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Resumo
Neste artigo obtemos a continuidade de atratores para problemas parabélicos semilineares,
com condigoes de fronteira de Neumann homogénea, relativamente a perturbacdes exteriores
do dominio. Se as perturbagdes no dominio asseguram a convergéncia de autovalores e
autovetores do Laplaciano com condigdes de fronteira de Neumann homogénea, obtemos a
continuidade (semicontinuidade superior e inferior) dos atratores. E importante observar
que: o estudo da dependéncia continua da dindmica se reduz ao estudo da dependéncia
continua do espectro de um operador linear, relativamente a perturbagdes no dominio e
que nenhuma condigado geométrica de convergéncia dos dominios é imposta (estas condigdes

geométricas aparecem em [7]).



NEUMANN BOUNDARY VALUE PROBLEMS: CONTINUITY OF
ATTRACTORS RELATIVELY TO DOMAIN PERTURBATIONS

JOSE M. ARRIETA' AND ALEXANDRE N. CARVALHO"

ABSTRACT. In this paper we obtain the continuity of attractors for semilinear parabolic problems
with Neumann boundary conditions relatively to exterior perturbations of the domain. We show
that, if the perturbations on the domain are such that the convergence of eigenvalues and eigen-
functions of the Neumann Laplacian is granted then, we will also have the continuity of attractors.

1. INTRODUCTION

In this paper we consider parabolic problems of the form

u — Au = f(u) inQ,
& _0 inoqQ.. (L.1)

where €, 0 < ¢ < ¢y are bounded Lipschitz domains in RYY. The nonlinearity f is assumed be a
C?(R, R) function that satisfies the growth assumption

If'(w)] < c(|u|ﬁ +1), for some ¢ >0, N =3,4, or

¢ 1.2
lim M=O,V0>O, if N=2 (L:2)
lu|—o0 eflul
(no growth condition is needed for N = 1) and the dissipativeness assumption
lim sup 1) <0. (1.3)
|s|0 S

It has been shown in [5], Theorem 2.6, that, under the assumptions (1.2) and (1.3) the problem
(1.1) has a global attractor A and that the attractors A, are bounded in L*®(f2), uniformly in
€. This enable us to cut the nonlinearity f in such a way that it becomes bounded with bounded
derivatives up to second order without changing the attractors. After these considerations we may
assume, without loss of generality, f : R — R is a C?(R) function satisfying

'@l <ers If'(w)<é VueR (1.4)

where c; e ¢; are positive constants.

In this paper we prove that the family of attractors {4, 0 < € < €g} is continuous at € = 0 under
some sort of convergence of the domains 2, to €. This problem has been considered in [7] for
Dirichlet boundary conditions. In the case of Dirichlet boundary conditions the problem is facili-
tated by the existence of an isometry between Hj () and H' (RM), ¥V € > 0, given by the extension
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2 J. M. ARRIETA AND A. N. CARVALHO

by zero outside Q. The perturbations €, of the domain € are considered to be exterior perturba-
tions and by continuity of the family of attractors we mean that; if 4, = {“In :u € A¢} then the
family A, is upper and lower semicontinuous, in H'(£y), at € = 0 and suPye, [l m1(.\00) = 0
as € — 0.

Next we state precisely the sort of perturbatlons §2¢ of €y considered here. Let §2, 0 < € < ¢,
be a family of bounded Lipschitz domains €, D Qg. We require that the perturbations Q. be such
that the eigenvalues and eigenfunctions of the Neumann Laplacian in 0, converge as € — 0 to the
eigenvalues and eigenfunctions of the Neumann Laplacian in £g. This condition is equivalent (see
Lemma 2.1) to the following:

¢€EH1(QE)7 0<e<e

||V¢EI|L2(QE) S C, 0<e S €o } = ||¢€||L2(QE\QO) — 0. (15)

Also from Lemma 2.1, this condition implies that |[Q2:\Qg| — 0 as e — 0.

In Section 3 we prove that the family of attractors A, and the set of equilibria &, are upper
semicontinuous at € = 0 showing {A;, 0 < € < ¢y} is bounded in H!(Q) and that the family
of semigroups {T,(t), ¢t > 0} associated to (1.1) is continuous, uniformly in compact intervals of
[0,00), in € at € = 0; that is, if u§ € H' (), 0 < € < ¢y with ||u¢ — uoﬂm(ne) + lul 1 \00) = 0
as € = 0, then forany 0 <r < R < o0

sup {|ITe(t)(u) — To(t)ull 1 a0) + ITe(®) (W)l @ny} = 0, a5 € = 0.
r<t<R

Consider the problem

(7). { —Au=f(u) inQe

%4 =0 in OQ..

for 0 < e < ¢p. Assume that (P)o has exactly m distinct solutions, u?,...,ud, and that zero is not
an eigenvalue for the operator A + f(u;)I, with Neumann boundary condition, 1 < 7 < m. Under
these hypotheses, in Subsection 4.1, we prove that , for suitably small ¢, P, has exactly m distinct
solutions u{,...,uf, and Uy — u? as € = 0,1 < j < m. In Subsection 4.2, we prove that the unstable
manifolds of the equilibrium points uf, are continuous at ¢ = 0.

It follows from the continuity of the unstable manifolds that the attractors are lower semicontin-
uous at € = 0. This can be proved in the following way. If ug € Ag then ug belongs to the unstable
manifold of ug for some 1 < k < n. Let § > 0 be such that all the unstable manifolds around uy,
are defined in a ball of radius J, 0 < € < €p. If 7 is such that wyg = Tp(—7,ug) € Bg(uk) from
the continuity of the unstable manifolds there is a sequence w,, which converges to wg in H*(Qy)
as n — oo and such that |lwe, || g1(a,\ns) — 0 as n — co. Now, since the family of semigroups is
continuous in this sense we have that A., 3 T¢, (7, we,) = To(T,wp) = ug in H'(p) as n = oo and
I Te,, (7, we, )|l 11 (0, \20) — O as n — co. Showing the lower semicontinuity of attractors.

