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Resumo

Neste artigo estabelecemos varios resultados de existéncia de solucoes para equagoes
de evolugdo em derivadas parciais do tipo neutro com retardamento nao limitado
modeladas na forma

& @) +olta)) = As(t) + fz), tel=[,a] (1)
g = @€ B, (2)
Az(t;) = ILi(ze,) (3)
and
%(m'(t)+g(t,xt,x'(t))) = Ag(t) + fhon (), tel=[0,a, (4)
0 = peB, Z(0) =1, (5)
Dx(t) = I(zy,o'(t)) (6)
Az'() = oy, 2 (6) (7)

sendo A, dependendo do caso, o gerador infinitesimal de um semigrupo ou de uma
funcéo cosseno de operadores lineares limitados em um espago de Banach X; f, g, I7
funcgoes apropriadas e B um espago de fase definido en forma axiomdtica.
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Introduction

Abstract

Recently, some erroneous existence results of mild solution for first and second
¢ partial 7 neutral functional differential equations with delay was reported.
In this paper we comment briefly respect these results and by studying the existence
of mild solutions for some impulsive neutral systems we give simples ideas to correct
these works.

The purpose of this paper is study existence of mild solutions for some impulsive
partial neutral functional differential equations modelled in the form

and

= alt) +o(t, 1)

Az (t) + f(t, x1),
v € B,
Ii(xti)

Ax(t) + f(t, z 3(1));
@ € B, z'(0) = yo,

I} (,, 7' (t:))

I (4, 7' (1))

tel=][0,a,

tel=][0,al,

(4)
(5)
(6)
(7)

where, depending of the case, A is the infinitesimal generator of an analytic semigroup of
linear operators or of an strongly continuous cosine function of bounded linear operators

on a Banach space X; the history z, :

(—00,0] = X, 24(0) = z(t + 0), belongs to

some abstract phase space B defined axiomatically; g, f, I]i are appropriate functions;
0<t; <ty <..<ty,<aare fixed points and the symbol A¢(t;) represent the jump of
a function € at t;, that is, AE(t;) = £(¢F) — €(¢).

Recently several works reporting existence results of mild solutions for first and second
order partial neutral differential problems similar to (1)-(3) and (4)-(7) was published,
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see for example [1], [2], [5], [6], [7], [9] for the first order case and [3], [4], [7], [9] and
[19] for the second order. Inexplicably, in all theses works some severes compactness
assumptions on the operator family generates by A, which are valid only if the space X
is a finite dimensional, was used. The fact that X be finite dimensional is relevant, since
under these conditions the models studies don’t permit to describe “ partial ” neutral
differential equations, the real motivations of theses papers. Our objetive in this work
is alert respect of these erroneous papers and by mean of the study of the initial value
problems (1)-(3) and (4)-(7), give some simples ideas for the correction of these papers.

To precise the previous comment, we specificate, briefly, these “ severe assumptions.
b

Assumption in the first order case: “ A is the infinitesimal generator of a compact
Co-semigroup of bounded linear operators (T (t)):>0 on X and there ezist positive constants
My, My such that

I T@) [I< My and || AT(¢) ||< M2, t€[0,a]

It’s easy to prove that the condition on || AT (t) || imply that A is a bounded operator,
which in turn imply that the function [0,a) — L(X); t — T(t) is continuous on [0,a) and
so that X is a finite dimensional space since the semigroup s compact.

Assumption in the second order case: “A is the infinitesimal generator of a strongly
continuous cosine function (C(t))iem of bounded linear operators on X and C(t) is com-
pact for every t > 0.7

It’s well known that the compactness assumption on C(t) imply that X is finite di-
mensional, see [26] pp. 557.

We want to remark that the the semigroup and the cosine function theory are elegant
and sophisticated techniques which permit, in some sense, the study of partial evolution
equations as been “ ordinary ” differential equations in Banach space.

Neutral differential equations arises in many areas of applied mathematics and such
equations have received much attention in recent years. A good guide to the literature
for “ordinary” neutral functional differential equations is the Hale book [13] and the
references therein. The work in partial neutral functional differential equations with
unbounded delay was initiated by Hernandez & Henriquez in [14, 15]. In these papers,
Herndndez & Henriquez proved the existence of mild, strong and periodic solutions for
the neutral problem (1)-(3). In general, the results was obtained using the semigroup
theory and the Sadovskii fixed point theorem.

On the other hand, the theory of impulsive differential equations has become an im-
portant area of investigation in recent years stimulated by their numerous applications to
problems arising in mechanics, electrical engineering, medicine, biology, ecology, etc. Rel-
ative to this matter, we refer to the reader to Rogovchenko [23, 24], Liu [20] and Hernndez
(16].

In this work we will employ an axiomatic definition of the phase space B which is
similar to those introduced by Hale and Kato [12]. Consequently, along of this paper, B
will be a linear space of functions mapping (—o0, 0] into X, endowed with a seminorm
Il - ls and we will assume that B satisfies the following axioms:
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(A) If z: (-o0,a) = X, a > 0, is such that z|p4 € PC and z, € B, then for every
t € [0,a) the following conditions hold:
(i) z;, is in B,
i) [l z(t) I< H || z |5,
iii) ||z, |ls< K (¢ = o) sup{[| (s) |- 0 < s <t} + M(t = 0) || 25 ||s,

where H > 0 is a constant; K, M : [0,00) — [0,00), K is continuous, M is locally
bounded and H, K, M are independent of z(-).

(A1) For the function z(-) in (A), t — z, is a B-valued integrable on [0, a).
(B) The space B is complete.

To consider the impulsive conditions, it’s necessary introduce some additional nota-
tions and results. In what follow, PC is the space

PC = {u . 10,a] = X; u is continuous in t # t;, u(t;) = u(t;) for all 4 =1, .., n, }

and u(t;") exists for each i = 1,..,n

endowed with the uniform convergence topology. For v € PC, we introduce the functions
ay € C([0,t1] : X), @; € C([ti, tig1] : X), 1 =1,2,..n— 1, and @, € C([tn,a] : X) defined
by

Uy = won [0,t], (8)
w0 = {4 el '
mo = {uﬁffi bl s (10)

Moreover, for B C PC we employ the notation Bi, 1 =20,1,...n, for the sets
B; = {4; : u € B}. (11)
The proof of Lemma 1, below, follows essentially from the Ascoli-Arzela Theorem.

