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Resumo

Neste artigo mostramos a existéncia de solucoes fracas, fortes e classicas para
um problema de Cauchy nao local modelado na forma

L) +o(t, 20, 20)] = Ac(t) + F(20,#0), teT=[,0) ()
z(0) = o+ p(z,z'), (2)
Z'(0) = yo+g(z, '), (3)

onde A é o gerador infinitesimal de um semigrupo fortemente continuo de operadores
lineares num espaco de Banach X e f,g: [0,a] x X = X, p,q : C([0,a] : X)—=X
sao fungoes apropriadas.
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Abstract

By using the cosine function theory, we establish existence of mild, strong and
classical solutions for a partial second order differential equations with nonlocal
conditions.

1 Introduction

The purpose of this paper is to study the existence of mild, strong and classical
solutions for a class of second order partial differential equations with nonlocal conditions
described in the form

%[I’(t) +g(t,z(t),z'(t)] = Az(t)+ f(t,z(t),2'(t), tel=]0,q], (1)
z(0) = zo+p(z, '), (2)
73,(0) = Yot (I(:Ea :El)v (3)

where A is the infinitesimal generator of a strongly continuous cosine function of bounded
linear operators, C(-) = (C(t))wem, on a Banach space X and g(-), f(:) : [ x X? — X;
p(-),q() : C(I : X)* = X are appropriate functions.

The system (1)-(3) is a generalization of the differential problems studied by Travis and
Weeb in [16, 17] and more recently by Stanék in [12, 13, 14]. In the papers [16, 17], Travis
and Weeb studied some important properties of strongly continuous cosine functions and
applied their results in the study of partial second order differential equations. On the
other hand, Stané¢k studied in [12, 13, 14] different problems related to the existence of
solutions of some second order differential problems modelled in the form

L)+ o(t,2),70) = S0, 50@), tel=[0a]



where the functions r,w : IR* = IR; f(),g(-) x IR* = IR, p,¢ : C°(J : IR)> = IR are
appropriate and C°(7 : IR) is a subspace of C'(I : IR). It’s relevant to observe that the
abstract framework used by Stanék in [12, 13, 14] does not permit to consider “ partial ”
second order differential equations, which is the motivation of our work.

On the other hand, it’s convenient to comment on some similar problems studied
recently by another anthors. Specifically, Balachandran and Benchohra studied in [1, 2, 3]
some problems associated to the neutral functional differential equation with finite delay

D +oltw)] = MO+ flty),  te 0l

dt
Yo = ¢, ¢€C([-r0]:X),

where A is the infinitesimal generator of a strongly continuous cosine function (C(t))cr.-
In all these works, the authors assumed that the cosine function generated by A is such
that C(t) is compact for every ¢ > 0 which implies, see [16] pp. 557, that X is a fi-
nite dimensional space. Consequently, these models do not include partial differential
problems.

The principal motivation of this work is the generalization of the Stanék’s papers in
the context of partial second order evolution equation. We remark that our results are
not consequence of the results in [1, 2, 3] and that the ideas and techniques in our paper
permit the reformulation of these results in order to consider “ partial 7 neutral differential
problems.

Along this paper, A is the infinitesimal generator of a strongly continuous cosine family
C(-) = (C(t))ier of bounded linear operators on a Banach space X. We refer the reader
to [6] for the necessary concepts about cosine functions. Next, we only mention a few
results and notations needed to establish our results. We denote by S(¢) the sine function
associated with C(-) which is defined by

t
Sit)m = / C(s)zds, z€ X, teIR.
0
We reserve the notation [D(A)] for the space

D(A) = {z € X : C(t)z is twice continuously differentiable},

endowed with the graph norm || z ||a=|| 2 || + || Az ||, = € D(A). Moreover, the notation
E stands for the space formed by the vectors z € X for which the function C(-)z is of
class C'. We know from Kisinsky [7], that £ endowed with the norm

Izl = llzl] + = AS(t)z|l, z € E, (4)
c(t) S()
AS(t) C(1)

continuous group of linear operators on the space £ x X generated by the operator

A = [([)4 é } defined on D(A) x E. From this, it follows that AS(t) : £ — X is a

bounded linear operator and that AS(t)z — 0, t — 0, for each z € E. Furthermore, if

is a Banach space. The operator valued function g(t) = | } is a strongly



t
z:[0,00) = X is locally integrable, then y(t) = / S(t — s)x(s)ds defines an E-valued
0

continuous function which 1s a consequence of the fact that

- 0] /0" St — s)2(s) ds
/0 =] [ w(s) } ' /;C(t— s)z(s) ds

defines an £ x X-valued continuous function.
The existence of solutions of the second order abstract Cauchy problem

"(t) = Az(t) + h(t), t €10, al, (5)
L(O) = Ty, (6)
T’(O) — Ly (7)

where h : [0,a] — X is an integrable function has been discussed in [16]. Similarly, the
existence of solutions of the semilinear second order abstract Cauchy problem has been
treated in [17]. We only mention here that the function z(-) given by

g4
z(t) = C(t)z0 + S(t)z1 + / S(t — s)h(s)ds,  te[0,al, (8)
Jo
is called mild solution of (5) and that when zq € E, z(-) is continuously differentiable and
i
2 (t) = AS(t)zo + C ()T, + / C(t - s)h(s) ds.
0

Regularity of mild solutions of the problem (5)-(7) was treated by Travis & Weeb in
[17], by Bochenek in [4] and more recently, by Henrquez & Vasquez in [8]. In this work, we
consider the next concepts of strong and classical solutions of (5)-(7), see [8] for details.

