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Resumo

Neste artigo mostramos a existéncia solugoes assintoticamente quase periddicas
para um problema de Cauchy nao local modelado na forma

d

d%i[a:'(t) +g(t,z(t),2' ()] = Ax(t)+ f(t,z(t),2'(t)), tel=][0,a], (1)
#(0) = zp+pla,7), (2)
2'(0) = yo+q(z,a'), (3)

onde A é o gerador infinitesimal de um semigrupo fortemente continuo de operadores
lineares num espaco de Banach X e f,g:[0,a] x X — X, p,q: C([0,a] : X)—=X
sao fungoes apropriadas.
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Abstract

In this work we establish some existence result of mild, strong and classical solu-
tions for a class of semilinear second order partial differential equations with nonlocal
conditions modelled in the form (—%(m’(t) +g(t, z(t),z'(t)) = Az(t) + f (¢, z(¢), 2' (1)),
where A is the the infinitesimal generator of a strongly continuous cosine function
and f,g are appropriates functions.

1 Introduction

The purpose of this paper is study existence of mild, strong and classical solution for a
second order partial differential equations with nonlocal conditions described in the form

%(fﬁ'(t) +g(tz(t),2'(t) = Az(t)+ f(t,2(t),2'(t), tel=][0,al, (1)
2(0) = zo+ p(z,z'), (2)
2'(0) = yo+9q(z,2), (3)

where A is the infinitesimal generator of a strongly continuous cosine function of bounded
linear operators on a Banach space X; g(+), f(-) : I x X* = X and p(:),q(") : C({ : X) =
X are appropriates continuous function.

The system (1) is a generalization of the differential problem studied by Travis and
Weeb in [10, 11] and more recently by Stanék in [6, 7, 8]. In the papers [10, 11] Travis and
Weeb studied some important properties respect of strongly continuous cosine functions
and applied their results in the study of the second order abstract Cauchy problem (7).
On the other hand, Stanek studied in [6, 7, 8] different problems related to existence of
solutions for a class of second order functional differential equations modelled in the form

(@'(t) + gt z(t), 2 (1)) = f(t,z(t),2'(1)), tel=][0,q], (4)
r(2(0),2'(0),2(T)) = ¢(2), (5)
w(z(0),2(T),#'(T)) = (), (6)



where 7w : IR* = IR, f(-),9(") x IR? - IR, o, : C°(I : IR) — IR are appropriates
functions and C°(I : IR) is a adequate subspace of C'(/ : IR).

It’s important to observe that the problem (4)-(5) not consider partial evolution equa-
tions. This fact is part of the motivations of our paper.

Along of this section A is the infinitesimal generator of a strongly continuous cosine
family, (C(t))ier, of bounded linear operators on X, S(t) is the sine function associated

t =
with (C(t))iem, that is, S(t)z = / C(s)zds,z € X,t € IR, and N > 1 and N are
0

constants such that ||C(¢)|| < N and ||S(t)|| < N for every ¢ € I. We refer the reader to
[2] for the necessary concepts about cosine functions. Next we only mention a few results
and notations needed to establish our results. Along of this section, [D(A)] is the space

D(A) = {z € X : C(t)z is twice continuously differentiable},

endowed with the norm || z ||a=|| z || + || Az ||, = € D(A). Moreover, the notation F
stands for the space formed by the vectors z € X for which the function C(-)z is of class
C'. It was proved by Kisisky [3] that E endowed with the norm

Izl = ||zl + sup [[AS(E)x]l, z € E,
0<t<1

c) S
AS(t) C(¢)
continuous group of linear operators on the space E x X generated by the operator

A= { 0 } defined on D(A) x E. From this it follows that AS(t) : B — X is a

is a Banach space. The operator valued function G(t) = [ } is a strongly

A 0
bounded linear operator and that AS(t)z — 0, t — 0, for each 2 € E. Furthermore, if
t

z : [0,00) — X is locally integrable then y(t) = /o S(t — s)z(s)ds defines an E-valued

continuous function. This is an consequence of the fact that

. 0 - /Ot S(t—s)z(s)ds
/0 G(t - s) | z(s) } ds = ./OLC(t — s)x(s) ds

defines an £ x X-valued continuous function.
The existence of solutions of the second order abstract Cauchy problem

"(t) = Az(t) + h(t), 0<t<a,
{ 2(0) =, 2(0) = o, (7)

where h : [0,a] — X is an integrable function, has been discussed in [10]. Similarly, the
existence of solutions of the semilinear second order abstract Cauchy problem it has been
treated in [11]. We only mention here that the function z(-) given by

z(t) = C(t)zo + S(t)yo + /;S(t — s)h(s)ds, 0<t<a, (8)

is called, mild solution of (7) and that when zq € E, 2(:) is continuously differentiable
and

o'(t) = AS(t)zo + C(t)yo + /(: C(t — s)h(s) ds.

2



The paper has four sections. In section 2 we discuss existence of mild solution of some
partial second order differential problems with nonlocal conditions. In section 3, we study
the existence of global and quase-periodic solutions. In the section 4 a example is studied.

Finally, we remark that for the proof of some results in this paper we shall make use
of the following well know result.

Theorem 1 /5] ( Leray Schauder Alternative ) Let D a convez subset of a Banach
space X and assume that 0 € D. Let F': D — D be a completely continuous map. Then
the set {x € D :x = AF(z), 0 < A < 1} is unbounded or the map F has a fiz point in D.

2 Existence of mild solutions

Along of this paper, we always assume that N and N are positive constants such that
IC(¢)|| < M and ||S(t)|] < N for all ¢ > 0. Initially we study the initial value problem

S0 - gt a)] = Ast)+J(ha), el 9)
z(0) = zo+p(z), (10)
2'(0) = yo+q(z), (11)

and to this end we introduce the followings conditions.
(H;) The functions f,g: I x X — X satisfy the following Caratheodory conditions:

(i) f(t,-), g(t,-) : X — X are continuous a.e. ¢t € I;

(ii) For each z € X, the functions f(-,z),g(-,z) : [ = X are strongly measurable.