It is important to notice that the the continuity of attractors is a consequence of the convergence
of the eigenvalues and eigenfunctions of the Laplace operator perturbed by a varying potential in
the domains )¢ as € — 0. Therefore we have organized the results in the following manner. Section
2 contains the Linear Theory and is divided into a survey of results on spectral convergence, uniform
estimates on the resolvent operators and the convergence of the linear semigroups. In Section 3 we
use the Linear Theory to obtain the upper semicontinuity of attractors. In Section 4 we obtain the
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lower semicontinuity of the set of equilibria and the continuity of unstable manifold to obtain the
lower semicontinuity of attractors.

2. LINEAR THEORY

In this section we analyze the behavior of the linear parts of the operators and prove several
results that will be used throughout the paper.

2.1. Spectral convergence characterization. It is very clear that the spectral behavior of the
linear operators is extremely important when analyzing the continuity properties of nonlinear dy-
namics. We include in this section several results on the spectral behavior of the Laplace operators
with Neumann boundary conditions when the domain is perturbed from the exterior. We are inter-
ested in obtaining characterizations that guarantee that the eigenvalues and eigenfunctions behave
continuously.

To fix the notations we consider the eigenvalue problems

—Au+ Veu = Au, Qe
S = 09

on —
where [|[Ve|| oo (q,) < C and Vejno — Vo weakly in L?(Qp). We denote by {5}, for e € [0, €o], the
set of eigenvalues of the operator —A+V, with Neumann boundary conditions in Q¢ and by {¢%}¢_,
a corresponding family of orthonormalized eigenfunctions. We will also denote R, = €, \ Qo.
We will say that the spectra behaves continuously at e = 0, if we have that AS — X0 as e — 0
and the spectral projections converge in H!, that is, if a & {,\91};;;0, and A < a < A2+1, then if
we define the projections Pf(ve) = > 7 (¢5, )¢S then

175 (she) — Pa (We)llm (o) + I1Ps (¥l (r) = 0, ase—0

In order to characterize when the spectra behaves continuously we will need the following aux-
iliary eigenvalue problem. Denote by 7, the first eigenvalue of the following problem,

—Au = Tu, R,
u = 0, BRE n 890
2 — 0 OR. \ 09

Observe that obviously 7. > 0 and it can be characterized as follows

2
| va
% N,
Te= min ———
peH1(Qc) / [¢|2
$=0, 1N Qo Q.
We have the following useful characterization

Lemma 2.1. The following three statements are equivalent

i) The spectra of —A + V. behaves continuously as € — 0.

it) T¢ — 00 as € — 0.

i) For any family of functions e with ||[vel| g1 (q,) < C then 1¥ell L2, \00) — O as € — 0.
Moreover, if any of the three statements above is true then the following also holds

i) |2\ Q| = 0 as e = 0.
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Remark 2.1. A somehow similar statement of this lemma can be found in the works of [1, 2]. We
include here a proof for completeness.

Proof. That iii) implies ii) is easy since if there exists a sequence of ¢ — 0 with T¢ bounded,
then the eigenfunction associated to . will have L?(R.) norm equal one and the H 1(©¢) norm
bounded. Also, if iii) holds then iv) also holds, since we can always consider ¢ =1 € H!(Q,) and
”¢5”L2(QE\QO) =0 % QO|% —0ase—0.

That ii) implies iv) is also easy. If it were not true then we will have a positive n > 0 and a
sequence of € — 0 such that Q¢ \ Q| > 7. Let p = p(n) be a small number such that |{z €
RN\ Qq, dist(z, Q) < p}| < /2. Let us construct a smooth function v(z) with y(z) = 0 in Qq,
v(z) = 1z € RVN\Qq with dist(z, Q) > p. Then obviously IVYliL2 ) < Cand |1yl g2, > (n/2)2.
This implies that 7. is bounded.

That ii) implies iii) is proved as follows. If it is not true then there will exists a sequence of
¢ — 0 and a sequence of functions ¢e with |[¢ellg1(q,) < C1 and ¢ell2(r.y > Ca > 0, for some
constants C7 and C independent of e. We can extract a subsequence, that we denote by ¢, again,
and a function ¢y € H'(Q), such that ¢ — ¢ in L2(Qp). If we denote by E a continuous
extension operator from H'(Qp) to H'(R"), which is also continuous from L?(Qp) to L2(€), by
7Te a restriction operator to 2, and denote by ¢, = TcETy¢. then we have that ETope = Ed¢y in
L?*(R™N) which implies that, since the measure of €, \ Qo goes to zero by iv), then ||¢. lz2(ry — O
as € = 0. Moreover ||<2>5||H1(Qe) < C. If we define the functions x. = ¢, — ¢, then xc = 0 in o,
IXellzr1 () < C and |Ixell2(r.) > pell2(rey — HQ~56||L2(RE) which is bounded away from zero for e
small enough. Using this function as a test function in the Raleigh quotient to obtain 7, we will
deduce that 7 is bounded for this sequence of ¢, contradicting ii).

Let us prove now that i) implies ii). If this is not the case then we will have again a sequence
of € approaching zero and a positive number a with 7. < a. Choose n € N with the property that
a < An < Ang41. Denote by ¢, the eigenfunction with |[¢e||z2(r,) = 1 associated to 7. Observe then
that |]V¢€||%2(RE) < a. Consider the following family of functions ¢§ = TcE¢? fori = 1,...,n. Then
if we consider the linear subspace [5, ..., 98, ¢c] C H'(Qc) we get that for e small enough they are
linearly independent. As a matter of fact they are almost an orthonormal system in L?(Q). By
the min-max characterization of the eigenvalues (see Courant-Hilbert) we have that

/QE 'W‘Q*/ae ark

; < max
NFL = et s e] / 9
Q.

By direct calculation of the above quotient we obtain that A§ ; < A% + o(1), as e — 0. This
contradicts the continuity of the eigenvalues given by 1i).

