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Resumo

Estudamos a existéncia e o fenémeno de concentragao de solugoes
nodais para a equagao

—2Au+V(z)u= f(u) em @,

na qual 2 é um dominio em IRYN, nao necessariamente limitado, V
é uma funcdo Holder continua e f € C'(IR) é uma fungédo impar
com crescimento subcritico e superlinear. Sob condigdes locais em
V, provamos que os extremos globais dessas solugoes localizam-se em
torno de um minimo local de V.



On the Location and Profile of Spike-Layer Nodal
Solutions to Nonlinear Schrodinger Equations *

CLAUDIANOR O. ALVES - SERGIO H. M. SOARES!

Abstract The existence and concentration behavior of a nodal solution are
established for the equation

—e?Au+V(z)u = f(u) in Q

where 2 is a domain in RN, not necessarily bounded, V is a positive Hélder
continuous function and f € C'(IR) is a odd function having subcritical and
superlinear growth. Under additional local condition on V, it is proved that
such a solution has just one positive and one negative peaks, which are located
around local minima of V.

1 Introduction

In this paper we are concerned with the problem

(Fe)

—e?Au+V(z)u= f(u) in Q
u=20 on 00

where Q is a domain in R", not necessarily bounded, with empty or smooth
boundary, V' is a Holder continuous function satisfying

(Vi) V(z) > a >0, for all z € RV,
(V2) There exists a bounded domain A compactly contained in €2 such that

o .
Vo zlrelf\ Viz) < mlengl\ V(x),

and f € C'(IR) is a odd function satisfying

(f1) f(s) =o(]s]), as s = 0.

(f2) Il!im ﬁ:Oforsome1<p<%,
s|—

oo |s]P
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(f3) For some 2 < 8 < p+ 1 such that
0<8F(s) <sf(s) forall s#0.

(fa) The function s —» f(:) is increasing in (0, +00).

Equations of this kind arise in different models. For instance, they are object
of special physical and mathematical interest to study the standing waves of the
nonlinear Schrédinger equation

. ov 9 N

m—c'—)? = -h"A¥ + (V(z) + E)¥ — f(V), Yz € R", (NLS)
when f(s) = |s|P~'s, 1 < p < &2, A standing wave of (NLS) is a solution of
the form ¥ (z,t) = exp(—iEt/h)u(z). In this case, u is a solution of (F;).

Existence and concentration of positive solutions for the problem (P.) have
been extensively studied in recent years.

In [4], Floer and Weinstein studied (P:) in the case N =1, f(s) = s*,Q = IR
and potentials V' with nondegenerate critical points. Based on Lyapunov -
Schmidt reduction, they proved that, for small €, this problem has a solution
which concentrates around each nondegenerate critical point of V. Later, Oh
in [8, 9] extended this result to higher dimensions, provided that 1 < p < %‘f—g,
with potentials V' belong to a Kato class.

In [10], Rabinowitz found a positive ground state solution (positive solution
of minimal energy) for (P.) for small €, when f(s) behaves like s?, 1 < p < %
and V verifies the following global property

liminf V(z) > inf V(z). (Voo)
|z|—o0 z€IRN
This solution indeed concentrates around a global minimum of V, as e — 0,
as shown later by Wang in [11]. Alves and Souto in [1] proved the same results
obtained in [10] and [11] assuming that V satisfies (Vo) and f(s) = Als|?77ts +
|s]?"~2s, where 2* = 2N/(N — 2).

In [3], del Pino and Felmer proved the local analogue of Wang’s result. It
is shown that if V satisfies (V1) and (V), then (F:) has solution u. with just
one local maximum, which concentrates around a minimum of V in A. This
local minimum may exhibit arbitrary degeneracy. Alves, do O and Souto in [2]
proved that the result obtained in [3] also holds when the nonlinearity has the
critical form f(s) = h(s) + |s|?> ~2s, with h(s) behaves like sP.

In [6, 7], Noussair and Wei showed that if V = 1 and Q is a bounded
domain, problem (P.) has a nodal solution u. at the least energy level to (P)
and they proved that, for small €, it possesses exactly one positive and one
negative peaks, and that the peaks converge, as e — 0, to two points, whose
locations depend on the geometry of 2. In [7], it is considered the corresponding
Neumann problem. They proved that nodal solutions always exist, and studied
how the mean curvature function on 91 affects the shape of such solutions.

In this paper, motivated by works [3] and [6], we study the existence and
concentration behavior of nodal solutions for the problem (F;), when Q) is a
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domain in IR™, not necessarily bounded, and V satisfies (V1) — (V3). Our study
may be seen as a complement for the above-mentioned results. More precisely,
we prove the following theorem.

