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Bases ortogonais para os espacos dos

harmonicos esféricos complexos

Resumo
O artigo propée um método indutivo para construir bases para os espacos dos
harménicos esféricos sobre a esfera unitaria 254 de C?. As bases sao mostradas ter
muitas propriedades interessantes, entre elas ortogonalidade com respeito ao pro-
duto interno de L?(Q2,). Como ferramenta auxiliar, estudamos o produto interno
[f,9] = (D) (m)(O) sobre o espaco IP(C?) dos polinémios nas variaveis z,zZ € C?,
onde f(D) é o operador diferencial com simbolo f(Z). Em relagao aos espagos dos
harmonicos esféricos, é mostrado que o produto interno [-, -] reduz-se a um multiplo
do produto inteno de L?(Q34). Bi-ortogonalidade em (IP(C?), [, ]) é completamente

investigado.
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Abstract
This paper proposes an inductive method to construct bases for spaces of spherical
harmonics over the unit sphere 5, of C?. The bases are shown to have many in-
teresting properties, among them orthogonality with respect to the inner product of
L?(224). As a bypass, we study the inner product [f,q9] = f(ﬁ)(M)(O) over the
space P(C?) of polynomials in the variables 2,z € C?, in which f(D) is the differ-
ential operator with symbol f(Z). On the spaces of spherical harmonics, it is shown
that the inner product [-,] reduces to a multiple of the L*(2s,) inner product. Bi-

orthogonality in (P(C?), [+, }]) is fully investigated. 2000 AMS Subj. Class. 33C55,

33C50, 42C05, 31B05, 33C45, 30C10
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1. INTRODUCTION

This paper considers spaces of polynomials in the variables z and Z of C?, ¢ > 1. The

unitary space C? is assumed to be accompanied with its usual inner product
(z,w) := ;W1 + 29wz + - - - + z,w,, z,weE C| (L.1)

where we are writing z = (21, 22, ..., %) and w = (wy, wo, ..., w,). The major polynomial
space considered here is P(C?), the unitary space of polynomials in the independent

variables z and Z of C?. Elements of this space can be written in the form

p(z) =p(z,2) = D Y papz"?, pap€C, o,f€Zi, (1.2)

la|<m |B|<n

for nonnegative integers m and n, where standard multi-index notation is in force. The
subspace of P(C?) composed of polynomials that are homogeneous of degree m in z and
of degree n in Z will be denoted by P,,, »(C?). The dimension of P, ,(C?) is given by ([2,

p-17])
m+q—1 n+q—1

8(g,m,n) := . (1.3)
qg—1 g—1
The subspace of P,, ,(C?) composed of harmonic elements, that is, elements that are in
the kernel of the complex Laplacian

q 82
Agq =4 Z 5o0 (1.4)

J=1

will be denoted by H,, .(C?). Elements of this space play the role played by the solid
harmonics in analysis on real spheres.

Next, we introduce spaces of polynomials restricted to the unit sphere
Qg i={2€C":(z,2) = 1}. (1.5)

The symbol Py, .(Q2,) will stand for the space obtained from Py, ,(C?) by restricting its
clements to Qy,. Finally, Hum . (2,) will denote the space of complez spherical harmonics

of degree m in z and degree n in Z, that is, the set of restrictions of elements of H,, ,,(C?)

to 4. The space Hum n(Q2,) has dimension d(g,m,n) given by ([2, p.17])
d(q,m,n) = 6(g,m,n) —6(¢,m —1,n—1), m,n#0, (1.6)

d(q,m,0) = §(¢,m,0), and 6(q,0,n)=3d(q,0,n). (1.7)



This paper was motivated by the following three results: the orthogonal decomposition

(12)

mAn
Pmn QZq @Hm ]n—j(Q2q) (18)
=0
the dimension formula ([2,7])
d(g,m,n) Z d(g—1,k,1), q>2, (1.9)
k=0 [=0

and the fact that some elements of H,, .(22,) can be constructed from given elements in
Hon—knt(Q2g), & < m, [ < n, by multiplying them by special elements of Hy;(C?) (see
proof of Theorem 5.1 in [3]).