Definition 1 A function u: I — X is a classical solution of (5)-(7) if u(-) is a function
of class C? that satisfies (5) and the initial conditions (6) and (7).

Definition 2 A function u : I — X is a strong solution of (5)-(7) if u(-) € W2N(I; X),
the equation (5) is satisfied a.e. t € I and the conditions (6) and (7) are verified.

This paper has four sections. In section 2, we discuss the existence of mild solutions
for some second order partial differential problems. Using the ideas and concepts in Travis
& Weeb [16, 17] and Henrquez & Vazquez [8], in the section 3, we study the regularity
of the mild solutions of the problems studied in section 2. The section 4 is reserved for
examples.

The terminologies and notations are those generally used in functional analysis. In
particular, if (Z,|| - ||z) and (Y,]| - ||y) are Banach spaces, we indicate by £(Z : Y) the
Banach space of the bounded linear operators of Z in Y and we abbreviate this notation
to £(Z) whenever Z =Y. Along this paper, B,(z : Z) denotes the closed ball with center
at © and radius r > 0 in (Z, || - ||z). Additionally, for a bounded function & : [0,a] — Z
and 0 < t < a we will employ the notation £z for

€z,0 = sup{|| &(s) l|z: s € [0, ¢]},

and we will write simply & in the place of £z ; when no confusion arises. Finally, we
remark that the prefix R is used to indicate the image of a map.




2 Existence of mild solutions

In this section, we discuss the existence of mild solutions for the abstract nonlocal
Cauchy problem (1)-( 3). We always assume that N > 1 and N > 1 are constants such
that ||C(t)]] < N and ||S(t)|| < N for every t € I.

Initially, we study the second order system

d

52[7’(1‘) +g(t,z(t)] = Az(t)+ f(t, z(t)), tel, (9)
z(0) = zo+p(z), (10)
7'(0) = yo+q(z), (11)

Definition 3 A function uw : I — X is a mild solution of (9)-(11) if the condition (10)
is verified and

ot

u(t) = C(t)(zo +p('t1'))+5(t)(yo+(1('u)+.G(O7U(0)))—/ C(t = s)gls, u(s))ds

Jo
+ /OtS(t —5)f(s,u(s))ds, tel.
Now we establish our first existence result.
Theorem 1 Let xg,yg € X and assume that the following conditions are satisfied.
(a) The functions p,q are continuous and there exist positive constants l,, [, such that
| J(u)—JW)ISLUlu=v|les J=p,¢ u,velC{:X).
(b) The function g(-) is completely continuous and for every 0 < t' <t and all r > 0,

the set
Ut,t',r)={S{t")f(s,z): s €0,¢],z € B.(0,X)}

is relatively compact in X .

(c) For every r > 0 there exist positive constants af, ol such that || g(t,z) [|< af and
| f(t,z) ||< & for every (¢,z) € I x B.(0,X).

If
i /Faf + (Nad + Nal
(Nl + N1,) + lim nf ( o + (Noj ar)a) <1, (12)
r—+00 T
then there exists a mald solution of (9)-(11).
Proof. On the space Y = C(I : X) endowed with the norm || - ||,, we define the operator

L:C(I:X)—C{:X) by
t

Du(t) = Oz +p(w) + SO +a(w) + 9(0,u(0)) = [ C(t = $)g(s,u())ds

+ ‘/Ot S(t —s)f(s,u(s))ds.



We affirm that there exists r > 0 such that I'(B,(0,Y)) C B.(0,Y). In fact, if the
affirmation is false, for every r > 0 there exists " € C(/ : X) such that || 2" ||,> r.
Consequently,
r<am < N o Il Hr - p(0) 1) + N yo | +or+ 1l a(0) || +a)
+N/‘ar;’.ds +J\~// ol ds,
0 0

and then

1 < (N, + Nl,) + lim inf

T—+400

Nad + (Na? + Nal)a
T
which is an absurd.
Let r > 0 be such that I'(B,(0,Y)) € B,(0,Y). Next, we prove that [" is a condensing
operator on B, and to this end we introduce the decomposition I' = I'y + I’y where

t t
Cou(t) = S()g(0,u(0)) — / C(t — s)g(s,u(s))ds + / S(t—s)f(s,u(s))ds.
0 0
If u,v € C(I: X), from the assumptions we find that
I Tou(t) = Do) || < (Nl + Nlg) [l u=v |la, tel,

which from (11) imply that I'; is a contraction on B, (0,Y).
In the sequel, by using the Ascoli-Arzela criterion, we prove that 'y is completely
continuous on B,(0,Y). We divide this part of the proof in two steps.

Step 1 The set T'y(B,(0,Y))(t) = {Tou(t) : u € B.(0,Y)} is relatively compact for all
tel.