Theorem 1.1. Suppose f € C'(IR) is a odd function and satisfies (f1) —
(f4) and V satisfies (V1) — (V2). Then, there ezists eg > 0 such that problem
(P,) possesses a nodal solution u. € H}(Q) for every e € (0,e0). Moreover,
ue possesses just one positive local mazimum point P} (hence global) and one
negative local minimum point P? (hence global), which are in A. We also have
that P! concentrates around z € A, where V (z}) = Vo, i.e. P =z, ase =0,

) +oo (2 22E])]

fori=1,2 and
€

To prove Theorem 1.1, we first modify the nonlinearity into one more con-
venient in order to apply minimization arguments together implicit function
theorem to obtain the existence. To show the phenomenon of concentration, we
establish a upper estimate of the energy of the solution obtained and make a
careful study of its profile obtaining a relation between its peaks points, which
imply that these points are concentrated around local minima of V.

The paper is schemed as follows: In section 2, we introduce the penalized
problem and by minimization we prove the existence of a nodal solution for it,
while in sections 3 and 4, we establish a upper estimate for the energy of u.
and preliminaries results, respectively. In section 5, we show the phenomenon
of concentration and, in section 6, we complete the proof of Theorem 1.1.

z — P!

£

fue()] < M [exp (—ﬂ

for certain positive constants f and M.

2 Preliminaries
In this section, we fix some notations and prove the existence of nodal solution

to (Pr).

2.1 Notations
Throughout this paper, we denote by H the Hilbert space given by

H = {u € Hy(Q); / V(z)u? dz < oo}
Q
endowed with inner product
<u,v >y= /(Vqu + V(z)uv) dz.
Q

whose associated norm we denote by || - ||. We recall that the solutions of (FP:)
are critical points of functional I, : H — IR given by

1

I (u) = 5/0(52|Vu|2+V(m)u2)dz—/QF(u) dz
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where F(u) = fO" f(s)ds. By (f2), follows that I is well defined and belongs to
CY(H, R).
To establish the existence of nodal solutions, we modify this functional

adapting some arguments explored in [3]. Let 6 be a number as given by (f3),

and let us choose k£ > 0 such that & > 0"%2 Let a > 0 the value at which

fa) &, where a is as in (V). Let us set

oy | f(s) if |5 <a,
fls) = { s if |s| > a.

Now, let d > 0 sufficiently small, and € C°°([a — §,a + 4]) satisfying

1. n(s) < f(s) for all s € [a — 6,a + 4]

2. n(a —8) = f(a—6) and n(a + ) = E(a+9).
3. 7'(a=0)=f'(a—46)and n'(a+46) = F.
4. s+—> ﬁ:—) is increasing in [a — d,a + ¢].

Using the functions 7 and f, we define the function

f(s) = f(s) if s¢la—d,a+d and s>0,
T n(s) if s€fa—d,a+d].

Considering the odd extension of f, still denoted by f , let us define

9(z,8) = xa(@)f(s) + (1~ xa () f(s),

where A is a bounded domain as in the assumptions of Theorem 1.1 and xa
denotes its characteristic function. It is easy to check that (f;) — (fa) implies
that ¢ is a Carathéodory function, for fixed z € Q, s — g(z,s) is of class C*
in IR, and satisfies the following conditions:

(91) g9(z,s) = o(|s|]) as s — 0, uniformly in z € Q.
(g2) There exists 1 < p < ££2 such that

im LZ9 _g
s|—+co  |s|P '

(g3) There exists a bounded subset A of Q, int(A) # 0, and 2 < 6 < p+ 1 such
that

(1) 0<6G(z,s) <sg(z,s), €N Ss#O
(i) 0< 2G(z,s) <sg(z,s) <$V(z)s®, ze€Q\As#0,

where G(z,s) = [ g(z,t)dt.
(94) The function s —» 9—(1;’—5—) is nondecreasing for all z € Q a. e. and s # 0.
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2.2 Existence of Ground State Nodal Solutions

Hereafter we use (P;), to denote the following penalized problem

(Pe)g

-2 Au+V(z)u = g(z,u) in Q
u=20 on 0Of)

Note that if u is a nodal solution of (P;), with |u(z)| < a—J for every z € Q\ A,
then u is also a nodal solution to (P).

Associated with (P:), is the energy functional J, : H — IR defined by

1

Je(u) = 3 /0(62|Vu|2 + V(z)u?) dz — /QG(z,u) dz.

Using the properties of function g and standard arguments, we have that
J. € C'(H,IR). A necessary condition for v € H to be a critical point of
Je is that J.(u)u = 0. This condition defines the Nehari manifold

N = {u € H;u# 0,/9((—:2|Vu|2 + V(z)u?)dz = /Qg(z,u)u dm} .

We note that there exists a positive constant v = v(g), which satisfies the
following inequality

/ lulPT™ dz > v, VYV u € AN.. (2.1)
A

In fact, since u € N, from (g3), we have the inequality

2| Vul|? ) de z,u)udz lmuzac
/Q(E|V|+V(:r:)u)d 5/g(,)d+/akV() dz.

A

Hence,

/Q(.E?Wul2 +(1- %)V(x)zﬁ) dz < /Ag(z,u)u dz.