Looking at the real version of (1.8) in either [1, p.76] or [8, p.139] one observes that
the proof there requires a special inner product on spaces of homogeneous polynomials.
In the first half of the paper, we endow our polynomial spaces with the following similar

inner product

.0l = /9l = F(D) (92)) (0), f,9 € B(CY), (1.10)

— g 0 0
D := (8—71’5?—2’ 7‘8*2;;) ; (1.11)

and extract a number of interesting properties. Among them, we show that there is a

in which

positive constant C, depending on m, n and g, such that

[£,9) = C(f,9)2s  f,9 € Himn(Qa) (1.12)

The inner product in the right-hand side of (1.12) is the usual one in L?(f2y,), that is,

(frgla:= | [()g(» 9(2)doy(2), [f,9 € L*(Day), (1.13)
2q
where g, is the unique positive Borel measure in {}3, such that
2md
Q) = ——-
0-‘1( 2‘1) (q o 1)!
The other properties we obtain are related to the Funk-Hecke formula ([5,6]) and with

(1.14)

properties of bi-orthogonal systems in the polynomial spaces endowed with the inner
product in (1.10). All the results mentioned above form the contents of Sections 2 and 3.

Formula (1.9) suggests that one should be able to construct a basis for Hp n(224) from
given bases for the spaces Hy,i(Q24-2), k = 0,1,...,m, [ =0,1,...,n. We prove this is
the case using the special polynomials introduced in [3, p.3] as a generating function. In
addition, we discuss orthogonality and representing properties that are implied by the

result, completing the list of results forming Section 4.
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2. THE INNER PRODUCT [, ]

To begin this section, we observe that the spaces H, »({2,) are pairwise orthogonal
with respect to the inner product (-,-); ([3]). Throughout the paper, orthogonality will
always refer to this inner product.

If O(2q) is the group of isometries of C? that fix the origin then o, is O(2¢)-invariant
in the following sense: o,(pB) = o,(B) if p € O(2q) and B is a Borel subset of (1y,. As a

consequence, the following invariance property holds:

(fop,gop)a={(f.9)2 [,9€L* (), p€O(2q). (2.1)

The following well-known result establishes the O(2g)-invariance of complex spherical

harmonics.

Lemma 2.1 The space Hmn(Q2) s O(2q)-invariant, that is, if f € Hmn(Qeq) and
p € O(2q) then fop € Hpyn(Qay)-

Proof: It will be left to the reader. m
Next, we return to formula (1.10).
Lemma 2.2 Formula (1.10) defines an inner product in P(C?).

Proof: It is very easy to see from the definitions that if (z,7) # (k,[) then the spaces
P;;(C?) and Py (C?) are orthogonal with respect to [-,-]. In particular, we have

alfl, (o, ) =(v,9)

[z22P, 77| = (2.2)

0, (eB)#(7,9).

Now, let f,g € P(C?). There are pairs of indices (k,[) and (m,n) in Z3 such that

f2) =) fiil2), glz)= iigu,u(z), fii €Pii(C7),  guw € Puy(CY). (23)

1=0 7=0 u=0 v=0
Hence’ k I m n kAm IAn
[fa g] = Z Z Z Z[fi,jagu,l/] = Z Z[fli,l/)g#,l/]' (2-4)
1=0 5=0 pu=0 v=0 u=0 v=0

Expanding f,, € g, in the form

Furl2) = Y ) 00z, guu(z) = Y3 0,522, aep,by5 €C, (2.5)

la=p |8]=v b= 8]=v



we finally deduce that

kAm IAn

Fa=3 3" > alflaasbas. (2.6)

#=0 v=0 |a]=p |B|=v

Using this representation, it is now easy to verify that [-,-] defines an inner product in

the space P(C?). 5

As an example, we observe that the set

22 7P
U {ﬁ——ﬁ—,w —m, Iﬁl=n} (2.7)
mn€ly : :

is an orthonormal basis for (P(C?),[-,-]). Another remark at this time is that Formula

(1.10) reduces to
[f,9] = F(D) (@) : (2.8)

when the space P(C?) is replaced with its subspace P, ,(C?).

Lemma 2.3 The inner product |-, -] possesses the following invariance property
[Fop,fopl=If,fl, f€Pua(C), peO(2q). (2.9)

Proof: It suffices to prove the lemma in the case in which f(z) = 2°Z%, |a| = m, |8| = n.