Lemma 1 B C PC is relatively compact if and only if each set B; is relatively compact.

The paper has three sections. In section 2 we discuss existence of mild solutions for the
first order impulsive neutral problem (1)-(3) and a similar work is development in section
3 for the second order system (4)-(7). In each section we mentions a few results and
notations referents to semigroup and cosine function of bounded linear operators which
are needed to establish our results. The section 3 is reserved for examples.

The terminologies and notations are those generally used in functional analysis. In
particular, £(X) stands for the Banach space of bounded linear operators from X into
X and B,(z : Z) denotes the closed ball with center at z and radius r > 0 in an metric
space Z. Additionally, for a bounded function € : [0,a] — [0,00) and 0 < ¢t < a we will
employ the notation & for

& = sup{&(s) : s € [0, 1]}
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and the prefix R will be used to indicate the image of a map.
Some of our results will proved using the well known Leray Schauder Alternative
Theorem, which we include by completeness.

Theorem 1 [21] ( Leray Schauder Alternative ) Let D be a conver subset of a Ba-
nach space X and assume that 0 € D. Let F': D — D be a completely continuous map.
Then the set {zx € D : x = AF(z), 0 < A < 1} is unbounded or the map F has a fiz point
wn D.

2 The first order problem

In this section we study the existence of mild solutions for the neutral problem (1)-(3).
Throughout of this section, A : D(A) — X is the infinitesimal generator of an uniformly
bounded analytic semigroup of linear operators, (7'(¢));>0, on X such that 0 € p(A) and
we always assume that M is a constant such that || T'(t) ||< M for every t € I. Under
these conditions, it’s possible to define the fractional power (—A)*, 0 < @ < 1, as a closed
linear operator on its domain D(—A)*. Furthermore, D(—A)® is dense in X and the
expression || z ||o=]|| (—A)%z || defines a norm in D(—A)*. If X, is the space D(—A)~
endowed with the norm || - ||, then the following properties hold ( [22], pp. 74 ).

Lemma 2 Under the previous conditions, the following properties hold:
(1) Let 0 < a < 1. Then X, is a Banach space.
(2) If 0 < B <« then Xo — Xp is continuous.
(3) For every 0 < a <1 there exists Cq > 0 such that

Ca

| (=A)*T () [I< = 0<t<a.

For a complementary literature we refer to the reader to Pazy [22].

Definition 1 A function z : (—o0,a] — X is a mild solution of the neutral problem (1)-
(3), if zo = @; z(-)yp € PC; the function s — AT(t — s)g(s, zs) is integrable on [0,t) for
each 0 <t < a and

w(0) = T +900,0)) - glt,m) - [ AT( = 9)g(s,2)ds

+/0tT(t—s)f(s,ms)ds+ZT(t—ti)Ii(xti), tel

t;i<t

Remark 1 Qur definitions of mild solution are different at those introduced by Benchohra
in [10]. Unfortunately the concept adopt in [10] are erroneous.

To study the neutral system (1)-(3), we introduce the following conditions.
H; The function f: I x B — X satisfies the following conditions:
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(i) For every t € I, the function f(¢,-): B x X — X is continuous.
(i) For each ¢ € B, the function f(-,¢): I — X is strongly measurable.
(iii) There exist a continuous function my : I — [0,00) and a continuous nonde-
creasing function Wy : [0, 00) — (0, 00) such that

fE) I < me @)Wl ¢ [ls), (t,9) € I x B.

H, There exist constants 0 < 8 < 1, ¢1, ¢z such that g is Xg-valued, (—A)Pg: I x B —
X is uniformly continuous on bounded sets and

| (=A)Pg(t, )| < e |l¥ s +e (¢t,9) € I x B.

Hj If y : (—oo,a] — X is the extension of ¢ such that y(¢t) = T(¢)¢(0) on I and S(a)
is the space S(a) = {z : (—o0,a] = X : zy =0, z € PC(Z : X)} endowed with
uniform convergence topology on I, then the set of functions {¢t — g(t,z;+ ) : z €
@} is equicontinuous on [, for every bounded @ C S.

H, The function g : I x B — X satisfy the following conditions:

(i) g(t,-) : B— X are continuous a.e. t € I;
(i1) For each ¢ € B, the function g(-,¢) : I — X is strongly measurable;
(iii) There exists a continuous function mgy(-) : [0,00) — [0,00) and a continuous
nondecreasing function Wy (-) : [0, 00) — (0,00) such that

gt @) | < me(t)Wy(ll ¢ lls), (t,6) € I x B.

Theorem 2 Let H,-H3 be satisfied and suppose that the following conditions hold.

(a) For every r > 0 and all € > 0 there are compact sets Wér C X,1=1,2, such that
T(e)(~A)g(s, %) € W, and T(e) (s, %) € W2, for every (s,4) € I x B0, B).

€T

(b) The maps I; are completely continuous and there are constants cg, n=12 .m 9=
1,2 such that || L) ||< ¢! || ¥ ||s +c2, for every o € B.

C’l_ﬁclaﬂ — ]{a]\Z[ ¢ = 1
=0, — 4+ M ;] <1 and d ———ds wher
If i [cr + 5 -+ izzlc]< an 1_,u/0 mg(s) s</C 70 s where
]. =~ = Jé; a6C1_B L
ol (Mo + M(Kocr + H)) || ¢ [|5 +Kaco(M+ || (=A)" || t—3 MY~ d;)
- =1

, then there exists a mild solution of the initial value problem (1).