Let t € I. Since C(-) is strongly continuous and g(-) is completely continuous, the sets
Ul = {S(t)g(0,u(0)) : u € B,(0,Y)}and U? = {-C(s)g(0,z) : 5,0 € I,z € B,(0, X)} are
relatively compact in X. On the other hand, using that s — S(s) is uniformly continuous
with values in £(X), we fix 0 = s; < s, < ... < 5, =1 such that

| S(s) —S(s") llcexy< e,

when s, s’ € [s;, s;41) for some 7 = 1,2,..k — 1. From these remarks and the mean value
theorem for the Bochner integral, see [9] Lemma 2.1.3; for v € B,(0,Y) we get

Tou(t) = S(t)g(0,u(0)) — / C(t—s)g(s,u(s))ds + Z / - f(t—s,u(t—s))ds
+Z / o (s))f(t = s, u(t — 8))ds
€ Ul +tconv(U?) + E(siﬂ — s;)conv(U(t, 51, 7)) + eac! B, (0, X),

where conv(U) denotes the convex hull of U. Thus, I'z(B,(0,Y))(t) is totally bounded
and consequently relatively compact in X



Step 2 The set ['y(B,(0,Y)) is equicontinuous on [.

Let ¢t € [ and 0 < e. Using that ¢(-) is completely continuous, we fix 6 > 0 such that
1C()9(8,2) - C(hg(6,2) lI<e, Ol zl<r,

when |s — s'| < 6 and s,s" € I. Under the previous condition; for v € B,(0,Y) and
0< |h| <d witht+hel weget

H FQ’U,(t —+ ll) - ].—‘g’l.L(t) H
< AN(llyo Il + Il g(u) | + 1] 9(0,u(0)) |])
t t+h
—l—/O | (C(t+h—3s)—=C(t—s))g(s,u(s)) | ds+ N/,: Il g(s,u(s)) || ds

t

+ : | (S(t+h—s)—S(t—s))f(s,u(s)) ] ds+ /tHh || S(t+h—s)f(s,u(s)) || ds
< AN(|| yo || +lyr + ¢(0) + o) + et + Na?h + Nalah + Nofh,

which proves the equicontinuity at ¢.

It follows from Step 1 and 2 that I's is completely continuous on B,.

The previous remarks and the Sadovskii point fixed theorem permit to conclude that
[ has a fixed point in B.(0,Y"). This point is a mild solution of (9)-(11). The proof is
complete. m

Using similar arguments we can prove the next result.

Proposition 1 Let zg, yo € X and assume that the following conditions are satisfied.

(a) The functions p,q, g are continuous and there exist positive constants I, 1y, 1, such
that

| (u) = J(v) |
1 g(t z) = g(t,y) |l

(b) For every 0 < t' <t and all T > 0, the set U(t,t',7) = {S(t')f(s,z) : s € [0,t],z €
B, (0, X)} is relatively compact in X .

bllu=vle, J=p¢ uvelCl:X).

<
< Lllz-yl, syexX. (13)

(c) For every r > 0 there exist positive constants o such that || f(t,z) ||[< of for every
(t,z) € I x B,(0,X).

If
- . = af
(N, + Nlg) + (N + Na)ly + Nalim inf — < 1, (14)

r—+o00 T

then there exists a mild solution of (9)-(11).

Theorem 2 Let xzg,yo € X and assume that there ezist positive constants lg, 1y, 14, 1,
such that

| J(t,z)=JEy) ] < Lllz—yl, J="f9; z,y€X, (15)
| Jw)—J@) | € Lllu=vle J=pguveC{l:X). (16)

If [N(l,+aly)+N(l,+1,+als)] <1, then there exists a unique mild solution of (9)-(11).

6



Proof. Let Y =C(I: X)and ' : Y — Y be the map defined in the proof of Theorem 1.
If u,v € C(I: X); from the definition of [' we get

I Tu() =To@) || < N [lu—vlla +N g Ju—v o+ [ u—vla)
#81y [s) = o(s) I ds + Wty [ ) = o) ) ds,
and hence
| Tu—-Tvl|, < [N(l,, + lya) + N(l, +1, + a,lf)} fu—va-
The assertion is now a consequence of the contraction mapping principle. m

Next, we study the abstract Cauchy problem (1)-( 3). In general, the results are similar
at those in the first part of this section and for this reason, the proof will be summarized
or simply omitted.

Definition 4 A function u : [ — X is a mild solution of (1)-(3) if u' € C(I : X); the
conditions (2) and (3) are verified and

w(t) = C(t)(wo + plu, 1)) + S(#)(yo + q(u, 0) + g(0,u(0),u'(0)))
ot t
— / C(t—s)g(s,u(s),u(s))ds + / S(t—s)f(s,u(s),u(s))ds, te 1.
Jo Jo
Theorem 3 Let (zg,y0) € £ x X and assume that the following conditions are verified.

(a) The function f: I x X* = X is completely continuous and for every r > 0 there is
a constant of such that || f(s,z,y) ||< of for every (t,z,y) € I x B,(0,X)%

(b) The function p(-) is E-valued continuous and there exist constants ly,l, such that

| qlur, v1) = qlug, v2) | < Ll v — w2 lla + | 1 —v2 lla),  uivi € C(1: X)),
| plur,v1) = pluz,v2) [ < Ll wn—we fla + [[vi —v2lla), wivi€C(I:X).