If p € O(2q) we can write

q q q
plz) = (E aljz]-,Zangj, g Zaqu]) , a; €C, zeC. (2.10)
7=1 i=1 i=1
Now, direct computation reveals that (f o p)(D)(f(p(2))) = a!B8! = [, f]. [ |

Next, we employ the vector space isomorphism
f € Hpnn(C?) ¥ flaz, € Hmn(S220) (2.11)

to bring the inner product (1.10) into the space Hpmn(Q2q). If f € Hin,n(2q) write Fto
denote the unique element of H,, ,(C?) such that flgz , = f- Then the formula

[f,9] =3, £.9€ Hnn(D2) (2.12)

defines an inner product in H, »(Q2).

Theorem 2.7 below will reveal that the spaces (Hm.n(Q2q), [-,*]) and (Hma(Q2), {5 )2)

are isomorphic. The following results will be helpful in proving that theorem. Details
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about them can be found in [2]. The symbol ¢, will stand for the vector (0,0,...,0,1) of
Ce.

Lemma 2.4 If W is a nonzero finite-dimensional O(2q)-invariant space of continuous
functions on Qg then there exists a unique f in W\ {0} such that fop = f, when
p € O(2q) and p(e,) = ¢,

Lemma 2.5 Let f be in Hopn(Q2g). The following assertions are equivalent:
i) fop=fifp€O(2q) and p(e,) = &,;

i) There exists a complex number C such that
f(z) = Cm |z, e )M PEI 2z e) P - 1), 2 € Dy (2.13)
in which 0 is an argument of (z,e,) in [0, 2m).

Proposition 2.6 Let N be a subspace of Honn(S2q). If N is O(2q)-invariant then either
N = {0} or N = Hy o(D34)-

Proof: If N # {0} then H.; n(Q2y) = N @& N, in which Nt is the orthogonal com-
plement of A in H,, »(,). Obviously, N'* is O(2¢)-invariant. The rest of the proof will
show that A/t = {0}. Indeed, if not, we may use Lemma 2.4 to choose f € '\ {0} and
g € N1\ {0} such that fop = f and gop = g, when p € O(2q) and p(¢,) = €;,. Lemma
2.5 furnishes a complex number C' such that f = C'g. It follows that f = g = 0, a clear

contradiction. i

Theorem 2.7 There erists a positive constant C, depending on m, n and g, such that
[f,9l = C{f,9)2,  [,9 € Himn(Qay). (2.14)

Proof: Since F := {f € Hmn(2) : (f, f)2 = 1} is a compact subset of Hpm n(2,), the
continuous function

feF—[f,fleR (2.15)

attains its maximum in a point fo of F. It follows that,

[f7 f] S [fO)fO](fa f>2, f L5 Hm,n(‘QQq)- (216)

We will use this information to show that the bilinear form

¢ Hmn(Qa2g) X Hinn(Q2g) — C (2.17)



given by
@(f,g) - [foaf0]<fa g>2 - [fa g]) f7g € Hm,n(ﬂ2q) (218)

is identically zero. Equivalently, we will show that

N :={f €Hmnn(Q2):0(f,9) =0, g€ Hnn(Q2)} (2.19)

is the whole space H, »(Q2,). Since AV is a subspace of H,, 2 (§22,), Proposition 2.6 tells us
that it suffices to show that A is nonzero and O(2q)-invariant. Let p € O(2¢) and f € N.
Due to (2.16), ¢ is positive definite. Hence, we may apply Schwarz’s inequality [4, p.375]

to obtain
lp(Fop,g)> <e(fop,fop)p(9,9), g€ Hmn(Q2) (2.20)

However, Lemma 2.3 and property (2.1) imply that ¢(fop, fop) = @(f, f) = 0. It follows
that f o p € N. Since a similar argument shows that ¢(fo,9) = 0, g € Hmn(f2), it is

clear that A is nonzero. |

Corollary 2.8 There exists a positive constant C' such that
[f,9) = C(flazgs 9lazg)2,  fr9 € Hma(C). (2.21)

Next, we compute the constant C' in Theorem 2.7. The following lemma is taken from

Rudin’s book (7, p.16].

