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Resumo

Neste trabalho provamos que os atratores de sistemas de equagdes
parabdlicas, fracamente acopladas, com condi¢ao de fronteira nao lin-
ear, estao proximos, para difusibilidade grande, dos atratores de uma
equagao diferencial ordindria. A equacao diferencial ordindria limite
¢ dada explicitamente em termos da reacao, do fluxo na fronteira, da
medida (n — 1)-dimensional da fronteira e da medida n-dimensional do
dominic. As ferramentas utilizadas sao a teoria de variedades invari-
antes e resultados de comparagao.
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Abstract

In this work we prove that global attractors of systems of weakly coupled
parabolic equations with nonlinear boundary conditions and large diffusivity
are close to attractors of an ordinary differential equation. The limiting ordi-
nary differential equation is given explicitly in terms of the reaction, boundary
flux, the n- dimensional Lebesgue measure of the domain and the n—1- Hausdorff
measure of its boundary. The tools are invariant manifold theory and compar-
ison results.

1 Introduction

Let @ ¢ R¥, N € N, be a bounded domain with smooth boundary I' := 9.
Consider the following problem

{ ui(t, z) = DAu(t,z) + F(u(t,z)) t>0, z€Q, (1)

D%(t,x) = G(u(t,z)) t>0, z€T,

(S]
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where u = (uy, ug, -+ ,up) ", n > 1, % = ((Vuy, @), - (Vu,, )", 7 is the outward
normal vector and D is the matrix
[ d, 0 0 0 |
0 do 0 - 0
Di=|0 0 dy - 0 (1.2)
o 0 0 - d,
L 4 nXn

with d; > 0, 4 = 1,---,n. The nonlinearities F' = (Fy,--- , F,),G = (G, ,Gy) :
R™—R" are locally Lipschitz functions.

Our aim is to show that, for suitably chosen matrix D, the asymptotic behavior
of (1.1) is essentially the same as the asymptotic behavior of the following system of
ordinary differential equations:

0(t) = F(u(t)) + [TIG(v(t)). (1.3)

More precisely, we show, under some hypothesis on the nonlinearities /' and G, that
the problem (1.1) has a global attractor and that this attractor is contained in a
small neighborhood of the global attractor of the ordinary differential problem (1.3),
for matrices D with suitably large diagonal entries. This is saying that for large times
the solutions of (1.1) are almost independent of the space variable. This is what we
are calling homogeneity.

These results are seen in [8] for the case G = 0 and later in [9] for the case G
linear. The results that we obtain here generalize, partially, these results and offer a
unified approach to these kind of problems.

We will obtain the existence of an invariant manifold for the solutions of (1.1).
We note that in the problem treated in [8], the space of constant functions is already
an invariant manifold for (1.1) with G = 0, fact that does not happen when G # 0
(in this case we show that there is an invariant manifold which is close to the space
of constant functions).

This work is organized as follows: In Section 2 we state the needed hypotheses,
introduce some notation and state the main results of this work; in Section 3 we
extend some results on positivity and comparison of solutions obtained in [4] and [5],
that can be used for systems even more general than (1.1); in Section 4 we obtain the
global existence of solutions and the existence of global attractors for (1.1), as well as
some uniform bounds relatively to the matrix D for this attractor; finally in Section
5 we prove the main results.

2 Statement of the Results

In this section we introduce some notation and state the main results of this paper.
Throughout this work, X = LI(Q,R*) or X = WH4(Q,R"). To properly state our
results we first need to introduce some notation and basic results.
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Following [3], consider the operator Ap = diag(A;,---,A,), where A;, for ¢ =
1,--+,n, is defined as follows: let A; : D(A;) C LY(Q)—L7(R2), with

D(A;) = {p € W29(); 22 =0, em T} = W2'();

o (2.1)
A = —d; Ao,

Let (E;); := D(4;),i=1,2,--- ,n and E := (E)) := L(Q), 1 < ¢ < oo. Taking
[-,-]o as the complex interpolation functor of exponent 0, A;, i = 1,2,---,n has a
scale of Banach spaces Ef, 0 < a < 1 satisfying

(E)2 = (B}, (B:)day, 1< g<o0.

q qe q
Define, EY := (E1)g x (E2)g x -+ % (E,)g, for a € [0,1], 1 < ¢ < co. We have that,
for & > f and 1 < ¢ < oo, the embedding E¢ C Ef is compact, Ef = Wh(Q,R")
and we obtain from [2] that

E2 == W (Q,RY), LY(Q,R")], = H*(Q,R"), (2.2)

where a € (0,1), We!(Q,R") = ], We'(Q) and H?*(Q,R*) are the Bessel po-
tential spaces (see [2, 6] for details). We can extend this scale of Banach Spaces to
negative exponents by E;* := (E7)’, for a > 0. The operator Ap can be extended to
these spaces in such a way that its realization, A,_1, in El‘]"‘1 satisfy Ay_; : E(‘;‘—>E,‘;“1
and is a sectorial operator, for 0 < a < 1.

We then consider problems of the form

u(t) = —Apu(t) + H(u(t)), t > 0;

w0 — 0 (2.3)

where Ap is the operator defined above and the function H is defined by H := Fqo+Gr,
acting in suitable test functions, ¢, in the following way:

(H(u), d) = (Fa(u), d) + (Gr(u), 9) =/(F(U($))-¢(z))d$+/(G(U($)) - ¢(z))dz.

Q r

To obtain the local existence and uniqueness for the problem (1.1), we need to impose
some growth conditions on F and G in (1.1), these conditions are the same obtained
in [3]. Next we describe the restrictions.