(Hz) There exist continuous functions mg(-),my(-) : [0,00) — [0,00) and continuous
nondecreasing functions Wy(-), Wy(-) : [0,00) — (0, c0) such that

I fE) [ < me@W(ll 2 ), (t,z) € I x X,
Lot o)l < my@W,(lzl),  (ha)elxX.
If u(-) is a solution of (9)-(11) and g is D(A)-valued with Ag € L'(I : X) then

d

~[u(t) - /Otg(s,u(s))ds] — Alu(t) - /Otg(.s,u(s))ds) + A/()Lg(s,u(s))ds+f(t.,u(t)),

which imply that
u(t) = 0w+ o) + SOl — 900, 0) +w)] + [ gls,uls))ds
+/Ot AS(t - s) /0 g(T,u(T))drdH/O'LS(t— 5) (5, u(s))ds. (12)

The expression (12) is the motivation of the following definition.



Definition 1 A function = : I — X is a mild solution of the problem (1)-(3) if condition
(2) hold and

o) = O+ pl)) + SOl — 9(0,2(0) + o) + [ O~ )as,2(s))ds
+/OtS(t _8)f(s,z(s))ds,  tel.

Theorem 2 Assume that conditions (H;) and (Ha) are verified and that g(-) is com-
pletely continuous. Suppose, furthermore, that the followings conditions hold.

(a) For every0 <t' <t andr >0, the set U(t,t',7) = {S(t')f(s,%) : s € [0,¢], || ¥ [|<

r} is relatively compact in X.

(b) The function p(-) is completely continuous and there exist N, > 0 such that ||
p(z) ||< N, for every z € X.

(c) For everys € I and everyr >0, the set V(s,7) = {S(s)q(z) :|| = ||< r} is relatively
compact in X and there exist N, > 0 such that || ¢(z) [|[< N, for every z € X.
If
[y (s) + Fmg(s))ds < [ L (13)
o 0 d ¢ Wy(s)+ Wy(s)’

where ¢ = N(|| 7o || +N,) +N(|| vo | + Ny +supy<n, Il 9(0,z0 +2) |), then there exists
a mild solution of (9)-(11).

Proof. On the space C(I : X) we define the map I' : C(/ : X) — C(I : X) by

Pot) = C(O)(zo+p(x)) + S0l +a(z) - 9(0,3(0)] + [ C(t = 9)g(s,2(s))ds
-+—/0t5(t—s)f(s,1'(s))ds, el (14)

In order to use Leray Schauder Alternative, we obtain an a priori bound for the solution of
the integral equation = = AI'(z), A € (0, 1). Let z* be a solution of 2* = AT'(z), A € (0,1).
Using the previous notations we get

1201 < Nl 5o Il +N5) + N (1l yo | +Ng [l 9(0, 2(0)) 1)
N [y o)Wyl 2(s) IDds + N [ my (o)W (1l 2(s) [)ds.

Denoting by Bx(t) to the right hand side of the last inequality we find that
Bit) < (Nmyg(t) + Ny (1)) (We(Ba(t)) + Wy (Ba(1))),

and hence

ds

Al ds </@v()+N ())z</°o
me(s my(s))ds ,
/c VVg(S) + VVI(S) —Jo g ! ¢ VVg(S) + VV/(S)
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which permit to conclude that the set {8 : A € (0,1)} is bounded in C( : X') and hence
that {z*: A € (0,1)} is bounded in C(I : X).

Next we prove that I' is completely continuous. To this end, we introduce the decom-
position I' =T'; + [’y where

Tu(t) = C(t)(zo+p(u)) + S(t)lyo + g(uw) — g(0,w(0))]; tel,
Tou(t) = /0 C(t—s)g(s,u(s))ds +/0 S(t—s)f(s,u(s))ds, tel

It’s easy to show that I'y is completely continuous. To prove the property for I'y we use
Azcoli Arzela. In the sequel B, = B, (0,C(I : X)).

Step 1 The set I'yB, = {I';z : € B, } is equicontinuous on I.

Let t € I and € > 0. Since C(-) is strongly continuous and g(-) is completely continu-
ous, there exists 6 > 0 such that

| Ct+n—-CWyta)ll<e,  lal<riel,
when | h |< 6. Using these remarks; for € B, and |h| <0 with ¢t +h € I we get
| Taa(t + h) = Daz(t) |
t t+h
< [ 1(CC+h=s)=Ct=)gls,() [ ds+ N [ | gls,(s)) || ds
t = t+h .
+ [ NSE+h=s)=St=9) Il F(s,2() (1 ds+ N [ || f(s,a(s)) | ds

t-+h

< et + NWy(r) /tHh mgy(s)ds + NAW(r) /Ot my(s)ds + NW;(r) /t my(s)ds,
which prove the assertion.
Step 2 The set ['yB,(t) = {T9z(t) : € B, } is relatively compact in X for every ¢ € I.
Let t € I and € > 0. If z € B,, from the estimate
1 £0,z@)) 1] < mp@)W,(ll =(0) []) < my(@)Wy(r),

follows that the set U = {f(t — s,z(t — s)) : s € [0,t],2 € B,} is bounded in X. Using
that S : I — L£(X) is uniformly Lipschitz on I, we can chose 0 = §; < 55 < ... < s =1
such that for alli = 1,2, ...k — 1 and every s,s" € [s;, Si11]

| S(sy — S(s)y lI<e, yeU.

Employing these remarks, the mean value theorem for the Bochner integral, see [5] Lemma
9.1.3, and the fact that V = {C(s)g(s',z) : s,s' € I, || = ||[< r} is relatively compact in
X; for z € B, we get

i+1

Pomdt) = /Ot C(t—s)g(s,z(s))ds + 2 /: (S(s) — S(s:))f(t = s,z(t — s))ds

141

k=1 s
+ Z /S S(s;)f(t—s,z(t —s))ds



and hence

k-1
Toz(t) € teo(V) +aBe(0,X) + > (sis1 — s:)co(U(t, s7,7)), (15)
i=1
where co(V) denote the convex hull of V. Follows from (15) that [’y B, (t) is totally bounded
and consequently relatively compact in X.

From the steps 1 and 2, we infer that I',B, is relatively compact in C(I; X). The
continuity of I'y follows from the assumptions and from the Lebesgue dominated conver-
gence Theorem, we omit additional details. Thus, the operator I, and consequently T’
are completely continuous.

Finally, the Leray Schauder Alternative Theorem permit to conclude that I has a
fixed in C(I : X) which is, obviously, a mild solution of (9)-(11). The proof is complete.
[ |

In the most of the situation of practical interest the sine function is compact, it’s the
motivation of the next result.