Proof: Let y(-) and S(a) as in condition Hy and I" : S(a) — S(a) the map defined by
[z(t) =0 for t <0 and

0, for t <0,
t
T()g(0,¢) — g(t, ze + ye) — /0 AT(t — s)g(s,zs + ys)ds
t
+/ T(t— $)f (s, + ys)ds + S T(t — t:)Li(z,, +y,,), fortel.
0

tyt

Lz(t) =



From the assumptions, we know that s — (—A4)%g(s,z, +y,) and s = g(s,z, + y,) are
integrable. In addition, in view of the fact that 7°(-) is an analytic semigroups ( see [22]),
the operator function s — AT (t — s) is continuous in the uniform operator topology on
[0,¢) which from the estimate

| (AT = 9)g(s, 0+ 1) =] (—A)PT = 5)(~APa(o, 2 +v0) || € 25,
and the Bochner’s Theorem imply that || AT(t — s)g(s, s + ys) || is integrable on [0, ).
Now, it’s clear that I is well defined and with values in S(a). Moreover, from the phase
space axioms, the Lebesgue dominated convergence theorem and Hj, we infer that I' is
continuous.

In order to use the Leray Schauder Alternative, we obtain a priorsi estimates for the
solutions of the integral equation z = Al'z, A € (0,1). Let A € (0,1) and z*(:) be a
solution of z = Al'z. Using Hy and Hj, the notation v*(t) := (M, + K,MH) || ¢ |5
+K, || z* ||; and the fact that || z; + v; ||< v*(t) on I, we find that

Ia*@) I < M1 g0,0) | + 11 (=4)7" |l ez + (II (AP le+M Y c}) v (1)

t; <t

toour(s) Ci_pcoa? -t 5
+C1_/361 /0 mds + —ﬁ— + ]\/[/0 mf(S)Wf(’U (5))ds
+M >, c:.

t; <t

and that
A > ¥ -8 a’Ci_g C - 2
PO < (Mot KI(H + 1)) || @ ||+ (a4 || (~4) 2 )| +52) + M 3
=1
- t -
() + KoM / my (s)W; (v (s))dsM.
0

Consequently,

M) < c+15i%/otmf(s)wf(m<s))ds.

Designating by 8*(¢) the right hand side of the above expression we get

K, M

Ba(t) < T #mf(t)Wf(ﬁA(t))

and so that

A ds K,M [t =
/ < / my(s)ds </ ———ds,
c We(s) 1—plo ¢ Wi(s)

which imply that the functions 8*(-) are uniformly bounded on /. Thus, the functions
u*(-) are uniformly bounded on /.



Next we prove that I' is completely continuous. To this end, by using the relation
4

A/ s)zds = T(t)z — z, we rewrite I in the form I' = > " I'; where I';z = 0 on (—o00, 0]
1=1
fori=1,2,...4 and
Tiz(t) = T(t)(9(0,9) — g(t, ze +y1)),

t
Doa(t) = — /0 AT(t — 5)g(s, 75 + ys)ds,

Lax(l) = /OtT(t —8)f(s, s + ys)ds + /Ot AT (t — 8)g(t, z + y)ds,
Taz(t) = D, Tt —t)Li(zy + ys),

i<t

when t € I. Next we prove that each I'; is completely continuous. In the sequel B, =
B.[0,S(a)]. At first we observe that

= K,r+ (M, + K,MH) || ¢ ||s>|| ze +9: ||ls, (t,z) € I x B,.

Step 1. The map I'} is completely continuous

Firstly we study the equicontinuity of I'1B,. Let 0 < e <ty <t < a and W . be the
compact set in (a). Using Hy and the fact that set of functions {s — T'(s)z : z E wl.}
is equicontinuous on [0, a], we fix 0 < § < € such that

| T(s+h)z—T(s)z|| < ¢ sel, zeW,,.,
H g(t,l't + th) - g<t0a$to - yto) || < € S BT7

when 0 < h < § and | t — tp |< 8. Under these conditions; for | t — ¢y |< J we see that

| Tiz(to) —Tiz(t) | < N (T(to) — T(2))9(0,¢) |
+ 11 T (o) 11l 9(to, Tt + y10) — 9t 2+ 31) ||
+ | (=A)P(T(to — €) = T(t — €))T()(=A)Pg(t,z +ye) |l
< || (T(t) = T(#)9(0,0) | +(I T(o) | + I (=4) 77 I])e
which imply that 'y (B,) is equicontinuous from the right hand side at ¢p. The equicon-
tinuity from the left t hand side at ¢, and is proved in similar form, we omit details.

Consequently, I';(B;) is equicontinuous on I.
It’s clear that ['y(B,)(0) is compact. Moreover, if 0 < e <, we get

Ty(B)(t) = {T(t)g(0,9)+T(t—e)(—A)PT(e)(—A")g(t,z. + v1) : = € B}
C T(t)g(0,0) +T(t —e)(—A) "W/

which proves that T';(B,)(t) is relatively compact and so that I'; is completely continuos.

Step 2. The map I'; is completely continuous

At first we prove that I';B, is equicontinuous. Let 0 < £ < ty < a. Since the
semigroup is analytic, the function s — (—A)'™?T(s) is uniformly continuous in the
uniform convergence topology on [£, a], which permit to chose 6 > 0 such that

| (A BT (s)z — (—A)PT(s)z ||<e, z € B (0,X),

7



when s,5' < [€,a] and | s — 5" |< 0. Now, for 0 <t —1ty <0 < € and u € B, we find that
|| T22(t) — Daz(to) II
< I [T AP = 5) = Tl — ) (A gls, 7 +3:)ds |

+ [ T (= t0) = T (=A)' Tt = 5)(=APg(s, . + ue) | ds

+/ || AYBT(t = 5)(—A)g(s, 3, + 1) || ds

A — )8
< (to—E)e+ +2MCy_g(crr* “2)(65 +%

which show that ['5(B,) is equicontinuous from the right hand side at #,. Similarly we
can to prove that I'y(B,) is equicontinuous at ty > 0. Thus I'y(B,) is equicontinuous.

Now we prove that I's(B,)(t) is relatively compact for ¢ € I. The case t = 0 is
trivial. Let 0 < € < t < a and W%l,r* be the compact set in (a). Since (—A)PT(-) is
strongly continuous on (£, a], follows that W, = {(—A)'?T(s)z : s € [,a], z € W%,r*}
is precompact in X which from the mean value theorem for the Bochner integral, [21]
Lemma 2.1.3, imply that

)

() = [ (~4)PT( = s = DTE) (=4 g(s,7 +)ds
+ ti (—A)'PT(t — s)(—A)Pg(s,zs + ys)ds, Z € By,
€ (t—e)co(W) +C,, z € By,

where co(W,) is the convex hull of W, and diam(C,) < 2Ci_s(c,7* + ¢3)%. These re-

e
mark permit to infer that I'y(B,)(¢) is relatively compact in X. Thus, ['s is completely
continuous.