(C1) Suppose that F;, G;, i =1,2,...,n satisfy
|h(u) — h(v)| < clu —v|(Jul’ + v~ + 1), u,veR", (2.4)

with exponents p; and p;, @ = 1,2,...,n respectively, such that, with N > 2
2q _ q .
plsple-'—ﬁ and pigpg::1+N7Z:172>

with the second inequality being strict when N = 1.
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(C2) Suppose that the following conditions are satisfied

1. g> N,

2. ¢ = N and for all n > 0, there is a constant ¢, > 0 such that F; and G,
1=1,2,...,n satisty

N N
|h(w) — h(v)] < cplu — ] 4+ ™™ ) uveRY, (2.5)

3. 1< q< N, F; and G;, i = 1,2,...,n satisfy (2.4) with exponents p; and
0, t =1,2,...,n respectively, such that,

2q _
PiSPf3:1+NT(‘1 and p; < py =1+

The proof of the following theorem can be found in [3].

Theorem 2.1 Suppose that F; and G; satisfy the growth conditions (C1), for every
i=1,2,...,n. Then, for all uy € LY(Q2,R"), there is a unique local solution, u( . ;ug),
to (1.1), satisfying u(0;up) = uo, and depending continuously on ug € LI(Q,R™).
Furthermore, this solutions is classic for every t > 0.

If for i=1,2,...,n, F; and G; satisfy (C2), then for ug € WHI(Q,R"), there is
a unique local solution, u(.;ug), to (1.1), satisfying u(0;ug) = ug, and depending
continuously on ug € WH4(Q2, R"). Furthermore, this solution is classic for t > 0.

An important remark is that in any of the cases of the Theorem 2.1, the solution
satisfies the variation of constants formula given by

t
u(t; ug) = e~ 4Ptyg +/ e A=) (u(s; ug))ds, (2.6)
0

To show global existence, following the ideas in [4], we need to assume some
restrictions on the sign of the nonlinearities in (1.1). Suppose that there are constants
By, Cy € R and By, C; > 0 such that for u € R",

’U,iFi(’U,) S —COU? + Cllui|:

uGi(u) < —Bouf + Biluil, (2.7)

i =1,2,...,n. Furthermore, with the same reasoning as in [4] and [12], to obtain the
existence of global attractors for (1.1), suppose that the first eigenvalue, A\;(D), of
the problem
2
Da—l_‘.—i—Bou:O em [, (2.8)
n

be positive, where By, Cy are given in (2.7).

Under these conditions we prove the following result:

{ —DAu+Cou=Au em £,
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Theorem 2.2 Under the above conditons,the solutions found in Theorem 2.1 are
globally defined. Furthermore, the problem (1.1) has a global attractor Ax (D), in
X =LIQR) or X = qu(Q R™), such that

sup ||v||zee(ary) < Ko,
vEAx (D)

where Koy = Ko(Q,T, A\ (D), Co, Cy, By, B1). If d > 1, where
d :=min{dy, ds, - ,d,}, (2.9)
then Kq can be taken uniform with respect to D given in (1.2).

In order to prove the properties about the global attractors for (1.1), we need to in-
troduce the limiting ordinary differential equation (1.3). To do this, for: =1,2,--- ,n
let \;(d;) be the first eigenvalue of the operator A4;, defined in (2.1). We know that
Ai(d;) = 0,4 =1,2,---,n. Consider ¢;(d;), i = 1,2,---,n, the corresponding nor-
malized eigenfunction. In this case, ;(d;) = |2]"%, i = 1,--- ,n. We can, without
loss of generality, suppose that || = 1, then ¢;(d;) =1,i=1 2, e

Now, with the above notation, fix ¢ € (1,00) and EO‘ = E,‘l’, a € [—2,2]. Consider
the following decomposition of £ :

E*=Ue U], (2.10)
where U = R" and Uy = {p € E*; (¢, p) = 0,9 € U} with (¢, 0) = [, o(z) " ¥(z)dz,
for 9 € U and ¢ € E*. Observe that if ¢ € U, then ¥ € L*(2, R*) and, therefore,
the above integral is well defined for ¢ € E®. Also note that U can be viewed as a

n—dimensional subspace of E%, containing only constant functions.
Let u(t, - ), be a solution of (1.1) in X. We can write

u(t,z) =v(t) +w(t,z), z€Q, (2.11)
where v(t) € U = R" and w(t, -) € US, t > 0. Integrating (2.11) we obtain that

/Qu(t, z)dz = v(t) + /Q w(t, z)dx = v(t),

since 1 € U. Hence, v(t) = [,u(t,z)dz and w(t,z) = u(t,z) — v(t), for £ > 0 and
x € . Thus,

Lo () :%(/Qu(t,x)da:) :ADAu(t,x)dx+[lF(u(t,m))dm

/F(v(t) +w(t,z))dz + /G(v(t) +w(t,z))dz = P(v(t),w(t, -)),
0 T
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where, for v € R* and w € U}
Plo,w)= /Q F(v+w(z))dz + /1“ G(v+ w(z))dz.
In addition, for ¢ > 0 and z € €2, we have
Fw(t,z) = Z(ult,z) - v(t) = DAult,z) + Flu(t,)) — (P(u(t), w(t, -))
= DAw(t,z) + F(u(t,z)) — (P(v(¢), w(t, )).

Also, for z € " and ¢t > 0,

o 0
Dozu(t,z) = Dozult, 2) = G(u(t) + w(t,2)).

Therefore, using the decomposition (2.10), we can write every solution of (1.1) as
a solution of the problem

Lo(t) = Pu(t),wt, -), >0,
z) = DAw(t,z) + Q(v(t), w(t,z)), t>0, z€Q, (2.12)

(t
Dg—gza( (1) +w(t,z)) t>0, zeT,
with P: U+ Ut—U and Q : U + UF— L%, R"), defined, for v € R* and w € UZ,
by
B, ) = /F(v & s+ /G(v .
Q r
(Q(v,w))(z) = (Fa(v+ w))(z) — P(v,w), z € Q.