(¢) The function g(-) is completely continuous with values in E and for everyr > 0, there
exists a constant o such that || g(s,z,y) |1 < af for every (t,z,y) € I x B(0, X).

(d) For each r > 0, the set of functions
{5 = gls,u(s),w(s) :w € CHI: X), [l ulla + | o < )
is equicontinuous on I.
If

. 1 . ) .
(N + 1)l + (N + N)l, + lim inf 7—‘[(N + N)ad +a(ad(N+1) +af/(N+N))] <1,

then there exists a mild solution of (1)-( 3).

=~



Proof. Let Y = C'(I : X) be endowed with the norm || u ||y=|| v ||, + || @' || and
[:Y — Y, the map defined by

Tu(t) = C(t)(zo+ plu,u’)) + S(t)(yo + qlu,u’) + g(0,u(0),u'(0)))
i t
_/ Clt — 5)g(s, u(s), w'(s))ds + / S(t = 8)f(s,u(s), o' (s))ds.
0 0
Since ¢(+) and p(-) are continuous with values in £, it follows from the preliminaries that

(Cu)'(t) = AS(t)(zo + pu,u)) + C(t)(yo + ¢(u,u’) + g(0,u(0), u'(0)))
—g(t,u(t),u'(t)) — /0 AS(t — s)g(s,u(s),u'(s))ds

+ [t = 9) (s, us),w(5))ds,

which proves that ' is well defined and with values in Y.

Next, we prove that there exists » > 0 such that I'(B,(0,Y)) C B,(0,Y). We assume,
by absurd, that for every r > 0 there exists v € B,(0,Y) such that r <|| I'u" ||y. From
the assumptions, we find that

I T || < N w0l +lpr+ [ p(0,0) 1) + Nl wo || +Lr+ || 4(0,0) || +a?)
+a(No? + Nof)

and that

| (Cu™) I < (I 2ol +Lr+ {1 p(0,0) [I:) + NIl wo [l +lgr+ 1l ¢(0,0) || +)
+(a? + Naf)a.
Consequently,
< (N 1) (1ol +Hyr | p(0,0) 1) + (¥ + 8) (o Il +r+ 1| 9(0,0) [l +a2)
+a (ad(N +1) + ol (N + N))
and then

Y N+ N)af +a(@(N+1)+afl(N+N
1§(1V+1)[p+(N+/V)[(,+li}9>£glf[( Jor a(ar(7~ ) + oy ( )),

which is contrary to the hypotheses.
Let r > 0 be such that T'(B,(0,Y)) € B,(0,Y) and consider the decomposition [' =
Fl + FQ where
t

Toult) = S(t)g(O,u(O),u’(O))—/ C(t — 5)g(s, u(s), ' (s))ds

0
t
+/ S(t—s)f(s,u(s),u'(s))ds.
0
From the Lipschitz assumption on p,q and the fact that (N + 1)[, + (N + N)Zq <1, it
follows that I’y is a contraction on B,(0,Y). On the other hand, proceeding as in the

Steps 1 and 2 of the proof of Theorem 1, we infer that 'y : B,(0,Y) — C(I : X) is

8



completely continuous. Moreover, using the conditions (a), (b) and (d), the ideas in the
proof of Theorem 1 and the fact that the operator family AS(-) is strongly continuous
from E into X ( that is, for every x € F the function s — AS(s)z is continuous in X)
we can prove that the map Iy : B,(0,Y) — C ([ : X) defined by

i

Tou(t) = C()g(0,u(0),4'(0)) — g(t, u(t), v (t)) — /OL AS(t = 5)g(s,u(s),u'(s))ds
+ /(: C(t —s)f(s,u(s),u'(s))ds,

is completely continuous. Thus, I'y : B.(0,Y) — Y is completely continuous.

From the previous remark, it follows that [' is a condensing operator from B, (0,Y)
into B,(0,Y) which from the Sadovskii point fixed theorem permit to conclude that there
exists a mild solution of (1)-( 3). The proof is finished. m

Theorem 4 Assume that the following conditions hold.

(a) The function q(-), f(-) are continuous and there exist constants ly, [, such that

| f(tz,u) = fGza,y2) | < Ll —22 |+ v — w2 D),
Il q(ur,v1) — quz, va) | < lq(” up —ug |la + || v1i = v2 [a),

for all z;,y; € X and every u;,v; € C(I : X).

(b) The functions p(-), g(-) are E-valued continuous and there erist positive constants
ly, 1y such that

| g(t,zi, ) — gt 2,92) I < Ll zr =22 ||+l y1 — w2 D),
| p(ur,v1) = p(ug,v2) |l < (|l w1 — w2 [l + || v1 — v2 |[a),

for all z;,y; € X and every u;,v; € C(I : X).

If max{Nl, + N(l, + ;) + a(Nlg + Nly), lp + lga + N(lg + lg) + I, + aNl;} < 1 and
(z0,10) € E x X, then there exists a unique mild solution of (1)-( 3).