Lemma 2.9 For multi-indices a and 3 we have

0 if a#p
/ 2°ZPdo,(z) = 2mlal!
Q2q N T

Take f(z) = g(z) = z/"%" in the space Hy, ,(C?). Formula (2.2) implies that [f, g] =
m!n! while Lemma 2.9 produces

2m9mIn!
m+n+q—1)

<ﬁw2:( (2.22)

This proves the following theorem.
Theorem 2.10 The constant C in Theorem 2.7 equals to (m +n + ¢ — 1)!(27%)".

We close the section by showing that Theorem 2.7 cannot hold in the bigger space
Prn(Qag). In fact, if h(z) = 2]"Z" then [h, h] = m!n! while Lemma 2.9 yields (h, h); =
279(m + n)!/(m 4+ n + ¢ — 1)!. Now, it is easily seen that the equality [h,h] = C{(h,h),

8



holds if and only if C = m!n!(m + n + q — 1)!(27?)~!/(m + n)!. This is not the value of

C' we have encountered in Theorem 2.10.
3. BI-ORTHOGONALITY IN (P(C?),[-,-])

In this section we investigate orthogonality in the space (P(C?),[-,-]). We begin with
a result related to basic elements of (P, .(C?), [, ]).

Theorem 3.1 Let {f, : p = 1,2,...,8(q,m,n)} and {g, : v = 1,2,...,6(q,m,n)} be
bases for (Pmn(C),[-,-]). If [fu,9v] =0, p # v then

6(qmn

(z,w)™(w, z)" Z fuagu] , z,weCl. (3.1)

Proof: Since {f,:p=1,2,...,6(g,m, n)} is a basis for P,, ,(C?), there are polynomials
pu, p=1,2,...,0(g,m,n) such that

§(q,m,n)
Byt = 3 puw)fule) HweC (32)
p=1
Due to the hypothesis,
6(g,m,n)
[("w)m<w7'>n7gl/] = Z Pu(w)[fp,gu]

p=1

= pl/(w)[fl/,gl/], V:1’27"'75(q’m7n)7 wECq‘
On the other hand, writing g, in the form
gulz) = Z Z Ca 22 (3.3)
laf=m |B|=n
and computing, we obtain

[(-; w)™ (w, )", 9,] = mln! z Z Z Z o 5' g |27, 2°7"]

[v|=m |8|=n |a|=m |B|=n

= m!n! E an,gww

Joe|=m |Bl=n
= mlnlg,(w), v=12,...,8(m,n).

Thus,
m!n!g,(w) =p,(w)[fo,9], v=12,... ,0(g,m,n), weC, (3.4)

and, in particular, since each g, is not identically zero, [fu, 9.l #0, p=1,2,...,8(m,n).

Concluding,

[f# L p=1,2,...,6(m,n) (3.5)

pu = mln!



and the result follows. i

If we let z = w in the previous theorem we get the Pythagorian identity

>m+n 5(q,m n)
ml Cmln! Z fmgu , 2€CL (3.6)
When z € {1y, it reduces to
§(g,m,n)

1 fu(2)gu(2)
= _ 3.7

m!n! ; [fus 9] {830)

If both bases in the previous theorem are equal and orthonormal with respect to [-, -] then

we deduce the addition formula

5(gq,m,n)

(z,w)™(w, z)" = m!n! Z fu(2) fu(w), z,weC (3.8)

This formula has a structure very similar to that of the addition formula for complex
spherical harmonics ([2]). Finally, the following extension of (3.1) can be proved in a

similar manner:

5(qmn

(2, u)™ (v, 2)" = mln! Z ff”gﬁv’ A (3.9)

In our next result, we establish a Funk-Hecke type theorem for elements in the space

(P(Cq)7 [’])

Theorem 3.2 Let f be an element of P, ,(C?) and g an element of P(C). Then, for
cach w € C?, the map z € C? — g((z,w)) belong to P(C?). In addition, there exists a

nonnegative constant A, depending on m and n, such that

[9((-,w)), f] = A f(w), weC. (3.10)

Proof: For each pair (k, (), we will denote by {g;,:n=1,2,..., 5(g,k,1)} an orthonor-
mal basis for (P (C?),[-,-]). Assume g has degree a in z and degree § in z. Recalling

Theorem 3.1, we can write

B
9({z,w)) = Z Z k!l'gkl( )gu( w), zweC. (3.11)

We can find complex numbers a; such that

5(qg,m,n)

f= Y. aighn (3.12)

7=1

10



It follows that

B
[9((-,w)), ] = Yo kgL (w)lgk s ]

B
Z k'l'aigkl( )5km51n5ﬂ17 we CI.

g=1 k=0 I=0 p=1
Thus,
m!n! f(w), a>mand g >n
l9((-;w)), f1 = : (3.13)
0, otherwise,
completing the proof of the theorem. [ |

Corollary 3.3 The following formula holds

[(-; w)™(w, )", (-, )™((, )] = m!nl{(, w)™ (w, ()", w,( €. (3.14)
The following theorem is a converse of Theorem 3.1.

