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Resumo

Neste artigo consideramos problemas hiperbdlicos com amortecimento da forma
Uy + nA%ut + auy + Au = f(u)
e sua discretizacao
U +2nAYV2U 4 2aU = —A,U +{(U)

com D(A) = {u € H?(0,1) : uz(0) = u,(1) =0}, A: D(A) C X — X, Au =
—Ugy +0u, d > 0,a>0,en > 0. Comparando os semigrupos gerados por ambas
as equagoes, provamos que a dinamica assintética da discretizacao é semicontinua
superiormente relativamente ao pardmetro n, quando n — oco.
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ABSTRACT. We consider damped hyperbolic problems of the form
Wy + NATuy + aug + Au = f(u)

and its discretization

U+2nAY?U +2aU = —A4,U +1{(U)

with D(A) = {u € H?(0,1) : uz(0) = uz(1) =0}, A: D(A) C X = X, Au = —ug, + du,
0 >0,a>0,n>0. By comparing the semigroups generated by both equations, we prove
that asymptotic dynamics of this discretization is upper continuous for n — oco.

1. INTRODUCTION

In most problems, the ideal situation is having the asymptotic dynamics of one equation
the same as the asymptotic dynamics of its discretization. Although, when we are studying
the linear wave equation, we note that the spectrum of discretization and the spectrum of its
continuous counterpart are far away from each other, no matter how fine the discretization
is. This fact is restrictive in the hyperbolic equation (case n = 0). It also happens in the
parabolic equation but the nonconvergent part is controlled by the fact that the real part
of eigenvalues is negative and too large in absolute value (the corresponding modes do not
interfere in the asymptotics).

In order to overcome this problem we propose to approach the linear wave equation by a
“parabolic equation” (the strong damped wave equation) and then to make an approximation
for the strongly damped wave equations by its discretization.

The equation that we consider is

(1.1) ut¢+277A1/2ut+2aut=—Au+f(u), O<z<l, t>0
' uz(0) = uz(1) =0, t >0,
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and its discretization is given by

(1.2) U+ 20 AY?U 4 20U = — AU + £(U)
wheren>0,a>0,Au:—uu—%—%u,Anisanxn,An:An+%IandAngivenby
1 -1 0 --- 0 0 0]
-1 2 -1 -+ 0 0 O
o -1 2 --- 0 0 0O
(1.3) Ap=n®|: 1 1 .t ],
o o o0 --- 2 -1 0
o o o -+ =1 2 -1
0 0 0 -+ 0 -1 1]

f:IR — IR is a C? function satisfying a dissipative condition

(1.4) limsupM <-4, 6>0

lu|l»400 U

f(U) = (f(w)," -+, fun)) T and U = (u1, -~ ,ua) 7.
Note that § may be taken equal zero for Dirichlet boundary conditions.

We denote by A, the operator A : D(A) C X° — X° given by Au = —ug; + $u, X =
L? = X% and D(A) = {u € H*(0,1);4/(0) = /(1) =0} = X
For convenience, we rewrite (1.1) in a abstract form

$[7-a [ (]
where D(C,) = X! x X2 =Y,

Cn= [—OA —2(nA{/2 +a)] aund, 43 m) = [fe(gu)} '

For n > 0, —C), is a sectorial operator and generates an analytic semigroup of contractions
(see [3, 4]). For n > 0, the equation (1.1) generates a C'-semigroup 75 on Y° = H' x L2
T,(t), t > 0 is a gradient system asymptotically smooth. Furthermore, 7;,(t) admits a global
attractor, A,. By using regularity results we have A, C Y.

In order to keep the similarity, we rewrite (1.2) in a matrix form

4 []-cef] o)

where
0 T

O R R (7 [

For (1.6), we have a global attractor A,p,.
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Considering

(1.7) dy (A, B) = sup inf dy(z,y)
zeA YEB

we can define the continuity of a family of sets B, C Y in the following form: a family B, is
continuous in 7y if it is upper semicontinuous at 7; that is, dy (B, B,,) — 0 as n — np, and
lower semicontinuous at 7o; that is, dy (B,,, B,) — 0 as n — 7.