With all of this we can prove the main result of this work:

(2.13)

Theorem 2.3 Let Ay be the global attractor for the ODE (1.3) and V C R" be a
neighborhood of Ay such that w(V) C Ao. Then, for all neighborhood, W, of Ay
such that W C V, there exists a dy > 0 and a function o4 : W—UZL, d > dy,
such that o4(v)—=0, as d—oo, uniformly for v € W, d as in (2.9). The set My =
{u=v+04(v),v € W} is an exponentially attracting invariant manifold for (1.1).
Furthermore, the flow on this manifold is given by

u(t, z) = v(t) + oa(v(?))(2),

where $u(t) = P(u(t), ca(v(t))-
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3 Comparison and Positivity Results

In this section we extend the results of [4] on comparison and positivity of solutions
to problems including (1.1). These results will be useful to show global well posedness
and asymptotic properties of solutions to (1.1). The abstract comparison results in
this section can be found in [4].

Definition 3.1 An ordered Banach space is a par (X, <), where X is a Banach space
and < 1s an order relation in X such that

o z <y impliesx+z<y+z forallz,y,ze X;
o z <y implies \x < \y for A\ € R" and z,y € X
o The "positive cone” C = {z € X;0 < z} is closed in X.

Definition 3.2 Let (X, <) be an ordered Banach space. We say that the map T :
X—X is increasing T(xz) < T'(y), whenever z < y, z,y € X and we say that it is
positive if 0 < T'(z), whenever 0 < z € X.

Definition 3.3 A sectorial operator A in an ordered Banach space (X, <) has posi-
tive resolvent in X, if there is \g € R such that (A+ \)~! is an increasing map in X,
for all X > Ay.

Let (X, <) be an ordered Banach space and A : D(A) C X—X be a sectorial
operator. Consider \g € R such that Re(c(A + \g)) > 0. Additionally, suppose that
A has positive resolvent.

We consider now problems of the form

{ ug + Au = f(u), t > to,

'lL(t()) = 1Ug € AX, (31)

where A and X satisfy the above conditions. Suppose that we have constructed, as
in Section 2, a scale of interpolation spaces, which we denote by X% « > 0, with
X% = X and X! = D(A). In each X*, consider the order induced by X, and suppose
that the scale X® a > 0 is an ordered scale of spaces in the sense of the definition
below.

Definition 3.4 A scale of Banach spaces X®, a > 0 is an Ordered Scale of Spaces
if the inclusions X® — XP « > B are positive, the a-realization of A in X, A, :
Xotl s X o > 0, have positive resolvent and the positive cone of X* is dense in the
positive cone of XP for all a > B > 0.

Assume that the nonlinearity f in (3.1), is subcritical in a certain space X'*¢,
€ > 0, that is, there exists ¥ > 0 with 0 < 1+ — v < 1 such that f : X' —X7 is
locally lipschitzian. Furthermore, suppose that the problem (3.1) is locally well posed
in X!. Therefore, we have the following result whose proof can be found in [4].



Spatial Homogeneity in Parabolic Problems 9

Theorem 3.1 Let A and X be as above and suppose that the nonlinearities f, g and
h satisfy the conditions described above for f.

(i) Suppose that for all T > 0 there exists a constant § = B(r) > 0 such that f(-)+B1
is positive when restricted to the ball of radius r in X'*¢. If 0 < ug € X! then,
the solution, u( - ;ug, f), of (3.1) is positive for as long as it exists.

(ii) Suppose that for all v > 0 there is a constant B = (r) > 0 such that f(-)+ I
is increasing in the ball or radius r of X'*¢. If ug,uy € X, with ug < u, then
u( -5 ug, f) <u(-;uy, f) for as long as both solutions exist.

(iii) Suppose that f and g satisfy f(-) < g(-). Then, for all ug € X, u(-;uq, f) <
u( - ;ug, g) for as long as both solutions exist.

(iv) Suppose that f,g are such that for all r > 0, there is a constant § = B(r) > 0
and an increasing function, h, such that f(-)+pBI < h(-) < g(-)+BI in the ball
of radius r in X', If ug,u; € X' with ug < uy then, u(-;ug, f) < u(-;uo,g)
for as long as both solutions exist.

Now the idea is to apply this result to the problem (1.1). In fact, we will obtain
results on comparison and positivity for problems a little more general then (1.1).
First, we define an order, <,in LI(Q,R*),n € N, 1 < g < oco. Let f = (f1, fa, -+, fn)s
9= 1(91,92,""",9n) € L1(Q,R"), we will say that f < gif f; < g;, 1 =1,2,-- ,n,
where < is the usual order in L9(Q2). Clearly (L?(2, R"), <) is an ordered Banach

space.
The next two results are adapted from [7], and will be used to show that the linear

operators associated to problems like (1.1) have positive resolvent in L9(€2, R"), in the
sense of Definition 3.3.

Lemma 3.1 Let H be a Hilbert space and f € H. If there ezists f € H such that
Il < IIFI and (f, £) > [(f, I

where (-, -) denotes the inner product in H, then f=f

Theorem 3.2 Let (H,<) be an ordered Hilbert space, C its positive cone and A :
D(A) C H—H be a positive self adjoint operator; that is, (Au,u) > 0, for all u €
D(A). Suppose that there ezists a dense subset D C H such that:

1. (A+a)™'D C D, for all a > 0;

2. for each d € D, we can define |d| € DNC such that ||d|| = || |d] ||. Furthermore,
if d € D, then d € C if and only iof d = |d|;

3. forallde D and g € C, (|d|, g,) > |{d, 9)|;
4. if u € D(AY?), then |u| € D(AY?) and (AV?|u|, AV?|ul) < (AY2u, AV2y).
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Then, A has positive resolvent in H.