Arguing as in step 2, follows that ['; is completely continuous, we omit details.

Step 3 The map I'y is completely continuous
The proof follows from Proposition 1, the assumptions on the operators I; and the

expressions
i1

[Cazl,(t:) = S T(t: — t;) Lz, +vy,) + Lilzs +90), i>1,2€ B,

j=1

[F45’3] (tiq1) = ZT(tH—l — t5) 1 (ze; + s ), 120,28,

=1

where [F4x] (ty) are defined in (8)-(10). We omit details of this part of the proof.
These remalks and the Leray Schauder Alternative asserts that I" has a fixed point in
PC. This point is a mild solution of the problem (1). The proof is complete. m

Theorem 3 Assume that conditions (Hy)-(Hz) are verified. Suppose in addition that
the followings conditions hold.



(a) Foreachr >0 and alle > 0 there is a compact set W, C X such that T(€) f(s, 1) €
We, for every s € I, ¢ € B,(0,B).

(b) There exist constants Ly, L;, j = 1,2,...n such that

I Li() = L) | < Ly I — 42 |, i € B,
I (=A)g(t,41) = (—A)ﬁg(t,wz) < Lyl ¢ =2 ls, (t,9:) € I x B.

) + MZL ) +lim 1nf my(s)Wi(Kar+ || ys || )ds <

If K, | L,(]| (—A)™°
f (g<n< )8 )+ minf - [
1, where y(-) is the function mtroduced in (Hs), then there exists a mild solution of (1).
§ Let I' : S(a) — S(a) the map defined in the proof of Theorem 4 and consider the
decomposition I' = 'y + I'y where I';z = 0 on (—00,0], i = 1,2, and

t

Mzt = / T(t—s)f(s,zs +ys)ds, tel,
0

t
Laolt) = T(09(0,) ~ gltzu+v) = [ AT(t = $)g(s, 3, +y.)ds
+ Y Tt —to)hi(zy + ), t€L

t; <t

We affirm that there exist 7 > 0 such that I'(B,(0, S(a))) C B,(0, S(a)). If the affirmation
is false, for every 7 > 0 there exist z” € B, and t" € I such that r <|| ['z"(¢") || and then

P<IT @ S B 90,0 1+ 1 (=A)2 1 L 25 Nl + Il o) |
+ [ oL T 12 s+l glo,w) )

+ [ my s)Wf(n 7 s + 9 Il s + 82 3 (L Il @, 1+ I Fw) 1)

t;<tr

C’l_gaﬂ

VAN

M || 9(0,0) I + | (=A) || LeKar+ || 9(t", yer) || +LgKar

i 9(s,ys) | o
+/ - frll_sl 5 d3+/0 my(s)Wy(Kar+ || ys || )ds

]V[ Z(LiKaT'*" ” [i(yti) ”)
i=1
and hence

C’_ B _n ) ) 1 a
1 <K, (Lg(|| (—A)'ﬂ | +—%a—) + MZLi> +liminf = [ ms(s)Wi(Ker+ || ys ||8)ds
i=1

T—00 71 0

which is absurd.
Let 7o > 0 such that I'(B,,) C B,,. Follows from the proof of Theorem 4 that I'; is

completely continuous on B;, and from the estimate

Cl_gaﬂ 1
| Tou —Tov |l < Ko |Lg ||l (-A)7 +T + jV[ZLi | vw—v|a,

i=1
that ['s is a contraction on B,,. Thus, I' is a condensing operator on B,,. Now, the
existence of a mild solution of (1) is consequence of the Sadovskii point fixed Theorem.
e



3 The Second Order Problem

In this section we discuss existence of mild solutions for the impulsive neutral problem
(4)-(7). Along of this section, A is the infinitesimal generator of a strongly continuous
cosine family of bounded linear operators, (C(t));em, on X; S(¢) is the sine function
associated with (C(t))iwem, that is,

t
S(t)a::/o C(s)zds, ze X, telR,

and N, N are constants such that ||C(¢)]| < N and ||S(t)|]| < N for every t € I. We
refer the reader to [11] for the necessary concepts about cosine functions. Next we only
mention a few results and notations needed to establish our results. Along of this section,
[D(A)] is the space

D(A) = {z € X : C(t)z is twice continuously differentiable},

endowed with the norm || z ||a=|| z || + || Az ||, x € D(A). Moreover, in this section
the notation F stands for the space formed by the vectors z € X for which the function
C(-)z is of class C*'. It was proved by Kisinsky [18] that E endowed with the norm

lzlli = [lz|l + sup [[AS(¢)z]], T € E,
0<t<a

c) S
AS(t) C(t)
continuous group of linear operators on the space F x X generated by the operator

A= [ 0 [} defined on D(A) x E. From this it follows that AS(¢) : £ — X is a

is a Banach space. The operator valued function G(t) = [ } is a strongly

A0
bounded linear operator and that AS(t)x — 0, ¢ — 0, for each x € E. Furthermore, if
t

z : [0,00) = X is locally integrable then y(t) = / S(t — s)xz(s)ds defines an E-valued

continuous function. This is an consequence of the fact that

t 01 | [ st=s)ts)ds
/0 9t =) l z(s) } b= /OtC(t — s)z(s)ds

defines an E x X-valued continuous function.
The existence of solutions of the second order abstract Cauchy problem

{ "(t) = Axz(t) + h(t), 0<t<a, (12)

z(0) =z, Z(0)=m,
where h : [0,a] — X is an integrable function, has been discussed in [26]. Similarly, the

existence of solutions of the semilinear second order abstract Cauchy problem it has been
treated in [27]. We only mention here that the function z(-) given by

() = C(t)zo + Sz + ./OtS(t—s)h(s) s, D2i<a (13)
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is called, mild solution of (12) and that when zo € F, x(-) is continuously differentiable
and

t
(1) = AS(t)zo + C(t)a1 + / C(t — s)h(s) ds.
0
Initially we study the Neutral system

S —ota] = Asl)+fbe),  tel=od, (1)

o = w€B, ©'(0) =y € X, (15)
Am(ti) = Iil(wti)a (16)
At = D{ay) (17)

If u(-) is a solution of (14)-(15), g is D(A)-valued and Ag € L}(I: X) then

u(t) = Ce)p(0) + Sl — 90,0)) — [ ols,u)ds + [ A —s) [ glr,ur)ards
+ /OtS(t — 8)f(s,us)ds. (18)

The expression (18) is the motivation of the following definition.