It can be proved, [2], that the family of global attractors 4,, n > 0 is continuous (lower
and upper) in 7 = 0 . Note that » = 0 in (1.5), give us the linear wave equation.

In this paper we study the upper semicontinuity of the family of global attractors A,, for
n large enough, where A, = A,.

In order to compare the problems (1.5) and (1.2) it was necessary to consider the space of
finite dimension embedded in the phase space of the continuous problem. We also consider
two norms in R™ x R™ which are the discretization of norms in the continuous space (¥°
and Y1). Studying the problem, we realize it was not possible to reduce the phase space
dimension using the invariant manifold. That happens because there is not a large gap in
the spectrum of the linear operator, since limg_,oo Re(As(k+1)) — Re(Aix) = 7, where A\, é o
k™ eigenvalue of C,,.

We work with this problem for a fix n > 0 as follow. First, we analyse the closeness of the
linear semigroups in the norm Y°. In order to do that, we decompose the semigroups in two
parts. In one of them, defined on an infinite space dimension, Re(A.;) — —o0, where k — co.
It means that the semigroup norm can be set arbitrarily small. So our problem becomes to
compare the semigroups in a finite dimension space. We did that using the convergence of
the eigenvalues and eigenvectors of the discrete problem to the continuous problem. Then,
we compare the nonlinear semigroups. Last, we prove the upper semicontinuity of the global
attractors A,,. This procedure was used in [1]

The main result of this paper is

Theorem 1.1. The family of global attractors A,, is upper semicontinuous at n = oo, for
any n > 0.

Theorem 1.1, and the fact the family A, is upper continuous [2], leads to the following
important result

Theorem 1.2. Let A be the attractor of (1.1) for n = 0. Then, there exists a sequence
(n,ny,) such that 6(Ayn,, A) converges to zero when n — 0.

These results can be summarized in the following diagram
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n—0
A A,
*
N
N
N
N N n—o00,n fixo
N
\
N

where the arrows denotes upper semicontinuity when it points to the limit problem and
denotes lower semicontinuity when it points to the family problems.

This paper is organized as follows. In Section 1, we recall some properties of C;, and C,,.
We also define the norms and some relations between R™ x R™ and Y°. In Section 3 we
make the comparison of the linear semigroups. The comparison of the nonlinear semigroups

is done in Section 4. Finally, the last section proves the upper semicontinuity of attractors
G

2. SPECTRAL PROPERTIES OF C; AND Cjy,.

Let v, = (k)% + % be the eigenvalues of A for £ = 0,1,---. The eigenvalues, Ay, of C,
are the solutions of

1
A+ (2002 +2a) A+ v =0
and they are given by:

Ayy = (771/,:/2 +a)+ \/ 771/,1/2 — U

For each 1 > 0, exist an kg = ko(n) > 0 such that Ay is a real number for k£ < ko and Ay
is a complex number for £ > k.
The correspondents eigenfunctions are given by:

(2.1) Ptk = [ o ]

Axk€k
where e, = cos(kmz) is a eigenfunction of A with respect the eigenvalue vi. If Ay is a
double eigenvalue then 1, = [60} is a generalized eigenfunction associated with Ap,. If
k

A1 is a complex eigenvalue then we consider the following vectors 1., = Re(¢ix) and
Y_ = Im(p4x), in the real eigenspace associated with Aiy.
We have the following properties:
1) the family (¢4)5%gs (¥+k)52k, 18 orthogonal in Y,
2) the family (¢_x);%, (V—k)§2s, is orthogonal in Y?;
3) (i, byidyo = 0, (Vi,¥yj)yo =0, (i, Yyj)yo =0, (Y_i, dyj)yo = 0 if i # j.
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Similarly, the eigenvalues of A, are given by v} = 4n?sin? ’2“’ + % and the associated

eigenvectors are ey = (coskmzy,- - ,coskmz,) for kK =0,---,n — 1. The eigenvalues, A",
of Cyy, are the solutions of the equation \? + (217(1/,?)% 3 2a1/k)/\ + v = 0 and are given by:
N = —(0R)? +a) £ /() V2 + a)? — v

The correspondents eigenvectors are given by:

n Ck
(2.2) +k = n
where e}, is the eigenvector of A, associated with the eigenvalue vj'. If A%}, is a double

. 0] . . . : '
eigenvalue then ¢} = Lz] is a generalized eigenvector associated with A7},

If A\ is a complex eigenvalue then we consider the following vectors 9%, = Re(¢’},) and
Y™, = Im(¢%,), in the real eigenspace associated with .