Proof: Consider in D(A%) the inner product given by

(f, )1 = (A2 f, AZg) + a(f, 9),

for f,g € D(A%) and for all @ > 0. Let X7 be the Hilbert space defined by X3 =
(D(Ai)’ ( )" )1)

Let g € D be such that g € C and ¢ = (A4 + a)~g. Then, since A? is self adjoint,
we have that

(lel, ehr = ((A+ a)le], (A+a)"g) = [{c, 9)I.

Additionally, 1 1
Helll} = (Azlel, Az[el) + [llell]* < flellt-

Using Lemma 3.1 with f = c and f = lc|, we conclude that if g € DN C, then
(A+a) gl =lcf=c=(A+a)'yg

and, therefore (A + a)~'g € C.
Now, the density of D in H and the continuity of (A + «)~!, implies that (A +
a)~lg € C, for all g € C. This shows that A has positive resolvent in H. [ |

Forn > 1 and 1 < ¢ < oo, consider the operator B defined by

B: D(B) C LYQ,R")—=LI(Q,R"),
with
D(B) = {¢ € W29(Q,R") ; D
B¢ = —DA¢ + co,

Q>|Q3
SUIS-

=-K,¢ em T}, (3.2)

for $ € D(B), where K,, := {kij}nxn, hereafter called coupling matrix, is a symmetric
matrix of order n, such that for all u € R",

Kyu-u >0, (3.3)

Kplul - |u| < Kyu - u, (3.4)

where |(uy, -+ ,un)| = (Jua], -+, |ua]), © -7 is the usual inner product in R*, D is an
n X m matrix given by (1.2), with d; > 0 for i = 1,2,--- ,n and ¢ > 0 is a constant

taken such that the first eigenvalue, u,(K), associated to the operator B be positive.
We have the following result:

Proposition 3.1 The operator B defined in (3.2) is a sectorial operator and has
positive resolvent in L1(Q2, R"™), for alln > 1.
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Proof: Firstly, we will use Theorem 3.2 to show that B has positive resolvent in
L*(Q,R). .
After integrating by parts we have that, for all ¢ € D(B),

(B9, 0)2azn = / Vo) + / Kb+l

hence (3.3) shows that B is an positive operator. The symmetry of the matrix K,
and a computation similar to the above show that

(Bo, ¥) 2arm) = (¢, BY) r2(,rm),

for every 1, € A(B). But 0 is in the resolvent set of B, then we conclude that B is
self adjoint.

Now, we consider the set D, in the Theorem 3.2, as L?(£2, R") itself. Therefore the
condition I of Theorem 3.2 is clearly satisfied. Let f = (fi, -+, fu) be a function in
L*(Q,R™) and consider |f| = (|fi], - ,|fa]), where for each i = 1,2,--- ,n, | fi|(z) =
|fi(z)], z € Q. With the definition of order in L?(Q2, R"), given above, the condition
2 follows immediately. The condition & is easily verified. It remains to verify the

condition 4. But, for every ¢ € D(B), integrating by parts and using (3.4), we have
(B9, |9]) 2(azm) < (Bo, D) 2(.knYs

since D(B) is dense in D(B'/?) and using that B is closed operator, a density argu-
ment shows the condition 4.

Hence, Theorem 3.2 implies that (B-+a)~! is increasing for all @ > 0, in L?(Q, R").

Now, for ¢ > 2, we have that LI(Q2,R") < L*(Q,R"), B has positive resol-
vent in L?(Q,R") and the positive cone of L9(Q,R") is contained in the positive
cone of L?(€2, R*). Thus, simple computations show that B has positive resolvent in
L1(Q,R™), ¢ > 2.

Finally, if 1 < ¢ < 2, since the positive cone of L*(2, R") is densely embedded in
the positive cone of L7(Q, R*), B has positive resolvent in L*(Q, R*) and (B + «)~!
is continuous in L9(£2,R"), a density argument shows that B has positive resolvent
L(Q,R™). =

As in Section 1, we can construct a scale of Banach spaces, X, a € [—1,1],

1 < ¢ < oo, for the operator B defined in (3.2), the Proposition 3.1, the Theorem
2.7.2 in [2] and the fact that u,(k) is positive show the following result:

Theorem 3.3 For all 1 < ¢ < o0 and o € [0,1], X2 is an ordered Banach space
with the order induced by L(2,R"). The space X is an ordered Banach space with
the dual order; that is, 0 < w in X if and only if 0 < (u, @) for all ¢ in the positive
cone of € Xg.

For v > f8, the embedding X] — Xqﬁ is positive and the positive cone of X[ 1is
dense in the positive cone of X{f.

Furthermore, Bqo_1 : X;—>X;’_1 s a sectorial operator with positive resolvent.
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With all of this, we are prepared to obtain the results on comparison and positivity
for solutions of the following semilinear parabolic problem, with boundary coupling:

{ w(t,z) = DAu(t,z) + F(u(t,z)) t>0, z€Q, 55

D3Y(t,3) = —K,u(t,z) + G(u(t,z) ¢>0, zeT,
where u, k,Q, ' and D and F = (F\, F3,--- , Fy,) : R*=R*, G = (G1,Ga, -+ ,Gy) :
R®™—R" are as before.

For smooth initial data, an immediate consequence of the abstract results in this
section we have the next result on comparison and positivity of solutions to (1.1).
Since the solutions of (1.1) depend continuously on the initial data in W14(Q, R") or
in L9(£2, R™), we obtain the next proposition.

Proposition 3.2 Let B be the operator defined in (3.2). Suppose that for i =
1,---,n, F;,G; : R*=R are locally Lipschitz functions satisfying the conditions (C1)
and (C2) defined in Section 2.

(i) Suppose that F;(0,---,0),G;(0,---,0) > 0,1 =1,2,--- ,n. If 0 <X ug then, 0 <
u(t; ug), for as long as they exist.