The proof that ii) implies i) can be deduced from [2]. Notice that since we have already proved
that ii) is equivalent to iii) we trivially have that hypothesis (H) from [2], page 61, is satisfied (with
the notations of [2], % can be taken identically zero). In particular we can apply Theorem 2.1 of
[2] which in the particular case that 7. — oo implies the continuity of the spectra. Nevertheless
we provide now a self contained proof that ii) implies i). Notice first that we have already proved
above that ii) implies iv). In particular we have that |Q¢ \ 9| — 0 as € — 0. Considering the test
functions T.E#, ..., T.E¢2 to bound A& we easily obtain that limsup,_,o A§ < AJ.
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In particular for fixed n, A is bounded above by a constant independent of e. Hence for any
sequence of € approaching zero we can extract another subsequence, that we will still denote by ¢,
with the property that A\{ — x; < A0, and Rogf — & weakly in H'(Q) and strongly in L2(Q).
Moreover, since for fixed n, the functions ¢¢ are bounded uniformly in € in (), applying iii),
which is equivalent to ii), we get that || || L?(R)) — 0 as € = 0. In particular this implies that
Onm = er PP, —> fQO §ném, which means that the family of functions &, is an orthonormal system
in L?(Q). By passing to the limit in the weak formulation of the equation it is not difficult to see
that ¢; is a weak solution of the equation —A&; + Vo&i = ki&; and 8¢;/0n = 0. Since €ill L2(ae) = 1
we have that x; is an eigenvalue and ¢; is an eigenfunction. Since &; < )Y we necessarily get that
k; = A] and §; is an eigenfunction associated to A?. This implies the convergence of the eigenvalues
and the convergence of the eigenfunctions in L? and weakly in H'. To obtain the strong convergence
in H! we just observe that

IVéilZ2 ) = X — /Q Velgsl? = A0 - /Q Voldil® = IV&illZ(qq) < liminf [| Vel 2(q)
€ 0

from where we obtain that [|Véf||12q,) — V&illL2(qo) and [[V#5liL2(r,) — 0. This implies the
strong convergence in H'. This concludes the proof of the lemma.

2.2. Uniform bounds on the resolvent operators.

Lemma 2.2. Consider a family of potentials V. € L*®(Qe) with ||V€||Loo(Q> < Cand Ve = V)
in L*(Qp). Assume that for the operator —A + Vo, 0 € o(—A + Vp). Then for € small enough
0 € o(—A + V;) and there exists a constant C independent of € such that

I(=A+ Vo) gell ) < Cllgellzz), g € L* ()
Proof. By the continuity of the spectra given by Lemma 2.1 we have that for ¢ small enough
0 € o(—A + V¢). In particular, for g € L?(£2,) given we have a unique solution w, € HY(Q) of
—Awe + Vewe = ge,
Gue =0, 09

We show first that [|wez2(q,) is bounded. Suppose not, then there is a subsequence, which we

again denote by {we}, such that ||we|z2(q,) — co. Consider 0, = ﬂmﬁ;(—n), then

(2.1)

— A7 ) = e
A+ Vetle = iy S 22)
%0 =0, 09e.

Multiplying this equation by . and integrating by parts we obtain that

/]vwe|2+/ve|ae|2=/ S
e Qe E”we”L?(Qe)

/ |Vie|* < C.
Qe

Hence we can extract a subsequence, which we again denote by {0}, such that

S strongly — L2(Q)
Yela, 0 weakly — HY(p).

from where it follows that
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Let £ € H'(£) and consider ¢ the extension of ¢ to B. If we multiply the equation (2.2) by
e HY(Q,) and integrating by parts we have that

Vw VE + /waf /
Q. ||we“L2(Q
Now, note that

/ Vi VE
QA

/ Vweﬁ' < Vel zoo o) 1@ell L2n00) 1€l 2 (23 020) — 0 @8 € = 0

/“"UCHLZ’(QE)

and letting n — oo we have that

< NIVidell L2y 0) | VIl 2 (3 00) = 0 a5 € — 0

”ge||L2(QE)

= ([0l 2 q, )“g”LZ(QE) —0ase—0

Vo VE + | Voot = 0.
Qo Qo

Thus
—Awg + Vowg =0, o
%0 =0, AN.
which implies wo = 0. Now, since ||We|| g1(q,) is bounded, by Lemma 2.1 we have that 1Dell 22 (2 \20) =
0 as n — oo. Hence, necessarily 1 = |[@¢||12(q,) — 0 which is a contradiction. Hence, we obtain

(2.3)

that ||wellz2(q,) is uniformly bounded in e.
To show that |[Vwe||12(q,) is uniformly bounded in eps we note that V; are uniformly bounded

in L(Q,) and that e
/lvw6|2 = _/ Velweiz'i'/ GeWe-
Q0 Qo Qe

This concludes the proof of the lemma.

Remark 2.2. With the conditions of Lemma 2.2 we can even show the convergence of the resolvent
operators. As a matter of fact, if gEl — go weakly in L?(9), then
Q0

I(=A + Vo) 7 ge = (=2 + Vo) 'gollmag) + (=2 + Vo) gl mrairay) — 0, as € — 0.

Notice that if we denote by we = (—A + V)7 lge € HY(Q) and wy = (—A + V) ~lgo € H(Q)
then since |(wel|f1(q,) s uniformly bounded in €, by Lemma 2.1 we have that ||we| g1 (g.\qq) — 0 as
e — 0.

Moreover by extracting a subsequence and using the weak formulations of the equations we can

easily obtain that w€| — wo weakly in H'(Qo) and strongly in L?(Qp). Now, multiplying the
zh)
equations by we and integrating by parts we have that

‘/vael2 /Vw +/gewe_>_ VO“’%"'/ 90w0:/ |Vw012'
Ne Qo Qo Qo

from where we easily obtain the strong convergence in H'(f).
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2.3. Convergence of Linear Semigroups. With the continuity of the spectra of the operators
—A + V; we can obtain estimates on the behavior of the linear semigroups that will be very useful
for the analysis of the nonlinear dynamics.