We also get that for each n > 0 and n > 0 exist a ky = ko(n, n) > 0 such that A%}, is a
real number for k£ < kg and A%}, is a complex number for kg < k < n.

In order to compare the problems (1.5) and (1.6), it is necessary to consider in R" x R™ a
compatible norm with the norm in Y°. Therefore, we define in R" x R" the following inner
product:

(2.3) (m , [vg] Yo = (AU, Wgn + (V; Z)gn

where (U, W)g» = Y1, 2u; w; is the inner product L? discretized. We denote for Y, the
space R™ x R™ with the inner product given above.
About the eigenvectors of C,, in the space Y,? we have:
1) the family ( 1k)k ° 0> (W), is orthogonal in Y)7;
2) the family (4" );%0, (V™ 4)Ros, 1S orthogonal in Y;2;
3) < ——17¢+]>Y° = Oa (W_li,d}ij)y,? . <¢—nw+3>Y° = 0 ( e +j>y79 =0ifs 7/2 ]

We need to associate another inner product in R™ x R™ compatible with the inner product
in Y!, that means,

(2.4) ([ﬂ , [Vg] N = (AnU, AW )gn + (AnV; Z)e

We denote by Y! the space R* x R™ with the inner product given above. We make the
distinction between the inner products by the index 0 or 1.
With a simple evaluation we get that

e |
(AU, W)gn = En Uir1 — ;) (Wip1 — w;) + = 5 Z —UiW;.

i=1 i=1
We use the index Y;? or Y} to indicate the norm con31dered in R® x R". Furthermore, we
use in R, three dlferente norms given by ||Ul| 2 = (U, U ) . which we call L2- discretized,

1Ullay = (AaU, U)Y? which we call H' discretized and |Ullgz = (AnU, A 2U)EE which we
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call H* discretized. In order to avoid mistakes, we denote by 10|z = (AU, Uz the L2
norm discretized of the discretized derivative.

We also use a decomposition of the spaces R* x R and H! x L2.

We write H' x L?* = @®FE) where E}, is the generalized real eigenspace 2-dimensional
associated with the eigenvalues Aip. If Ay are real then Ey = [dig, d_x). If Ay are
complex, we consider the vectors ¢,x = Re¢, and ¢_, = Im¢, . the base of Ej.

We denote by <I;’,§ the angle between 1, and 1_,. We observe that cos(<{;’,§) <1-¢,
for some § > 0 and for any k. In fact, considering ||ex||z: = 1 we get

- 1 Re(A I A
cos(<Ijr£): - 2 ”ek”H -: e(Apx)Im(A )
\/Hek”H1+ (Re*( Ak )+ Im* (M)l exl2 + (Re(Apr) Im(A )2

remembering that Re(Ax) = O(—7|lex]|z1) and Im(Ayx) = O((1 — 72)z||ex|| ) then,
1
3

1+ n(1 —7?)3)?
lim cos?(<;}) < (L+n( =) 1) <1-
koo 2+n(1—-n?):

]

for some £ > 0. With this fact, we obtain the equivalence between the sum norm, the max
norm and inner product norm in each E}, with equivalence constants independent of k.
Therefore, for (u,v) € H' x L? we write

o0

(u’ U) = ((u7 U):QS-HC 2 (u’ U);¢—k) .
k=1

Using the orthogonal properties of Ex, we have ||(u,v)|lyo = 3 pe; I|(w, v)]|2)? where
(u,v) is a projection of (u,v) in the space Ej.