Proof. Let Y = C(J : X)? be provided with the norm || (u,v) |[o=|| w ||lo + || v ||« and
[:Y =Y, the map I'(u,v) = ([ (u,v), [2(u, v)) where

Ly(u,v)(t) = C(t)(wo +p(u,v)) + SE)yo + q(u,v) + 9(0, u(0), v(0))]

- /Otcu — 8)g(s, u(s), v(s))ds + /OtS(t — 8)f(s, uls), v(s))ds,
To(u,v)(t) = AS(t)(zo + p(u,v)) + C(t)[yo + q(u,v) + g(0,u(0),v(0))]

~glt,ult),vlt) — [ AS(E — s)g(s,uls),vls))ds
+ /: C(t—s)f(s,u(s),v(s))ds.

It’s clear that T is well defined and with values in Y. Moreover, using the assumptions,
it’s easy to see that for u;,v; € C(I: X),1=1,2,

| T (ug, v1) = Ty (g, v2) 1< [Nl + Nl +1g) +a(Nlg + NIV || (wr,01) = (us, v2) fla - (17)

9



On the other hand, from condition (b) we get
|| To(ur, vi)(8) — Da(ua, v2)(¢) ||
< WG, o) = pluz,v) 1+ [ AS( = $)g(s,11(5),m(5)) = gls, ua(s), als) | ds
HN(ly + 1) + g+ alNip) || (ur,v1) = (ug, v2) [la,
and hence
I Taur, v1) = Ta(uz, v2) [l (1 +aly+ N(lg+1g) + g +aNlp) || (w1, 01) = (uz, v2) [la - (18)

The assertion is now a consequence of (17), (18) and the contraction mapping principle.
The proof is complete. =

3  Regularity of mild solutions

In this section, we study the regularity of the mild solutions of the problems studied
in the previous section. At first, we study regularity of mild solutions of (9)-(11).

Definition 5 A function u( ) : I — X is a strong solution of (9)-(11) if v’ € C(I : X);
the function t — u(t) +/ g(s,u(s))ds € W'(I : X); u(t) € D(A) ae. t € I; the
0
equation (9) is satisfied a.e. t € I and the initial conditions (10)-(11) are verified.
Definition 6 A function u(-) : I — X is a classical solution of the problem (9)-(11) if
t
u' € C(I : X); the function t — u(t) +/ g(s,u(s))ds is of class C* on I; u(t) € D(A)
for every t € I and the initial conditions (10)-(11) are verified.
In the rest of the paper, Hg is the following condition.

H, The function g(-) is continuous with values in [D(A)].

In some of our next results, we consider Banach spaces that have the Radon-Nikodym
property ( abbreviated, RNP ). We refer to [10] for a discussion about this matter.

At first, we observe that if g is D(A)-valued continuous, a function u(-) is a mild
solution of (9)-(11) if and only if

u(t) + [ gl u(s)ds = C()(eo +p(w) + SOlo + a(w) +9(0,u(0)]
—/ (t—s 4/ d7d3+/ (t —s)f(s,u(s))ds.
(19)

Moreover, if u(-) is a mild solution of (9)-(11) and (zy + p(u), yo + q(u)) € E x X, then
u(-) is differentiable and
u' (1) + g(t,u(t) = AS(t)(zo + p(uw)) + C(t)[yo + q(u) + g(0,u(0))]

_ /O‘ S(t = s)Ag(s, u(s))ds + /0‘ C(t—s)f(s,u(s))ds. (20)

10



Theorem 5 Assume that X has the RN P property and that condition Hg holds. Sup-
pose, furthermore, that (zo + R\/ T+ RI) € D(A) x £ and that for every bounded set

D c I x X the set of functions {0 — C(0)f(t,x) : (t,z) € D} is uniformly Lipschitz

continuous. Then a mild solution of (10)-(11) is a strong solution.

Proof. Let u(-) be a mild solution of (10)-(11) and y(-) be the unique mild solution of
the abstract Cauchy problem

{fﬁ)_mU+FU Afgum tel,
#(0) = 0+ pla), 2'(0) = g -+ g(u) + 9(0, u(0))
where F(-),G(-) : I — X are the functions defined by G(t) = g(t, u(t)), F(t) = f(t,u(t)).
Using that g(-) is continuous with values in [D(A)], we find that

y'(t) = AS(t)(zo + p(u)) + C(t) (o + q(u) + g(0,u(0))) + / (t —s)F(s)ds

4 s
—/ C(t - s)/ AG(&)déds,
0 0

and so that
Iy +B) = /() |
< || (AS(t+ h) — AS(t))(wo +p(w)) | + || (C(t + h) C(t))(yo + q(uw) + ¢(0,u(0)) ||
+/|| (t+h—s)—Clt—s)F Hds+/ 1 Ct+h— $)F(s) || ds

s [ hcu+h-9)] /0 | AG(epe Il s+ [ 11 Cle-s) 1l [ 1 AG(e) | deds,

which implies that 7/(-) is Lipschitz continuous on I and so that y(-) € WY . X)
since X has the RNP. Moreover, from Proposition 3.3 in [8], we know that y(-) is a
strong solution of (21). Finally, by the uniqueness of mild solutions of (21) we infer that

t

y(t) = u(t) +/ g(s,u(s))ds and that u(t) € D(A) a.e. t € I since g(-) is D(A)-valued.
0

Thus, u(-) is a classical solution. m

Remark 1 Related with the last result, we know from [7] that the functions C(-) f(t, z),
(t,z) € D, are uniformly Lipschitz continuous on I uf, for instance, {ft;z): (Lyx) € D}
is bounded in E.