Combining the definition of g with conditions (g1) and (g2), we get
/Q(EIVU|2 + V(z)u?)dz < /A(csu2 + c5|ulPT?) dz,
for some 0 < 6 < ‘—g‘l Thus,
2 < /A2c,5|u|p+l s,

By Sobolev embedding and above inequality, there exists v; > 0 such that
llull > 1. (2.2)

Consequently, from (2.2) there exists v verifying (2.1).
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Now, given p € (0,v/2), define the sets X, and M, by
+
X. = {u € H;/(u_)’J+1 dx > u} and M, =N, N X..
A
We observe that if u € M., then

i) = /Q(%g(x,u)u - G(z,u))dz.

The last equality and (g3) imply that

6 -2)

Je(u) > 5

/ G(z,u)dz > 0.
A

Thus, we can concluded that J. is bounded from below on M, which allows us
to define
€ = }&E Je (u). (2.3)

Theorem 2.1. The level ¢, is achieved by some ue € M.. Moreover, u. is a
weak solution and hence a classical nodal solution of (Fr),.

Proof. By Ekeland Variational Principal, there exists a minimizing sequence
(uy) for (2.3) satisfying

1
Jo(upn) <ce + - (2.4)
and 1
Je(v) > Je(un) — E“'U —uy|l, Vv e M.. (2.5)

Claim 2.1. The minimizing sequence (u,) is bounded in H.
In fact, for each u € H we have,

l 2 U2 I'U.2 T — lzuu I — l .'E'U/QIL'
1) 2 5 [ @VuP 4 Vd - | Zotwuude - [ viane e

Then, if u € M., we obtain

(6 —2)

>
Je(u) 2 =5

, 1
/ (€2|Vu|* + V(z)u?) dz — = [ (£*|Vu|* + V(z)u?) dz,
Q 2k Jo

whence | fG~8 1
p gl | B
5w >3 (552 - 1) e 20

where the last inequality holds thanks to our choice of k£ and the proof of Claim
2.1 is over.

Here and in what follows, we denote by u. the weak limit of {u,} in H. To
verify that c. is achieved, we will show that (u,) is a Palais-Smale sequence.
We start proving that the following limit holds

/ (e2Vu, Vo + V(z)unp) dz — / g(z,un)pdz — 0, asn — oo Yo € H. (2.6)
Q Q
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To prove (2.6), we use the techniques utilized in [6]. First, we note that there
exists a subsequence of u,,, still denoted by u,, satisfying one the four following
possibilities:

i) [y (u, P“ dz = u;

+
) [ do > g
31) [, (ut)Pttde = pand [, (uz )Pt de > p;
w) [y (uf)**dz > pand [, (u,)PH dz = p.

It is easy to see that (i) cannot occur because otherwise
/ lufPtlde < 2u<v
A

and this contradicts (2.1).
Now, if (#4) occurs, for each n, we consider the function h,, : IR> — IR given

by

hn(t,8) = [o(€2|V(un + tp + sun)* + V(2)|un + tep + sun|®) dz—
= Jo 9(z,un + to + sun) (un + t@ + sup) dz.

From the definition of the function g, we have that h,, are of C* class, h,(0,0) =
0 and oh,

55 —(0,0) = /Qun(g(a:, Un) — §' (T, un)uy,) dz.

+ + + + 4+
Denoting H (z) = u, (9(z,u;) — ¢'(z,u;)u, ), we have

%%(0,0) = /Q (H*(z) + Ho (%)) dz.

+
From the definition of the function g, H, (z) <0 and

BL(O 0) < / H(z) d:v—+—/ H (z)dz.
{zeQuf(z)<a—6} {z€Q;u, (z)<a—4}

i
Now, since u € H}(),u Z 0 and u > 0, then [{z € Q;u~(z) < a— 46} # 0.
Thus, by (fi),

Ohy,

Os
Therefore, by the implicit function theorem, there is a function s, defined
and of C! class on some interval (—d,,0,), 6, > 0, such that s,(0) = 0
and hn(t,sn(t)) = 0,t € (—=0n,0n). Thus, for every t € (—0n,0,), we have
Up + tp + sp(t)un € N. Moreover, from the continuity of s,, we can assume
that u, + to + sp(t)un, € M..

—=—(0,0) <
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Claim 2.2. The sequence {s!,(0)} is bounded.
In fact,

e (07 0) _ -2 fQ (&‘ZVU,”V(p + V(.’E)U?L(p + (g, (I, Un)un + g(un))(p) dx

sh(0) = ;2 = ,
(0) gfsl: (0,0) Jo un(9(z,un) — ung' (z,un)) dz

Since u, is the weak limit of (u,) in H, using Sobolev embedding and the fact
that u, € X., we have

.
J @i,
A

so us Z0in A. Now, as

[ n(9(,u0) = ung'(z,u0) do| = [ (6 @0 = ung(z,00) d,
Q Q .

from Fatou’s lemma, we have

liminf [ (¢'(z, un)ui — ung(z,un)) dz >
n—oo Jq

/(g'(x,ug)ug —ueg(z,u;))dz = C; > 0.
Q
Therefore,
1 <
lfﬂ Un (9(T, Un) — Ung (T, un)) dml -

for some positive constant C'. Thus, from (2.7),

g (2.7)

|s.(0)] < % '2/ (€2Vun, Vo + (V(z)un — ¢' (2, un)un + g(z,un))pdz|. (2.8)
Q

Using the fact that (uy) is bounded, it follows that |s!,(0)| < C, for some positive
constant C, independent of n. Now, from (2.5), we have