Corollary 1 Let assumptions (Hy), (Hy) be satisfied. Assume that g(-) is completely
continuous and that the followings conditions are fulfilled.

(@) The function f is takes bounded sets into the bounded sets.

(b) The function p is completely continuous and there exist positive constants N, N,
such that || p(z) ||< N, and || ¢(z) ||< N, for every z € X.

If inequality (13) holds, then there exists a mild solution (9)-(11).

Theorem 3 Assume that the assumptions (Hy), (Hy) and condition (a) in Theorem 2
are verified and that there exist positive constants lg, 1y, lg such that

9t yo) —g(t,z2) || < lllyo—a2], (,3) €1 xX.
[ p(z) —pW) Il < Lllz—yl, T,y € X.
la(z) —a) Il < lillz—yll, z,y € X.

If N(lga + 1,) + N(l, + ;) + N lim infﬂ/’/(v')/ my(s)ds < 1, then there exists a mild
r—0o0 0
solution of (9)-(11).

Proof. Let I' the map defined in the proof of Theorem 2 and consider the decomposition
I'=T +T5 where

Diaft) = C(0)(zo +(x)) + SOl = 9(0,2(0)) + g(a)] + [ C(t ~ s)a(s,(s))ds

Loa(t) = /OtS(t—s)f(s,x(s))ds, tel.

We affirm that there exist > 0 such that I'(B,) C B,. In fact, if the afirmations is false,
for each r > 0 there exist 2" € B, such that || I'z" [|,> r which imply that

r <[ Tz || )
< N[l z(0) | +r+ {1 p(0) [I] + N (Il wo [l +lgr + 9(0,0) || +L,r+ || ¢(0) ||)

N [l 1127(3) 1+ 1 905, 0) s + 5 [ my(s) Wy (1l a7(5) (s
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and so that

1 < N(lg(a+ 1) + N(lg + Ig) + N liminf W, (r) /a my(s)ds,
0

T—00

which is an absurd.
Let 7o > 0 such that I'(B,,) C B,,. Using the steps in the proof of Theorem 2, follow
that I'; is completely continuous and from the estimate

ITou~Tovlle < (N(a+b)+N(ly+1)) || u—v o,

that T'y is a contraction. Thus, I' is a condensing map on B,, and from the Sadovskii
point fixed Theorem there exists a mild solution of (9)-(11). The proof is finished. m

Next we discuss existence of solution for the abstract Cauchy problem (1). In general,
the results are similar to those in the first part of this section and for this reason, the
proof of the next results will be summarized or simply omitted. To study these problem
we introduce the next technical conditions.

(H;) The function f:7x X x X — X satisfy the following conditions:

(i) f(t,-) : X x X — X is continuous a.e. t € I;
(ii) For each (z,y) € X x X, the function f(-,z,y) : I — X is strongly measurable;
(iii) There exists a continuous function m; : [0,00) — [0,00) and a continuous

nondecreasing function Wy : [0,00) — (0, 00) such that

I £z y) IS m@We(llz |+l y ), (t,z,y) € I x X x X.

(H,) The function g is E-valued and verifies the following conditions
(i) g(¢t,-) : X? — E is continuous a.e. t € I;
(ii) For each z € X, the function g(-,2) : I — E is strongly measurable.
(iii) There exists a continuous function m, : [0,00) — [0,00) and a continuous
nondecreasing function W, : [0, 00) — (0, co) such that
le(tz9) i < m@OW,(llz I +11yl),  (tzv) €lxX.
(iv) There exist positive constants ¢, ¢y such that

Gz y)ISallzll+1lyl)+e,  (tay) elxX

(Hg) For every 7 > 0, the set of functions {t — g(t,z(t),y(t)) : 2,y € B.(0,C(I : X))} is
equicontinuos on /.

Theorem 4 Lel assumption (Hy), (Hz) and (Hg) be satisfied. Assume in addition that
the followings conditions hold.

(a) For each r > 0, the set g(I x B,(0,X?)) x f(I x B,(0,X?) is relatively compact in
EFxX.



(b) The functions p(-), q(-) are completely continuous with values in E and X respectively
and there exist constants N, N, such that || p(y) [1< Ny and || ¢(z) [|< Ny for every
y € F and everyz € X.
- 00 ds

Fa=1-c>0amdp [ [(N+Dig(s) + (V + Nymy(9)] ds < [~ Y

where
¢ = N(|| @ | +Np)+ || @o I +Np+(N+N){[| yo | +er(ll 2o [| + | 9o [| +Np+Ng)+eo] +e2,
then there exists a mild solution of (1)-(3).

Proof. Let Y = C(I : X) and I'(*) : Y? — Y? the map I'(u,v) = (I't(«,v),2(u,v))
where

Ii(u,0)(t) = C(Q(ro +p(u, ) + S () [yo + q(u, v) — 9(0, 20 + p(u, v),v(0) + ¢(u, v))]
+/O C(t — s)g(s,u(s),v(s))ds + /o S(t—s)f(s,u(s),v(s))ds,
To(u,v)(t) = AS(t)(zo + p(u,v)) + C(t)[yo — 9(0, zo + p(u,v),v(0) + q(u,v)) + q(u, v)]

gt u(), w(H) + /OLAS(t = dals alls)aula))ds
+ /Ot C(t—s)f(s,u(s),v(s))ds.

Clearly I is well defined and continuous. If (z*,y*) = Al'(z*,y*), A € (0,1), by using the
inequality || g(0, zo + p(u,v),v(0) +q(u,v)) I< x|l zo || + [ wo [| +Np + Ny) + ¢ we get

1@ < Nl 5o | +Np) + Nl o l+exlll zo Il + | o | +N, + Ny) + ]
N [T ()Tl ) 1+ 19 (s) IDds
[ g Wy 2) )+ 119G s
and that
@I < ol +Np+ NI | +er(l 2o 1+ 9o | +Np + Ny) + 2]
raall 22O 1+ 190 1)+ e+ [ T Ty 226) 11+ 11(s) s

N [ m W51 26+ 1) s

Using the notation u*(t) =|| 2*(t) || + || ¥*(¢) || and the previous inequalities, we find
that
u(t) <

N(ll zo | +Np)+ 1l @0 Il +Np + (N + N[l yo | +er(ll o Il + 1| wo l| +Np + No) + ¢

terun(t) +cp+ (N +1) ‘/'mg(s)wg(uws))ds + (N +N) /Ot my ()W) (u*(s))ds

t
0



which imply that

t . t
uMt) < eptpT! {(N%— 1)/0 g (s)W,(ua(s))ds + (N + N)/O my(s)W(u*(s))ds| .
Defining as 8y (t) the right hand side of the last inequality, we see that

BA() < pTM (N + 1)mg(8) + (N + N)my () (Wy(Br (1)) + W (BA(1)))

and hence

Ba(t) ds t )
/cu‘l Ve W) “/0 (N + 1)y (s) + (N + N)my (s)] ds

< /°° ds
et Wa(s) + Wy(s)

which prove that the set {z* = (z*,y*) : 2* = Al'z*, A € (0,1)} is bounded in Y.