Theorem 6 Assume that X has the RNP property and that condition Hg holds. If in
addition, (ro + R\/, t,+ RI) € D(A) x € and f(-) is Lipschitz continuous on bounded

subsets of I x X, then a mild solution of (9)-(11) is a classical solution.
Proof. Let u(-) be a mild solution of (9)-(11). Using that X has the RNP and that
t
£(t) = - / Ag(s,u(s))ds + f(t,u(t)) is Lipschitz on I, it follows that £(-) € whi(r: X).
Jo
From Theorem 3.1 in [8] we know that the mild solution, y(-), of

{ a'(t) = Az(t) +£&(t), tel, (23)
z(0) = o +pu), 2'(0) =yo + q(u) + 9(0,u(0)), a3
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s a classical solution which by the uniqueness of solution of (23) permit to conclude that
t

y(t) = u(t)+ / g(s,u(s))ds is a function of class C? and that u(t) € D(A) for every ¢ € [
0

since g(-) is D(A)—Valued. Thus, u(-) is a classical solution. =

Using the ideas and concepts in Theorems 5 and 6, it’s possible to establish similar
regularity results for the mild solutions of (1)-(3), we will omit additional details. Another
interesting and classical approach is by assuming that f, g are differentiable functions. In
what follows, for a function j : [ — X and h € IR we use the notation Orj(-) for the
function

jt+h) —4(t)

Oni(t) := b :

It (Z,] - |lz) and (Y] - |ly) are Banach space and j(-) 1 I x Y* — Z is differentiable, we
use the decomposition

j(f | S, Y + Y, w + wl) —](tay7w) = (Dlj(tvy)w)aDQj(tuy:'w)vDSj(tayaw))(Svylywl)
=+ “ (S)yliwl) “1><Y2 R)Z/(j(t)va)a‘s’yl,wl)a
(24)

where || RZ(j(t,y,w), 8,91, w1) [lz= O if [| (s, y1,w1) [[rxy2= 0.
Theorem 7 Let assumptions in Theorem 4 and condition Hg be satisfied. Let u(-) be

a mild solution of (1)-(3) and assume that f() : I X X2 X,9(): IxX*— E are
continuously differentiable and that (zo + p(u, u'), yo + q(u, u')) € D(A) x E. If

| Dag(w() llena + [ (I Dog(w(s)) llegrey + 1l Daf@w(s) llewn) ds <1 (26)
where w(t) = (&, u(t), w'(t)), then u(-) is a classical solution.
Proof. Let v : I — X be the unique solution of the integral equation

o(t) = P(t) ~ Daglw(®)(v(t)) ~ || AS(t — 5)Dag(u(s)) (v(s))ds

t (26)
+/0 C(t — s)Dsf (w(s))(v(s))ds, tel,

where
P{) = C(t)Az+ AS(E) — Dig(w(®)) ~ Dag(w(®) (¥ (1)
- [ A4St = 5){Diglaw(s)) + Daglu(s)(w/(s))lds

b OO, 0,50) + [ Ol = 9) (Daf(w(s) + Daf (w())e(5))) ds,
and

To = To+ P(U, U/), Yo = Yo + Q(uv 'UJ,) + g(O:u(0)7 u'(O)).

12



The existence and uniqueness of a solution of (26) follows from the contraction mapping
principle and (25), we omit additional details. Next, we prove that u”(-) = v(-) on I. Let
be t € I and h € IR with ¢+ h € I. From (26) we get

| Br (1) = v(®) |
< G0+ 1 1BCWa0.20,50) — 7 [ AS(+h— s)gw(s))ds |
11 =Bug(wl®)) + Diglw(®)) + Dag(w(t)) (' (1) + Dag(w(®)) (v(®) |
+ [l =Bhgluw(s)) + Digw(s) + Daglw(s))(u(3)) + Daglw(s)(0(s)) I ds

I3 [0+ =) f(w(s)ds = COS0,30,50) |
+N /0 | Ohf(w(s)) — Dif(w(s)) — Daf(w(s))(w'(s)) — Daf(w(s))(v(s)) || ds

1)+ [ 11S(+h = 9)(Ag(w(0)) - Ag(u(s)) | ds

+ || Dag(w(h) lleeximll One'(t) — v (t) |
+ || (1, Bnult), O’ () lrxxzll R (9(w (D)), h, hhu(t), hdww'(£)) |

[ 11 Dagtws)) Noxsy +3 1| Dsws)) llego)] 1| '(s) = o) | ds
[0, B0(5), 00 (9)) el RE (o)) hya(s), hoyed (3) || ds

N [ (1, 00u(5), 80 (9)) llscwel] R (w(s)), h, hdhu(s), hda(5)) || ds

IN

where &(h,t) — 0 as h — 0. Since p = 1— || Dag(w(t)) ||z(x),a> 0, it follows that

(h,
EXIOREION |
< G t)+ 7 (1 (o) 0 () ] R (9(w(t): by hOyut), RO (1) |

7" [ Dsgw(s) legriey +N | Daf(0(5) llewn] Il 0n(5) = o(s) I ds

s [ (1, 9h5), 800 (9)) lxel] RE(g(w(s)), b hdus), o' (5) | ds

+u! /OL | (1, Bnu(s), Onu'(s)) llrex2ll RX(f(w(s)), b, hdnu(s), hdpu'(s)) || ds,
which from the Lemma 1 and the Gronwall Bellman inequality implies that u"(-) exists
and that u”(-) = v(-) on I.

