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Resumo
Sob condigbes bastante gerais pode-se provar que a dinimica assintética de problemas
parabdlicos semi-lineares autonomos e dissipativos é semicontinua superiormente relativa-
mente a perturbagoes no modelo. Neste artigo provamos, para tais problemas, que a
dindmica assintética é continua (semicontinua superiormente e inferiomente) relativamente
a perturbagdes no dominio. Provamos que a continuidade, relativamente a perturbacées
no dominio, do conjunto de equilibrios e utilisamos isto, juntamente com a continuidade
de auto-valores e auto-vetores de um operador eliptico (a linearizagdo em torno dos pontos
de equilibrio) para obter a continuidade das variedades instéveis locais desses equilibrios e

consequentemente a continuidade de atratores.
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ABSTRACT. Under fairly general conditions one can prove that the asymptotic dynamics
of dissipative semi-linear autonomous parabolic problems is upper semi-continuous with
respect to perturbations in the model. In this paper we prove, for such problems, that the
asymptotic dynamics behaves continuously (upper and lower semi-continuously) with respect
to perturbations of the spatial domain. We prove the continuity with respect to domain
perturbations of the set of stationary states and use this, together with the continuity of
eigenvalues and eigenfunctions of an elliptic operator to obtain the continuity of the local
unstable manifolds of equilibria and consequently the continuity of attractors.

1. INTRODUCTION

Let € be a positive number and Q, C RY, N < 4,0 < e < ¢ be a family of bounded
smooth domains. Also assume that, for any K CC Qp and U D Qy, U c RV open, there
exists ex,y > 0 such that K € Q. Cc Q. C U, 0 < e < €x,u- We say that Q. € > 0 is
a perturbation of {Jg. Our aim is to study the continuity of the asymptotic dynamics of
parabolic problems of the form

us = Au + f(u), T € 8,
u=0, T € 99, (1.1)
’U,(O) =Ug € H&(QE)

where f: R — R is a C?(R) function satisfying the growth condition

If'(w)] < c(ju|™= +1), if N =34, or
lim M:o, VO>0 if N=2

2
luj—oo  eflul

(1.2)
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(no growth condition is needed for N = 1) and the dissipativeness condition

lim sup f(u) <0. - (1.3)

[ulso0 U

The condition (1.2) ensures that the problem (1.1) is locally well posed; that is, for each
up € H'() the problem (1.1) has a unique n-regular solution which depends continuously
(in H'()) on the initial data uy (this solution is classical), see [2] for the proof. If, in
addition to the growth condition (1.2), f satisfies the dissipativeness condition (1.3) then
all solutions R 3 ¢ — u(t,ug) € H(%) of (1.1) exist for all £ > 0. Define the continuous
nonlinear semigroup {T¢(t) : Hy(Qc) = H(Q) 1 t > 0} by RT 3t 5 To(t)ug == u(t,ug) €
Hy (Q), were u(t,uo) € C([0,00), H} () N CY((0,00), C%()) is the classical solution to
(1.1).

If f satisfies (1.2) and (1.3), it is shown in [3] that the problem (1.1) has a global attractor
A, and that

sup sup sup |u(z)| < oco. (1.4)
0<e<eq zE€N uc A

With this information in hand we can assume without loss of generality that f is bounded in
C2(R) (f can be cut without changing the attractor in such a way that it is C?2 (R)-bounded).
Hereafter we assume that f, f’ and f” are bounded.

Here we note that the attractor A, is a subset of H}(S2). This is saying that as the param-
eter varies the space where A, lives changes and in order to compare such sets we proceed
in the following manner: Let B be a bounded smooth subset of R™ such that U_om cB
and extend the solutions of (1.1) to B by zero outside €2, and consider them as functions in
H'(B). With this understanding we may compare the sets A.. We say that the family of
attractors { A : 0 < e < ¢} is upper semi-continuous at e = 0 if lim,_,o SUp,e 4, d(u, Ag) =0
(here d(a,C) = inf ¢ lla—cl|m1(s)) and we say that {A. : 0 < € < €} is lower semi-continuous
at € = 0 if lim_,o sup,¢ 4, d(u, Ae) = 0.