Using the same arguments used in the proof of Theorem 2 follows that I'; is completely
continuous. Moreover, employing the compactness assumption on the functions g, f, the
condition (Hg) and the fact that the family (AS(t))er is a strongly continuous family
of bounded linear operators from E into X, follows that I'; is completely continuous and
so that T' is completely continuous. The assertion is now consequence of Theorem 1. =

3  Quase-Periodic Solutions

In this section we discuss existence of quase periodic solutions for the abstract nonlocal
Cauchy problem (9)-(11). In addition to (Hji), (Hz), along of this section we always
assume that the next assumptions is verified.

(Hs) The function g(-) : [0,00) is E-valued and the following properties

(i) g(t,-) : X — E is continuous a.e. t € [;
(ii) For each z € X, the function g(-,z) : I — F is strongly measurable.

(iii) there exist a continuous function mg(-) : [0,00) — [0,00) and a continuous
nondecreasing function Wy(-) : [0,00) — (0, 00) such that

gt z) < my(O)W(ll 2 ), (t,z) € I x X,

To begin we study the existence of global solutions.
3.1 Existence of global solutions

Next, we study existence of solutions in the space of continuous functions with weight.
Let h : [0,00) = (0,00) be a continuous function increasing with h(0) = 1 and such
that such h(t) — oo, as ¢ — oo. In what follow, C)(X) is the space formed by the

9



[ z() |

continuous functions z : [0,00) — X such that ———=— — 0, t = co, endowed with the

h(t)
Jz(2)]]

_hﬁ)—— and Cy(X) is the space formed by the continuous functions

z : [0,00) — X that vanish at infinity endowed with the uniform convergence topology.
The following is well know.

norm ||zf|n = sup,sq

Lemma 1 A set B C Cy(X) is relatively compact if, and only if, the following conditions
are fulfilled:

(a) B is equicontinuous;
(b) z(t) — 0, t — oo, uniformly for x € B;
(c) The orbits B(t) are relatively compact in X, for allt > 0.

Next, we establish existence of global solutions of (9)-(11).
Theorem 5 Assume that the following conditions are verified.

(a) The functions p, g : Cp(X) — X are continuous and bounded, p s completely conti-
nuous and S(t)q is completely continuous for each t > 0;

(b) For eacht € I, t' <t and L >0 the set {S(¢')f(s,z,y) : 0 < s <, |z, lyl] < L}
is relatively compact in X .

(c) For every L > 0, h_(ltj /Ot (my(s)Wy(Lh(s)) + my(s)W;(Lh(s)))ds — 0 as t — oo.

(d) The function g(-) is completely continuous with values in E.

If~/0°° [ng(s) + Nmf(s)] ds < /C'oo Wg(S)C_ZSWf(S) where ¢ = M (||zo]| + Np) + N(||vol| +

N,), then there ezists a mild solution x € C(X) of (9)-(11).

Proof. For each z € C%(X) we define I'z(¢) by means of (14). Hence,
ITz(@)| < M(llzoll + Np) + Nllvoll + Ny +mg(O)Wy(ll zo || +Ng)
_ ot {
+N/0 mg(s)Wg(Hx(s)l|)ds+N/O my(s)W(|lz(s)]l) ds.

Since ||z(s)|| < ||z|lnh(s), applying condition (c) in the above expression it follows that

|| Ta(t) || N 5 r .
w5 gyl D))+ gy Cloll + N+ g (O)Wa(ll 20 | +,))
N o N ot
—f—m/o mg(S)I/Vg(Hxnhh(S))dS—FE@/g m ()W (||z]|nk(s))ds (16)

converges to zero as t — co. This shows that I' is a map well defined from C?(X) into
C?(X). To prove the continuity of I', we select a sequence (2n)n which converges to x in
CO(X). Clearly, g(s,un(s)) = 9(s,u(s)), f(s,un(s)) = f(s,u(s)) a.e. when n — oo, and

1£ (5, un($))Il < my(s)Wy(Lh(s)), s 20,

10



lg(s, un(s))Il < my(s)W;(Lh(s)), s 20,

for some constant L > 0. Since the functions on the right hand side are integrable on [0, ],
we conclude that 'z, (t) — T'z(t), when n — oo, uniformly for ¢ in bounded intervals.
Furthermore, given € > 0, applying (a) and (c) we can fix ¢y so that

1
Wﬂfﬂfn(t) — Tz(8)]
= }L“%Hp(mn) - p(@)|| + h—](vt_)(HQ(ﬂfn) —q(@)||+ || 9(0,z¢ + p(z,)) — 9(0, 20 + p(zn)) ||)
%Atmg(s)WQ(Lh(s))ds+ %/Otmf(s)wf@h(s))ds
< G

for t > to. These implies that I'z,, — 'z in CP(X) when n — co. Thus, I' is continuous.
On the other hand, for 0 < A < 1 and ) € CJ(X) such that A\['(x,) = z, we find
that

lza @)l < N(llzoll + Np) + Nllyoll + Ny + mgWy(ll o || +N,))

+N /Ot mg(s)Wy(llza(s)|)ds + N/(: my(s)Wy([lza(s)[ds.

Let a,(t) be the right hand side of the last inequality. Repeating the argument used in
the proof of Theorem 2 we conclude that the set {a,(¢) : 0 < A < 1, ¢ > 0} is bounded
and so that {||z||n : 0 < A < 1} is also bounded.