Similarly, we write R® x R* = @E} where E} is a two dimensional space associated
with the eigenvalues A\%,. If A}, are real eigenvalues then E} = [¢7,,¢",], where ¢, is
the normalized eigenvector associated with A%},. If A}, is complex we consider the vectors
Y%, = Redl}, and ¥, = Img7, a base de Ej.

Thus, (U,V) € R* x R" is

n

U, V)= (U V)idhe + (U, V)i ¢"%)

k=1

and [|(U, V)|lye = (Crot I(U, V)el[?)'/?, where (U, V)y is a projection of (U, V) in the E}
which are orthogonal.

In order to make the comparison proposed, we use a technique of Numerical Analysis
which is denominated Internal Approzimation of a Normed Space, see [10]. We define a
family {R™ x R™, Py, %20}, n € N where P, : Y — R" x R" and 4, : R* X R" — Y? are
denominated projection and inclusion respectively.

Let (U,V) = (uj,ug, "+ ,Un, V1,02, -+ ,¥p) € R X R", the inclusion application, is,, 1s
defined by i, (U, V) = (u(z), v(z)) where u(z) and v(z) are given by
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(2.5) u(z) = UiX[o,L) t+ Z Ui + (Ui — wi)n(z — Ii))X[Zg_;l,Zgy) T UnX[21=1 )

and

(2'6) ’U(:B) = ZUiXI;

where I; is the interval [, 1),

We also defined a projection of Y? in R™ x R™ in the following way. For each e, we define
Pu(ex) = U = (u1,ug,- -+ ,u,) € R® where u; = ex(z;), hence, P,(e;) = eF, thus we define
Pon(¢+r) = (Pulex), AexPnler)) and Pon(¥ik) = (Pa(er), Re(Ask)Paler)) and Po,(v_y) =
(Pa(ex), Im(Ayx)Py(ex)) and we extend by linearity on Y7°.

For the inclusion and projection applications we have

Theorem 2.1. The inclusion application, is, : R®™ x R® — H' x L? is continuous. Further-
more, the continuity is uniform in n.

Proof: In fact, let u(z) given by (2.5), then

9 n—1 Tj41 2
u u?
|lu(z)|?. = i + Z/ u?(z)dz + I

R

u; & u2'+1
S g dos

IN
~ lu.\,

~ U2,
and,
n—1
lu(@) 3 = nlujn —u)* = U
i=1

and let v(z) given by (2.6), then |lv(z)||2. = > 7, v = ||V||%§ Thus,

]ln

(U, V)llyo = (lu(@) Iz + gHU(l‘)HQLz +[lo(@)lI22)? < U, V)llve

Theorem 2.2. The projection application, Pay, is continuous. Furthermore, the continuity
is uniform in n.

Proof: In fact, let U = P,(cos(kmz)) = (cos(kmz),...,cos(kmz;)) then we have

n n 1
(2.7) 11125 = ZI: }12“? = ZI: —cos®(kmz:) < 1= 2]| cos(kma)|3:
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and
n—1 n—1
HU||§,; = Zn(uiﬂ — u;)? Zn (cos(kmziy1) — cos(kmz;))?
1 1
n—1 1
= > n(km)*sen (lm,)n (km)? < 2||k7 sen(knz)||%,
1
Thus,

1P (@) llve = ||<Pn<ek.),AﬂPn(ek»uH;ng
= (1Pu(en)ly + SIPa(enl + el Pa(enlty)
< @lewlln + S2lleelle + Psel2lenl3)?

= V2||pskllyo

By using (2.1) and (2.2) we have that these applications are stable (see [10]).
Another result is

Theorem 2.3. i) Let Ayy be the eigenvalues of C, and %, the eigenvalues of C,,, then for
each k fized we have that A\, — Ayx when n — oo.

i) Let ¢4 be the eigenvectors of C, and @7, the eigenvectors of Cyy,, then for each k fized
we have that i(¢7,) = ¢+x when n — oo, and P,(ex) = €l.

For the inclusion application we use only ¢z and the dimension of the space is omitted.