To(tn + 10 + sn(8)n) — Jo(un) > ‘71”@ + 8 (t)unll- (2.9)

From (2.8) and (2.9), we have

. d _
nli)rr;o EJE(un + to + sn(t)un) = 0,
hence
0 = lim [/ (2Vun, Vi + V(z)unp) dz —/g(:c,un)cpdz
n—o0 Q Q

+ §'.(0) (/9(52|Vun|2 + V(z)u?)dz — /Qg(m,un)un dz)]

n—oo

= lim [/S)(é:?Vunch%-V(z)un(p) dm—/gg(m,un)gadw],
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which verifies (2.6) and implies

/ (e2Vu: Vo + V(z)usp) dx — / g(z,us)pdr =0 Vyp € H.
Q Q

+
Recalling that uZ # 0, it follows that u. is a nodal solution of (F;),. To
verify that c. is achieved, we will show that (u,) is a Palais-Smale sequence.
Effectively, by (2.5), it suffices to show that J_(u,) — 0. Given € H, ||¢|| < 1,
from (2.5), we have

Je(up + to + sp(t)upn) — Je(u 1 sn(t
lond ot on(Oun) = Seltn) 5 Ly onl@,
n t

Thus, taking t — 0 above, we obtain

Ti(un)p > == = =t O)ua.

VY =y g
Replacing ¢ by —¢ in the last inequality, we find
' 1 1,
. (un)il < =+ 57, (0)unl (2.10)

Then taking the limit as n — 0 in (2.10), it follows that ||.J.(un)|| = 0. Using
the information above, we have

Je(un) = ce in R,
Jo(up) -0 in H™L.

€

In order to conclude our analysis, suppose that (i27) holds (case (iv) is analo-
gous). In this case we consider the function h, : IR* — IR* given by

hn(t,s,w) = (J;(wn(t,s,w))wn(t,s,w),/A ¥n (£, s, w)[PT! dz)

where 1, (t, s, w) = un + to + su; +wu; . From definition of g, it is clear that
h, is of C! class, h(0,0,0) = (0, ), and the Jacobian of h, at (0,0,0) is

An B, Cn ]

(p+1) [, (uf)Ppdz 0 (p+1)u
where

An =2 [(e2Vua Vo + V(z)un) dz — Jo(9' (@, un)un + g(z,un)p )dz,
Bn =2 [ (2 Vuz | + V(@)|uy ?) dz — [o(¢'(z, u)un” + g(=,uy Juy) de,

Cn =2 o (2|Vuf |2 + V(@) |ut|?) dz — [o(g' (z,u)ut’® + o' (@, uf ui) da.
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Now, we prove B,, does not converge to zero. In fact, since u, € N;
_Jé (ui)ui = Jel (up)u, =Ty
we claim that the sequence T}, does not converge to zero. Supposing 7, — 0 we

+
can prove that there is ¢;; — 1 such that
thul, tyu, € N..

Consequently,
(gHypri / (uh)Ptldz > v.
A

On the other hand,

WP de = (1+)PHL 'u+ P+L g _ (41 )P d.
/A<n> do = () [ (d)+de 4 (1 - (2}) 1/A<n> dz

A

Thus

liminf [ (u})P*'dz > v,
n—oo A

which implies that, given § > 0 small, there exists ng € IN such that
/(u:)”+1dz>1/—6>u Vn > ng
JA

contradicting (4i7). Hence, T,, does not converge to zero.
We observe that we must have ¢ > 1. Otherwise

Jahrtae > @y @iyt 2> p
A A

which is contrary to (ii7). Using that ¢t > 1, from (g1) — (g2), we have

0 < Jl(ub)ut = -T,.

n

Thus, we may assume that T, — 7" < 0. Therefore we can conclude that By,
does not converge to zero. If not,

/(g’(w,u;)u;2 +9(z,up)uy ) dz = Tn — Bn = T <0,
Q
but, from (g4)

g'(z,u;)u;2 +g(z,uy)u, >0 Vn

obtaining a contradiction. Thus, B, does not converge to zero.

From implicit function theorem, there are functions s, and w, defined and
of C! class on some interval (—d,,d,), such that s,(0) = w,(0) = 0 and
ha(t, sn(t), wn(t)) = (0, ), for every t € (—=0n,0d,), that is

Up + tn@ + su()u;, +wn(t)ut € No Vi€ (—0,,0n),

Ju[(un + tne + sn(t)uy +wa(t)uf) TP do=p Vit € (=6n,0n).
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Moreover, from the continuity of s, and w,, we can assume that
/[(un + tnp + sp(t)u; + wn()u) P dr > p Vit € (=6, 0n).
A

Therefore, U, + tn@ + sn(t)u;, +wn(t)ut € M. Vit € (=0p,0n).
Since [ty
_ A, Co | (up)PT pde
SI”(O) ~ B. (p+1)uBn

wy(0) = [y ()P oda

m
and using that B, does not converge to zero, we conclude that the sequences
(s'.(0)) and (w!,(0)) are bounded. As in the proof of case (ii), we have the same
conclusion, namely
{ Je(up) = c. in R,

Jo(up) =0 in H™L.