Next, by using Lemma 1 we show that I'(B,), where B, = B,(0,Cy(X)), is relatively

compact for each r > 0. At first, we prove that {—;L— : ¢ € B,} is equicontinuous on

[0, 00). Using condition (c) and the properties of f, g, follows that for ¢ > 0 there is o > 0
such that

Tz(t)

5w I s E%(llxo | +N,) + ﬁ%(”y‘) | +N, +my (0)W,(|| o || +N,)) +
%/Ot7ng(3)wg("'h(5))ds+ %/ﬂt my(s)Wy(rh(s))ds <, (17)

for every t > ty and every x € B,. On the other hand, using the Step 1 in the proof

Theorem 2 and that 7 is uniformly continuous on [0, ¢o], we can to infer that the set of
)
functions {T .z € B,} is equicontinuous on [0, {o], which jointly with the estimate (17)

'z : . :
permit to conclude that {7 .z € B,} is equicontinuous on [0, o).

From the estimate (17), it’s easy to see that the condition (b) in Lemma 1 is verified.
On the other hand, applying the hypotheses (a), (¢) and proceeding as in the proof of
Theorem 2, we derive that {T'z(t) : @ € B} is relatively compact in X, for each ¢ > 0.

Thus, {% .z € B} is relatively compact in Co(X) and consequently T'(B) is relatively
)
compact in CP(X).

Finally, the existence of a mild solution of (9)-(11) follows from Theorem 1. m
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3.2 Existence of asymptotically almost periodic solutions

We study now the existence of asymptotically almost periodic solutions of (9)-(11). For
the basic concepts about almost periodic and asymptotically almost periodic functions we
refer to [13]. In what follows, AP(X) ( resp. AAP(X) ) is space formed by the functions
2 : [0,00) — X which are almost periodic ( resp. asymptotically almost periodic ),
endowed with the norm of the uniform convergence. We refer to [1] for the characterization
of almost periodic cosine functions and to [4] for almost periodic sine functions. The next
lemma is a Ascoli-Arzela type criterion in AAP(X), see [13] for details.

Lemma 2 Let B C AAP(X) be a set with the following properties:
(a) B is uniformly equicontinuous on [0, 00);

(b) B is equi-asymptotically almost periodic. That is, for every e > 0 there are Tc > 0
and a relatively dense set P, C [0,00) such that

lo(t+7)—z@)|| <e zr€B,t>T, 7€ P,.

(c) For eacht >0, B(t) is relatively compact in X.
Then B is relatively compact in AAP(X).

To establish our result we need of the following result.

Proposition 1 Let (Z;,|| - |lz),¢ = 1,2 be Banach spaces; B CL'([0,00) : Z1) and
F : [0,00) = L(Z1,25), F> : [0,00) = L(Z2, Z2) be sirongly continuous functions of
bounded linear operators. Assume that the followings conditions are verified;

(a) /OO F(s)z(s)ds — 0 in Zo when L — oo, uniformly for z € B;
L

(b) For each t >0, the set {z(s) 1z € B, 0 < s < t} is relatively compact in Z,

(c) The operator function F(-) is strongly continuous, that is, for every z € Zy the
function t — F(t)z is continuous with values in Zs.

then the following properties hold.

¢
(i) The set W = |J W(ta)= U {/ F(s)z(s)ds : = € B} is relatively com-
0<a<t<oo 0<a<t<oo 7@
pact in Zs.

‘t+h

(ii) If (Fa(t))e0 s uniformly bounded and Fg(t)/ Fi(s)z(s)ds — 0 in Zy when L —
- t

oo, uniformly for x € B, then the set of functions
B={t— R() / F\(s)z(s)ds : z € B}
Ji

is relatively compact in Co(Z2).

12



Proof. For each ¢ > 0 we select L > 0 such that H/ F(s)z(s)ds||z, < €, for all
L

z € B. From (b), there is a compact subset of Z;, Uy(L), such that {z(s) : z € B,s €
[0, L]} C Uy(L), which in view of that the map F(-) is strongly continuous imply that
Ui(L) = {F(s)z : x € Up(L),0 < s < L} is relatively compact in Z,. Using the mean
value Theorem for the Bochner integral, see [5] Lemma 2.1.3, we get

U Wta = U {/tF(s)x(s)ds:azEB}

0<a<t<L 0<a<t<L “¢
c | teon({F(s)z(s):s€[0,t], z € B})
tel0,L]

c |J teon(Ui(L)),
te[o,L]

which imply that Uy<a<i<; W (t, @) is relatively compact in Z;. Now, the assertion (i) is
consequence of the fact that

wc | Wta)+ U WEtac |J Wta)+eBi(0,2,).
0<a<t<L L<a<t<oo 0<a<t<L
To prove (ii) we will use Lemma 1. From (ii) it’s obvious that for every ¢ > 0, the set
{Fz(t)/ Fi(s)xz(s)ds : z € B} is relatively compact in Z5. The condition (b) in Lemma
t

1 is consequence of the assumptions.
Let be L > 0 as in the first part of this proof. Since (F5(t))¢>0 is uniformly bounded

and the set U = {/ Fi(s)z(s)ds : z € B, a > 0} is relatively compact; for ¢ > 0 we can

fix 6 > 0 such thata
| Fi(s)z — Fi(s)z ||< €, zeU,

when | s’ —s|<d and s, € [0,L+1]. If t >0, z € B and 0 < h < ¢ we find that
| Bt +8) [ Fi(s)z(s)ds = Ba(t) [ Fi(s)a(s)ds |
t+h t

< (EGh) - Bw) [~ FeEds |+ R0 [ Fi)ssds|

IN

e | Boe) [ Fils)e(s)ds |

which prove that B is equicontinuous at the right hand side at t. Similarly, we can
prove that B is equicontinuous at the left hand side at ¢t. Thus B is equicontinuous and
consequently relatively compact in Cy(Z3). The proof is now complete. =

Corollary 2 Let the assumptions in Lemma 1 be satisfied for Z, = E,Zy = X and the
operator family Fy(s) = AS(s) and Fy(t) = S(t). Assume in addition that for each t > 0,

t+-h
/ |z (s)||ds = 0 as h — 0 uniformly for x € B. Then the set of functions
t
B, = {t—S(@) / AS(s)z(s)ds : z € B},
Jt
is relatively compact in Co(X).