We have the following result

Proposition 2.1. Leta € R andn € N such that )\701 <a< ’\gz+l' Consider the spectral projections
over the linear space generated by the first n eigenfunctions P; defined in the pervious section.
Denote also by b a number such that b < X0. There ezists a v < 1 and a function 6(c) with
0(e) = 0 as € = 0 such that

lleAetu, — e—AOtu6|no | zr1(00) < MH(e)t_'ye_bt”ueHLz(QE), ue € L), t>0
lleA<' (I — PS)ue — e~ Aot(1 — Pf)uq%ummo) < MO()t e ¥||ucell2q,), ue € L*(Qe), t>0

e uell 1 @ \00) < MO(e)t Ve |lucll2(q,)

Proof. We will very much follow the lines given by [3], Proposition 2.1. Let us prove the second
inequality. So let us consider n and a given, satisfying the hypothesis of the proposition. Notice
that we can choose a constant M independent of e such that

1
le* (0 = PiJudli o) < Mt“2e™udlaa,y, ue€ L@, >0, €€ [0,e0)

As it is done in [3] we separate the estimate for ¢ small and ¢ large.

Choose v € (a,1) fixed. Let § > 0 be a small parameter and let us consider two different cases
according to ¢ € (0,4] or ¢ > 4.
i) If t € (0, §] we easily check that

N 1
le= 44T — P2)ue — e~ (I — Pf)ucllming) < 2Mt™ 4™ fug | 2(q)
(2.4)

< ME™ 3 7e™ lul| 2q,)

ii) If ¢ > 6 we proceed as follows. Notice first that we can always choose a positive number [ = 1(6)
such that if z > [ then ze=2?* < §t~7e~® for all ¢ > 4. Since we have A§ Sl A9 and A2 pini 4 +00,
there exists N = N(J) > n such that A{ > [(d), eps € [0,69). Without loss of generality we
can assume that we have )\9\,( 5) < /\9\,(5> +1- Hence, from the spectral decompositions of the linear
semigroups, we obtain

lle™4<4 (X — P2)uc — ™44 — B¢)uclliay) <

N(3) N(8) .
I e ue ¢0)k — D e (ue, 82) Podillan o) e
k=n+1 k=n+1 o ( ’ )

(o]

Y e e df) il I Y e e ) hllman = hi+ L+ I3
N(8)+1 N(d)+1
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Analyzing I, I3 and I respectively, we get

o0
< ) Ne P4 (ug, ¢5)1P < 67T lucl2qq,

N(6)+1
< Y ek (uo, 60) < 67" Juel| 2 q,)
N(d)+1
N(9) N(6)
=S €\ LE -0
11:“ Z € Akt(uevd)k)qsk— Z € Akt(u€7¢2)¢2”Hl(Qo)
N(é) N(9)
_ )€ )0 € )0 €
S YD % = e e, 60 1Y € (e, B8 — (e 8Dl
k=n+1 k=n+1
N(8)
1 €
< D (D)2 + DIe™* — e W luc 2,
k=n+1
k(&) i1
+ e DT ((ues 655 — (ue, 62)8D) a1 ()
i=r k=n;+1

Moreover, from the convergence of the eigenvalues and of the spectral projections, we can find
€1(d) € (0,€p) so that

N(d)
Y ()7 + L)fe ™5 — e < 5tTe, e € (0,61(5))
n=1

k(6) i1
Z e—#itl| Z ((ue, O%)B5 — (Ue, ¢2)¢2)”H1(90) =
i=r k=n;+1

e8] lucl 20,y < OOV lucll 2,y € € (0, €1(5)).
From the estimates for I;, Iy and I3 we obtain
le=A<t(1 — P, — & 0T P(?)UEHHI(QO) < C(St_"e_at”uelle(Qc), t>46,e€(0,e1(8). (2.6)

Finally, since ¢ is an arbitrary small number, the inequalities (2.4) and (2.6) prove the result.
The proof of the first inequality of the proposition is very similar to the one provided for the

second inequality. The role of a is played now by b and Pf = P? = 0.
The proof for the third inequality is also very similar. Notice that we are estimating the H!
norm in Q¢ \ €. Step i) is the same and for step ii) the sums /5 and I3 are estimated in a similar

way. The only difference is now for I; where we will have

N(é) N(b)
I e (ue, $0) 85l 1) < €7D (e, df)| sup  {I16llm (000}
k=1 k=1 i=1,..,N(5)

< e M!N(§) sup (5){”¢E”H1(Qe\90)}“uean(Qc)

i=1,.c
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but since sup;=1,.. ns) {9511 (0.\00)} — 0 as € — 0 we can always choose a €1(d) small enough
such that N(6) sup;=1,_ n(s){ll 451l 1 (.\00)} < 8. Hence

N(9)
13" e e, 69) 5 ) < €5 bluel ) < O8 e M ul 2
k=1

and the proof continues as we did above. This concludes the proof of the proposition.

3. UPPER SEMICONTINUITY OF ATTRACTORS AND THE SET OF EQUILIBRIA

In the previous section we have studied in detail the behavior of the linear parts of the operators
under the perturbation we are considering and have proved a result on the continuity of the linear
semigroups, Proposition 2.1. We will see in this section that the attractors and the stationary
states, solutions of the nonlinear elliptic problem, are upper semicontinuous with respect to this
perturbations.

To this end we will follow the ideas in [3] that relate the continuity of the linear semigroups with
the continuity of the nonlinear semigroups for dissipative parabolic equations by using the variation
of constants formula. This in turn will imply the upper semicontinuity of the attractors and the
stationary states. See also [11] and [6] for other examples that use a similar technique.