3. COMPARISON OF LINEAR SEMIGROUPS

Let be e“* and e“* the semigroups generated by C, and C,, respectively. We have the
following result comparing the semigroups

Theorem 3.1. For each € > 0, there is a ny(€) such that VYn > ng

(31) ||eC”t(u0, ’UQ) — i(ec""tPQn(uo, ’U()))”yo S €t—aH(’U,0, ’Uo)“Cl+a xC"at >0
for all (u,ve) € C'** x C* and
(3.2) 1€ (Us, Vo) — i(e“™" (U, Vo))llye < et™%||(Un, Vo)llvp,t > 0

for all (Up, Vo) € U,, Ann-

Proof: We make the proof for the first inequality and when it is necessary we note the
changes for the second one.

Let € > 0 be a real parameter. We consider two cases
i) for 0 < t < e. In this case, when ¢ is small, we use that e 9/2 is bounded by Ke“t~® for

a > v > 0. Hence,
K'e™?*||(ug, vo) |yo

15 (u, vo) — #(“™" Pon(uo, vo))llye <
< Me"t™%||(uo, vo)||yo-
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ii) for ¢ > €, we need estimate

”eC,,t(,UIO, 'UO) — i(ecﬂ"tpgn(UO; ’2)0))“Y0-

In this case, we decompose Y in two subspaces. In the subspace of finite dimension, we
have the uniform convergence of eigenvalues and inclusion of eigenvectors for the eigenvalues
and eigenfunctions of the continuous problem. In the subspace of infinite dimension, we have
that the real part of eigenvalues goes to infinity.

By using that A\, — A1k when n — oo and Re(Ayx) = —oo, when £ — oo and considering
g € (0,1) a fixed number then there are K(¢) and N(e) such that

(3.3) efeQit < ¢t=B eReGab)t < 4= for all n > N(e) and k > K(e).

Using K = K(e) given in (3.3), we consider the following subspaces ®E}, 1 < k < K,
®E}, K+1<k<nof R*"xR" and ®@FE;, 1 <k < K, ®E;, K+ 1< k < oo of Y° Then,

1€ (uo, vo) — (€™ Pan (ug, v0)) lyo

K K
< 1€t (uo, vo)k — i(e Gt " (Pom (10, v0) i) [l v
k=1 k=1
o0 n
+ [|e* Z (o, vo)kllyo + |li(e“™" Z (Pan (w0, v0) k)| yo
k=K+1 k=K+1

By the continuity, uniform in n, of the applications inclusion and projection, we have:

n n

(et S~ (Pan(to,%0))i)llvo < M%)~ (Pan(uo, vo))xllve
k=K+1 k=K+1

= () e (Pon(uo,v0))llF0)"? < ( > (€| (Pan (w0, v0) Jkllvg) )2
k=K+1 k=K+1

<et™( D [1(Pan(uo, v0))kll30)? < €t Pen(uo, vo)llve
k=K+1

S Mﬁt_ﬂ”(UQ, ’Uo)”yo

In the similar way, we have

o0

et 3 (uo, vo)sllyo < Met™||(uo, vo)ellvo
k=K+1

We consider another operator B,, which possess the same eigenvalues of Cy, but, associ-
ated with the eigenvectors of Cy. Thus, we have
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K K
“ec"tZ(Uo,Uo)k - i(ec""tZ(Pzn(uo,vo))k)“w
k=1 k=1
K K
= “ec”tZ(Uo,Uo)k — g Z(Uo, vo) k| yo
k=1 k=1
K K
+ ”eB"tZ(UOWO )k — 1 C""tz Pon(uo, vo))k)]|yo

If each A%, for 1 <k < K, is real then

K K
”ZC UO,'UO ZCBnt UO,’UO ||y0
k=1 k=1
K
= (Z || (et — eX4xt) (ug, vo) 1k + (X4 — eX+%) (ug, vo) — |I30) '/

k=1

K
A n
<2M 1?}2%{'6 +ht _ eMirt| | |er-kt — ’\-"tl}-(z (o, wo)lI*)"/?