13



Proof. The result is consequence of the Proposition 1. We only remark that the
assumptions in (ii) of Proposition 1, follows from the relation AS(s)S(t) = C(t + s) —
Ct—s). m

By using Z; = Z; = X in Proposition 1, we can prove the followings result.
Corollary 3 Let be B CL'([0,00) : X) and assume that the next conditions hold.
(a) For eacht >0, the set {z(s):x € B, 0 <s <t} isrelatively compact in X,
oo t-+h
(b) /L | z(s) || ds — 0 in X when L — co and/ llz(s)|lds = 0 ad h — 0 uniformly
t
forz € B.

Then the sets of functions
By ={t— Fi(t)/ F;(s)z(s)ds : z € B}, i, € {1,2},
t

where Fy = C(t) and Fyt) = S(t), are relatively compact in Co(X).

In the next results we use the notation z,,y, : [0,00) — X for the functions
t t
2(t) = / C(t = s)z(s)ds and y,(t) = / S(t— s)z(s)ds,  t>0. (18)
0 0

Proposition 2 Let the assumptions of Corollary 2 be satisfied. ]f/ | z(s) || ds — 0
L

when L — oo, uniformly for x € B then the set A = {z, : x € B} 1s relatively compact in

AAP(X).

Proof. From the relation C(t + s)z = C(¢)C(s)z + AS(t)S(s)z, z € X, we can write

() = C@) /0°° C(s)z(s)ds — C(t) /Loo C(s)z(s)ds
_5(t) /()OOAS(s)m(s)ds+S(t) /t°° AS(s)2(s)ds.

From the properties of almost periodic sine functions, see [4], we deduce that the first

and third term on the right hand side define almost periodic functions and from the

hypothesis that the second and fourth term are functions that vanish at co. We infer from

this that z, € AAP(X) if z € B. From Proposition 1, we infer that the sets of functions
00 0

{C()/ C(s)z(s)ds : z € B} and {S()/ AS(s)z(s)ds : x € B} are relatively compact
0 0

in AP(X) since the sine function is almost periodic. On the other hand, from corollaries 2

and 3 we know that the set of functions {t — C(t) / C(s)z(s)ds+5(t) / AS(s)z(s)ds :

t t

z € B} is relatively compact in Cy(X), which proved that A is relatively compact in AAP.
The proof is finished. m

Proposition 3 Let B C L'([0,00); X) be a set that satisfies the hypotheses of Corollary
3. If the sine function S(-) is almost periodic, then the set A' = {y, : x € B} is relatively
compact in AAP(X).
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Proof. For z € B, we can write
wl(t) = 50 [ Cllats)ds = C() [ S(s)als)ds
= 5() [ Clsa(s)ds = S) [ Cls)a(s) ds
—c) [ s)as)ds + 00 [ S(e)as) ds.

The first and third term on the right hand side define almost periodic functions while
the second and fourth term are functions that vanish at co. Thus, y, € AAP(X). From

Proposition 1 we know that the integrals / C(s)z(s)ds and / S(s)z(s)ds, z € B,
0
are inpluded in a compact set of X which implies that the set formed by the functions
S()/ C’(s)x(s)ds—C(-)/ S(s)z(s)ds, « € B, is relatively compact in AP(X). More-
0 0 ge.e} go.o}
over, from Corollary 3, the set of functions C(¢) / S(s)xz(s)ds—S(t) / C(s)z(s)ds, z €
i t

B, is relatively compact in Cy(X). Collecting these remarks follows that A’ is relatively
compact in AAP(X). m

When the function [0,00) — L(X); ¢t — S(t) is almost periodic, in this case we said
the the sine function is uniformly almost periodic, we can obtain the following variation
of the previous result.

Proposition 4 Let B C L'([0,00); X). Assume that the sine function is uniformly
periodic, that S(t) is compact for each t > 0 and that the next conditions hold.

(a) /oo | z(s) || ds — 0 in X when L — oo, uniformly for z € B.
L

t+h
(b) / |z(s)||ds — 0, h — 0, uniformly for z € B.
Jit

Then the set {y, : * € B} is relatively compact in AAP(X).
Now we are in conditions to establish the main result of this work.
Theorem 6 Assume that S(-) is almost periodic and that the following conditions hold.

(a) The functions p, ¢ : AAP(X) — X are completely continuous and bounded;

(b) For each t > 0 and each constant L > 0 the sets {f(s,z) : 0 < s < ¢, ||z[| < L} and
{g(s,7): 0 < s <t |z|| <L} are relatively compacts in X and E respectively.

(c) There exists a continuous function § € L'([0,00)) and a continuous nondecreasing
function Wy : [0, 00) —= (0,00) such that

| AS(s)g(s,2) || < a(s)W(lzl), s>0,z€X, (19)
I

~00 - o9 ds
/0 (Nmy(s) + Nmy(s))ds < / TABERTAPL (20)

where ¢ = N(|| zo || +N,) + N(|| o || +N, + supyz<n, Il 9(0,z0 + ) [|), then there ewists
a mild solution z(-) € AAP(X) of (9)-(11).
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Proof. For each z € AAP(X) we define I'z(¢) by means of (14). From our hypotheses and
proceeding as in the proofs of Propositions 2 and 3 follows that I'(z) € AAP(X). If (z,),
. isasequence in AAP(X) that converges to z, then S(t—s)f(s, zn(s)) = S(t—s)f (s, z(s))
and C(t — s)g(s,z,(s)) = C(t — s)g(s,z(s)), as n — o0, a.e. on [0,t], which from the
inequalities

1C( = s)g(s,2n(s)) = C(t = s)g(s, z() < 2Nmy(s)Wy(L), (21)
1St = 5)f (s, 2n(5)) = S(t = 5)f(s,z(s))| < 2Nmy(s)Wy(L), (22)

for some constant L > 0, permit to conclude that 'z, (t) — Tz (t), n — oo, and that the
convergence is uniform on [0, c0) since the right hand side of (21) and (22) are integrable
function on [0, 00). Thus, I is a continuous map.

On the other hand, proceeding as in the proof of Theorem 2, we conclude that the set
of functions {z) :€ AAP(X) : AI'(z)) = z,0 < X < 1} is uniformly bounded on [0, co).