Theorem 3.4 Let {f, : p = 1,2,...,6(¢,m,n)} be a linearly independent subset of
P,..(C?). Assume there is a subset {g, : p = 1,2,...,8(q,m,n)} of P(C?) such that
[fu9.] #0, p=1,2,...,0(¢g,m,n) and

5(g,m,n)
< no_ 141 5 f# Z)g#( ) Cq 1
z,w)™(w, z)" = m!n! Z =——— z,weC. (3.15)
[fu>9ul
Then {f, : p = 1,2,...,8(g,m,n)} and {g, : p = 1,2,...,d(g,m,n)} are bases for
P, o(C?) satisfying [fu,g,] =0, p #v.

Proof: The use of (3.15) yields

5(g,m,n)

fu gu ’\w m n
wilml z, \w)™ (Aw, z
2
= (Xz w)™(w, Xz)"
§(q,m,n)
s fu()‘z)gu(w)
=min uz:; [fuagu]
5(q,m,n)
s Jul2)9u(w) gu(w)
= ml!n! zweC!, MNeC.
>, AN g 1 SmEC e
Hence " )
= (g#(/\w)—xmx\”g#(w)) [;“(;)]:0, z,weC, AeC. (3.16)
o w Gp



Since the set {f, : p =1,2,...,8(q,m,n)} is linearly independent, it follows that
9. (0w) = A™X"g,(w) =0, weC’, IeC, (3.17)

that is, g, € Pmn(C?), p =1,2,...,6(g,m,n). To conclude the proof we apply Theorem
3.2 and Formula (3.15) appropriately to obtain

5(g,m n)

m!n! f,(z) = [(, 2)™(z,)", f,] = m!n! Z [fuagu

, = 1. 2. ., 0(q; 7, 5).
[fwgl-t] ( )

The linear independence hypothesis allows us to conclude that [f,,g.] =0, s # v. i

Corollary 3.5 If a linearly independent subset {f, : p =1,2,...,6(q,m,n)} of Pp, o(C?)

satisfies
8(gq,m,n)

(z,w)™(w, z)" = m!n! Z fu(2) fu(w), z,weC, (3.18)

p=1

then it is orthonormal with respect to [-,-].

Proof: It suffices to observe that, under the given hypotheses, the denominator in the

sum on the right-hand side of the last equation in the proof of Theorem 3.4 disappears.®
4. GENERATING BASES

This section presents a method to construct bases for the space Hp n(§2). The method
is inductive over the dimension of the sphere, that is, it presupposes the knowledge of
a basis for Hp n(Qzq—2). We begin with a technical lemma that exhibits a very special
kernel in H,, ,(C?). As we said before, the idea behind the use of this kernel comes from

the proof of Theorem 5.1 in [3].
For a fixed ¢; € {1,2,...,q} we will employ the decomposition C* = W @ V™%,

Where qu - {Z ECq:Zj :OijQ1+1’Q1+27---7Q} and Vq_ql :{ZECq Lz :0,
j:172a'--aql}'

Lemma 4.1 Let w € WH N §y, and v € V™1 Ny, Then
G (2) =(z,v + w)™ (v —w,z)", zeC (4.1)

is an element of H,, ,(C?).

12



Proof: First observe that

9 guo | eV 0 ey =120

9z; n{z,w+v)"(v—w,z)" 'v; J=q+1l,qa+2,...,q

Next, notice that

> az]a-— Gan == 6‘z]8_ G (1.2)

J=q1+1 =1

It follows that Ay, (G ) = 0. The homogeneity of G, with respect to z and Z is clear.
|

If ¢ = ¢—1 in the previous lemma then W7~ Ny, is a copy of 13,_3. In other words,
elements of W91 Ny, are of the form @ = (w,0) with w € {)3,_,. Denoting the elements
of C? by Z = (2,2,), z € C*!, and taking v = ¢, = (0,0,...,0,1), the function in the

previous lemma takes the form

G2 (2) = ((z,w) + 2)" (—(w, 2) + 7)™ (4.3)
From now on, we will adopt the following simplified notation: G, , := Gg’,',’l. The main

result of this section is as follows.