In this paper we prove that the family of attractors {A. : 0 < € < ¢} for (1.1) is upper
and lower semi-continuous at € = 0 in H{}(B). The upper semi-continuity of attractors is, in
general, a simple matter depending only on uniform bounds for the family of attractors (we
will see that the bounds obtained in [3] and some uniform embedding results are enough to
ensure upper semi-continuity), the lower semi-continuity is a much more delicate matter. A
first and decisive task that must be addressed, to obtain the lower semi-continuity, is the
continuity of the set of equilibria £ for (1.1) (this is shown later in the paper). In order
to be able to prove the continuity {£ : 0 < € < ¢} we assume that for € = 0 all the
equilibria are hyperbolic (therefore only a finite number m of equilibria exist) and prove
that for small €, & has exactly m equilibria and these converge to the equilibria for (1.1)
with € = 0. Once we have obtained the continuity of the set of equilibria we employ the
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gradient structure of (1.1) to obtain the lower semi-continuity of attractors using the results
in 7, 8]. This is done in the following manner: Once we have proved the continuity of the set
of equilibria for (1.1), we have that the spectrum of the linearization around each equilibria
behaves continuously with e and as a consequence of the results in [7] we obtain the lower
semicontinuity of the unstable manifold of each equilibrium. It follows from Theorem 4.10.8
in [8] that the attractors A, are lower-semicontinuous at ¢ = 0.

This paper is organized as follows: In Section 2 we study the upper semicontinuity of
attractors proving some uniform embedding results, in Section 3 we prove that if & consists
only of hyperbolic equilibria then the family {£,,0 < ¢ < €0} is continuous at € = 0.

2. UPPER SEMICONTINUITY OF ATTRACTORS

In this section we will prove that the family of attractors A, for (1.1) is upper semicon-
tinuous at e = 0. We start with the continuity of the spectrum for elliptic operators in such
domains. The perturbations that we are allowing are well behaved in the following sense, if
(/\;'/fe)e>0 C R; ((P;/fe)oo C Hj(), j € N are respectively the eigenvalues and eigenfunctions
of the problem

—Ap+Vep =Ap in Q,
o {

=0 in 0€2,

L*(RN)
where V. : RY — R, 0 < € < €, are such that ||V[|Lo@n) < C,0< e< e and V, " = 'V,
then we must have that

/\J‘-/‘E — )\]‘-/" , cp]‘-/fe — go;/" as e — 0 and Vj €N, (2.1)

where (/\;/°)jeN C R and (Qﬁyo)jeN C Hy(S) are respectively the eigenvalues and eigenfunc-
tions of the problem (A)o. We simply write \j, @; for A, 07 and X;, ¢; for Ay, ¢, See
[1, 4] and references therein.

A series of uniform bounds for attractors of parabolic problems is obtained in [3]. Next

we state the results of [3] that will be used to obtain upper semi-continuity of attractors.

Proposition 2.1. Assume that (1.2) and (1.3) are satisfied. Then, for each Cy > 0, there
is a constant Cy > 0 such that uf(u) < Cou? + Ci|u|. If 2Cy < A1 and we denote by ¢ the
solution of

Ape+Cop +C1 =0 z € 9,

¢e =0 z € 02
then, 0 < ¢ € L®(Q), SUPpcece, |Bellzoo(a.) < 00, limyeo [u(t, 7, uo)| < ¢c(x), uniformly in
z € Q¢ and for ug in bounded subsets of HL (). In particular, we have that for any v € A,
we have |v(z)| < ¢(z), 0 <€ < €.
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and, if H3(Q,) denotes the space H2(Q,) N HE () with the norm

lull 3 () = NAul 2, + llull 2o,

we have the following uniform embedding result

Theorem 2.1. Assume f satisfies (1.2) and (1.3). Then, problem ((1.1)) has a global
compact attractor, A, in HL(Q,) such that

(a) Ac C Z(de) == {u € L*®(), |u(z)] < de(2), a.e. z € Q}
(b) SUPo<e<eo SUPyoe 4, SUPser [|U(t, o) |10, < 00

() SUPg<eceo SUPugea, SUPseR [|e(t; o) || ar1(,) < 00

(d) SUPp<e<ey SUPye A, U”Hg(ne) < 0.

Before we proceed we prove the following uniform embedding result

Theorem 2.2. The embedding bellow are bounded uniformly for 0 < e < ¢
(1) BY: HY(Q) = L¥=7 (),
(2) EZ): Hp(Q) = LP(Q), 1 <p< 2 se N>4 andV p>1, se N =4,
(3) B2 : H}(Q) — L™(Q), se N < 4.

Furthermore, the embedding operator
B2': HY(Q.) — H(B) (2.2)

is uniformly bounded 0 < € < €y and if uc € H3(S) 1s such that uellz ) <1, 0 < e < e
then {ue, 0 < e < e} s relatively compact in H'(B).