Definition 2 A function z : (—o0,a] — X is a mild solution of the problem (14)-(17) if
zo = ¢; z(-);; € PC and

z(t) = C(t)p(0) + S(t)[yo — 9(0,9)] + /Ot C(t—s)g(s,zs)ds + /Ot S(t—s)f(s,zs)ds
‘f‘ZC(t—ti)Iil(fL'ti)+ZS(t—ti)[i2(CCti), tel.

t; <t t; <t

Theorem 4 Assume that conditions Hy and Hy are verified and that g(-) is completely
continuous. Suppose, furthermore, that the followings conditions hold.

(a) The set U(t,t',r) = {S({t')f(s,¢) :s € [0,t],|| ¥ ||p< r} is relatively compact in X
for every 0 < t' <t and all 7 > 0.

(b) The functions I} are completely continuous and there ezist positive constants c; such
that || INz) ||< ¢} || z || +¢F for every z € X.

(c) Foreverys € I and allT > 0, the set V(s,r) = {S(s)[7(z) || z |<r, i=1,2..n} is
relatively compact in X and there are constants di, such that || I? (z) ||< dj || z || +d;
for every x € X.

ds

n _ K t _ o0
i Ly Ndl) < 1, e / N N d /
Ifu= K.y (Nc+Ndj) <1, - | iz ()] S (Sljde s W,(s) + Wy (s)

i=1
where

= (L= [ £ NE) [0 s +K. (N(H go Il + 11 9(0,0) 1) + SN + Nd?))] |

1=1
then there exists a mild solution of (14)-(17).

11



Proof. On the space S(p) = {z € PC : z(0) = ¢(0)} endowed with the uniform
convergence topology, we define the map I : S(¢) — S(¢) by

Pa(t) = C(t)¢(0)+5(t)[yo—9(0,£ﬂ i /tct—sw(s,fs)dw /(fs<t—s>f<s,fs>ds
+ Y Ct =)} (Z) + Y St — )} (E,), tel,

t;<t t; <t

where Z : (—o0,a] — X is such that o = ¢ and T = z on I. Now, we obtain an a priori
bound for the solution of the integral equation z = A'(z), A € (0, 1). Let z* be a solution
of z = Al'(z), A € (0,1). If v(t) := M, || ¢ ||s + K. || 2 ||: we get

12O 1 < N 1) I +T0 w1+ 11 90,0 1)+ N [ my(s)Wy (0 (5))ds

-t ~ -
+N/O my(s)Wy(v'(s))ds + > (Nej + Ndj)vr(t) + > (Nt + Nd?),
t; <t t; <t
which imply that
V() < M|l ¢lls +Ke (N 1 0(0) Il +N(l wo Il + 11 9(0,¢) | +> (Nei + Nd?))
, ] t =1
VK, (N /O my ()W, (v (s))ds + N /O mf(s)Wf(v)‘(s))d3> + o (2)
and so that

20 S ok (N [ my W@ s+ [ mol) Wy (o)ds)

Denoting by S, to the right hand side of last inequality, we see that

Bi(t) < “u(ng(t) + Nms (1) (Wo(Ba(t) + Wr(Br(1))),

]_ —
and hence

Ba(t) ds K, t = o0 ds
< N N d .
/c Wy(s) + We(s) ~ 1—,u/0 Dlemg (o) <+ Nmp(3))ds < /c Wy(s) + Wy(s)

Theses estimates permit to conclude that {5,(-) : A € (0,1)} is bounded in PC which in
turn implies that {z*(:) : A € (0,1)} is bounded in PC.

3

To prove that I' is completely continuous, we introduce the decomposition I' = Z r;
i=1

where (T'1z)o = ¢, (Iiz)o =0, 1 = 2,3, and

Fa(f) = /LC(t—s) (5 &, ds+/ (t —s)f(s,Zs)ds, tel,
Taz(t) = > Ct—t)I} (&) + > St — t:) I} (T,), tel.

t; <t ti<t

Using the assumptions (b), (c), Proposition 1 and the strongly continuity of C(-) follows
that '3 is completely continuous. Next we prove that I'; is completely continuous. In what
follow, forr > 0, B, = {z € S(¢) :|| (8)—¢(0) ||o< 7} and r* := (M, + K H) || ¢ || +K,r.
In order to use the Ascoli-Arzela Theorem we will divide this part of proof in two steps.

12



Step 1. The set ['yB, = {I'yz : € B, } is equicontinuous on /.

Let ¢ € I and € > 0. Since C(-) is strongly continuous and ¢(-) is completely continuous,
there exists 6 > 0 such that

1(C(E+h)—Ct)g(t, ) I<e, ¥ lls<r* t e,
if | A |< §. Under the previous conditions, for z € B, and |h| < § with ¢t + h € I we get
| Taz(t + h) — Taz(t) ||
t t+h
< [ NG +h=5)=Clt = 5)gls,2.) [l ds+ NW,(r*) [ my(s)ds
t

+/0t | S(t+h—3s)—S(t—3s) |l f(s,2s) | dS+NI/Vf(7'*)/tt+hmf(3)dS

t+h

< et-{—NWg(r*)/tHhmg(s)ds-{—Wf(r*) <Nh/(:mf(s)ds+]\~//t mf(s)d8>,

which prove the assertion.
Step 2. For every t € I, the set 3B, (t) = {T's2x(t) : z € B,} is relatively compact in X.
Let t€ I and € > 0. If z € B,, from the estimate