< 2M¢t max {|6A+’=t||/\+k = Nkl 125k = A2} (o, vo) o

< et” ”lI(Uo,vo)llyo

for n > n; > ng, where X’jk is between A_; and A", ; and 5\1,6 is between Ay, and A},
In the case A\y; complex, we denote by (ug,vo)r the component of (ug,vy) in Ej and
(uo, vo)k = 2a(cosd, —send) in the base 1 , ¥_g. In this case, we have

eCt(ug, vo)r = 2ae®*t(cos(Bkt + 8)h 1k — sen(Bit + 8)1h_y),

e®*(uo, vo)k = 2ae™**(cos(Bt + 8)Yx — sen(Bit + 8)1—s),
where A\ix = a; £ Br and X}, = of £ B¢, then

||ec"t(uo, V0)k — eB"t(Uo, 00)k||yo

< ||2ae**[(cos(Bkt + 6) — cos(Bit + )Yk — (sen(Bxt 4 §) — sen (Bt + )]
+||2a[cos(B7t + 8)wyx — sen(BRt + 8)Y_g]|||e*++t — e+t
< 4| — Bl — 2asen(Bf + 8)vk — 2acos(Byt + 8) Y|l
+e®+tt|ay — af|||2a cos(Brt + 6) Y4k — 2asen(Bit + 0)Y_l|
< L(e®**'t| B — B + e*+tox — o])l| (o, vo)k |
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If (Pon(uo,v0))k = a7, + a™ 9", and (ug, Vo) = a4xyk + a_xt_x then
K K

(G Z(Uo, vo)k — 4(e“m* Z(Pzn(uo, vo))k)|lyo

K K
<l Z e (uo, vo)i — Z ePt(alt gk + a7 i)
k=1 k=1

Yo

K K
1) et (@b + a i) = D i(€9m (Pan (o, v0))i) I vo
k=1 k=1

K

< et Z(|a+k — i l1Yll + la—k — aZylllvp—ll)

k=1

K K
B .
HI D e (@ + alpbs) = D ile ™l + ATyl
k=1 k=1

Hence, we need to estimate |a, — a’};| and |a_x — a”,|. In order to calculate this, we

. bn b
write a’t, = c;:—: and a4y = ﬁ where
B = (Pan (1o, v0), WG — (Pon(tio, v0), 7007, 020),
el = WLl PIZell® = (Wi, ¥7)?

and

bk = ((uo, v0), Yar)|Y—l|* — (o, v0), Vi) ¥k, Yok,
crk = |[VkllPI1V=kl® = (Yir, ¥-k)?

and
T l[b+k — Dl + lesr — el 0%
|e1ellc el
Thus, it is sufficient estimate |byx — 07| and | — ;| We consider two cases:
I)(UQ,’U()) = i(Uo, ‘/0) and PQn(Uo,’U()) = (Uo, %) for (Uo, ‘/0) S Ann;
IT) (ug,vp) in C1** x C.
Since that
i) 1oskllve = IWillve +O(3),
i) (Yik, Y-rk)yo = <¢+k,¢ )0 i O( )

latk — alti| <

iii) (i (P (uo)), cos(kmz)) g fz‘“ n(uiz1 — u;)kmsen(kmz)dz,
iv) (Pn(ug), Pa(cos(kmz)) fI'“ n(uip1 — u;)kmsen(knz;)dz.
then

n—1

|(i(Pa(u0)), cos(kmz)) g — (Pa(uo), Po(cos(kmz)) 1| < K*m QZ (wiy1 — u;).

=1
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If (uo,v0) = z'(('JO,VO) for some (Up, Vo) € Ay, then, by using estimates similar to [2],
we have (J, Ay, is bounded in H3 x H} and nluiy — wi| < Ul + U2 < 2K for
1 <1< n-1, thus ’ ‘

Ko™

n

|(i(Pa(uo)), cos(kmz)) a1 — (P(uo), Pa(cos(kmz)) gy| < ol azy + Ul r2)-

We also have ,

v)(i(Pn(v0)), cos(kmz)) 2 = > iy [ vicos(knz)dz,
iv)(Pn(vo), Pu(cos(kmz)) 2 = Y e ff__l v; cos(kmz;)dz.
Hence, !