We will show the following result

Proposition 3.1. There ezists a 0 <y < 1 and a function c(e) with c(e) — 0 as e = 0 such that
for each 7 > 0 we have

| Te(t, ue) — To(t, ’U/CIQO)“HI(QO) SM(7)e(e)t™, te(0,7], uce A, €€ (0,€) (3.1)
Tt ue)ll a1 (oo\no) < M(T)e(e)t™, t€(0,7], ue€ A, €€ (0,¢) (3.2)

Moreover the attractors are upper semicontinuous at € = 0 in H'(Qq), in the sense that
ufgi [uoigio{ﬂuelno - uoHHl(Qo)}] —0, ase—0 (3.3)
umelp lluell (o) — 0, ase—0 (3.4)

Also, the stationary states are upper semicontinuous at € = 0 in H'(2), in the sense that if we
denote by &, € € [0,€p] the set of stationary states of (1.1), that is, the set of solutions of the
nonlinear elliptic problem, then

sup [ inf {[lue, —uollHl(Qo)}] —0, ase—0 (3.5)
e EE, ug€Ey 0

Proof. We will follow the lines given by [3]. Notice that the nonlinear semigroups T, (t) are given
by the variation of constants formula.

i
Te(t ue) = e'<ue +/ (=) £ (Te(s,ue))ds, € € [0, ) (3.6)
0
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Hence, calculating T (¢, uc) — Ty(t, U€| ) and with some elementary computations we obtain

Q0
1 Te (2, ue) — To(t,uel M o) < llefue — €A°t(ue| N 1 (00)+
¢ ) )
/0 HeAetf(TE(s,ue)) — ertf(Tf(s’uf))l ||H1(Q0)d3
20

t Aot
: /0 e 4T,

Applying now Proposition 2.1 we get

_f(TO(Suufl Dl e)ds € € [0, €)

9 Qo

|Te(t, ue) — To(t, u5| () < M9(e)t_7e_bt|]u€||Lz(QE)
20
t
+10(e) [ (6= 5T F (T s, u
t
+M/O (t — 8)"2e 90| Tu(t, ) ~ To(t,uel Mz (00)
Q9
But since we have uniform bounds in L?(£),) in the attractors and f is a bounded function, the
first two terms in the last inequality can be bounded by M (7)6(e)t™". Applying now Gronwall’s
lemma, see [10], we obtain statement (3.1). To obtain, (3.2) we just use the variations of constants
formula (3.6) and use the estimates in H'(Q, \ ) of Lemma 2.1
Now, the upper semicontinuity of the attractors in H(Qp), statement (3.3) follows directly from
(3.1) and the fact that Ag attracts U0<e§eer| in the topology of H'(Qg), see for instance [3, 8].

)
Statement (3.4) follows directly from (3.2) and from the invariance properties of the attractors.

To show the upper semicontinuity in H!(Qp) of the stationary states we will prove that for any
sequence of € — 0 and for any u. € £ we can extract a subsequence, that we still denote by ¢, and
obtain a ug € Ej such that Uelg, —F U0 in H'(2). From the upper semicontinuity of the attractors
given by (3.3), we obtain the existence of a uy € Ay such that Uelp, — Uo in H'Y(Q) as e — 0. To show
that uy € Ey we first observe that for any ¢ > 0, ||u5|Qo = To (¢, wo)lgr (o) — lluo — To(t, uo) || g1 (-
Moreover, for a fixed 7 > 0 and for any ¢ € (0,7) we have that,

[teja, — To(t, uo)ll () = (1Te(ts ue) g, — To(t, uo)ll a1 (a)
SNTe(t ue) i, — To(ts tejo )l () + 1 To(t, wo) — To(t, tejq M) — 0, ase—0

where we have used that u. is a stationary state, the continuity of the semigroup Ty in H! () and
(3.1). In particular we have that for each ¢t > 0, ug = Tp(t,uo) which implies that g is a stationary
state. This concludes the proof of the Proposition.

Remark 3.1. Observe that from (3.4) we also have that

sup |luellm(a.ne) — 0, ase—0
ucEEe

4. CONTINUITY OF EQUILIBRIA AND THEIR UNSTABLE MANIFOLDS

In order to obtain lower semicontinuity of attractors we must ensure that the set of equilibria &,
behaves lower-semicontinuously. In this section we prove that, for the sort of domain perturbations
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considered here, &, is a finite set with constant cardinality; that is, £ = {uf, .- ,u&}, 0 < e < ¢.
This set behaves continuously with respect to ¢; that is,

e—0

0
1?13%(”{“% — Ukl i) + vkl m @00} — 0.

It follows from the results in Section 3 that if €, — 0 and Ue, 1s a solution for (P)., then

1 = 6”11 ag) + 14 | 11 (2 \ 1) = O

where 40 is a solution to F.

We also prove, in this section, that the unstable manifolds of equilibrium solutions are continuous
as € = 0. For that we use the convergence of equilibria to obtain the continuity of the spectrum of
the linearization around such equilibria and consequently the continuity of the unstable manifolds.

4.1. Continuity of the Set of Equilibria. Consider the following family of elliptic problems
Au+ f(u) =0 in
%u — in 09..

=

(P)e

for each 0 < e < ¢y (9 > 0).

Assume that the problem (P)( has exactly m distinct solutions, ul,...,ud, and that zero is not in
the spectrum of any of the operators A + f/(u)I : H2(Qp) C L%(Q) — L*(), i = 1,...,m. We
show that, there is ¢g > 0 such that, for any 0 < € < ¢g, there are yet exactly m distinct solutions
ug,...,us, for the (P). Furthermore,

luf — upll g (o) + Iugllm@ane) — 0, ase—0, 1<k <m.