Finally, we show that I' is completely continuous. We take a bounded set B C
AAP(X). Since p and ¢ are completely continuous, the set of functions {C(-)(zo+p(z)) +
S()(yo + q(z)); € B} is relatively compact in AAP(X). In addition, since the set of
functions A = {g(s,z(s)) : z € B} and A" = {f(s,z(s)) : v € B} satisfies the hypotheses
of Propositions 2 and 3, we infer that {z;,y, : * € B}, where z,, y, are defined in (18),
is relatively compact in AAP(X). The assertion is now consequence of Theorem 1. m

The proof of the next result will be omitted.

Theorem 7 Assume that t — S(-) is uniformly almost periodic, that S(t) is compact for
each t > 0 and that the condition (c) and the inequality 20 of Theorem 6 hold. If

(a) The function p,q are bounded and p : AAP(X) — X is completely continuous.

(b) The function f(-) takes bounded sets into the bounded sets and g(-) is completely
continuous with values in E.

then there exists a mild solution z(-) € AAP(X) of (9)-(11).

Next we establish conditions under which the derivative of a asymptotically almost
periodic mild solution of (9)-(11) is also a asymptotically almost periodic. To this end,
we need the following result.

Lemma 3 Assume that S(-) is almost periodic. Then, for each x € X the function S(-)z
is almost periodic for the norm in E. Furthermore, if x : [0,00) — X 1is integrable then

t
the function y : [0,00) — E given by y(t) = / S(s)z(s)ds is continuous with range
0
relatively compact in E.
Proof. Since C(-)z and S(-)x are almost periodic functions it follows that (C(-)z, S(-)z)
is almost periodic in X x X. Thus, given ¢ > 0, there is a relatively dense set P, such

that
IC(t+7)z—Clt)z||+||S(t+7)z = SH)z|| <€, >0, T€P.

Using that C(-) is uniformly bounded and
C(t+s)x=C@{)C(s)z + AS(t)S(s)z (23)

16



we obtain

| St+ 1)z = S(t)z ||z
= ||S(t+7)x — S(t)z|| + sup ||AS(R)[S(t+ T)z — S(t)z]||

0<h<1

< e+ sup ||C(t+h+T)z—C(h)C(t+ 1)z + C(t)C(h)z — C(t+ h)z|]
0<h<1

< e+ sup ||CAIICE+T)z—C(t)z|| + sup ||C(t+h+7)z—C(t+ h)z|]
0<h<1 0<h<1

< (N + 2)e,

for all £ > 0 and 7 € P,, which proves the first assertion.

On the other hand, from the preliminaries we know that y(-) is a continuous E-valued
function. Moreover, from (23) we infer that S(-)z(-) € L'([0, 00); E) which allows us to
complete the demonstration with the same argument in the proof of Proposition 1. m

Proposition 5 Assume that the assumptions of Theorem 6 hold and let u(-) be a asymp-
totically almost periodic mild solution of (9)-(11). If the next conditions are satisfied,

(a) There exist m, € L'([0,00)) and a continuous function W,(-) : [0,00) — [0, 00) such
that

lg(ta) b < ig@OWs(ll = 1), (t,z) € I x X; (24)
(b) The function t — g(t,u(t)) s asymptotically almost periodic,
(c) zo — p(z) € E and the operator family (AS(t))i>o is bounded in L(E : X);
then u'(+) is a asymptotically almost periodic.

Proof. Since u(-) is a mild solution and g(-) is E-valued we have that

W) = ASE)(zo +p(w)) + CO +a(w)) ~ o(t,u(e)) — [ AS( ~ s)g(s, us)
+[lC-9)6ue)ds, >0
From the assumptions and the inequality
JAS( + By — AS(®gll < IASOIICH) = Dyl + ICOIIASH, yeE, t 20,

follows that for every y € F, the function AS(-)y is uniformly continuous on [0, co) which
for the Bochner Theorem, see [13] pp.24, implies that AS(-)(z¢ + p(u)) is a.p and in turn
that AS(-)(zo + p(u)) + C(t)(yo + q(u)) is a.p.

t i

To prove that z(t) = / AS(t — s)g(s,u(s))ds and y(t) = /0 C(t — s)f(s,u(s))ds are
0
a.a.p, one more time, we use the Bochner Theorem. For ¢ > 0 and 0 < h <1 we get

| z(t +h) = 2(2) |
“t+h

= ; AS(t+ h—s)g(s,u(s)) — /OtAS(t — 8)g(s,u(s))ds ||
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IN

H /O-chh(AS(75 _ S)C(h) + AS(h)C(t _ 3))9(3, u(s))ds — /OL AS(t = S)Q(S, u(S))dS H

t t+h
< (CH)-1) [ AS(t=s)gls,uls)) |+ [ AS(t - $)C(h)g(s, u(s))ds |
1S [ 0 - s)gls,ul)ds |

3

= » It k).

=1

From the integrability condition (24) and the fact the AS(:) is uniformly continuous on
[0, 00), follows that I5(t, h) 4+ I3(t, h) — 0 uniformly for ¢ > 0 when h — 0. On the other
hand, using that s — g(s,u(s)) € L'([0,00) : E), the relation S(t — s) = S(—s)C(t) +
S(t)C(—s) and the fact the operator family AS(t),t > 0, is uniformly bounded in L(F :

"t
X); follows that the set {/ AS(t—s)g(s,u(s))ds: t > 0} is relatively compact in X and
0

so that the set of functions {s — C(s)z : z € U} is equicontinuous at ¢ = 0. Consequently
I (t,h) — 0 uniformly for ¢ > 0 when h — 0, and hence z(-) is a.a.p.
Finally we study the function y(-). To this purpose we decompose

y(t+ h) = y(t) :Lfm@+h-g—cu—gu@w@»m

-fKMCﬂ+h~sﬂ@w@»w

= (C(h) = Dy(t) + AS(h) [ S(t = 5)f(s,u(s))ds

0

-5[Mcu+h—gﬂ&mgm&

Since f(s,u(s)) is integrable on [0,00), the range of y(-) is relatively compact, which
implies that (C(h) — I)y(t) — 0, h — 0, uniformly for ¢ > 0. The same argument
serves to show that the third term of the above expression converges to zero when h — 0,
uniformly with respect to ¢ > 0. From the assumptions on f(-), for ¢ > 0 we can to fix
positive numbers L, > 0 such that

[T ue) lds < 55

I C(s)f(tult) = C(s)f(Eu®) | < t [0, L]

<
2L
when s,s" € [0,2L + 1] and | s — ¢’ |< §. Under these conditions, the relation C(t + s) —
C(t—s)=AS(t)S(s), for t € [0, L] we sce that

I AS(h) [ (= )7 (s,u(sds IS [ 1 (Cle=s+b) = Clt=s =) f(s,u(s)) [l ds <

k)

N

it
which permit to conclude that AS(h) / S(t—s)f(s,u(s))ds — 0, h — 0, uniformly with
0

respect to t > 0. The proof is complete. =
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4 Applications

The one dimensional wave equation modelled as an abstract Cauchy problem it has
been studied extensively, see for example [12]. In this section we illustrate some of results
in this work with a variant of the wave equation.