Theorem 4.2 Let {g; : 7 = 1,2,...,d(g,m,n)} be a linearly independent subset of
Ureo Uieo H#,1(Q29—2). Then Gy, has a decomposition in the form

d(gq,m,n)

n(z Z f] g.? z= (2:, 211) = Cq7 w e QZQ-% (44)

in which {f; :j=1,2,...,d(qg,m,n)} C Hyp o (C?).

Proof: Initially, we expand the right-hand side of (4.3) to write

! |
GL.@= Y - 1% e > ?B,(—w)"zﬁzg, ZeC. (4.5)

|B|+v=n

Since |a| < m and |3| < n, a help of (1.8) allows us to find constants a;(a, ) such that

d(q,m,n)
—u—’a(_w)ﬁ — Z a;(c ,B)g;(w )7 w € {lgg—2. (4'6)
7=1
Hence,
d(q,m,n) -
Gmn(Z) = Z Z Z aj(a 'a'z"zé‘y’ﬂliﬁig g;(w). (4.7)
7=1 le|+p=m |B|+v=n =N

13



We now show that the expression

~ ' a_p ' —B=v
Filz] == Z Z aj(a,ﬂ)’u?!na!z z V?ﬂ!zﬁzq, (4.8)

lal+u=m [Bl+v=n

defines an element of M, ,(C?), for j = 1,2,...,d(q,m,n). The homogeneity of f; of
degree m with respect to z and of degree n with respect to Z is obvious. Applying the

Laplacian in (4.7) we deduce

d(g,m,n)
0=200(Gu)E) = Y An(fi)E)gi(w), Z€C, we Dy (4.9)
7=1
The linear independence of the g; implies that Ay (f;) = 0. i

The following lemma describes an integral operator that reproduces complex spherical
harmonics. It is a complex version of the famous Funk-Hecke formula. A proof for this
version can be found in [5,6]. In the statement of the lemma, B[0,1] is the closed unit
disk in C, dv,(z) is the normalized Lebesgue measure given by

~1 _
dvy(z) :== < - (1 —z? - yz)q ?dw dy, z=uz+1y€ B[0,1], (4.10)

LP4(B[0,1]) is the class of complex functions that are p-integrable in B[0, 1] with respect

to v, and P%72 is the disk polynomial of degree m + n associated with the integer g — 2.
q m,n g g q

Lemma 4.3 Let Y be an element of Hpn(Q2,), and K an element of LV9(B[0,1]). Then
for every w in Qy,, the mapping z € Qzg — K((z,w))Y (2) is in L'(zq) and

g K((z,w))Y (2)dog(z) = A2 (K)Y (w),  w € Qs (4.11)
in which )
Mon(K) = CE = K(2)Pim (2)dv,(z). (4.12)

Theorem 4.4 Let {g; : 7 = 1,2,...,d(g,m,n)} be a linearly independent subset of
Ureo Ureo Het(Qag—2) and let {f; + j = 1,2,...,d(g,m,n)} be as in Theorem 4.2. If
the set {g; : 7 = 1,2,...,d(g,m,n)} is orthonormal then {f; : 7 =1,2,... ,d(g,m,n)} is
an orthogonal basis for (H,(C?),[-,-]).

Proof: In the first step of the proof we show that [GY ,,G%, ] = K(((,w)), for some

function K. Indeed, recalling the hat notation introduced in the beginning of the section,

we see that

(G r Gl = DT (G, 2) + )] D3 [(=(2, ) + 2)"]. (4.13)
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in which

D, = w15§;+w2£;+ T — 4 +aizq (4.14)
and
However,
D ({¢, 2) + Z)™ = ml(((,w) +1)™ (4.16)
and
Dy (—(2,€) + 2)" = nl((w, () +1)" (4.17)
so that
(G2 ., GS, ) = mInl((Cw) + D)™ ((w,¢) + )" = K({((w), w,( € Qygge (4.18)