Now, from Lemma 1.1 in [3], the functional J, satisfies the Palais-Smale
condition on level c. [(PS).,]. Consequently, we may suppose that (u,) has a
subsequence, still denoted by (u,), with u, — u., strongly in H. As J, (un) = ¢,
we conclude that J.(u:) = c.. Finally, by the elliptic regularity arguments, u.
is a classical nodal solution of (P:),. ]

3 Estimates of the Energy

We devote this section to establish some properties about the energy of the
minimizing function u. obtained in last section with relation to functional Je.
Let w € H'(IRN) be a positive least energy solution to

—Aw + Vow = f(w), (3.1)

with w(0) = max w(z). That is, w satisfies
zeRN

cvy, = vy (w) = inf sup Iy, (Tv), (3.2)

ve HY(RN) 7>0
v#O0 i
where Iy, is defined as

Iy, (v) = % /IRN(WUF + Vov?) dz — /m F(v) dz. (3.3)

Lemma 3.1. Given € > 0, the function u. satisfies

limsup(e N J. (u.)) < 2cvs,.
e—0

Proof. Consider zo € intA with V(zp) = V. Let 7 > 0 be such that B,(z) C
intA, and set Q1, Q2 € 8B-(20), with |Q1 — Q2| = 2r. If necessary, take r small
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enough such that Bz (Q;) C A, for i = 1,2. Taking ¢ € C*(IR"), |Vy| < C,
Y(z) = 1if |z| < 7, and ¢(z) = 0 if || > %, define

‘pz(x) == ’(/)(:L' - Qi): i=1,2.

Thus, supp(%1) N supp(¥2) = @ and supp(v;) C Bz (Q:), for i = 1, 2. Let w;,
t =1, 2, be a positive least energy solution to

—Aw + V(Qi)w = f(w), (3.4)
with w;(0) = max w;(x). That is, w; satisfies
z€IRN
Cv(Q:) = IV(Q!.)(wi) = inf sup Iv(Qi)(T'U), (35)

ve HY(RY) >0
v#O =

where Iy (@) is defined as

Iy(y(v) = %/IRN(IWI2 +V(Qi)v*) dz — /RN F(v) dz. (3.6)
Define 5,
We, @, (T) = wi(x)wi(m; %), i=1, 2.

Now, from (g1) — (g3), for any € > 0 there exist ¢t;, > 0, i = 1, 2, such that

Je(ti,we,q;) = max Je(twe g;), 1 =1, 2.
Since & J, (tweq,) |t=t;, = 0, we have that

/Q(EQV(t,-EwE,Q,.)VwE,Q{ + V(2)t;, (we,0,)?) dz — /Qg(z, ti. We o0 )W, 0, d =1,
Thus, after to multiply the equality above by t;,, we have
I (b, we 0, )ti, w0 =0, i =1, 2.
Now, considering the function
We,Q,,Q, = 1. We,@, — t2, We Q,,
as supp(w:QhQZ) Nsupp(w g, o,) = 0, we have

<+ — = -
We,@1,Q2 = 11eWe,Qi » Weg,,Q, = 12.We,Qz

and
Je (wE»leQZ) = Je (w::QI»QZ) +Je (1U;Q1,Q2)'
Moreover

’

+ + _ 1o~ = _
JE(wE,Qx,Qz)we,Q1,Q2 =0, ‘]E(wE,Qth)wE,Ql,Qz =0,
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which implies we @, ,Q, € M., thus

ce < Je(we,01,Q2) = Je (W g, ,) + Je(Weg, 0,)-

Now, with a direct computation, we have

Je(wla,.0u) < 5up Je(tu) =" {eviay +o(1)}

Je(Wz., ;) < SUp Je(iu) = eM{ev(@y) +o(1)}
with o(1) — 0 as € — 0. Hence,

limsupe N J, (u.) < Cv(Q1) T Cv(Qa)-

e—0

Finally, taking » — 0 in the last inequality and using the continuity of the
minimax function u — ¢, (see Theorem 3.21 in [10] or [1]), we have

limsupe™NJ, (u.) < 2cy,. W

e—0

4 Preliminary Analysis of u,

In this section, we make a careful study of the profile of u. obtained in Section
2, with purpose to show the behavior of peaks points of u..

Lemma 4.1. The points where hold positive local mazimum and negative local
minimum of ue are in A.

Proof. Let z. be a positive local maximum of u.. Suppose by contradiction
that z. € 2\ A. Since Auc(z.) <0, using the definition of g, we have

au(z:) < —£2Au5(w5) + V(ze)ue(ze) = .f(us(ze)) < %ug(ze),

but is impossible thanks to our choice of k. A similar argument implies that
every negative local minimum of u. belong to A.

The next lemma is a crucial step to get the concentration. A version of this
result can be found in [6].
Lemma 4.2. Let a > 0 the number chosen in the definition of g, P} a local

mazimum of ul and P? a local minimum of u_. Then,

1. u.(P!) > a and u.(P?) < —a.