1 £(0,z0) I < mp(@)W,(ll zo [[5) < ms(O)W;(r7), 0el,

follows that the set U = {f(t — s,Z;—s) : s € [0,t],z € B, } is bounded in X. Using that
S : I — L(X) is uniformly Lipschitz on I, we can chose 0 = s; < s5 < ... < s, =t such
that for all : = 1,2, ...k — 1 and every s, s’ € [s;, $i11],

15(shy — S(s)yll<e  yeU

Using the mean value theorem for the Bochner integral ( [21] Lemma 2.1.3 ) and the fact
that V = {C(s)g(0,%) : 5,0 € I, || ¥ ||< r*} is relatively compact in X; for z € B, we
get

Si41

¢ k—1
Lor(t) = [ Ot s)g(s,8)ds + 3 / (S(s) = S(s:))f(t — 5, 1_s)ds

k-1

+3 [ S0 1t - 5,50)ds
i=1 "%
- k—1
< tCO(V) + aBE(O’ A—) + Z(Si+1 - Si)CO(U(ta Sis T*))7
i=1

where co(V') denote the convex hull of V. Thus, I';B,(t) is relatively compact in X

From the steps 1, 2, we infer that 'y B, is relatively compact in C'(/; X'). The continuity
of I’y follows from the axioms of the phase space and the Lebesgue dominated convergence
Theorem. Thus, I'y is completely continuous.

These remarks proves that I' is completely continuous. Finally, the Leray Schauder
Alternative Theorem imply that there exist a mild solution of (14)-(17). =

In the most of the situation of practical interest the sine function is compact, it’s the
motivation of the next result.
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Corollary 1 Assume that S(t) is compact for every t > 0 and that the assumptions of
Theorem 4, except condition (a), are verified. If f(-) takes bounded into the bounded sets,
then there exists a mild solution of (14)-(17).

Theorem 5 Let (H;), (Hy4) and condition (a) in Theorem 4 be satisfied. Assume, fur-
thermore, that there exist positives constant L, Lj-, t=1,2,.n,7=1,2 sueh that

I 7 (=) = B (y) |

< Lllz-yl, z,y € X,
Il g(t, 1) —g(t,2) | <

Li |
Ly || 1 = 12 ||, (t, ;) € I x B.

If Ko(NLya+ SN+ NLY) + Nlimint [ m (YW (Kor+ Mo+ Ko H) || 0 [ds < 1,
=1

then there exists a mild solution of (14)-(17).

Proof. Let I' : S(p) — S(p) the map defined in the proof of Theorem 4 and consider the
decomposition I' = I'; + ['s where

Lur(t) = C(0p(0) + S — 9(0,9)] + [ Ol — 9)g(s,7.)ds
+ Y Clt—t) I} (Z) + Y St —t:)I}(3,), tel,

t; <t t;i<t

Tyz(t) = /OtS(t—s)f(s,is)ds, tel.

Let B, be the set B, = {z € S(p) : supge; || z(8) — ¢(0) ||[< r} and X¥ : (—o0,a] - X
be the extension of ¢ such that X%(t) = ¢(0) on I. We affirm that there exist 7 > 0 such
that ['(B,) C B,. In fact, if the property is false, for each r > 0 there exist 2" € B, and

t" € [0,a] such || Tz" (") — ¢(0) ||,> r and then
r <|| Tz (t") — ¢(0) |la
< 1 CE) =1 o]l O) || +N( wo || + 11 9(0,9) ||) + NLyK,ra
+N/0 | X2 || ds+]\7/0 my ()W (Kar+ || X2 ||5)ds

N Y [L K+ | THAE) Nls] + N S [L2 K+ || I2(XE) |ls)
1=1 1=1

and hence

K,(NLyja+ > (NL!+ NL?))+ Nliminf | ms(s)W(Ker + (Mo + K H) || ¢ ||)ds < 1,
i1 T—0Q 0

which is contradictory with the assumptions.
Let 7o > 0 such that I'(B,,) C B,,- We known from the proof of Theorem 4 that I'y

is completely continuous on B,, and since

1T =Tl < Ko (MLt 3 (NEL482) ) 2=y e

=1

we can to conclude I' is condensing on B,,. The result is now consequence of the Sadovskii
point fixed Theorem. m
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To complete this paper, we study the neutral system (4)-(7). In general, the results
are similar to those in the first part of this section and for this reason their proofs will be
summarized or simply omitted. To begin we introduce the followings conditions.

Hs The function f: 1 x B x X — X satisfy the following conditions:
(i) f(t,-) : Bx X — X is continuous a.e. t € I;
(ii) Foreach (,z) € Bx X, the function f(-,%,z) : I — X is strongly measurable;

(iii) There exists a continuous function m; : [0,c0) — [0,00) and a continuous
nondecreasing function W; : [0,00) — (0, 00) such that

1 (&%, 2) [I< mp@OW(ll ¥ 15 + Il = 1)), (%, z) e X BxX.

Hg The function g is E-valued and verifies the following conditions

(i) g(¢,-) : Bx X — E is continuous a.e. t € I;
(ii) the function g(-,%,z) : I — F is strongly measurable for every (¢, z) € Bx X.

(iii) There exists a continuous function m, : [0,00) — [0,00) and a continuous
nondecreasing function W, : [0,00) — (0, c0) such that

lot,,2) I < AW, 4 s+l ll),  (t4,2) €IxB.
(iv) There exist positive constants ci, c; such that

9@t b, z) ISall¢lls+zl)+e  (L,2)eIxBxX.

H7 If A is the space A = {z : (—00,a] = X : 29 = @, z|[0,q) € PC} endowed with the
uniform convergence topology, then, for every » > 0 the set of functions

{t = g(t,ze,z(t) :z €A ||z ||a< 7}
is equicontinuos on [0, al.
Definition 3 A function z : (—o0,a] — X is a mild solution of (4)-(7) if To = @;
z(-)y € PC, /() € PC, the impulsive conditions (6)-(7) are satisfied and

o) = C)e(0) + SOl - 9(0,0,90)] + || Clt = s)g(s,,,3'(5))ds

+/tS’(t - s)f(s,:cs,z'(s))ds
+3Ct —t) [}z, ' () + > St — )] 7'(t)), tel

t;<t ti<t

Theorem 6 Assume that (p(0),v0) € X X E, that Hs- Hy hold, that g(-) is completely
continuous and that the followings conditions are verified.