Proof: The proof of (1) follows immediately extending all functions to B and using the
embedding of H'(B) into L%(B). We prove (2) only in the case N > 4 (the remaining
case follows similarly). If f € L?*(2) and

—Au+u=f, in €,

2.3
u=20, in 0%, (2:3)

we will prove that u € L%(QE) and that there is a constant independent of € and of u, f
g < c|| fllzz.)- For that let ¢ = max{u,0}, multiply (2.3) by ¢"~! and

integrate by parts to obtain

41 1/ Vg3
Qc

such that “u“,;ﬁ%

o+ [ @iy = [ swre [or= [ o

< I f ez ¢T—12“L2(QE)
< fllee@alloz |l

4
L7 (e
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= c) 1% 0,

N
N—2

N 2

maklng 5= we have that r — and

L
|

N|‘l

) 2N

L= g(Qe

where we have used the embedding of Hl(QE) into LW(QG). Finally, we have that

(N 2)2 “¢” 2) — 4c ) < “f||L2(Q )

which is the desired result.

To prove (3) we note that, for ¢ > p, L7(£2,) is embedded in L?(£2,) and the embedding
constant depends only on p,q and [Q]. Let k > 0, ¢ = max{u — k,0} and A4; = {z e, :
u(x) > k}. Multiplying the equation (2.3) by ¢ and integrating by parts we arrive at

W gy o, < [ 1990+ [ 6= [ 10 <Iliamollélio

for some ¢ > 0 independent of €. Note that
—N+2,9 1
<
Il | 4618 < gy

From this, for ¢ = 1 and ¢ = 2, we have,
2_1
8l < I lzaaolldll, g g |46

Since 2 — 1 > 0 the result follows from Lemma 5.1 in [10], page 71.
The embeddmg (2.2) is trivial from the identity

/ Va2 = / Avee, Vu, € HL(Q),

from the embedding (2) and from Cauchy-Schwarz inequality. The compactness is proved in
the following manner:

a) If i, denote the extension of u, to B by zero we have that there is a function @ € H!(B)
and a sequence €, — 0 such that @, — @ weakly in H'(B), strongly in L?(B) and almost
everywhere. It follows that @ = 0 almost everywhere in B\{)y and therefore the trace of %
in 0€) is zero. Let u be the restriction of % to 5. The above considerations are saying that
u € Hi(Qp).

b) If

_ ) Ay, (x) zeQ,
fea (@) = { 0, z€B\Q

we have that || fe,||z2s) < 1, for all n > 1 and therefore it has a weakly convergent subse-
quence (which we again denote by f.,) to f € L*(B). It is easy to see that f = 0 almost
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everywhere in B\(. From this we have that for every ¢ € C () and sufficiently small ¢

/uEnA(p:/ uEnAQD:/ Aue(;p:/fe(P
B € Q B

€n

taking the limit we obtain that

/ uAp= [ fp, Yoe CX(Q)
Qo Qo

and f = Au € L*(Q). Hence, u € H3 ().
Thus

“vaenH?ﬂ(B) = Hvufnlliz(ﬂen) = (Aue,, e, ) 12(0,,) = ([, u)L2(0,) = /13 |Val?.

This proves that @., — @ strongly in H!(B) and we have the result. |
With the uniform bounds given in Theorem 2.1 we obtain the following result

Theorem 2.3. The problem (1.1), for 0 < € < €, has an attractor A and the family
{Ae: 0 < €< e} is uniformly bounded in H'(B) (recall that the functions of HL(Q.) are
extended by zero outside §)c). Then the family {A. : 0 < e < €} is upper semi-continuous
at € =0 in H'(B).

Prova: It follows from the results in [3] that the problems (1.1) have global attractors A.,
0 < € < €p, which are uniformly bounded in H*(B).

Now, for each € take a global trajectory u(¢) lying on the attractor A..

From the results in [3] we obtain that

||Vu‘(t)|]L2(B), ||Vui(t)||L2(B), ”Aue”L2(QE)

are uniformly bounded for 0 < e < ¢y and ¢t € R.
This implies that for fixed ¢, u®(t) is relatively compact in H*(B).
Hence, by Arzela-Ascoli Theorem (taking subsequences if necessary), we have that

u® — u locally uniformly in C'(R, H'(B)).

