FERNANDES, A.C.G.; RUAS, M.A.S. - Bilipschitz determinancy of
quasihomogeneous germs.

MANCINI, S.; MANOEL, M.; TEIXEIRA, M.A. — Divergent diagrams of
folds associated with a set of involutions.

LOPEZ, A. — Astructure theorem for foliations on non-compact two-
manifolds.
COHN, P.M.; FERREIRA, V.O. - Split firs.

HERNANDEZ M., E., HENRIQUEZ, H. - Global solutions for a functional
second order abstract Cauchy problem with nonlocal conditions.