(a) The functions I} are completely continuous and there exist constants cl,d? such that

I E@W,2) I < ol @,2) || +¢, (¥, z) € Bx X,
I E(w,2) || < dl I (%, ) || +dF, (¥, z) € Bx X
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(b) Any of the followings properties hold:
(b.1) The functz'ons I} are E-valued completely contmuous and there exist constants
cl,é? such that || Ny, z) 1< é || (¥, ) || +¢2, for all (v, 1) € Bx X,

(b.2) S(t) is compact for each t > 0, the functions I1 are [D(A)]-valued continuous
and there are constants ¢!, c? such that || AS(t )1-1(1/;,3:) < el (W) || +&,
for every (t,¥,z) € [ x Bx X.

(c) For every r > 0 the set f(I x B.(0,8 x X)) is relatively compact in X.
Ifu=K, Z[ (N&j + Nd}) + & + Nd}| + ¢ < 1 and

Ti—u /ot ((VEa + 1)7y(5) + (K + Nymy(9)) ds < [~ o (S)Cist(S)

where

= (1= @)™ [(Ma + KNH) [l @ Il +(KalV + N)(Il o | + [| 90, ,90) [}) + ez + ©4]

n

and ©; =K, Z (NE+Nd?)+ > (624 Nd?), then there ezists a mild solution of (4)-(7).

1=1

Proof. Let S(¢) be the space in the proof of Theorem 4. On the space S = S(p) x PC
we define the map I' : S — S where I'(z,y) = (I'1(z,y), [2(z,y)) and

D@ u)(®) = CO(0)+ S~ 906,90 + [ Clt = 5)g(s, 5 y(s))ds

+/tS t—s) s,a‘:s,y(s))ds
+ Z C(t :Et Jy(ts) + Z St — ti)ff(iti,y(ti)), tel,

i<t t; <t

Pa(z,y)(t) = AS(t)e(0) + C(t)[yo — 9(0, 9, v0)] + 9(t, Ze, y(2))
+/ AS(t —5)g(s, Ts,y(s) )ds+/ C(t—s)f(s,Zs,y(s))ds
> AS(t— ), "(Zs,, y (s +ZCt—t)[2(mt,y( ), tel,

ti<t t; <t

and Z : (—o0,a] — X is defined as in the proof of theorem 4. Follows from the assumptions
that I is well defined and continuous. If (z*,y*) = Al'(z*,y*), A € (0, 1), we get

I 2*@) | < Nl ©0) s +N[ll vo |l + 1l 9(0,%,%0) |l]
N [Ty ($)Wy(Ma || @ lls +Ka | 2 lls + 11 5(5) [)ds
[ Wy, o s+ | 1l + 11 57(5) )ds
TN Y IHEL @) |+ X I, 0 0) |

t; <t ti<t
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and

190 1 < 1 ASCYP(0) lle +N01 0 | + 1 900, 0,90) I + 1 | 2 || 42
+ [ g () Wy(Ma || 0 lls +Ka || 5 Il + 1| 9(s) IDdls
#V [ ) Wf<Ma o lls +Ka | 5 lls + 1 9*(5) l)ds
5 AS(t = ) IHE, v ) | +N X || (@, v (w) |

t; <t t; <t

If ax(t) = M, || ¢ |ls +Ka || z* ||: + || v*(t) ||, from the previous estimates we get

o*(t) < (Ma+KNH) | @ lls +(KaN + NIl yo | + 11 900, 0,30) 1] + 2
+ || AS(-)(0) |l + ( Z[ (Né} + Ndj) + ¢ +Nd1]+c1> o’ (t)

HEKLN +1) /D 75, (5) W, (@ (s))ds + (N K, + N) /0 “m ()W (@ (s))ds
which imply that

A (t) < c+ 1{—“ [(Kazv +1) /Ot 5, (5) W, (@ (5))ds + (N K, + N) /Ot mf(s)wf(ﬁ(s))ds]
If Bx(t) is the right hand side of the last inequality, we see that
B0 < 72— (K + D)+ (ul¥ + Nyms () (W(Br(8) + W (Br(0)

and hence

Ba(t) ds 1 ¢ i
~/ﬂ/\(0) W,(s) + W;(s) S1z u/o (Kol + 1)my(s) + (KoV + N)my(s)] ds

ds
Wo(s) +Wy(s)’

which prove that the set {z* = (z*,y*) : 2* = A\'2*, A € (0,1)} are bounded in S.

Using the same arguments employed in the proof of Theorem 4, follows that Iy is
completely continuous. Moreover, from the compactness assumptions on g, f, I/; H; and
the fact that the family (AS(t))iem is a strongly continuous family of bounded linear
operators from E into X, follows that ['; is completely continuous map. Thus I' is

completely continuous.
The existence of a mild solution is now consequence of Theorem 1. m

The proof of the next result is similar to the proof of Theorem 5.

Theorem 7 Assume that (p(0),y0) € E x X, that the condition (c) in Theorem 6 holds,
that the maps I},i = 1,2, ..n, are E-valued and that there are constants L] such that

I 5z, y) = L (zw) < Li || (z,9) = (z,0) Il (z,9), (z,w) € X?,
| Bz y) = Fzw) | < LT (z,9) = (z,w) |, (z,9), (2, w) € X*.



if

a

Q(r )/Oamg(s)dsm(f)/ m

0

(Ko 1)) [Nel + & + (N + N)d?] + lim inf
i=1

T—r00

f(s)ds] <1,

where Q1) = Wy(M, || ¢ |l +(Ko + 1)r) and A(r) = Wi (M, || @ |ls +(Ka + 1)7) then
there exists a mild solution of the neutral system (4)-(7).