(1) If up =X uy then u(t;uo) X u(t; uy), for as long as they ewist.

(iii) Suppose that for all u € R*, Fi(u) < F;(u) and Gi(u) < G;(u), for i =
1,2, ,n. If ug =< uy then u(t; ug, Fo, Go) = u(t;uy, F,G), for as long as they
ezist, where Fy = (Fy, -+, F}") and Gy = (Gy, - -+ ,Gy), F and G are as before.

Where “<” denotes the order defined above for the space where the initial data u;,
i = 0,1 belongs; that is, LY(Q,R") or WH(Q,R").

4 Global Existence and Existence of Global At-
tractors

In this section we will show that the local solutions to the problem (1.1) found in
Theorem 2.1 are globally defined, to that end, we use the comparison and positivity
results given in Proposition 3.2. We also obtain the existence of global attractors for
(1.1), as well as a L°(Q, RY) bounds for the attractors, uniformly with respect to
the matrix D.

Now consider the problem

{ u(t,z) = DAu(t,z) + F(u(t,z)) t>0, z€Q, (4.1)

DOL(t,z) = G(u(t,z)) t>0, z€T,
where u, k,Q, T, D are as before and F = (Fy, -+, F,),G = (Gy,- -+ ,Gy) : R*=R"
satisfies the previously imposed conditions.
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Taking K, = 0, in the definition of B, the Proposition 3.2 ensures comparison
and positivity results for the solutions to (4.1), and with the same reasoning used as
in [4], we obtain the following result:

Theorem 4.1 Suppose that for i = 1,2,--- ,n F;,G; satisfy the growth conditions
(C1), or (C2) and (2.7). Then

(i) For each uy € X, (X = LY(Q,R") or X = WH(Q,R")), the solutions found for
(4.1), are globally defined.

(ii) Suppose, in addition, that the first eigenvalue, \;(D), of (2.8) be positive. Then,
the problem (4.1) has a global attractor Ax(D) in X such that

Ax(D) C 5(¢) :== {¢ € LZ(Q,R") : |ui(z)| < di(z), i=1,2,---,n z € Q},
where ¢ s the solution to the elliptic problem:

—DAp+Cop=C, in Q,

9¢

: 4.2
D‘gﬁ“}‘Bg(p:Bl m F, ( )

where Cy, Cy, By and By are given in (2.7). Furthermore, for 2a < 1+ 1, and

r?
r > q, Ax(D) C E?, is compact in this space and attracts bounded subsets of

X, in the norm of EX.

The next result ensures an estimate to the attractor Ax (D) of (4.1), uniform with
respect to the matrix D, if d; > 1,7 =1,2,--- ,n. The idea is to use (ii) of Theorem
4.1. We start with the following simple lemma.

Lemma 4.1 Let a > 1 and \i(a) be the first eigenvalue of the problem

—alAu + Cou = Au in (Q,
ag% + Bou =0 wmn I,

Then, A\ (a) > A > 0, where \; is the first eigenvalue of the above problem with
G==1.

An immediate consequence of Lemma 4.1, is that if d; > 1,7 =1,2,--- ,n, then,
the first eigenvalue, A\{(D), of (2.8) satisfies A;(D) > A; > 0, where A; is the first
eigenvalue of the problem

—Au+ Cou = Au in €,

% + Bou =0 in I".

(4.3)

Additionally, the constants Cjy and By in (2.7), can be taken independently of d; > 1,
fer L, Dm0
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Lemma 4.2 Let ¢ = (¢1, d2, -, dn) € H'(Q,R") be a weak solution to the elliptic
problem (4.2), d given in (2.9) and Ay > 0 be the first eigenvalue of (4.3). If d > 1,
then

9]l Lo (rn) < K,

where K = K(Q,T, Cy, By, C1, By, N, A1) 1s a positive constant independently of d > 1.

Proof: Throughout this proof, let us fix i € {1,2,---,n} and show first that
|#illL2) < K, where Ky = K1(Q, T, By, By, C1, C, A1) and ¢; is the solution of

—diAp; + Copi = C1 em (,

1%@ + BO¢1 Bl em [

Multiplying the first equation in (4.4) by ¢; and integrating by parts, we obtain

that .
. |2 2 ; 2 ;=
dl/n|V¢,| +CO/Q¢1 6'1/Q¢1+BO/F¢I Bl/rgb, 0. (4.5)

Taking v = ¢; — QBTI()’ and using that A\(d;) > Ay > 0, where \;(d;) is the first

eigenvalue of the linear problem associated to (4.4), we have that

/w? C"Bl-cl /¢</dlvw12+cow +Bo/w2 C"Bl—cl /w

Substituting ¢ and using (4.5), it follows that

A (di)/0¢2+K2/Q1/)+K3§0,

CoB, BeB: CiBi 3CoB
K3 = |’ =
5, ¢ K=l +*Gg ~1m

(4.4)

where

2
K;:=—C, + S)lQ].

But, the Young inequality implies that for all € > 0,
K
Ky [ 4= Ko < Kol + |Rallle/2+ 52 [ o
Q € Ja
Hence, since d; > 1, it follows from Lemma 4.1 that

K, Q
=2 [ 1w < utay - 520 [ 1w < il + L,

where \; is the first eigenvalue of (4.3). Taking ¢ = |K3|/A;, we obtain that

il
1]l 22y < A—Mzmwi K20
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and, therefore,
il 220y < K1,

where K| = Kl(Q, I, C(), Cl, B(), Bl, )\1) > 0.
Next we show the limitation in L°°(2). Suppose that N+2 <p< ¥ We consider

N —
f':(T_-‘;;—pZZ and k21

We define ¢ = (¢; — k)*. Multiplying the first equation in (4.4) by |#|""2¢ and
integrating by parts, we obtain

i(r;_l) d;|V|o|72|? + C r/2)2 4 B 7/2)2
=4 [ dvIal e +Co | (61727 + B [ (1617)