To show the existence and uniqueness of a solution for (P), in a neighborhood of ug we proceed

as follows. Consider the extension operator E : H'(Qy) — H'(B) and let ug’e = E(u)), and
Q.

define the operators
Ape s H' (Qc) = H' ()
17,,0,€ =1 17,0,
Arelue) = (=B + £9T) " (£ + 1 @)

The operator Ay ¢ is a continuous compact operator for each 0 < e <€, k =1, ..., m.
We firstly show the following lemma

(4.1)

Lemma 4.1. There exists § > 0 such that the operator Ay is a strict contraction from Bg(u%e) C

H(Q,) into itself.
Prova: Given v, w, € B,;(ug’e), we have that:

| Ak,e(ve) — Ak,e("”é)”Hl(_Qf)
<I(=A+£@PI) " lzgs@am @l ) = F(0) = f/@) e —wlzay  (42)
< ClIf (ve) = £(ve) = F'(ug) (ve = |2 0,)-

Where we have used Lemma 2.2 to obtain that

-1
{ll (‘A + f’(ui’e)I) lLz2@e)m@)s 0 < € < e}
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is bounded. Next we study ||f(ve) ~ f(ve) — f'(up) (ve — we) | 12(q,). Note that

|/ (ve(2)) = £ (ve(®)) = f'(uy“(@)) (ve(2) — we(2))| < Cpe(2)|ve(w) — u|
where v, (z) = min{1, |v.(z) ~uk ‘()] + |ve(z) —uk “(z)[}. It follows, from the definition of 7, that
[[Vell ooy <1, 0 < € < ¢y and that, for any 1 < P < 00, ||Yellzr(n.) = 0 as € — 0. Hence
1 (ve) = £(ve) = () (ve = we)ll 2,y < Cllve(ue = ve) Iz e
)i . Then

Qe

Now if ¢, = u — v we denote by @, = E((pE,

Qp

l|@e — ‘Pe”L?(Qe) = ||¢e - ‘P€“L2 (2\20) < =3 ”v‘Pe V‘PEHLZ(Q \Ro)
< Crelllell i, + |l<PeHH1(B)) < Cr(llgell ) + el o))
= C'Te ella 0.y

where we have used that E : H'(Q) — H'(B) is bounded and 7{ is the first eigenvalue of —A in
2:\Qo with Dirichlet boundary condition in Q¢ and Neumann boundary condition in 6€2,. Now

Ve Pellz2 () < I1Ve(pe — Pell 2 (@\Q0) T [1VePellL2(@\00) + 17e®ellL2(00)
< Mellzeo o)l = @ell L2 (e\26) + 17l NPell e (B +||%|| L7 () pell 71 (00)

Lm(ﬂ \Q0)
CZ + 1O\ T + |Ixe] el 2 (0.
LN_T(Q

where we have used that E : HY(Q) — H(B) is bounded. Now, given p < 1 choose €) such that
CC: <+ C|R. \QO| N < £ and ¢ small so that C’Il'yell Az 0 < £. Then
0

¢ (O + G100 F + el <p ST

7"':"_"7( 0))

and Ay ¢ is a contraction from Bg(ug’e) C H(Q) into itself.

4.2. Continuity of Unstable Manifolds. In this section we show that the local unstable man-
ifolds of uj are continuous at ¢ = 0. This follows from standard invariant manifold theory and
the convergence of the spectrum proved before for the linearization around such equilibria. The
invariant manifold result presented here is reproduced from classical invariant manifold results as
in [10]. Its proof is adapted to encompass the possibility that the space changes according to a
parameter and to track the dependence of the invariant manifold upon the parameter. After this
we show that the unstable manifolds are close for small .
Let uf, be a family of solutions for (2.1). Then, we have already proved that

e—0
llug = upll g o) + Nkl (0\00) = 0.

Rewriting (1.1) for w = u — uj, to deal with the neighborhood of uf we arrive at

= Aw + f'(up)w + fw +uf) — f(uf) — f'(uf)w, in Q, (43)

g;; =0, in Qe
Let A{, A5, A5, -+ denote the eigenvalues of (A + f'(uf)I) and 5, 5, ¢§, - are corresponding
orthonormalized eigenfunctions. If A}, - A0 are positive and A% +1,A049, + are negative, let

B >0and e >0suchthat A{ > - > AL >B>0>-F>X ;1 > A9, 0< €< e. Denote
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by We =[5, , 0] and W = {9 € HY(Q,) : Jo.¥9=0, Vg € W}. Let P, : H'(Q,) — H (Q)

be the orthogonal projections on W,

Fyp = zn: (/Q Wf) 5
i=1 ¢

and P+ =1-P..
Ifp € We thenyp =37 ) (/ 1/)905) ;i and
Qe

I, = (i(l 29 ( [ ws)Q)%

1=1

and since A{ — )\?, 1 <1 < oo, we have that W, is isomorphic to R™ through the isomorphism

Wesp s (wai,--~,/ﬂewwz) ER".

Te is bounded with bounded inverse 7,"! and the norms of 7. and 7! are uniformly bounded
0 S € S €p-
Now we decompose the equation (4.3) in the following way. If w is a solution to (4.3) we write

n
w= g vip;s + 2
i=1
where v; = weps. Hence
Pi
Qe

3 = Afui + / [fw+uf) — F(uf) — F(uf)w]

€

and
2= B+ f(ug)e +1(w+ uf) — F(uf) - f(ugv
-3 ([ 1w+ up) - ) - £upu o) vt
=1 €
%z =0
We write v = (v, - ,vn) ",

R = | [f (Z gtz +uz> — ) - ) (Z it +)} -
€ 1—=1

1=1

F(v,2) = (F\(v,2), -+, Fa(v,2))T and

Ge(v,2) = f (Z vip; + 2 + UZ) — fug) — f'(uf)w = D Fi(v, 2)¢5.

i=1
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Hence, we have that, F¢(0,0) = 0,G(0,0) = 0 and given p > 0 there exists § > 0 such that
llv]lgn + “Z“HI(QE) < 6 implies

|1 Fe(v, 2)|rn < p,
1Ge(v, 2) | 1) < Py
1Fe(v, 2) = Fe(, 2)lrn < p(llv = Bllgn + |12 — Zl|1(q,)),
|Ge(v,2) — Ge(9, 2) | 1 () < p(llv — Bllrn + ||z — 2| 00))
0 <e<¢. We can extend F,, G, outside Bs(uf,) without changing the above bounds.
Denote by Ac = (A+ f'(u{)I) K Be = diag(\{, -+, \5). Then, equation (4.3) can be rewritten