PEI_PE2
E

2. — 400, ase — 0.

Proof. Since P}, P? € A, from definition of g, we have

f(ue(PY)) i
= Sam D

&

&M (Fl) = (V(P)
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Thus, as e? Aue(P}) <0, e2Aue (P2) > 0, ue(P) > 0 and u.(P?) < 0, it follows

e (ue(P)
i f(ue (P} ;
V(P!) - ——==<0, fori=1,2
(F;) w (P S
which together (V) imply
f(ue(PY))

== > fori = .
w(P) >a>0forz=1,2

Consequently, if |u.(P?)| < a, for i = 1, 2 we obtain

2w (P | flu(PY)
=) 2 () 2970

=
k

which is a contradiction. Therefore, |u.(P!)| > a, for i = 1, 2. Item 1 is proved.

1 2
To prove item 2, we argue by contradiction assuming that ’f%PLl — B < +00.
We start our arguments considering the function

Ve (y) = ue(ey + Psl)-
Note that v, satisfies the problem

(P) —Av, +V(ey + P)v. = g(ey + P,v:) in Qe
ve =0 on 99,

where Q. = e71{Q — P!}. Using the properties of function g, it is easy to show
that v, is a critical point of the functional

J(w) = %/ﬂ (|Vv|? + V(ey + P})v?) dz —/Q G(ey + P,v) dz

and, by a simple change variable, J(v.) = e~ J.(u.). Consequently, by upper
estimate of J.(u.), we have for each § > 0, J(v:) < 2¢cy, + d for every e suf-
ficiently small. Using the last estimate, the fact that J.(v.)(v:) = 0 and (g3),
by straightforward computations we can proved that v, is bounded in H(R"N).
Thus, from elliptic estimates, we conclude that v. converges uniformly in C?
sense on compact subsets of IRV to a function v € H'(IRN). Now, the sequence
of functions x.(y) = xa(ey + P!) can be assumed to converge weakly in any L?
on compacts to a function 0 < x < 1. Therefore, v satisfies the limiting problem

—Av + V(2)v = §(z,v) in RV, (PL)

where )
7(z,8) = X(2)f(s) + (1 = x(2))f(s) and %= lim P}.

Suppose that § = 0. By item 1 and mean value inequality, we have

2a < |'Us(0) —ve(Ze)| < |Vve(Qe)l| Zel,
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where Z. = (P! —P2?)/e and Q. = t.Z. for some t. € [0,1]. Using the hypothesis
that § = 0, from convergence on compact sets, it follows that |Vve(Q.)| is
bounded in Bj;(0) for small €, consequently the last inequality does not hold.
Therefore § > 0 and P = lim Z. # 0. To conclude the proof, for each sequence

(€n), with e, = 0, taking a subsequence if necessary, we have P = lim Z._ and
n—rod

Un = Ve, converges in the C? sense on compacts to a function v € Hl(JRN).
As v,(0) = ue, (PL) > a and vn(Ze,) = e, (P2) < —a < 0, it follows that
v(0) > 0 and v(P) < 0, i.e., v is a nodal function. On the other hand, since
the function v, satisfies (PE’), with € = €,, we conclude that v satisfies the
limiting problem (PL). Associated to the equation (PL) we have the functional
J: HY(R"N) — IR defined by

J{u) = —;—/}RNOVM2 + V(2)u?) dz - ” G(z,u)dz, u € H' (RY)

where G(z,s) = [ §(z,t)dt and z = lim P! . Then, v is a critical point of J.
o = +
Thus, J (v)p = 0 for every ¢ € H'(IRY). In particular, J (v)u~ = 0, which
implies v € My (z), where
+ + + + o+
Mwa:{uean;éQ/OVUT’+V@WFPM&::/guﬂ"m_m}
Q Q
We also set J,(u) = Je, (u), then
Jn(vn) = Je, (vn) = E;NJE,, (ue,).

Thus, from upper estimate of J;, (u.,) and the fact that v, is solution of (PEI),
with € = g,,, we have

2cy, > limsup E,‘LN,]E" (ue,, ) = limsup Jn(vn)

n—oo n—0oo
1 !
= limsup{Jn(vs) — §Jn(vn)vn}
n—oo
1
= timsup [ (G9(PL, + enyvn)vn = G(EL, +20,v0)) do
n—oo JQ.,.

1
= limsup [/ (-2-g(P51" +Eny,vj{)'u,“1L -~ G(Psln +5ny,v:))dm
Qn

n—o0

+

1 -\ -
| (GOPL +ewy v = G(PL + eny,v7)) da)
Qn

Thus, by Fatou’s lemma, we have

ot — G(z, v+)dz+f
J

v - G(z,v7))dz
%J (wHwt] + [J(v7) -

(59(z,v7)v~
Y=l = Jt) + J(v™)

(v™

2cy, 2 fRN %g(
)_

= [J 7]

(4.1)
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where the last equality holds because v € My (z). Then

2cy, > J@H)+Jw)= max J(rvt) + max J(Tv™)
> inf max J(Tu) + inf—m>a())c J(Tu) :_26‘/(5).

u#0 720 u#0

Since V' (z) > V, and the function minimax p — ¢, is increasing and continuous
function (see [10] or [1]), then

2ev, > 2cy(z) 2 2cv,.