= [(ci~kColor2o+ [ (B1~ kBo)lor 6.
Q T
Calling C := C, — kC, and B := B; — kB, the Holder inequality implies that

4(";;1)/di|V|¢lr/2|2 + Co/(|¢1’/2)2 + Bo/(|¢>|r/2)2
Q L :

= 2/1! r 2
£ IClIQll/plllcblr/zllL/zpf,r + | B[ =5 ||| /2) /zr,,fw_l)(r),
Nr

making v := |¢|"/? and since that p'/r’ = N/(NN — 2), we obtain that

ergl—)/dilel? + (G +/\)/|v|2+Bo/|v|2
9] Q ) B

2r 2
< O g + Bl s 2] o,

where C = |C||Q|1/7 and B = |B||T|&-17.
Now, using Sobolev embeddings

H'Y(Q) — L*MW=9(Q) and H'(Q) — L*V-D/N=3(1),

with embedding constant C' = C(Q2, T, N), for details see [1]. Then

4<;;1>/d,.|vu|2 +(C +/\)/|v|2 +Bg/|v[2
0 Q P

— 2/r 2/r
< C[CIIvl%riqy + CIBIIIY i) + A / [o[2.
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We choose A = \(£2, By, Cy) > 0 such that
4(r —1 4(r — 1
02D [aivep+@uosa) [+ B0 [ 1o 2 22 (ol

T
Hence,

(T == | r T
= a (ol < (11 + BNy + Moy 1y

and so,
2/" , < CIC|+C|B|+ /\||v||2/r

Since d; > 1, then

2 &
Z2H |6l pworcv-2may = S o v-nay < S dillolFq)

< C(C[C| + C[B| + Mol sqy) = C(CIC| + CIB| + Alléll )

But 2 <r < N” , then, for each € > 0, there exists C¢(€, N, p) such that

19y < elloll g+ Celldlizam.
Thus,
r—1 = -
(5= = ACE)|bllLworon-2nr ey < C(CIC] + C1B| + ACc |9l 2(an).
Therefore,

161l Lworv-200) < KallC1| + |Bi| + k + [|6]] 2 @],

where K, := K4(Q F N Dy BQ,CQ) > 0.
Now, for all ¢ > 13N2, there is pgy € [N+2, %) such that ¢ = —1— Hence,
1llzage) < Ka[|Cr| + |Bi| + & + ||6ill 2o, (4.6)
with K, := K4(Q, I'N,q, By, Co) > 0.
For k > 1, consider the set Ay := {z € Q: ¢;(z) > k}. As before, for ¢ = (¢;—k)™,
there exists A = A\(Q, By, Cp, V) > 0 such that

/ LIV + / Bod® + / (Co+ N > il > l6lney (A7)
Q Ir Q

Also, multiplying the first equation in (4.4) by ¢ and integrating by parts, we obtain
that

Adi|v¢|2+/rBo¢2+A(Co+A)¢2 » /Q(c1 —/cco)<,/>+/r(31 . kB0)¢+)\/Q¢2.

(4.8)
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Therefore, (4.7), (4.8), the Sobolev embeddings above and Holder inequality imply
that

N+42
2N

(lllzr@ | Ael™ 28 )igllm@ <114l g, Il

< o / C1 — kCalld] + / By - kBollg| + A /Q 612,

where C = C(2,T', N) > 0. Estimating each one of the terms in the above inequality
it follows that

/|01 — kCy|4| < |C1 — kCo|C||#l mr1 ey Akl 2,
Q

/ By — kBul|g] < |B1 — kBolCllllan | Al
i

Finally

1

1411 1,11
)\/Q|¢|2 < /\||¢||Lq(n)||¢||L751_L2(Q)1Aizl2+” v < XC||Bll o |l (ol Akl 2TV 73
Taking ¢ = 2N and using (4.6), it follows that
)\/ 161> < ACKL(IC1| + |Bil + K + |¢il 2 |0l 1oy | Ak |27V,
Q

with K4 = K4(Q, F, Bo, C(), N) Therefore,

N+

(1ol Akl =) 16l < (ClAIM2((ICy + KICol) + (1B + k| Bol)

FAC|A V2N (IC| + | Bl + & + |85l L20) ) Bl 1 ),

that is,
ol < [Al"Ksk(IC| + |Bil + k + || dill22(o))

where K5 = K5(Q, T, By, Co, N) > 0, A = A(Q, By, Cy, N) > 0 and € = ¢(N).
Thus, Lemma 5.1 in [11] implies that
max{¢;(z); z € Q} < Ke(|C1| + |B1] + ||8illz2(e))

where K¢ = Kg(2, T, Cy, By, N). Exchanging ¢; by —¢;, with a similar reasoning we
obtain that
|l ey < Ko(|C1| + |Brl + | 6ill 22 ()

The first part of this lemma implies that

@l L) < K,
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where K = K(Q,T, By, By,Cy,Cy, N, A1) > 0 and ), is the first eigenvalue of (4.3),
completing the proof of the lemma. [ ]

Finally, the next result ensures an estimate of the attractor Ax (D), uniform with
respect to D ifd; > 1,1=1,2,--- ,n.