Next, we use the previous theorem to deduce that

d(q,m,n)
[ m,n? n] - Z pl(w)gl(C)y ’LU,C € Q2q—-—27 (419)
=1
in which
d(g,m,n)
pl(w) = Z [fj7fl]gj(w)7 wE Q2q—2~ (420)
j=1

If the g; form an orthonormal set we can apply the previous lemma to obtain
A(7)gi(w) = /Q K({(¢,w))gi(Q)dog—1(¢) = pi(w), 7 =1,2,...,d(g;m,n), (4.21)
2q—2

in which A(4) is a positive constant depending on g; and K. Thus,

d(gq,m,n)

G2, G = Y AMDg(w)a(Q),  w,¢ € Qg (4.22)

A comparison with (4.19) yields the relation

d(g,m,n)

Z [f]7 fl g_’/ 7 w e Q2q—27 l = 1727 o '7d(q7m7n)' (423)

It is now evident that [f;, fi) =0, j # [ and that [fi, Al = A1), 1=1,2,...,d(qg,m,n). B

Example 4.5 Let m =n =1 and ¢ = 3. Due to Lemma 2.9, the polynomials

1 1 1 e | T
gl(w) - \/§7r7 92(w) = ;wl, 93(“’) _— ;wz; 94(w) = ;wla 95(w) = ;wz, (4-24)
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V3 V3 6
ge(w) = ?wlwz, gr(w) = —F—w_lwz and gg(w) = %/—;(wlw_l — WyT3) (4.25)

define an orthonormal subset of Hgo(4) U Ho1(24) U Hi,0(24) U H1,1(Q4). The kernel
G}",l(%\) takes the form

2373 — Z123W] — Z923Ws + 2123 Wy + 2323 Wy — 21 22W Wy — 21Z2W2W1 — Z1Z1W W — 2222WaWs.

Computing the coefficients a;(c, 8) in (4.6), here written as a;(«a; 3), we obtain

V2T T
070;070 = V2 ’ 170a170 =5 9 y Ui b, - T = .
ay( )= V27, ay ) = as(1,0;1,0) 7% (4.26)
V27 T
CL1(0, 1’0? ]-) = _—2_7 a8(07 170a 1) = 767 a’2(070; 170) =, (427)
aa(1,0;0,0) = 7, a5(0,1;0,0) =7, ag(0,1;1,0) = —% (4.28)
ax(1,0;0,1 " (0,0;0,1) = —, (4.29)

):_%, as

while all the others equal zero. Looking at (4.8), we encounter

V2

f(Z) = 5 (—2171 — 2273 + 223%3) ,  faZ) = —7zazy, f3(2) = —m2sza, (4.30)
Fa3) = 1T, fs(B) =27, fo(2) = —%zgz—l, (4.31)

and
f1(3) = —%—2 fol®) = —j—g (—21%1 + 2273) - (4.32)

Theorem 4.4 implies that {f; : j = 1,2,...,8} is an orthogonal basis for (Hy,(C%), [, ]).
The isomorphism (2.11) provides us with an orthogonal basis for Hi,1(026).

Corollary 4.6 Assume the hypotheses in Theorem 4.4. If {g; : j =1,2,... ,d(g,m,n)} is
orthonormal then

fi(®) = pi(29)9i(2), 7 € Qag—2, Jj=1,2,...,d(g,m,n), (4.33)
in which {p; : 7 =1,2,...,d(g,m,n)} is a subset of P(C).
Proof: If {g;:j=1,2,...,d(¢g,m,n)} is orthonormal, we can use (4.4) to deduce
FiE)— /Q G* (5)Gi@) dogr(w), 2 € Dages (4.34)

Expanding Gj, ,, in the form

GanD =YY i o Kl ), (439)

u=0 v=0
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where K, ,((z,w)) = (z,w)*(w, z)", using Lemma 4.3 and arranging we obtain

R S m|n1 N pa—
= (Z ‘bj(/L,V)Zq ”zq > gj(z), zZ € qu_z, (436)

|| —
el Wwl(m — ,u (n—v)!

where the b;(u,v) are constants produced by the Funk-Hecke formula. Defining

m‘ Il' —pzn—v
ZZ V)!bi(NaV)Zm "z, z2eC (4.37)

11
uOu—O V(m M

concludes the proof. ]