|(é(Pn(v0)), cos(kmz)) 12 — (Pn(vo), Pu(cos(kmz)) 2| < kwi %vi.

i=1
We are in the case of (ug, vg) = ¢(Uy, Vp) for some (Up, Vy) € A,n then, using that | J,, A, is
bounded in H} x Hj and |v;| < |[V||zz + ||V||lgy < 2K for 1 <4 < n then,
k2m?

n

|(i(Pa(vo)), cos(kmz)) 2 — (Pn(vo), Pr(cos(kmz))pz| < (IVollzz + IVollery)-

Therefore,

|('i(P2n(U0,U0)),1/Jik)Y0 - (Pzn(uo,vo),wlk>yg| & %”(Um V(J)||Y,3~

If (uo,vo) # 4(Us, Vo) and (ug,vp) € C'* x C* then we have |u;y1 — u;| < n7Hug||cr+e,
|vi] < ||v|lga. Thus
|(uo, cos(kmz)) g1 — (Pn(to), Pn(cos(kmz)) |
< |(uo, cos(kmz)) g1 — (i(Pn(uo)), cos(kmz)) gy |
+|(i(Pn(u0)), cos(kmz)) g1 — (Pn(to), Pa(cos(kmz)) g1 .
However,
| ato,ve) = i(Pan (o, v0))llys < = l(tg, )l 4o

Hence,

K
|{(u0, v0), Yak)yo — (Pan(to, Vo), Wix)vel < F“(Uo,vo)ﬂcwaxca-

Therefore, for case I)
bk = U3l < Mn™H|(Ts, Vo)

Yl
for case II),
bk — bk | < Mn™%[|(uo, vo)[|cr+a xca

and in analogous form, for k, 1 <k < K we get
ek — il < Mn7h

Analogously, we obtain |a_ — a”|.
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. n K
We came back to estimate e®1* )", (|ayk — a% i |[|V4kll + la—k — a™,||lv—kl]).
In the case I)

K
6a?tZ('a+k — aik|||¢+k|| 5 Ia—k - ar—l-kln’l/)—k”)
k=1
) K
< e MnH| (U, Vo)|lyy Z(WM” + [9-ll)
k=1

< et™||(Uo, Vo) Iy
and in the case II)

K
1Y (lawk — a1kl + lax — a™c[lv_sl))
k=1
) K
< e M| (uo, vo) llcrvexce D (losll + il
k=1
< 6t—ﬂ||(u(),v0)||cl+axca
Now we go to estimate
2 K
| Z ePrt(alytuk + a” k) — Z i(€“ al Pl + aZ ¥l llyo
k=1 =l

In order to do this, we consider a complex inclusion, that means the inclusion of real part
and the inclusion of imaginary part. In this case, we are considering complex solutions.
Since that at ¥, +a Y = d} dpx +d7 0k a.pd a Wt +a Wyt = di oht +d o
where di = 1/2(a", —ia™,) and d_i = 1/2(a’}, + ia",) then
Bt (al ak + a7 k) = AL bk + €K B

and

i(€mH (Pl + aZg¥Ty)) = (e AT, + e Rl eT,)
o diki(e/\i"tﬁﬂk) + d” i(eN kT )
Therefore

P (al} bk + aZ ki) — i(e“mH(al ¥y + aZi )|
< |dgllleX b — (Mt || + |dZ [l p_x — i(eX=+492, )|
= Ll — (| + a9 — 28ti(g )|
< |7 le® | pak — (ST + 1d2k e [Pk — i(S2)
< |d i e K /nl| gyl + |d2 e K /nll ¢k
< e K /|| (uo, vo) || < €t ||(uo, vo)ll
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Hence,

K
| Z Pt (al y ¥k + aph) — ZZ eSmtalt Tty + a™ ™) llyo < et B[ (uo, vo)||yo
& e

—

Finally, in the case I),

Bntz (uo, o)k — i(e Cnntz Pon(uo, v0)))llyo < et™||(uo, vo)||yo,

and in the case II)
K

K
||eB"tZ(u0,vo k — (e C”"‘Z Pay (1o, v0))k)[lvo < €t ||(uo, vo)|lcr+exca-
k=1 k=1