From these remarks and Proposition 2.4 in [17], it follows that the mild solution, y(-),
of the abstract Cauchy problem

{a:”(t) :Az(t)+)f( A/ s, u( )ds,  tel (27)

is a classical solution. Consequently, y(t) = u(t) + / s, u( ))ds is a function of

class C? and u(t) € D(A) for every t € I since g(-) is continuous Wlth values in [D(A)].
Thus, u(-) is a classical solution of (1)-(3). m
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Lemma 1 Under the conditions of Theorem 7, u'(-) is Lipschitz on I.

Proof. Let be t € [ and h € IR with ¢t + h € [. Using that s — u(s) is Lipschitz
continuous, we get

| w'(t+h)—u' @) || < Cih+lg|u(t+h)—ult)| + | wt+h)—u'(t) |
t+h
—I—/t | S(t+h—s)Ag(s,u(s),u'(s)) || ds

4 [ 1S+ b= ) = (2= ) Agls,u(s),u'(5)) | ds

#1106+ b= 9)(s,uls), W) | ds

N [T s + 1) = (o) [+ (145 + ) = w(s) | +Cahlds
< Cohbly e+ R) = (0) |+ [ s+ h) = o) | d,

where the constants C; are independent of ¢ and h. Finally, since [, < 1 it follows that
there exist constants Cy, Cs independent of ¢ and A such that

't
|4/t + h) — ' (2) |< Cah + 05/0 | /(s + h) —u'(s) || ds,

which permit to conclude the proof. m
4 Examples

In this section we consider some applications of our results. On the space X =
L([0, 7)) we consider the operator Af(€) = f"(€) with domain D(A) = {f(-) € H*(0, ) :
f(0) = f(m) = 0}. It is well known that A is the infinitesimal generator of a strongly
continuous cosine function, (C(t))iem, on X. Furthermore, A has discrete spectrum,
the eigenvalues are —n?, n € N, with corresponding normalized eigenvectors z,(§) :=

(—27;)1/2 sin(n€) and

(a) {z,:n € N} is an orthonormal basis of X.

(b) If o € D(A) then Ap ==Y n’> <@, 2, > zn.

n=1

(c) For p e X, C(t Z cos(nt) < @, z, > z,. Moreover, it follow from this expres-

nt
sion that S(t)yp = Z Sm; )

n=1
| C(t) <1 and || S(¢) ||< 1 for every t € [0,7].

<, zn > 2y, that S(t) is compact for ¢ > 0 and that

(d) If & denotes the group of translations on X deﬁned by ®(t)z(¢) =
% is the extension of z with period 27, then C(t) = 1(®(t) + (—1));
B is the infinitesimal generator of the group ® and E={zxe€eH
z(m) = 0}, see [6] for details.

14



To begin this section we consider the following problem

0 |9u(t,§) 0*u(t, €) B
ol i G(t,&, u(t,§)) e " F(t, & u(t,€), tel=[0,m], (28)
wlt, 0} = alf,w) =10, tel (29)

where G, F : I? x IR — IR are appropriate functions verifying the following conditions.
(Hy) There exist functions nf" € L*(1*) and n{ € L'(I: L=°(I : IR)) such that

| F(t,6,w) [< 0 (,6) +15 (6:€) [ w ], t,§€l,welR.
(Hz) There exists n¢ € L}(I: L*°(I : IR)) such that

l G(t>§)wl) - G(tvfa w?) }S "7G(t7§> | wy — Wy |7 tag = [7w'i G X.

Associated to problem (28)-(29), we consider the nonlocal conditions

w(0,8) = w(@)+ [ Plwls )NEdus), g€, (30)
208~ o)+ [ Quls D) gt (51)

where zg, Yo € X; p, v are real functions of bounded variation on I and P, @ : X — X are
completely continuous. In addition, we will assume that there exist positive constants al
and a@ such that ||P(z)||2 < of and [|Q(z)]]z < a¥ when ||z]|; < 7. We refer to [9] for
examples of operators with these properties. Under the previous conditions, the problem
(28)-(31) can be modelled as the abstract nonlocal Cauchy problem

d
)+t u(t))] = Au(t) + £t u(t), ted, (32)
u(0) = zo+q(u), (33)
u'(0) = yo+p(u), (34)
where the substituting operators f,g: I x X — X and p,q: C(/; X) = X are defined by

g(t,m)({) = G(t,f,.’l?(f)), f(t,z)(€) = F(t,{,:c(f)), z € X, and
pw) = [ Pe)@du(s), aw) = [ Qu)@drls), ue O X). (3)

It is not difficult to see that the maps p,q are completely continuous, that ||p(z)|]2 <
alV () and that ||g(z)|]2 < a2V (v) when || z [|2< r. Moreover, for f(*), g(-) we find that

TR 2.\ P
1ol < ([ o) +nfE el telzeX,
Hg(t: SE) - g(tay)HZ < 77G(tu ')77 ” r—Yy ”27 te ‘[)"I:)y = BT(07X)