On the space X = L%*([0,7]) we consider the operator Af(£) = f"(§) with domain
D(A) = {f(:) € H*(0,7) : f(0) = f(m) = 0}. It is well known that A is the infinitesimal
generator of a strongly continuous cosine function, (C(¢))iem, on X. Furthermore, A
has discrete spectrum, the eigenvalues are —n?, n € N, with corresponding normalized

eigenvectors z,(€) := (%)1/2 sin(né) and
(a) {2z, :n € N} is an orthonormal basis of X.

(b) If o € D(A) then Ap=—Y n®< @,z > zn.

n=1

(c) Forpe X, C(t Z cos(nt) < ¢, z, > z,. Moreover, it follow from this expres-

sm nt .
(nt) <, zn > Zn, that S(t) is compact for ¢ > 0 and that

sion that S(t)p = Z p
n=1 b
| C(t) |I< 1 and || S(¢) ||< 1 for every t € [0, 7].

(d) If ® denotes the group of translations on X deﬁned by ®(t)z(€) =
7 is the extension of z with period 2, then C(t) = 1(®(t) + ®(—t));
B is the infinitesimal generator of the group @ and FE ={z € H'(0,7) : z(0) =
z(m) = 0}, see [2] for details.

At first we consider the following problem

8 [a 0%ul(t,
= ugt§)+G(t gult, o)) = —%i)JrF(t,f,U(t,f)), tel,&e(0,7], (25)

u(t,0) = u(t,m) =0, tel, (26)

where G, F : I x [0,7] x IR — IR are appropriates functions verifying the following
conditions.

(H3) There exist functions nf" € L*(I x [0,7]) and 75" € L'(I: L=°([0, 7] : IR)) such that
| F(t,&w) [<ny (1) +mg (L&) [wl,  tEelwelR.
(H4) There exists a continuous function n : I x [0, 7] —: L([0, 7] : IR)) such that
| G(t,&,w1) — G(t, & we) | < n%(t, &) | w — wa |, t,£el,w; € IR.

Associated to problem (25)-(26), we consider the nonlocal conditions

w(O,{) = .’130(5) —+ ZOdi’(U(ti,é), E S ], (27)
3"”(82’9 = ) + Z Baw(s;, € ¢el, (28)
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where 0 < t;,s; < 7 and oy, B; € IR are prefixed numbers.
By using the substituting operators g(t,z)(§) = G(t,€,z(£)), f(t,z) (&) = F(t,&, z(£)),
r € X, and

p(u)(§) =3 auu(ti,€) and  q(u Zﬁz u(si, € (29)
1=1
the problem (25)-(28) can be modelled as the abstract nonlocal Cauchy problem
d
@) +g(tu®)] = Au(t) + S ut), el (30)
u(0) = zo+q(u), (31)
u'(0) = wo+p(u) (32)
It is not difficult to see that
T e 5 1/2
1ol < ([ nfeorde) 4+ llsle  teloex,
lg(t.2) = gt 9)lla < 0t dnllz =y, t€l2y€B(0,X).

Proposition 6 Assume that the previous conditions are satisfied. If

/:[(/0 ( £)d§> —1—772( )]ds—i—supn +Z|a1|+2‘5zl<1

sel

then there exists a mid solution of (30)-(52).

Proof. The existence of a mild solution of (30)-(32) follows directly of Theorem 3. since
S(t) is compact for all £ € IR. =

To finish this section, we consider the differential system

[Ul(t,f) + /[:r b(tanvg)u(tan)dn]l = %52’5) + F(taévu(tag))» t Z 0,§ €l = [07 W]7<33)
u(t,0) = u(t,m) =0, (34)

w(0) = zo+ / £)dp, (35)

4(0) = yo+ /0 (u(5)) (€)d. (36)

To study this problem, we introduce some new technical conditions.

(Hs) p,v are real functions of bounded variation on [0,00) and P: X = F, @ : X = X
are completely continuous. ( see [5] for operators with these properties. )

(Hg) There exist nf € L'(IR : L>®(1: IR)) such that

| F(t, & w) S0 (1,6) | w ], t,£el,welR.
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2

(Hy) b(s,n,6), g‘gbw,n,@, ggb(sm,@ s, apprapriate, b{e ) = b5 0) =0 fox

all (n,s) € I x[0,00) and

T ) T 8jb(s,n,§) 2 )
N(s) := max /O/Ob(s,n,f) dndﬁ,/o/o (——8£]—> dndé: j=1,2) < o0,

for every s > 0.

Defining the maps f, g,p,q by f(t,2)(§) = F(t,€,z(£)) and

gt2)€) = [ bt Ozndn, zye X,
P )©) = [ P@(e)©duls), v e Cu[0,00): X),
d(wn)©) = [ QuEEds), wveG(0,00): X),

the problem (33)-(36) can be modelled as the abstract Cauchy problem (30)-(32).
In the next result A(-) is a function verifying the assumption in section 3.1.

Proposition 7 Assume that the previous conditions are verified. If

(a) 'h%tj /O't(N%(s)+77F(s, Jn)ds — 0 ast — co and /OOO(N%(s)nLnF(s, Jr)ds < oo, then

there ezist a global solution solutions of (33)-(36).

(b) z'f/ (N% (s)4+n" (s, )x)ds < oo then there exist a asymptotic almost periodic solution
0
of (33)-(36).
Proof. From Hy; we infer that g(-) is a [D(A)]-valued linear continuous operator, that

| g(t, ) leen) < Nz (t) for every ¢t > 0 and that g(-) is completely continuous with values
in E. The assertions (a) and (b) are consequence of the Theorems 5 and 7 respectively.
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