4. COMPARISON OF NONLINEAR SEMIGROUPS

About the nonlinear semigroups we have

Theorem 4.1. Let T;(t) and T,,(t) be the nonlinear semigroups generated by (1.5) and
(1.6), respectively, then

(4.1) 1T (t,i(Uo, Vo)) — i(Tyn(t, (Uo, Vo)))llye < MeKot™,
fort € (0,7), (Uo, Vo) € Apn and for n < n(e)

Proof: By the variation of constants formula and for (Up, Vp) € A,, we have

t
(4.2) Ton(t, (Us, Vo)) =eC""t(U0,V0)+/ eCm =) H (T, (s, (Up, Vb)))ds
0

t
(4.3) T, (t,i(Us, Vo)) = €“4i(Uy, Vo) + / eCr=In(T, (s, (Up, Vo)) ds
0

Then, for t € (0,7)

”Tn(tv Z.(U()a VO)) - i(TTm(t’ (UO’ VU)))“YO
S ”ecrlti(UO: ‘/0) - i(ecn"t(UOa ‘/0))”)/0

t
+ [ € InTy(s, iU, ) = e Pouh(Ty(s, iU, Vo))l
0

t
I [ e BTy 5T, Vo)) = 1 B (T, (U, Va))sl
0
< et™8||(Uo, Vo) llye

t
+/ 1% ¢=*IR(T (5, 3(Uo, Vo)) — i(e% =) Panh(Ty (s, i(Us, V0)))) llyods
0

Yo dS

i /t 1i(eSm =9 Py (T, (s, i(Uo, Vo)) — (%= H(Ty(s, (Uo, V))))
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Since that i(Up, Vo) is bounded in H' x L? we have (T,(s,i(Us, Vp))); is bounded in
C*, thus ||h(T; (s, i(Us, Vb)))||c1+axce is bounded for all (UO,VO) € U, Ayn. We also have
H(Tyn(s, (Us, Vo)) = Pon (h(i(Ton (s, (Us, V5))))) then

IT5(¢,i(Uo, V0)) = i(Ton (£, (Uo, Vo))l o

< e8| (Uo, Vo)llyo + ¢ / (t = 5)PIR(Ty (s, i(Us, Vo)) llcrsenceds

/ e | Pon (W(Tyy (5, iU, V0)))) = Pan(A(i(Tyn (s, (Us, V2))))) llyods

< e PR, + eTtl + L/ (T3 (s, 1(Us, Vo)) — (T (s, (U, Vo)) |lyods

Hence, by Gronwall Inequahty, we have that exists a constant M (3, 7, L) such that
(4.4) 1T (t,i(Us, Vo)) = (Tyn(t, (Uo, Vo))l mixr: < MeKot™",
for t € (0,7), (Uo, Vo) € Ayn and for n < n(e)

5. UPPER SEMICONTINUITY OF GLOBAL ATTRACTORS A, AND i(A4,,) IN H! x L?

Since that |J,, Ay, is bounded in R® x R™ and also ||i(U, V)||mixz2 < ||(U, V)||rrxre then
”"(Un Ann)“h”xlﬂ < “ Un An”lR"xR" <K.

The global attractor A, attracts bounded of H' x L? thus, V§ > 0, exists 7 = 7(d) such
that

5Y0(Tn(77 Z(¢n))a A"?) < 5/2
for all ¢, € A, and for all n.
The attractors A, , are invariant, thus if 1, € A, then exists ¢, € A, , such that 7}, (7, ¢,)
= "/}n

Hence, we choose ng(d) = n(e(d)) > 0 such that

(6
I1T5(7,i(8n)) = i(Tn (7, $a))l| < Mer~||¢n] < 6/2

for n > ny(9).
Therefore,

Oy, (4(¥n), Ag) < 8y, (2(n), Ty (7, i(¢n)) + Ovo (T5(7,%(8n)), Ay) < 6
for all ¥, € A, and for all n > ng(6).
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