Corollary 4.7 Assume the hypotheses in Theorem 4.4. If {g; : 7 =1,2,...,d(q,m,n)} is
orthonormal then

d(Qymv'n‘)

(¢ w) + 1) ((w, Q) + )" = D Z (fis Ji)29i(w)gi (C),  w,( € Nags, (4.38)

in which D = (m +n + ¢ — 1)!(2r9m!n!)~!
Proof: First we manipulate the sum in the right-hand side of (4.38) to obtain

d(q,m,n) d(g,m,n) d(g,m,n)
> fur fu)2gu(w)gu(C) = Z Z (Q ()daq(2)> w(w)gu(C)
d(g,m,n) d(g,m,n)

:/ Z fu(Z)gu(w Z f4(2)9.(¢) doy(2)

= Gx,n(/z\)ng:n(/Z\) do’?(lz\% w7C (S Q2q—2-
Qa4

Recalling Lemma 4.1, Theorem 2.7 and Theorem 2.10, we conclude that

d(g,m,n)

> (fur Fud20u(w)g,,(O) =

27

(m+n+q—1)!

[Gm n’ ]7 w, C = Q2q—2- (439)

Finally, (4.18) reduces (4.39) to

d(g,m,n)

Z <fu7fu>2gu(w)gu( )= D_l(«,w) +1)"((w, () +1)",  w,( € oy, (4.40)

with D as described in the statement of the corollary. [}

By letting w = ¢ in Corollary 4.7 we deduce the following identity

d(g,m,n)
gmintladanin!
2 _
; <fu’fu>2|gu(w)| - (m fntq— 1)!; w € QZq—Z- (4.41)
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We close this section presenting two independent results, one giving an estimate for the
sum Ei(zqim’n)( fus fu)2 and the other explaining why the construction in Theorem 4.2

preserves bi-orthogonality.

Corollary 4.8 Assume the hypotheses in Theorem 4.4. If {g; : = 1,2,...,d(q,m,n)} is

orthonormal then

d(q’zmvn)< 2m+n+27r.2q—-1
firfi)2 £ \ (4.42)
= (¢ —1)g —2)!

Proof: First apply the Cauchy-Schwarz inequality to obtain

G (2)G5 0 (2)

IN

</Z\7 z m((wv 1)7 (w’ 1))m</2\’ g>n<(_w7 1)7 (_w7 1)>n

< gmtnE B 2 CY, wE Qg

Integration yields

2m+n+lﬂ_q
G (B)TE L (B)do,(3) < 27 / 0B = T wE (443
ﬂzq - °

On the other hand, if {g; : 7 = 1,2,...,d(¢g,m,n)} is orthonormal, the arguments at

Qaq

beginning of the proof of Corollary 4.7 imply that

d(q,m,n)

) om+n+1,g
> giw)F(fi fi)e < =375 W € Qg2 (4.44)
o (g—1)!
Finally,
d(g,m,n) d(g,m,n)
ST Fifie= D (fj,fj>2/ﬂ |9 (w)[*dorg—1 (w)
=1 j=1 2q—2
2m+n+lﬂ.q/ 2m+n+27r2q—1
e dog_1(w) = ;
e RSV St R RSV PRE]
completing the proof. ]

Corollary 4.9 Let {g; : j = 1,2,...,d(¢q,m,n)} and {g; : 7 =1,2,...,d(q,m,n)} be
orthonormal subsets of Jreo Ul—o i (Q2g—2) and let {f; : 7 = 1,2,...,d(g,m,n)} and
{fJ' .5 =1,2,...,d(g,m,n)} be the corresponding sets resulting from the use of Theorem

£.2. If (gi,9,)2 =0, j # k, then [f;, fi] =0, j # k.

Proof: We use Corollary 4.6 to write

7)) = pi(20)9i(2), 2z €Qg2, 7= 1,25 .. d(g,m, 1), (4.45)
and
£i(2) = pi(2)9;(2), 2 € Qag2, F=12,... ,d(q,m,n), (4.46)
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in which {p; : j = 1,2,...,d(q,m,n)} and {p; :7=1,2,...,d(qg,m,n)} are subsets of
P(C). It follows, with a help of Theorem 2.7, that

Ut = () (7)) Lo il

m+n+q—1) A\ prest ,
2ma : i (5;—;) (pk(zq)) (93> 9k )2-

The conclusion in the statement of the Corollary follows. [
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