Corollary 4.1 Let d be as before. If d > 1, then there exists M > 0, independently
of D, such that

_Ax(D) C B = {¢ € LOO(QJRTL) ) ||¢”L°°(Q,IR") S M}’

and attracts bounded subsets of X, through the flow defined by (4.1), in the norm of
E* 2a<1+4+1andr>q.

r

Proof: The Lemmas 4.1, 4.2 and the item (ii) of Theorem 4.1 prove the corollary.®

5 Proof of Theorem 2.3

In this section we prove Theorem 2.3. Firstly recall that with the notations
of Section 2, the operator Ap defined in (2.1), generates an analytic semigroup,
{e=4rt; t > 0}, in EY, satisfying the following estimates

||e“AD‘w||Eg Z Kle_(d")‘||w||gg, weUtt>0;
(5.1)
le=42tw]|ge < Kle_(d‘s)tt_(“”)|[w||Eq—r, we U

—_r)

t >0,

where K; > 0, 6 > 0, d are as in (2.9), ¢ € (1,00), o and r are taken in such a
way that 2r > 1/¢’ and o + r < 1. We observe that these restrictions imply that
a<l1l/2+4+1/2q.

Lemma 5.1 Let F,G : R*—>R" be functions satisfying the conditions of previous
sections. Consider the decomposition of E® given in (2.10), P : U + Ur—U and
Q: U+ Ut—LI1(Q,R") defined in (2.13). Suppose that o and r satisfy

1 N
a>1/2¢, a+r<1 and 2_q’<r<2_q" (5.2)

Define H : U + Uj—)Eq‘T, acting in functions ¢ € Ey, in the following way:

(H(v,w),¢) = / Qo + w(z))p(z)dz + / Gl +uw)dw)dy.  (53)

Then, fized R > 0, there are positive constants Ny, Ly, Np, Lp such that

|H(v,w)llg-+ < Nu

|5 (v, w1) = H(va, wo)ll g+ < Lar(Jor — vo| + [Jwi — wallyy)
|P(v,w)|lgn < Np

|P(vy, w1) — P(vg,wa)lgn < Lp(|vg — va| + [Jw1 — wallyy),

fO’I' all H'U1 T U)lllEo, ||'U2 + U)z”Ea, “’U + w]lEa S R.
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Proof: Let us consider u; = vy + wy, us = va + wy, u = v+ w € E°, satisfying the
conditions of the lemma. Then we have

P, W)l < / |F (v + w(z))geds + / G (v + w(y))lrndy

< |Fa(v + w)llza@rn) + [TV |Grllo(r.ny < Np,
where Np := Np(R,q,N) + K(I',q, N)Ng(R, ¢, N), and for every ¢ € Ej,,

[(H(v,w),¢)| < (IFa(v + w)llo@en) + [P0, ) )|l o 0 rn)

HIGr (v + W)l owrn 1T (D)l o (0 my

where T' denotes the trace operator. Now, with the values of o and r given in (5.2),
we obtain that

[(H(v,w),¢)| < (Nr(R,q,N)+ Np+ Ng(R,q,N)K(r,q,N,Q,T))|¢llz,

Hence,
“H(Uv w)“Eq" S NH’
where Ny := Np(R,q,N) + Np + Ng(R,q, N)K(r,q,N,Q,T).
With the same reasoning, we show the other two inequalities of the lemma. 5]

Let Ay be the compact global attractor of the ordinary differential equation (1.3),
then as in [8], there is ¥ : R"—R a Lipschitz continuous function with Lipschitz
constant Ly, such that

1. ¥(v) =0, for all v € Ay;

2. a(d(v, Ag)) < Z(v) < b(d(v, Ap)), where a(r) is a continuous non-decreasing
function, a(r) > 0 if r > 0, a(r)— + co when r— + oo and b(r) is a continuous
function with 5(0) = 0;

3. For all v € R*,
3)(v) < -E(v),
where 2(1,3)( ) = lim sup;,_,¢+ (£ ( (h;v)) — (v))/h, and z(-;v) is a solution of
the ODE (1.3), with initial data z(0;v) =

Fix a and r satisfying (5.2), and define V. := {v € R*; £(v) < ¢}, for ¢ > 0. The
property 2 above implies that for all ¢ > 0, V is compact. Furthermore, for every
¢ > 0 and n > 0, consider the set

Wep={u=v+we E*; veV, and |w|g= < 7n}. (5.4)
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The next result shows that for d large enough, the flow of (5.1) stays in W, if it
attained W,,, for some t; > 0. Precisely we have:

Lemma 5.2 Let us consider ug = vo+wp € X, a and r satisfying (5.2) and u(t, - ;ug)
the solution (1.1) with initial data ug. If there exists tg > 0 such that u(to, -;ug) €
W, then there is dy > 0, sufficiently large, such that u(t, -) :=v(t) +w(t, -) € Wep,
fort >ty and d > dy, where W, is defined in (5.4).

Proof: Let u(t, -;ug) be the solution of (1.1) with initial condition vy € X (X =
Lq(Q R*) or X = Wh(Q,R")). For «a satisfying (5.2), consider u(t, -) = v(t) +
w(t, -) € U+ UL, where v(t) € R* and w(t, -) € UL, for all t > 0. Suppose that

v(to) + w(to, -) € Wey. Then, as before

zu(t) = P(v(t), w(t, ) t>0,
w(t,z) = DAw(t,z) + Q(v(t), w(t,x)), t>0, z € Q, (5.5)
DL = G(u(t) +w(t,z)) t>0, z€T,

&’IQ&IQ

with P : U + Ut—U and Q : U + Ur—LY(Q,R") defined as in (2.13). If H :
U+ Uy—E;" acts in functions ¢ € E7, as in (5.3), with o and 7 satisfying (5.2). We
can write the problem (5.5), using the variation of constants formula

adfv(t) = F(v(t)) + [TIG(v(t) + [P(v(t), w(t) — F(v(t) — ITIG(v(t)], t >0,
v(0) =
w(t, -) = e~ A0tw, + / e~ A=) [H (v(s),w(s, -))]ds, t >0,

Vo,

(5.6)
with Ap as defined in Section 2.
Now, for all v € R* and w € U}, we have

1P, w) = P) = NG| = | [ P+ u(@))d

+Acw+wwmw—Fww4mGwn
< ||Fa(v + w) = Fo(v)||za@rn + IT1Y7|Gr(v + w) — Gr ()|l oo rm)