Thus, cy, = cy(z) and we can conclude that V(2) = Vo.
A o+
Claim 4.1. The functions v~ satisfy J(v™) > cy,.

In fact, we know J(vT) > cy(s) = cv,. If J(vT) = cy,, by Theorem 4.3 in [12],
we have vt is solution of the following equation

—Au+ Vou = g(z,u™) in RN,

Then, by the maximum principle, v* is positive in JR". But this is in obvious
contradiction, because v~ # 0. A similar argument implies J(v~) > cy,. Hence,
using (4.1) and Claim 4.1 , we have

2ey, > J(wh) + J(v7) > 2eyq,

e - ) S
which is a contradiction. Therefore, Jﬁ—‘-' — 00 as € — 00. |

5 Concentration of wu,

We begin this section establishing a important proposition to verify that u.
actually solves (P:), when ¢ is sufficiently small, and satisfies the properties
announced in Theorem 1.1.

Proposition 5.1. Ife, |0 and 2, € A, i =1, 2, are such that
Ue, (z2) > b >0 and e, (22) < -b<0

then .
lim V(z;) =V, i =1, 2.

n—o0
Proof. In fact, we argue by contradiction. Assume, passing to a subsequence
if necessary, that 2!, = z; € A,i =1, 2 with
V(fl) > Vp and V(ig) > W.
As in the last section, we consider the sequences

v;(z) = usn(zfTL +enz),i=1,2
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and study theirs behavior as n goes to infinite. For i = 1, 2, the function v}
satisfies the problem

(Fn)s v, = 0 on A%,

{ — AV + V(enz + 25)vE = gez + 25, v%)  in QF

where Q, = e~V {Q) - zi}. Again, the sequence v, is bounded in H'(IR"), and
from elliptic estimates it can be assumed to converge uniformly on compacts
subsets of IRY to a function v* € H'(JRV). Now, the sequence of functions
x:(2) = xa(Enz+2%) can be assumed to converge weakly in any L? on compacts
to a function 0 < x* < 1. Therefore, v' satisfies the limiting problem

— AV + V(50 = §(z,v%) in RN (PL);

where . A ~ '
gi(z,8) = x*(2)f(s) + (1 = x*(2)) f(s) and 2z = lim z .

n—oo

We claim that v’ does not change sign, for i = 1, 2. More precisely, v!

>0
and v? < 0. In fact, suppose by contradiction that v' changes sign. Let r > 0
be such that v! changes sign on the closed ball B[0,7]. Set an, Qi € B[0,r]
such that
N+t ) — 1y+
(Un) (Ql,n) - Zer%?o)fr](vn) (Z),

(vp) 7 (Q1,) = max (v)7(2).

z€B[0,7]

Now, as v} converges uniformly on compacts subsets of IR to v', there exists
ng such that

()T (@QF,) 2 C >0 and —(v3)7(Q1,) £ -C <0,¥n >no
for some positive constant C. Thus, for n > ng
()T (QF ) = vi(QF ) = te, (€aQF , + 22)

and

—(WA)T(Q1,.) = vA(Q1n) = Uen(EnQ1 + 21)-

Considering ; B
Er =20 -+ zy and Py =€,Q7, + 23,

it follows that P} and P are maximum and minimum points of u., on B0, ]

respectively, with )
Ue, (P n+ )>C

and

ue, (P) < —C.
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Applying the same arguments employed in Lemma 4.2, we have

EE
£ '
But this is impossible because
P+ - P7 _
|| = |t - Qi < 2
En

Hence, as v1(0) > 0 and v} — v' uniformly on compacts subsets of R", it

follows that v! > 0. Moreover, using the weak maximum principle follows that
v!' > 0in RN. A similar argument implies that v? < 0 in R".

Associated to limiting problem (PL);, we have the functional J; : H*(IRY) —
IR defined by

7 ()= %/]RN(WUP +V@EW) s - [ Gz e, ue H'(B)

where G;(z,s) = [, gi(z,t)dt. Then, v' is clearly a critical point of J;. Also
associated to problem (P,); we have the functional

. 1 " = . .
Tiu) = E/Qn (Val? +V(enz+zipu?) do | Cilenz+2h,u)ds, u € HA (@),

i
n

which satisfies the following equality involving u. and v
en I (e,) = 7 (Jeu (u) + Jen (uZ,)) = TA(@R)Y) + T2(02)7)
From Lemma 2.2 in [3], the function v}, satisfies the following lower estimate
liminf J2((v})T) > Ji(v'),
n—roo
liminf J2((v2)7) > Ja2(v?).
n—oo
Consequently,

2cy, > limsup e NI (ue) > J(0h) + Jo(v?).

n—0
Now, as v' is a critical point of J;, and g; satisfies hypothesis (g4), we have

Ji(v') = max Ji(Tv').