Following an standard argument we consider the weak formulation of (1.1),

/ UEWZ—/ VuVo+ | f(u)e
€ Qe Qe

for all smooth test functions ¢. For each test function ¢ € C§°(€p), with support K, there
is a constant ex such that K CC €2, 0 < € < ex and the integrals in the above identity

happens in 2.
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From the convergence of u¢, we can pass to the limit and obtain that the limiting function

/ Upp = —/ VuVe + [ f(u)e
Qo Qo Qo
for each ¢ € C§°(£). Thus, u is a globally defined solution to (1.1), with € = 0, which is

bounded in H'(Q) N C(y). Hence u(t) € Ay for all t € R.
The rest of the proof now follows in an standard way (see, for example, [9]). ]

u satisfies

3. CONTINUITY OF THE SET OF EQUILIBRIA

Let €2y C R™ (n > 3) be a bounded smooth domain and f : R — R be a C?*(R) function
with
f)l<ecr, Ifwl<c, |f'(W)<cf VueR (3.1)

where c; and c} are positive constants.
In this section we will address the following problem

(P). { Au+ f(u) =0 in Q,

u=20 in 0€)..
for each 0 < € < ¢.

Assume that the problem (P), has exactly m distinct solutions, us,...,u,, and that zero
is not an eigenvalue of the operator A + f’(u;)I for i = 1,...,m. Our goal is to show that,
for small perturbations of the domain €, there are yet exactly m distinct solutions for the
perturbed problem and, when the perturbed domains 2, converge (in the sense explained in
the introduction) to the domain Q, they converge to the solutions of the problem (P)o.

Once we have shown that the problem (P). has exactly m solutions Ul,eseyUm,e, WE ShOw
that w;c — u; strongly in H'(B), i = 1, ..., m. Here, the functions uy, k = 1, ..., m denote
the m solutions of the problem (P)j.

The idea is to show that there are compact continuous maps F, and Fr,e, associated
respectively to the problems (P)y and (P).. Then we look for fixed points of these operatores
and show that for sufficiently small e we have exactly m solutions for the problem (P).; that
is, Fre(Wk,e) = Wke — Flug) =ug, Ve =1,...,m.

It follows from the convergence of eigenvalues that, if A = 0 is in the resolvent set of the
operator (—A + V,I) then, there exists C > 0 such that
limsup [|(—A + VoI) ™Y iz2gq.,r200) < C.

e—0

From this, we obtain that

limsup [|(=A + VI) 7| pz2(a, w00 < C, (3.2)

e—0
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for some C' > 0. To prove this let f € L*(€,) and u € H} () be such that
—-Au+ Vau = f.
Multiplying this equation by u and integrating by parts we obtain that
IVl a0,y < CCVillzmiany + DIl e,

and the result follows.
Next we define de operators F,, Fk,e and verify some facts about them. Let (Fe)e>0, where
Fo = F, simply putting )
Fe: Hy () — HL(Q) (3.3)

Ve > Fe(ve) ’

in such a way that

(P)og {_Aﬁw9=fwainm,

Felo) =10 in 0€)..
Since this problem has a unique solution, see [[5]-Cap. X], the operator F, is well defined.
Proposition 3.1. The fized points of F., converge to the fized points of Fy.

Proof: In fact, suppose that (ve)eso C HE (), for each € > 0 is a fixed point of F,. So
VoV, = / flv)pe , Yo, € H(}(Qé) (3‘4)
Qe Qe

From the hypothesis f(u)u < 0 for |u| > R and for some R > 0, we conclude that the
sequence v is uniformly bounded in H}(Q.). From this we conclude that there is a sequence
¢n — 0 such that (ve,) (viewed as a sequence in H'(B)) converges to v € H!(B) weakly
in H'(B) and strongly in L?(B). Since v = 0 almost everywhere in B\ we have that
v € H (Q).

From the hypotheses on 2, for each K’ CC Qy, there is ex such that, K cC Q.0 < e < ek.
Then, if ¢ € Cg°(€2) we have that ¢ € C5°(Q) 0 < € < ex, K = supp(e). Thus, for n large,

Vv, Vo= [ flve,)o. (3.5)
ol Q0
Taking the limit as n — co we have that
/ VoVe = f(v)e. (3.6)
Qo QQ
The above argument holds for each compact K CC p, and we have
| vve=[ swe voemim) (3.7)
Q Q0

Since v € Hy () we have that v = Fy(v).
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Since f is bounded we have that {||v,, |2, @,) * @ > 1} is a bounded sequence. It follows
from Theorem 2.2 that {v,} converges strongly in H L(B) to v. |

We know that F; has exactly m fixed points. Let us show that, for sufficiently small e,
(Fe)eso has at least m fixed points.

Proposition 3.2. The maps F, defined in (P)o,e have at least m fized points in H; () for
sufficiently small € > 0.

Proof: Note that, proceeding as before we can prove that each sequence of solutions to
(P)o, converges to a solution of (P)o.