1
< (Lg + KaLy|T|™7) Jwll .
Hence, for all (v(t),w(t, - )) satisfying (5.5) and such that

v(s) € Ve e [lw(s, - )lle= <,
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for all tg < s < 't, (5.6) implies that

E(U(t)) < limsup X(v(t 4+ h)) — E(v(t))

h—0 h
< lir,?_félp (vt +h)) - i(x(t + hv(t))) n 2(1'3) (v(t))
< Lolima lu(t + h) — 92@ +hu(t)] (1))

< =X(u(t) + Le|P(v(t), w(t)) = F(v(t) — [TIG (u(2))]

< —%(u(t)) + Le(Ls + KaLg|T|7) Jw(t, - )| pe-

Therefore, using the estimates (5.1), Lemma 5.1 and making w(t) := w(t, - ) in (5.5),
we obtain that

lo@llse < Kl fuwto)loe + [ (6= 9)e 50| H(os),w(s)) s

to

t
< Kiem @ Jw(t)|| g + Kl/ (t = 5)7 "I Ly|lw(s)| pads

to

t
+K, / (t — s)~Te ([W=3) Npds.

to

Taking 0 < o < §, and multiplying the above expression by e’* we obtain that

t
||w(t)ed"t||}_:;a < Kle—d(d—a)t”w(to)”Ea +K1NH/ (t . S)—a—redate—-(dé)(t—S)ds

to

t
+K1LH/ (t — )~ e~ (@)(t=s)gdot||qy(s) || gads

to

K\NgLe®™ | K\LyLy(t)

(dé)l_a—r (dé)l—a—r ’

where L := [[° s e (1=5)%ds and y(t) = sup{e?*||w(s)||g=; to < s < t}. Making

z(t) := e%||lw(t)||ga, t > to, we obtain that

K\NgLe®™  K,LyL
e
(dé)l—a—r (d6)1 a—r

If £ := (K\LyL)/((d6)'~>""), then applying the same reasoning as above for ¢, <

s < t, recalling that § — o > 0, we obtain that

K1 NHLedas I(l IVHLedUt
— < K 2(t t T T
(dd)l_a_r = IZ( 0) o fy( ) £ (dé)l_a_r

< Kie =% |w(to) |- +

2(t) < K1e~ 900 5(tg) +

2(s) < Kie™ ™2 (to) + €y(s) +
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Thus,
K1 N[-{ Led"t

(dé)l—a—r :

Since o + 7 < 1, there is dy > 0 sufficiently large such that 1 — & > 0 for d > d,.
So,

y(t) < Kiz(to) + &y(t) +

NHLedat ]
(d(s)l—a—r ’

Therefore, if v(s) € V, and ||w(s)||ge <7, to < s < t, then

y(t) < Ki(1— &) z(to) +

S(u(t) < —S(u(t)) + Le(Ly + KoLy |T)|Jw(t)|| ge,

e
NyL
lw()llzs < Ki(1 =€)~ e lw(to)llp= + e )
(d5)1 a—r
Defining K3 := (L;K, + |I'|KqLy)Ls and
el il NyL
Ky(d) = K1 (1 = €)' [e™ " |lw(to) |z« + W]’
it follows that, for ¢ty < s < t,
lw(®) e < Ki(d) (5.7)
and '
Y(v(t)) < =Z(v(t)) + K3K4(d). (5.8)

Using the fact that 1 — a —r > 0, we can take dy > 0, sufficiently large such that
c— K3K4(d) >0 e Ky(d) <mn, for all d > dy. Therefore, (5.7) and (5.8) imply that if
v(to) € Ve and ||w(to)||ga < 7, then

v(t) eVe e [w(®)llea <m,

for all t >ty e d > dy, and this concludes the proof of the lemma. [ |

Now define the set K := {¢ € X; ||¢||x < K}. Theorem 4.1 implies that there
are positive constants ¢, n and ¢, such that for all ug € K, u(t, -;uo) € W, where
W.,, and define (5.4). Lemma 5.2 implies that

Y (Wen) C Wep, (5.9)
and is relatively compact for all ¢ > 0. Also, Lemma 5.2 shows that for ¢ > t,,
|lw(t)||ga—0, quando d— + co. (5.10)

But if v € Ay, then X(v) = 0. So, W, is a bounded neighborhood of .4 and there
is a neighborhood, N'(Ap), of Ay such that W, ,, C N (Ap) e w(W,,) C N(A).



Spatial Homogeneity in Parabolic Problems 23

Therefore, making 7 > 0 and ¢ > 0 large, if necessary, in such a way that B C W,
where B is given in Corollary 4.1, we obtain that for all d > dy, the global attractor,
Ax (D), of (1.1) satisfies

Ax(D) Cc N(A).

The next lemma shows the existence of the invariant manifold claimed in Theorem

Ly

Lemma 5.3 For a and r fized as in (5.2) and d as in (2.9), consider the decomposi-
tion of E* as in (2.10) and the functions P: U + Uy —U and H : U + Uy —E;", as
in Lemma 5.1. Suppose also that the estimates (5.1) are valid. Consider the problem

d
u(t) = P(v(t),w(t, -)), t>0,
{ gjt(t) = —Apw(t) + H(v(t),w(t)), t>0. i)

Then for d large enough, there is an exponentially attracting invariant manifold,
Sa:={(v,w); w=o04(v), v R}, for (5.11), where o4 : U—UL satisfies

s(d) = sup ||loa(v)llug =0,  lloa(v1) = ga(va)llyr < Ud)lvr — vage

veER?

with [(d)—0, when d—oo.

Proof: The proof of this lemma can be adapted from the proofs in [10], Chapter 6.
£
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