4 Examples

In this section we illustrate some of the results in this work. In the rest of this work
X = L*([0,7]) and A is the operator Af = f” with domain

D(A) = {f(-) € L*([0,]) : f"(-) € L*([0,7]), (0) = f(m) = O}

It’s well know that A is the infinitesimal generator of a Cp-semigroup and of a strongly
continuous cosine function on X, which will be denoted by (T'(t))i>0 and (C(¢))iem re-

spectively. Moreover, A has discrete spectrum, the eigenvalues are —n? n € N, with

1/2
corresponding normalized eigenvectors z, (&) := (2) / sin(né) and the following proper-

ties hiold: "

(a) {zn, :n € N} is an orthonormal basis of X.

(b) If f € D(A) then A(f) = — inz & f,2n > 2p

x 1
(c) For every f € X, (—A)—%f = Z ~ < f,2zn > z,. The operator (—A)% is given by

=1

(=A %f—zn<f,zn>ZnODD(( A)£)={f€X:in<f,zn>zn€X},

n=1 n=1

I(~4)72] = 1 and || (~APT(2) ||< ﬁ

ezt 3
(d) For f € X, C()f = Y. cos(nt) < f, 0 > 2 and T(t)f =
n=l n=1
oo v t
Moreover, it follow from these expressions that S(t)p = > sin(nt)

for t > 0.

.2
et < flzn > 2.

K

< @,2n > Zn,
n

n=1
that S(¢) and T'(¢) are compact for ¢t > 0 and that || C(¢) [|[< 1, || T(¢) ||< et and
|| S(¢) [|< 1 for every ¢t € [0, 7].

(e) If ® denotes the group of translations on X defined by ®(¢)z(§) = z(£ + t), where &
is the extension of = with period 27, then C(t) = 3(®(t) + ®(—t)); A = B? where
B is the infinitesimal generator of the group ® and F = {z € H'(0,7) : z(0) =
z(m) = 0}, see [11] for details.

On the other hand, to modelled our examples we will use the space B := C, x L?(g; X),
r = 0, see [17], which consists of all classes of functions ¢ : (—00,0] — X such that ¢
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is continuous on [—r, 0], Lebesgue-measurable and g(-) | ¢(:) |P is Lebesgue integrable on
(—oo, —r), where g(-) : (—oo,—r) — IR is a positive Lebesgue integrable function. The
seminorm in || - || is defined by

-r 1/p

I lls=sup{l o(0)]: = < 6. < 0} + ([ g16) | o(0) I o)
We will assume that g(-) satisfies conditions (g-6) and (g-7) in the terminology of [17].
This means that g(-) is integrable on (—co, —r) and that there exists a non-negative and
locally bounded function v on (—o0,0] such that g(& + ) < (&) g(#), for all ¢ < 0 and
6 € (—oo0, —r) \ N¢, where N C (—oco, —r) is a set with Lebesgue measure zero.
In this case, B is a phase space which verifies axioms (A), (A1) and (B), [17] Theorem

0
1.3.8. Moreover, H = 1; M(t) = v(—t)? and K () =1 + (/ g(T)dT) " for all ¢ > 0.
—t

4.1 A first order neutral equation

Next we study the first order neutral equation with unbounded delay

u(t, &) +/ / —t,m,&)u(s,n)dnds) = @a(;;f)-i-/_; F(t,s —t,&u(s,§))ds
(19)
u(t,0) = wu(t,m)=0, t>0, (20)
u(r, &) = w(@ ), 7<0, 0<&<m, (21)
Du(t)(§) = [ als—tuls,)ds, (22)

where ¢ € B and

ab(8,n,¢) 9%b(0,n,()
aC ’ o0¢?

I / / /0 gl 2N S”C))andsdo

(a) b(0,n, ), are measurable; b(0,n,7) = b(0,n, 0) = 0 and

=

1i=0.1} < s0;

(b) f:IR* — IR is continuous and that there are continuous functions 7/ : IR® — IR
such that

| (5,6 t,2) [S nl(t,5,) +nf(t5) | 2 |, (s,€,t,2) € IR

0 2 0 3
(c) the functions a;(-) are continuous and ¢; := </ C;((H)) d9> < oo for each i =
1,2,.m.

Assuming that the conditions (a), (b), (c) and the assumptions (i)-(iii) of Example 3.1 in
[14] are verified, the problem (19)-(22) can be modelled as the abstract impulsive Cauchy
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problem (1)-(3) by defining the substituting operators

960 = [ [ bls, m, (s, mands, 23
0O = [ Ftsguls s, (21
Kw) = [ alshs, s (25)

Moreover, G(t,-) and I; are bounded linear operators, the range of G is contained in X1,

I (=A)2G(t,) IS Ly, | i 1< ¢f for i =1,2,.n and || f(t,9) [I< di(t) + da(t) | ¥ |15,
where

di(t) = (2/07r (/_Ooon{(t,s,g)ds>2d§>% and d(t) _( m () d§>

Proposition 1 Assume that the previous conditions are verified. If

<1+(/° g(T)dT)%> <L9(1+\/%) +§Li+/0”(d1(s)+dl(s))ds> <1

-

then there exist a mild solution of (19)-(22).

4.2 A second order neutral equation

Now we consider the neutral differential equation

'(¢,€) +/ / —t,n,&)u(s,n)dnds) = 5215(;27 §) +/_too F(t,s —t,& u(s,§))ds,
(26)
u(t,0) = wu(t,7)=0, t>0 (27)
wr,) = ¢(r,6), T<0, 0<E<m  (28)
Au(t)(E) = _t;o s~ L)l E1ds, (29)
pu(e)(€) = [ als —tuls, €)ds (30)

To study the problem (26)-(28), we always that the assumptions in the previous examples
hold and additionally that

ot - L (OPAL _
(d) the functions a,(-) are continuous and ¢; := / 2(0) df) < oo for each i =
1. 2; 9%
Defining f, ¢ as in (23), (24) and I/ by
0 , o
B = [ als)(s,6)ds and )= [ alshuls &ds, (31)

the problem (26)-(28) can be modelled as (14)-(17). The next results follows directly of
Theorem (5).



Proposition 2 Let the previous conditions be satisfied. If

-

(1+(/° g(T)dT)-) <WLQ+§(L} + 1) +/0”(d1(s) +d1(s))ds) <1,

=TT

then there exist a mild solution of (19)-(22).
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