Proposition 2 Assume that the previous conditions are satisfied. If
m 1
[ s, )+ 19, Jalds + limind ~ [af V() + a2V ()] <1,
0 T— 00
then there ezists a mild solution of (32)-(34).
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Proof. Let Y =C(I: X)and ' =1 + ', : Y = Y be the maps defined in the proof of
Theorem 1. Using that S(t) is compact for all ¢ € IR and the ideas and estimates in the
cited proof, it follows that there exists r > 0 such that I'(B,(0,Y)) C B,(0,Y) and that
I’y is completely continuous on B,(0,Y). Finally, the existence of a mild solution follows
from the Schauders point fixed theorem since I'y is also completely continuous. =

Now we consider the problem (28)-(29) submitted to the nonlocal conditions,

w(0,8) = mo(f)-l—Z(xiw(ti,f), fel, (36)
WO = g+ Y hulsg, el 67

where 0 < t;,s; < m and «;, 8; € IR are prefixed numbers. In this case, the nonlocal
Cauchy problem (28), (29), (36), (37) can be modelled as the abstract nonlocal Cauchy
problem (32)-(34) using

= Swnlf) and 4O = 3 fiulsi €) 3%)

The next result is a consequence of Theorem 2.

Proposition 3 Assume that there exist continuous functions n% nt . I? — IR such that

()'l‘l—’Czl t,gEI,CCiGIR,,

|F(t,§,$1)—F(t,€,{L‘2)| S
| < n°(t,&) | —z2|, t,Eé€l,z; €eR

n
| G(t7fu zl) - G(t7 67 IQ) n
IO = Z | a; | +Z | Bi | + sup{n” (t, s)+nC(t,s) : (t,s) € I’} < 1, then there ezists

a unique mcld solutzon of (82)-(33).

To finish this section, we consider the differential system

6+ [ b Ol s nlant = TR Pl gl 6w (6 6), e T,
(30

w(t,0) = u(t,m) =0, tel, (40)

u(0) = a0+ / ()(€)d (41)

0 = w+ [ Quis)w(E)EOdrls),  (42)

82

oe?
in C([0,7] : L*(1?)) and that b(s,n,7) = b(s,n,0) = 0 for all n,s € I. In particular, we
see that

s SE[OW]{// (5,7,€) dndg//<ab§€;7§> dnd§:j=1,2}<oo
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Moreover, we suppose that p,r are real functions of bounded variation on / and that
P: X — Fand Q : X — X are completely continuous. In addition, af, o will

be positive constants such that ||[P(z)||z < of, (|| - || the norm in E, see (4) ) and
1Q(z)]]2 < af for every ||z]]2 < 7. See [9] for examples of operators with these properties.

Defining the maps f,.9,p,q by /(t,5,9)(€) = F(t,€,2(€),y(6)) and
o) = [ bmE0Em +ymdn e X,

plu,v) = /”P<u<s> )(5))(€)duls), uv e CI: X),

dwo) = [ Quls), v dus), el X),

the problem (39)-(42) can be modelled as the abstract Cauchy problem (1)-( 3).

Theorem 8 Assume that the previous conditions on the function b(-), P,Q are verified
and that there exist a continuous function n* : I — IR such that

|F(t,f;$1,y1)‘F(ta§,$2,y2)| < 77F(75)(|$1—5L'2|+|y1*y2 D, t,fELJSi,yiEIR-

If

(o2 + a

N(3+ 2m) + 2N, + 2lim inf <1, (43)

then there exists a mild solution of (39)-(42). Moreover, if u(-) is a mild solution of
(39)-(42), N < 1 and (zo + p(u,u'),yo + q(u,u')) € D(A) x E, then u(-) is a classical
solution.

Proof. At first, we observe that a straightforward estimation using the assumptions
on the function b(-) shows that g(-) is continuous with values in [D(A)] and that ||
g(t) lleexepeap< N for every ¢ € [0,7]. Let Y and I'(u,v) = (I'i(u,v),Ta(u,v)) be
as in the proof of Theorem 3. Using (43) and similar estimates at those in the proof of
Theorem 3, it follows that there exists 7 > 0 such that I'(B,(0,Y)) C B,(0,Y). From the
assumptions on P(-), Q(+), it’s easy to prove that I'; is completely continuous and an easy
computation prove that

| Ta(u, v) = Da(w, 2) || (27 + DN + 2708 || (w,0) = (w,2) ||, wv,w,z€ X,

which implies that T'; is a contraction and so that I' is a condensing map on B,. Thus,

there exists a mild solution of (39)-(42).
Finally, we discuss the regularity assertion. From the estimates in the proof of Lemma

1 we can prove that ' is Lipschitz on I which implies that £(t) = — [ Ag(s, u(s), u'(s))ds+
F(t, u(t),u'(s)) is Lipschitz and so that £ € WH'(I : X). Since the mild solution of

{ z"(t) = Az(t) + f(t, u(t A/ (s,u(s),u'(s))ds, tel, (44)
z(0) = zp + p(u,u), x’(O) = yo + q(u,u’) + g(0,u(0),u'(0)).

is a classical solution, see Theorem 3.1 in [8], we conclude that u(-) is a classical solution.
The proof is complete.
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