Since f(s) > f(s) for all s > 0, v* does not change sign and f is a odd function,
we get

J;(v") = max J;(v*) > inf sup Iz, (Tu) = cy(z),
>0 we HY(RN) 7>0
u#0
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where I3, is given by
1 2
I (u) = —/ (|Vul|® + V(2)u?) dz — / F(u)dz, ue H'(RY).
2 Jgw RN

Recall that we are assuming V (z;) > Vp and V(%) > V4, then

2y, > limsupe; N Jo, (ue,) > JH(0!) + J2(v?) > 2y,

n
n—0

which is a contradiction, and the proof of Proposition 5.1 is complete. |

+
Corollary 5.2. If mJ is given by

+ +
¢ = maxu;(2)

m

then
+

lim m_ = 0.

e—0
Moreover, for every € sufficiently small, u. possesses at most one positive local
mazimum P! € A and one negative local minimum P2 € A verifying

. 7 _ . . .
21—% V(P)=Vo= rznellg\lV(z), .= 1,2

Proof. From Proposition 5.1, we need to prove only that u. possesses at most
one positive local maximum and one negative local minimum in A. Suppose
by contradiction that there exist a sequence €, — 0 such that, for instance,
possesses two positive local maximum z!,z2 € A. Then, from Lemma 4.2,
usn(z,il) >a >0, i =1,2 Again, from Proposition 5.1, we have that these
sequences stay away from the boundary of A. Set v,(2) = ue, (z;, + €nz). Note
0 and Q. = (22 — z})/en are two local maximum points of v,. Then, up to
subsequence vl converges in the C? sense over compacts to v € H!(IR") positive
solution of the equation

—Av+ Vov = f(v) in RN,

Invoking the results due to Gidas, Ni and Nirenberg [5], the function v has
a unique local maximum at zero which is a nondegenerate global maximum,
it is radially symmetric and decay exponentially. Then, using the fact that
{vn} converge to v on Bg(0) for all R > 0, we can conclude that |Qn| = oo.
Employing similar arguments used in [3], we obtain

liminf(e N J., (ul)) > 2cy,.

n—oo

Recalling that

lim inf(sgNJE,, (uz,)) > cv,
n—oo
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we have the following inequality

liminf(e; ™ J., (ue,)) > liminf(e; N J., (u ) + lim inf(e;NJ., (uZ)) > 3ev,
n—00 n—oo n— 00 n

which is a contradiction with the estimates proved in the Lemma 3.1. Thus,
u. has a unique positive maximum. Employing similar arguments we can prove
the uniqueness of the negative local minimum of .. [ ]

6 Proof of Theorem 1.1

By Proposition 5.1, there exists g such that for all 0 < & < &,
|ue(z)| < a—0 forall z € JA.
Recalling that u. satisfies (P.), we have
—e?Au+V(z)u = g(z,u) in Q\A. (6.1)

Firstly, we will show that |u.| < a in Q\A. We begin showing that u (z) < a—Jd.
Since u. € HA(Q), we can choose (u. — (a — 8))* = (uf — (a — ) as a test
function in (6.1) so that after integration by parts we obtain

/ 2Vt — (@) P+t —@-8)* =0,  (62)
Q\A
where

c(z) = V(2)ue — 9(z,ue)-
The definition of g yields that

o) = { V(z)ud +¢(u;*(z))z if uf(z) € [a—4,a+ 4],

V(z)uf(z) — $uf(2) if uf(z) >a+d.

Since ¥(s) < %s for all s € [a — §,a + d] we have

c(z) > (V(z) - %)uj(z) > (a— %)uj(z) >0

Hence all terms in (6.2) are zero. We conclude in particular

ul(z) <a—4 forall ze€ Q\A.

A similar argument shows that
—uZ(2) > —(a—4d) forallz€Q\A.

Consequently,
lue(2)] < (a —8) forall z€ Q\A,
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and u, is a nodal solution to equation (P.). To prove exponential decay of u.,
consider again the functions

{ v; (y) = ut (ey + P})
v2(y) = u; (ey + P?)

For i = 1, 2, the function v solves the equation

—~Avi+V(ey + Pivi = f(vi) in QF
’U: =0 892

where Q! = {z € Q;uc(z) > 0} and Q2 = {z € O;u.(z) < 0}. By convergence
C? on compact sets, there exists Ry > 0 such that

fv?)

i
v5

< =, forall 0 < e <egpand |y| = Ry,

N R

thus
—Avl + avt < —AVE + V(ey + PHvt = f(v!) < %vé

or equivalently

—Av} +%v§ <0 forall 0 <e <e¢pand |y| = Ro.

From the boundedness of (u.), we have that {v!} is bounded in H!(IR). Re-
peating similar arguments explored by Zhu [13], we find M, > 0 such that

vi(y) < M exp(—Blyl), for all z € Q.

Thus,

uf (ey + F;) < Mexp(-Blyl)
and

uZ (ey + P2) < M exp(-Bly))-
Therefore

1
z — P,
e

2
R

€

) (152

Using the Theorem 2.1 and Corollary 5.2, the proof of Theorem 1.1 is complete.
|

e (2)] < M [exp (—ﬂ‘
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