Now, since the solutions ui,...,u,, of (P)y are distinct, we can chose § > 0, such that
the balls Bs(ux) € H'(Q), k = 1,...,m; are pairwise disjoint. Define the function U
k =1,...,m, as the unique solution of the problem
{ —Aug, = f(i@) in 0

P)i.e .
(P Uge =0 in 0f),.

Here, 1y represents the extension by zero outiside €. Proceeding as in Proposition 3.1,
we can show that ug. — ux as € — 0 strongly in H'(B). Hence, for small ¢ > 0, we
still have By(use) () Bs(uje) =0, for i,5 =1,...,m e i # j (balls in H}(£2,)). Also note that
Bs(uk,e) C Hy(Q), fork=1,...,m. ]

To conclude the existence of solutions for the problem (P)o, let us define the following
auxiliary map

Fre(ue) = (A + fl(uk,e))—l (f(ue) + f'(uk,e)ue) - (3.8)
fork=1,...,m, u. € H;(Q). Note that F . is continuous and compact for each k = 1, ony T
To conclude we will use the following lemma

Lemma 3.1. Fj . is a strict contraction from Bj(uy.) into itself; that is, Fiee(Bs(ing ) ©

Bs(ug,e) and Fy. is a contraction.
Proof: Given v, w, € B_a(—@, we have that:
[ Fre(ve) = Fre(wellmyian < NTuellcll f(ve) = f(ve) = f'(tk,e) (ve — we)ll r2qen) (3.9)
where Tye = (—A — f'(ux,)) " and £ = L(L*(Qe, H*(Q). Using
f(ve) = f(we) — f'(ure) (ve — we) = R, ., (3.10)

where, from the fact that f” is bounded, |Ruy, .| < c(|ve — k| + |we — uk |) (Ve — w.). Hence

/|ka 2 <c/ (oo [ite— e Pl P

<[ ] ()
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Using Theorem 2.2, (1) we have that R (Ve = we)| L2,y < E||ve — Wel g1 (a.), for N < 4.
So,

1 Fk,c(ve) = Fe(we)ll gy < E0M| Trellz llve — wellay. (3.11)
Note that, from (3.2),
[ Teellc < C (3.12)
with C' independent of e. With this, for sufficiently small § > 0, we obtain that
ECo < 1. (3.13)
Hence, Fy . is a contraction. ]

Conclusion of the Proof of Proposition 3.2 Now, in view of Lemma 3.1, we can apply
the Banach Contraction Principle to the operator Fk,e in the closed set Bs(uy,) to obtain a
fixed point u. € Bs(ug ). With this we conclude the existence of at least m solutions to the
problem (P)g . |

In what follows we prove that, for small enough ¢, there are exactly m equilibrium points
for (1.1); that is, Fj . has exactly m fixed points. This is to say that the perturbed problem
(P)o,e has exactly m solutions for sufficiently small ¢ > 0.

We start with the following Corollary of the Proposition 3.2.

Corollary 3.1. The operator Ay has a unique fized point in the ball B;s(uk,e)-

We know that each sequence of solutions of the problems (P)o,e converge, as € — 0, to a
solution of the problem (P), (See Proposition 3.1). In particular, fixed points of F, converge
to fixed points of Fy. Hence, recalling that there exists a unique fixed point satisfying

lue — Uk,ell a ) < 0 (3.14)
for € > 0 small and for all k, we conclude that

Proposition 3.3. The fized points u. of F. that are in the neighborhood of Uk, that is,
ue € Bs(uk,) are, for suitably small €, the only fized points of Ay

Proof: Let €; be such that 7 . has a unique fixed point in Bs(uy.), 0 < e <€, 1< k <
m. Assume that there is a sequence ¢, such that u., is a fixed point of Fk,e, such that
Huen = uky€n||L2(Qen) Bl = 1,2,3+--.

From Proposition 3.1 there is u € Hg () such that u., — u strongly in H*(B) as n — oo
and that v = uy for some 1 < k£ < m. From this we have that

limsup [|ue, — Uk e, || B (00) < Bm{||ue, — well gy + |[ur — vk, |m15)} = 0. (3.15)
e—0 e—0

Thus, u, € Bjs(uk,,) for suitably large n which is a contradiction and proves the result. m
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This last result is telling us that for suitably small € > 0, there are no fixed points of the
operator Fi . outside the ball Bs(uy ) for if that was not the case a fixed point outside such
balls would eventually enter these balls and contradicting the uniqueness of fixed points in
these balls. Here the essential feature is the independence of § relatively to e. With this, we
have that the problem (P)o, has precisely m solution for small ¢ > 0.
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