We

in the following abstract form
¥ = Bev + Fe(v, 2)

z2= Az + Ge(v, 2), o)

v € R", z € W, where

Sup, » ”FG(U’ Z)”]R" <p,
Supy,, “Gf(v’ Z)IIHl(Qe) <p,
|1 Fe(v, 2) — Fe(9, 2) lrr < p([lv — llre + [l2 = Z[| g1 (02,))
1Ge(v,2) = Ge(0, D)l 1 (a,) < p(llv = Dllrn + |2 = 2]l g1 (02,))-
Also, for some positive M, 3, independent of ¢, 0 < € < ¢
”eAEtZ“Hl(Qc) < Me_lﬁt”z”Hl(Qg), t >0,
le< 2l g1,y < Mt™2e P! 2| [2(q,), 20,
”eBEt’U”]Rn < Meﬁt”UHRn, t <0.
Then, for suitably small p, there is an unstable manifold for uj,
S¢={(v,2) : z=0}(v), veER"}

where o} : R® — W2 is bounded and Lipschitz continuous. Furthermore
* * 0
sup [|o7 (v) = o5 (v) | 1 (a0) = 0.
veER?
Proof of the Results. The first step is to prove the existence of the invariant manifold. For
D>0,A>0,0<86<1,given, if p > 0 is such that
pPMB™2T(}) < D
pM(1 + A)B~3
B—pM(1+A)
Mr () |4 + —LEA <6<l
pMT(3) [g{ =M+ 4)| S

A

<
8
245

let o : R® — W satisfying
lloell := sup lloe()lla1) < D;  lloe(v) = oe(@)]| a1 () < Allv = 0|gn. (4.5)

vER
Let ve(t) = 9(t,7,7m,0) be the solution of

% = Beve + Fe(ve,0¢(ve)), for t< 7, ve(r)=mn, (4.6)
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and define
#(00(n) = [ MG unls), ool (47)
Note that .
1200 Ollnag < [ pM(r = s) 4 7=9ds = pragir (). (18)

From the choice of p we have that, ||®(o¢)(- Nar) £ D. Next, suppose that o, and &, are
functions satisfying (4.5), 7, 77 € R™ and denote v¢(t) = (¢, 7,7, 0c), Be(t) = Y(t,7,7,6¢). Then,

ve(t) — gl b == eBe (t—T)(n — 1) +/ Bef=a) [Fe(ve, oe(ve)) — Fe(Ve, 6c(Ue))]ds.

T

And
[ve(2) = e(t) llrn < MePE)|In — fjllgn + M / P F (o, e(ve)) — Fe(Be, 5e(Ve))|Irnds
<MDy~ g
40 [P0 (lo(0) = 5e(a)i ) + e — ) s
< M|y — i
+pM / A=) (Jloe(Be) — (5l + (1 + A)llve — el ds
< Meﬁ(t Mln — 7l|rn
oM / B=3) (1 + A)ve — Fellmn + lloe — Gelll s ay) ds
< Mot NIn — #l|rn )
+pM (1 + A)/t ePlt=s ||'u6 — U¢||rnds + pM|||loc — &€|||H1(QE)/t ePt=s)ds.
Let
B(t) = € Clug () — G(8) [gn-
Then,

¢(t) < Ml —7llen + pM/tTeﬁ(T‘s)dSHer —Gellm@)+Mp(l+ A)/tT¢>($)alS
By Gronwall’s inequality
lve(t) = Te(t) Irn < [Ml7 — fillmne? ©=7) + pM/tTeﬂ(t‘s)dSIHUE — Gelll 1 () JePMIFANET)
< [Mlln = dllrs + pM B |[loe — Gelll g1 (o, Je™PME+ANE=T)
Thus,

|@(ce)(n) — (Fe) (7) ”Hl(ﬂe) < M/:()Z . 5)_%6_ﬂ(T_s)HGE('UEaUe(ve)) - Gs(ﬁe,&e(ﬁe))”LZ(Qe)ds

< pM / (r — 5)"3e P9 (lloe(ve) = Ge(G)lmray + llve = Tellen) dis

—00
T

< pM/ (7= 8)"2e PO (1 + A)Jue — Tellrn + [lloe — &ell] ds

=00,
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Using the estimates for |jve — 9[|gn we obtain

I8(e0)n) = 2GIDI< pMT(G) |84+ 5 Bl — sl + pM2(1 -+ )8~ H — e
Let
1 _1 1+ A
1o(9 = pMT(5) |74 + gt B
and

Iy(e) = pM*(1 + A)B 3.

It is easy to see that, given 6 < 1, there exists a pg such that, for p < pg, I;(e) <6 and Iy(e) < A
and

[@(oe)(n) — (6 (D)l r1(a,) < Alln = 1'[lrn + 6llloe — &ell- (4.9)

The inequalities (4.8) and (4.9) imply that G is a contraction map from the class of functions
that satisfy (4.5) into itself. Therefore, it has a unique fixed point ¢}; = ®(o?) in this class.
It remains to prove that S = {(v,0f(v)) : v € R"} is an invariant manifold for (4.4). Let
(vo,20) € S, 29 = 0¥ (vg). Denote by v}(t) the solution of the following initial value problem
dv

Zi? =BG’U+F5('UaU:(U))a 'U(O) = vo-

This defines a curve (v}(t),0}(v}(t))) € S, t € R. But the only solution of
z2= Az + Ge(v(t), ¢ (v (1)),

which remains bounded as t -+ —0 is
¢

Z(t) = / et<l=) f (v3(s), a2 (vF (s))ds = oF (v (1))

—0o0

Therefore, (v}(t), o} (v(t))) is a solution of (4.4) through (vg,2p) and the invariance is proved.
Next we show that the fixed points o} depend continuously upon € at e = 0. This is accomplished
in the following manner. If 0 < € < ¢ is such that the unstable manifold is given by the graph of

o}, 0 < e < €, we want to show that

sup |lo¢(n) — og(Mla1 (o) = llloz — aglll-
neRn

It follows from Proposition 2.1 that

lloe (n) —US(U)IIm(QO)S/ 1<) G (ve, 07 (ve))| — 7= Go(wo, of (v0))ll 11 20y ds

—00 Q
Qo . 0

< Mo(e) / BT=3) (1 — 5)=||G(ve, 0% (ve)) |2 (105

+M/ P9 (7 — 5)77||Ge(ve, 0% (ve))| — Golvo, o (v0)) 12 (005
—00 = QO

1
< o(1) + pMB~=T(}) lllo¥ — ol + pM(1 + A)/ e A=) (7 — 5)77||ve — vo|rnds.

-0
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Thus, it is enough to estimate ||ve — vg||g=. Note that
[lve = vollr~ < /tT”eB‘(H) — Bl || F (ve, 07 (ve)) [lrn s
+/tT”eB"(t_s)H 1 (ve, ¢ (ve)) — Fo(vo, o5 (vo)) = ds

< pMB~o(1) + [llof — oplll] + pM(1+ A) / (=9 ||v, — vy||gnds
t

Therefore
[lve — vollrn < pMB~1 [o(1) + [lo} — agl|[] e PMUFANT=1)

which proves that

* * 0
sup [lo7 (1) — og ()|l 1 (ag) = O-
neRn

We have just proved the continuity of the local unstable manifolds of equilibria and these conclude
the proof of lower semicontinuity of attractors.

REFERENCES

[1] J. M. Arrieta, PhD Thesis, CDSNS School of Mathematics, Georgia Institute of Technology, Atlanta GA 1991.

[2] J. M. Arrieta, Neumann eigenvalue problems on exterior perturbations of the domain. J. Differential Equations
118 (1995).

[3] J. M. Arrieta, “Spectral Behavior and Uppersemicontinuity of Attractors”, International Conference on Differ-
ential Equations (EQUADIFF’99) Berlin, World Scientific, 615-621 (2000).

[4] J. M. Arrieta and A. N. Carvalho. Abstract parabolic problems with critical nonlinearities and applications to
Navier-Stokes and heat equations. Trans. Amer. Math. Soc., 352(1):285-310, 2000.

[5] J. M. Arrieta, A. N. Carvalho and A. Rodriguez-Bernal, Attractors for Parabolic Problems with Nonlinear
Boundary Condition. Uniform Bounds, Communications in Partial Differential Equations 25, 1-2, pp. 1-37,
January 20, 2000.

[6] J. M. Arrieta; A. N. Carvalho and A. Rodriguez-Bernal, Upper Semicontinuity of Attractors for Parabolic
Problems with Localized Large Diffusion. Journal of Differential Equations, Vol 168, no. 1, pp. 33-59, (2000).

[7] A. N. Carvalho and E. A. M. Abreu, Attractors for Semilinear Parabolic Problems with Dirichlet Boundary
Conditions in Varying Domains, preprint.

[8] J. K. Hale, Asymptotic Behavior of Dissipative Systems, Mathematical Surveys and Monographs 25 Amercan
Mathematical Society, Providence 1988.

[9] J. K. Hale and G. Raugel, Upper semi-continuity of the attractor for a singularly perturbed hyperbolicequation,
Journal of Diff. Equations 73, 197-214 (1988).

[10] D. Henry, Geometric theory of semilinear parabolic equations, Lecture Notes in Mathematics 840, Springer-Ver-
lag, Berlin, (1981).

[11] M. Prizzi and K. P. Rybakowski, The effect of domain squeezing upon the dynamics of reaction-diffusion equa-
tions. J. Differential Equations 173 (2001).

(J. M. Arrieta) JosSE M. ARRIETA, DEPARTAMENTO DE MATEMATICA APLICADA, FACULTAD DE MATEMATICAS,
UNIVERSIDAD COMPLUTENSE DE MADRID, 28040 MADRID, SPAIN.
E-mail address: arrieta@sunma4.mat.ucm.es

(A. N. Carvalho) DEPARTAMENTO DE MATEMATICA, INSTITUTO DE CIENCIAS MATEMATICAS E DE COMPUTAGAO,
UNIVERSIDADE DE SA0 PAULO-CAMPUS DE SA0 CARLOS, CAIXA POSTAL 668, 13560-970 SA0 CARLOS SP, BRAZIL

E-mail address: andcarva@icmsc.sc.usp.br



148/2002

147/2002

146/2002

145/2002

144/2002

143/2002

142/2002

141/2002

140/2002

139/2002

NOTAS DO ICMC

SERIE MATEMATICA

ABREU, E.AM.; CARVALHO, A.N. — Lower semicontinuity of attractors
for parabolic problems with dirichlet boundary conditons in varying domains.

TAHZIBI, A. — Robust transitivity implies almost robust ergodicity.

HERNANDEZ M. — Existence results for second a order partial neutral
functional differential equation.

HERNANDEZ M. — A impulsive functional second order differential
equation.

BRUCE, J.W.; TARI, F. — On families of square matrices.

BRUCE, J.W.; TARI, F. — Dupin indicatrices, families of curve congruences
and the zero curves.

FERNANDES, A.; SOARES, H. — Modified G E equivalence of real
functions

COBO, M.; GUTIERREZ, C.; LEIBRE, J. — On the injectivity of C! maps of
the real plane.

LEVICOVITZ, D.; SOUZA JR., J.C. — D-simple rings and maximal ideals of
the weyl algebra.

FERNANDES, A.C.G.; RUAS, M.A.S. — Bilipschitz determinancy of
quasihomogeneous germs.



